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editions with the previous publishers. But for many reasons, we 
could not continue the co-authorship. 

Here 1 would like to offer my sincere thanks to my former co- 
author and previous publisber, for giving their consents to get 
revised and published independently. 

Now, Keeping in mind the needs of the changing syllabi of various 
univer мо the requirements d o ав Ae : Ares 
almost doul in every decade, I prepared work m alone 
about five years back, in view of pew and advanced But 
owing to some unavoidable circumstances this could not be published 
earlier, and so some of its portions have been further revised in 
order to render it up-to-date, bence more useful, 

The value and scope of the present work have obviously been 
considerably increased, because, in the first place, several portions 
contributed by myself, in all my books written with different co- 
authors, have been reproduced in a more ex; style and in the 
second place many more portions have rewritten, The entire 
matter has been rearranged and many new topics have been added. 
Every section has been supplemented with a large number of worked- 
out problems and a set of additional miscellaneous problems selected 
from the question papers set in various university examinations, 

I do not claim any originality of matter and this is at best a com- 
piled work, with a novel presentation. The subject matter has been 
$0 2 rase ШШ even a «E Y] mide ‘how to apply m 
m: sematical operations to problems Physics. During 
preparation of this work, I bave en by For a number of books 
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on Mathematics and Physics written by Foreign and Indian authors. 
t goes without saying that I am y i ка to 
though, I am sorry not to acknowledge my gratitude 
vidually—the number being too big to be accommodated in the 
little space that can be spared for that purpose in a work of this 


mature 
Wh  sewsing this Volume I have developed chapter ome on 
оа from all my contributions to our ‘Vector Analysis’, “Vector 
‘alculus’ and ‘Elements of Mechanics’, chapter two on ‘Matrices’ 
from my contributions to our ‘Mathematical Physics’, chapter three 
on-‘Tensors’ from my contributions to ‘Relativistic Mechanics’ after 
the publication of which a number of sections on tensors were taken 
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to our ‘Mathematical Physics’, chapter four on ‘Group Theory’ 
(written a new); chapters five to ten on “Complex Variables’, ‘Beta, 
Gamma and Error Functions’, ‘Differential Equations’, ‘Harmonics’, 
‘Fourier Series’, Integrals and Transforms’ and *Laplace's Transforms’ 
from my contributions to our ‘Mathematical Physics’. Chapters 
eleven to fourteen on ‘Hankel Transforms’, ‘Diffusion, wave and 
Laplace’s Equation’; 'Maxwell's Electromagnetic field Equations’ 
and ‘Special! Theory of Relativity’ have been written quite new. 
Chapter fifteen on ‘Statistical Probability’ has been developed from 
my contributions to our ‘Mathematical Statistics’. In the end the 
three Appendices 4, B. C on 'Some formulated results in Basic 
Mathematics’, ‘Asymptotic Expension of Error Function’, ‘Character 
Tables in Group Theory’ and ‘Corrigenda’ consisting of rectification 
of some serious misprints, have been added in order to enhance the 
utility of the work. 

In the preparation of Appendix C, I have been much guided by 
‘Elements of Group Theory for Physicists’ by A. W. Joshi, published 
by M/s Wiley—Eastern, Delhi, I acknowledge my indebtedness to 
both the author and the publisher of this book. Moreover, I acknow- 
ledge my indebtedness to all my past and present coauthors, chiefly 
my colleagues Messrs O.P. Gupta, H.C. Sharma, J.P. Agrawal, 
Satya Prakash (formerly a student of mine), and the publishers 
M/s Kedar Nath Ram Nath, Meerut. 

My thanks are also due to A.W. Joshi of the Institute of Advanced 
Studies, Meerut University and to Naresh Kumar, my colleague and 

‚ а former pupil of mine, for their concrete suggestions during the pre- 
paration of this book. I would be failing in my duty if I do not 
acknowledge my deep gratitude to my colleague P.C. Jain, M.P. 
Tyagi, B. Singh and V.P. Arora for not only rendering me their best 
help and cooperation but also encouraging and inspiring me all 
along. 

Any Шоп for further improvement of the book from any 
corner will be thankfully accepted and executed. 


B. D. GUPTA 
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СНАРТЕК 1 


VECTORS 


1.1. INTRODUCTION j 

It is generally observed that there exist two types of physical 
measurements in dpplied mathematics, physics and mechanics : one 
involving only magnitude and no direction in the space of three 
dimensions, such as volume, mass, length, speed, temperature, 


potential,electric charge etc., and the other involving a definite direc- 
tion in space associated with their magnitudes such as velocity, 
acceleration, momentum, force, electric or magnetic field intensities 
etc., the former being called scalar quantities or simply scalars and 
the latter, vector quantities or simply Vectors. 

A little consideration will exhibit that the complete characterization 
of a scalar quantity requires length and support, i.e., a specified unit 
and a number stating how many times that unit is contained in that 
quantity, while the complete characterization of а vector quantity 
requires length, support and sense, ie., a specified unit, a number 
stating how many times that unit is contained in that quantity and 
the statement of the direction. 

Stating in a precise manner a vector means ‘a directed line segment’. , 
In other words we can state that a vector is a quantity having direc- 
tion as well as magnitude. In Astronomy a vector-means an imaginary 
straight line that joirs a planet moving round a centre (generally the 
focus of an elliptic orbit) to that centre. 


1.2, REPRESENTATION OF VECTORS 

Since a vector is the result of abstraction, its magnitude and direction 
may be represented by a line OP directed from the initial point O 
to the terminal point -P and denoted by 


> > 0 Fd qae DUM p 
OP. Here the length of vector OP denoted E Р Ў 
0 EIC M 


ae 

by |OP| =0P is called magnitude or module P< 

or modulus of the vector and the direction Fig. 1.1 

in space is indicated by an arrow head on the line. In Fig. 1.1, the 
> 
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vector OP has been shown by V (or in Clarendon print by V) while 
its scalar magnitude is stated by V. Thus OP is the length of. the 
vector V, while the line of indefinite length of which the dirécted 


да 
line segment OP is only a part is the support of V and the sense is 
from O to P. 
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Jt should be noted that formulation of a law of physics in terms of 
vectors is however independent of the choice of axes of reference, i.e., 
the vector representation has a physical content without reference to 
any coordinate system. 


1.3. KINDS OF VECTORS 

Equal vectors. Two given vectors may be equal only when they have 
the same magnitude and the same direction, i.e., the given two vectors 
are equal if and only if they have the same or parallel support with 
equal length and the same sense. For example in Fig. 1.1, we have 


— — > 
V (=OP) «V; (=O'P’) =—V, (=0" P") ) 
where V, and У, have the same scalar magnitude as V but V, has 
the same and V, the opposite sense to that of V. 

Null vector. A vector having the initial and the terminal points 
coincident is termed as a zero vector or a null vector. Thus a null 
vector has its module zero. 

Unit vector. A vector having its modulus as unity is called a unit 
vector. 

If а is a vector and ‘a’ its modulus, then unit vector a is denoted 


by à (read as “а hat' or “а caret") defined as 


ишга 
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Polar vectors. The line vectors representing tbe quantities like force, 


velocity etc., in which merely a linear action in а particular direction ` 


is involved, are.termed as polar vectors. 


Axial vectors. The line vectors representing the quantities like angu- 
lar velocity, angular acceleration etc., in which some rotational action 
is involved about an axis and which are drawn parallel to the axis of 
rotation in order that tae magnitude of the quantity is determined by 
the length of the vector and the direction by the rule of right handed 
screw (i.e. rotation being considered in clockwise direction), are termed 
as axial vectors. 

Free vector. Evidently a vector can be represented by an infinite 
number of equal vectors by drawing parallel supports. Suca a vector 
which can be transported from place to place such that it remains of 
the same magnitude and keeps up the same direction is termed as a 
free vector. In facta free vector is assumed to remain the same 
through transportation, irrespective of its position in space. 

Localised or Line vector. We have defined that the value of.a free 
vector depends only on its length and direction, but if it depends also 
on its position in space, i.e., if a vector is restricted to pass through a 
given origin, then it is termed as a localized vector. 

Collinear vectors. The vectors parallel to the same line, regardless of 
their magnitudes and sense of directions are termed as collinear vectors. 
In other words the vectors having the same or parallel supports are 
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known as collinear vectors. Such vectors are parallel to eath other 

and they may coincide in a special case. As such there exists a scalar 

ratio say А between any two collinear vectors a and b of the form 
b=Aa А 

which follows that one of the two collinear vectors can be expressed as 

the scalar multiple of the other. 

Non-collinear vectors. The vectors whose directions are neither para- 
llel nor coincident are said to be non-collinear. 

Like vectors or co-directional vectors. The vectors which are colli- 
near and have the same sense of directions i.e., the vectors directed 
in the same sense irrespective of their magnitudes are termed as /ike 
vectors. 

Unlike vectors. The vectors which are collinear but have opposite 
sense of directions from each other are termed as unlike vectors. 

Coplanar vectors. A system of vectors lying in the parallel planes 
or which can be made to lie in the same plane are said to be coplanar 
vectors. Evidently any two vectors are always coplanar. 

Non-coplanar vectors. À system of vectors consisting of three or 
more vectors which cannot be made to lie in the same plane are called 
non-coplanar vectors. 

Reciprocal vector. Any vector having its direction the same as that 
of a given vector a, but its magnitude as the reciprocal of the magni- 
tude of a is termed as the reciprocal vector of a and written as a7! or 


ms As such 
a 


a == (by definition of a unit vector). 


Inthis connection it is notable that the magnitude and so the: 
reciprocal of the magnitude of a unit vector being unity, the unit 
vector is reciprocal to itself and it is said to be self-reciprocal. 


Negative vector. The vector having the same magnitude as the vec- 
tor a but opposite direction, is known as the negative of a and written 
as —a. 


us 
Position vector. If a vector OP specifies the position of a point rela- 


E > 
tive to an arbitrarily chosen point O, then OP is culled the Position 
vector of P with respect to O, the origin of vectors. 


Problem 1. 7f { а, b, с) is a right handed set, which of the following 
sets are right handed? 


(i) a, c; b ; (ii) b, e, a : (iii) b, a, с; (v) с, a, b ; (v) cy b, a 
It is clear that the sets (i) and (iv), i.e., b, c, a ; and c, a,b are 


X. right handed. 


Problem 2. Discuss the geometrical significance of aA +bB=0 


We have aA+-bB=0, a, b being scalars : 
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y s 4 b 
This can be written as A— — 28 


АВГА 
а 


АМ 
i.e. A is expressible as a scalar multiple of В so that the vectors А and 
B are parallel or collinear. 


1.4. ADDITION OF VECTORS 


The characterisation of process of summation is inherited in the 
composition of two or more displacements of a. point. Suppose that 
we have two vectors a and b acting at a point O as shown in Fig 1.2. 


> > 
Let OA=a and OB=b, 
Clearly the resultant effect of the vectors a and b is the same as 
Б that of their vector sum v obtained by 
c setting off the vector b at the end of a and 
then joining the beginning of a to the end 
of b. This geometrical construction utilised 
to find the vector sum of two vectors a 
and b is known as the parallelogram law 
of addition of vectors. 


> > > 
Fig. 1.2 Thus v—0C—0A-4-AC-—a--b. ... (1) 


A similar result follows by starting with b and setting off the 
. vector a on b, i.e. 


> > > 
| y—0C—0OB-- BC —b-4a. 212). 

Conclusively the result of adding two co-initial vectors is the vector 
represented by the diagonal of the parallelogram having the two. giver 
vectors as its adjacent sides. 

From (1) and (2) it follows that 

a+b=b+a 
ie. the two vectors obey the commuta- 
tive law of addition, according to which 
the vector sum of two vectors is indepen- 
dent of their order. 

We now. propose to find the sum 
of three vectors say a, b, c. Let 
> > > р 
ОА=а, AB—b, BC—c as shown in 
Fig. 1.3. Then 


> > > > , 
y=0C=0A+AB+BC=a+b+e. ек) 
= > 4 > 


Also у=ОС=ОВ+ВС 


E d 


. regarded as. the addition of —b to a. 


> > > 
=(0A+AB)+(BC) 
=(a+b)+c¢. .. (4) 
Similarly | v—a4-(b4-c) 2e (5) 
and v=(a+c)+b vee (6) 


It follows from (3), (4), (5) and (6) that 
v=a+b+c=(at+b)+c=a+t (b+ c)=(ate)+b. 
ie. the three vectors obey the associative law of addition, according 
to which the vector sum of three vectors is independent of the mode in 
which component vectors are associated in different groups. 
In general, if there are л vectors a, b, c,...n, then their vector sum 
у is given by 


v=a+b+ce+...+0 B 
1.5. SUBTRACTION OF VECTORS Ё 
If there are two vectors а and b, then 


a—b=a+(—b), 
i.e. the subtraction of b from a may be 


Thus to subtract b from a, reverse the 
direction of b and add to a,(Fig. 1.4). 


[етта 


1.6. MULTIPLICATION OF A VEC- x 
TOR BY A SCALAR Fig. 1.4 
If a be any given vector and s a given scalar, then sa or as is defined 
asa vector whose magnitude is | s | times the magnitude of the vector 
a, ie. | s | times the length of a, the support being the same or 
parallel to that of a and direction being the same or opposite to that 
of a, according as s is positive or negative. We thus have 
(i) s(—a)=(—s)a=—Sa. 
(ii) (—s) (—a)=sa. 
(iii) (8-4-1) a=sa-+ta, t being another scalar. 
(iv) (st) a=s (ta) —t (sa). 
(v) 02-0, 0 being the null vector. 
(vi) If two non-zero vectors a and b are collinear, then there exists 


a non-zero scalar m, such that 


a=mb. 
Conversely the relation of this type implies that b is parallel or 
collinear to a. 
(vii) If a is the unit vector co-directional with a whilea=|al, 
then 3 


x DTE 
ааа ог sa=s (aa)=saa. 
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Also asa = = 2 and ifb is parallel to a, then клы 
|а! а а 
according as b and a have the same or opposite directions. 
Note. Division of a vector a by. a non-zero scalar s is regarded as 
the multiplication of the vector a by a scalar 1/s. ` 
Problem 3. Jf there are two vectors а and b represcnted by the sides 
AB and BC of a triangle, then show that their resultant is represented 
by the third side AC. Why is this method equivalent 10 the parallelo- 
gram law of addition? 5 
As shown in Fig. 1.5, the vectors а and 
B C bare represented by the sides AB and 


S 
BC'of the triangle. Here AC is a vector 
drawn between the initial point of 
a and terminal point pf b and thus 
may be obtained by parallelogram law of 
addition, for if we complete the parallelo- 
Fig. 1.5 Bg 
gram ABCD, then AC represents a vector 

along the diagonal of the parallelogram and passing through the 
common point of the adjacent sides AB and AD representing the 
vectors a and b. As such the vector addition obeys the parallelogram 
Jaw of forces. i 

Problem 4. What vector must be added to the two vectors i—2j+2k 
and 2i--j—k, so that the resultant may be a unit vector along the 
x-axis? 

Suppose that . 

a=i—2j+2k and b=2i+j—k. 

Then { a+b=3i—j+k. 

Hence, in order that the resultant of a and b, i.e. a+b be i, we 
have to add a vector. 


i—(3i—j+k). Le, —2i+j—k. 


1.7. VECTOR SPACE OR LINEAR SPACE 
A vector space (or linear space) over a field F is a set V of elements 
called vectors which may be combined by two primary operations— 
addition and scalar multiplication ; such that 


(A) (i) If the vectors a and b belong to V, then a+b also belongs 
to V. (This is known as closure property.) . 

_ (ji) The vector sum of two vectors a and b belonging to V, is 
commutative, i.e. 

at+b=b+a. 

(iii) The vector sum of three vectors a, b, e-belonging to V, ів 

associative, і.е. 
atb+e=(a+b)+c=@+e)+b=at(b+c). 


1 3 1 
VECTORS 
i й 7 i tor known 
(iv) In vector addition there exists an additive identity vector 
uch that 
as aul vector, $ Meg. m 
(v) To every vector a in V, there corresponds а vector —а 
as additive inverse vector, such jm o 
a+(—a)=0. à 
(B) (i) If m, n are any two scalars and а isa vector in V, then 
distributive law holds, i.e., 
(m+n) a—ma-rna. і Ax 
(ii) If m is any scalar and a, b are two vectors belonging to V, the 
distributive law of scalar multiplication holds, i.e. 
(a+b) m=am-+-bm. ; ; 5 
(iii) If m, n are any two scalars and а, із a vector belonging to Р, 
then associative law holds, i.e. 
m (na)=(mn) a=n (ma). ere 
. (iv) To every vector a in V, there corresponds a multiplicative ide- 
ntity scalar, such that 


1a--a. ^ 
Мое. In сазе of scalar quantities m, n, p, we have the following 
laws of combination: 
(i) The addition is commutative, i.e. 
m+n=n+m, 
(ii) The addition is associative, i.e. 
m+n+p=(m+n)+p=(m+p)+n=m+(n+p). 
(ii) There exists an additive identity scalar 0, which when added to 
another scalar, leaves it unchanged, such as 
m+0=m. 
(iv) To every scalar m, there corresponds an additive inverse scalar 
—m, such that 
m+(—m)=0. 
_ In fact m and —m are inverse of each other as their sum is zero 
_ (identity scalar). 
(>) The multiplication is distributive, i.e. 
С m.(n+p)=m.n+-m.p. 
(vi) The multiplication is commutative, i.e., 
m.n=n.m. 
(vii) The multiplication is associative, i.e., 
б iz m.(n.p)— (m.n).p —n.(m.p). 
(viii) There exists a multiplicative identity scalar 1, such that 
m.l=m. 
(ix) To every non-zero Scalar m, there corresponds a multiplicative 
. inverse scalar "gi: Such that 
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m+ — (the identity scalar). 


Interpretation : Due to directional properties of vector these MA 
Cannot be applied to vectors and laws for vectors are consistent wit 
the physical problems in which vector quantities occur. 


L8. CONDITIONS FOR A PHYSICAL QUANTITY ТО BE 
REPRESENTABLE BY A VECTOR 
We have already mentioned that the vector sum of two or more 
vectors is inherited in the combination of two or more displacements 
Of a point in flat space. Besides displacements there are other many 
more physical quantities which enter into combination in accordance 
with the same invariance properties as displacements. Such quantities 
are also representable as vectors. Precisely a Physical quantity 
Tepresentable by a vector must satisfy the two conditions : (i) It must 
obey the parallelogram law of addition, and (ii) It must have ^ 
magnitude as well as direction independent of any choice of co- 
ordinate axes. $ 

Examples of physical quantities representable by а vector аге: 
velocity, acceleration, electric field intensity and magnetic fields, “с. 

Note. It should be carefully noted that all quantities having magni- 
tude and direction are not necessarily vectors. For example, consider 
the rotation of a rigid body about an axis fixed in space. It has got 
the magnitude as the angle of rotation and the direction as the direc- 
tion of the axis. But two or more such rotations do not obey the 
parailelogram law of addition as they cannot be combined according 
to the vector law of additicn, unless the angles of rotation are vani- 

- Shingly small, Hence the finite rotations cannot be represented as 
vectors as may be seen by experimental verification. 

Problem 5. Classify which of the following physical. measurements 
are vcctors.and scalars : 

Volume, velocity, mass, acceleration, length, speed, temperature 
momentum, force, power, pressure of a gas, tmperuture gradient, dis- 
placement, work, potential, kinetic energy, electric charge, electric or 
magnetic intensities, magnetic momei:i. 

Iu the light of the discussion made їп $1.8 and the definitions оѓ. 
vectors and scalars so far introduced the above measurements may be 
clas «fied as follows : : 


Scalars Vectors ` 2 
Volume Velocity 

Mass Acceleration 

Length— Momentum 

Speed Force 

Temperature Power 2 
Pressure of a gas Temperature gradient 


Work Displacement 


| 


VECTORS ` 9 


Potential = Electric and magnetic 
Kinetic energy field intensities 
Electric charge Magnetic moment 


Problem 6. Which of the following have representations as vectors? 

(a) Weight, (b) Specific heat, (c) Momentum, (d) Energy, (e) Speed, 
(f) Velocity, (g) Magnetic field intensity, (h) Gravitational force, 
(i) Kinetic energy, (j) Age, (k) Flux. 

Applying the conditions for a physical quantity to be representable 
as vector as mentioned in §1.8, we observe that the following quanti- 
ties have representations as vectors : 

(i) Momentum, (ii) Velocity, (iii) Magnetic field Intensity, uv) Gra- 
vitational force. 


1.9. RESOLUTION OF VECTORS 
(i) Coplanar vectors, If there are two non-collinear vectors a and b, 
then a third vector r which is non-collinear with neither of a and b 
but can be made to lie in the same plane in which a and b lie, can be 
uniquely expressed in terms of a and b in the manner 

r=ma-+-nb 
where m, n are scalars. 


As shown in Fig. 1.6, consider two copla- 
> > > 

nar vectors OP and OQ such that OP=a 

> > 

and OQ-—b. Now take another vector OC 
> > > 

coplanar with OP and OQ such that OC—r. 

Now take points A and B on OP and OQ 


> > 
respectively, such that OA=m. OP and 
> > 


Fig. 1.6 


OB=n . OO ; т, n being scalars, 
It then follows from the parallelogram law of vectors, that 
> > > 


r=OC=0A+AC 
> > 
=04+0В 
> > 
=mOP+n0Q 


-=ma-+nb 
Ji) Non-coplanar vectors. If a, b, c be three non-coplanar vectors, 


then any vector r can be uniquely expressed as 


r=ma-+nb+pe, 
where m, n; p are scalars, 
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Choosing a point O as origin of vectors, let OA, OB, OC be three 
non-coplanar lines, such that 


> > — 
OA —a, OB=b, OC=c. 


> 

Take any point P, such that OP=r, in the 
space of three dimensions. Through P draw 
planes parallel to three planes BOC, COA 
and АОВ meeting 04, OB, OC in І, M and 
N respectively. We thus get a parallelopiped 
with OP as one of its diagonals. Then 

> > > 


r=0P=0L+LP 


> > > 
=0L+LN'+NP' 


— > > 
=OL+0M+0ON 
=ma-+-nb-+-pe, 


> > > > 
where m, n, p are scalars and OL, OM, ON being collinear with OA, 
> > 
ЭВ, OC respectively, we have 
> > > 
OL=ma, OM=nb, ON—pc. 

(iii) Components of a vector in three mutually perpendicular direc- 
tions. Let ОХ, OY, OZ be three non-coplanar lines such that each 
line is perpendicular to the plane containing the other two. The 
system of axes so chosen form a right handed co-ordinate system · 
such that if OX is turned towards OY about OZ through a small 
angle, p right handed screw would advance along the positive direc- 
tion of OZ. 


> 
Let OP represent the given vector 
r and let the length of orthogenal 
projections of OP along the axes be 
X, у, 2 respectively. It is conventional 
o take i,j, kas unit vectors along 
2X, OY, OZ respectively, so that 
> > > 
OA=xi, OB—yj, OC —k, 
where OA, OB, OC are collinear with 
OX, OY, OZ respectively, 
> E 


zn 
Now т=ОР=0А-+А > 


EUIS 


> 
=0A+AQ+OP 


SOOO 


VECTORS п 


> > > 
=04+0В-+-0С 
=xi+yj+zk. 
Here xi, yj, 2k are called component vectors of r along the direc- 
tions of i, j, К and are the orthogonal vector projections of r along 


. these directions. The scalar projections х, у, 2 are the rectangular . 


cartesian co-ordinates of the point P referred to O as origin and 
OX, OY, OZ ... axes of reference. й 


Uie 
. Note 1. Modulus (magnitude) ofa vector. Modulus ofr, i.e., | OP | 
is given by 
/(0424-OB:--OC?), ie, у (x 3-2. 
Thus if r=xi+yj+zk, then 


+> 
|r] =v +y +2) = | OP |. 
Note 2. Direction Cosines. If OP makes angles я, B,y with OX, OY, 
OZ, respectively, then x=0P cos «, у=ОР cos B, z=OP cos y, but 
from note 1, OP—4/ (x*--y*--z?) ; therefore we have 


NM S vu du 
cos а= T nay ino 808 P= (у 


Е 2 
соз y= 7 (tp yeah) 29 

The quantities cos «, cos B, cos ү introduced and defined in this 
manner are called the direction cosines of the line OP with the axes 
OX, OY, OZ respectively and are usually denoted by /, m, m, 
respectively. 1.е.,/:=соз «, m=cos 8, n—cos Y 

It is obvious that 

cos? «+cos* B-+cos? y=1, 
ie. Pm dnd. 

Note 3. Distance between two points, Let a, b be the position vectors 
of two points А and В whose cartesian coordinates are (х,у, у, 21) and 
(x2, Уз, Za) respectively, then 

a=xityj+2k ; b=xi+y:j+zk. 


ee 
AB=b—a= (x,—x)) i+ (¥2—-)s) j+ (22—21) k, 


> 
sothat AB=| АВ [== V[G, —x;-03 у): - (2 —zY] 
Problem 7. [fa=5i+6j—4k and b— 214-3], find 
(i) Magnitudes of a and b, 
(ii) the direction cosines of a and b. 
(i) Here | a | =V (5)-(9*-(—49)— /77, 
| b] =у{02)2--(3)2--(0))= 13. 
(ii) Direction cosines of a and b are respectively 
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(is aC AM moii D a 

/m'ym' ут МЗ АЗ e 
Problem 8. Jf А = 4i--6j--2k and B=i+-6j+k, find the magnitudes 

and direction cosines of (A+-B) and (A—B). 
Given A=4i+6j+2k-and B=i+6j+2k, 
(A+B)=4i+ 6j+ 2k-+i+6j+k 
=Si+12j+3k. 
ae magnitude of (A -- B)— +/(5*+12?+3*), KUN 
| A+B |=4/(25+144+9 = 4/178 


^ direction cosines are given by 


SATB — 5 
eo TT] ABIT VIS)" 

LAST 00 
cos B= ABI X078" 

-IATBL- .3 
со тА +В | ^ (178) 


where cos а, cos 3 and cos y are direction cosines along x, y and z 
axes respectively. 
A—B —4i4-6j - 2k—(i+6j+k) 
74i 6j--2k—i—6j—k 
=3i+k. 
oe magnitude of (A~B)=| A—B |—4/(3*--12) 
= ,/10. 
Direction cosines of (A— B) are given by 
—|A—B |, 3 


oS TTAB = VR 


Problem 9. A person travelling eastwards at a rate of 3 m.p.h., finds 
that the wind seems 10 blow from the north. On ride the speed it 
appears to come from north east. Find the true velocity of the wind. 


N Let i, j be the unit vectors along east 
A Bie and south, so that by Fig. 1.9, we have 


> > 
+ ОА —3i, OB=6i. 
J The relative velocity of wind is along 
e 
AC=yj (say) 
Fig. 19 Actual velocity of the wind 


— Е 


> > > 
=0A+4C=0C 
=3i+yj 
Again, the relative velocity of the wind is along BC, euch that 
LABC=45°, / BAC=90° and so ZACB=45°, 
2. AB=AC=3 units=y. 
2. Actual velocity of the wind —3i--3j and so 


ХИ 
| OC |= /(9--9) =3у/2 m.p.h. 


> 

Also OC makes equal angles with ОЕ and OS, i.e., the wind is 
blowing from north-west at 34/2 m.p.h. 

Problem 10. The vectors of magnitudes a, 2a, За meet in a point 
and their directions are along the diagonals of three adjacent faces of 
а cube. Determine their resultant. 

Consider a cube of unit length and let i, j, k be the unit vectors 
along the adjacent edges OA, OB, OC as shown in Fig. 1.10, 


> > -> 
Also let OA, OQ, OS be the vectors of magnitudes a, 2a, 3a along 
the three diagonals, OM, OL, OD of three adjacent faces, ' 


> — > 

Here OL=OA+AL=i+j 
Е 
OL ij 
so that 6L=55- VE j 

Similarly unit vectors along OM м 

i+k j+k 

and OD are УХ, ise 


Now 


-> -> ч а 
ОР=| ОР | 0М=—75-%+). ^ Q 
Fig. 1.10 
A. да 2098 
Similarly 090775 1+0 and OS= 75 (FM. 
If R be the required resultant, then 
3a 


-> > > 5a 47 
R=0P+00+0S= 77 i+ V vk 


emite iw (2) «(BY C] tnn 


is inclined at angles cos EI cost ILES: with the edges 
OA, OB, OC respectively. 
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Problem 11. If the resultant of two forces is equal in magnitude to 
one of the components and perpendicular to it in direction, find the 
other component. : 
Asn Let P, Q be two forces inclined at an 

3j angle 0 and let their magnitudes be P 

and Q respectively. Also let i,j be the 
unit vectors along the direction of P and 
in a direction perpendicular to it. Accord- 
ing to the question the resultant of P and 
QisP in a direction perpendicular to 
that of P. 

Here 

P=Pi and О —Q cos 0 1+0 sin 9 j, 
so that P+Q=P gives : 
Fig. 1.11 Pi--Q cos 8 i--Q sin 0 j — Pj, 

ie. (Р-ЕО cos 0) i--(Q sin 9— P) j=0. 

Equating the coefficients of like vectors on either side, we get 

P+Q cos @=0 and Q sin 0—P—0 


P 
ie. Q-— 5 and Q— EPIS 
Dividing, tan 0= —1, i.e., 0—135*. 
P 
Hence Q=- 5 V^ 


Problem 12. The base BC of a triangle ABC is divided at G so that 
mBG —nGC. Show that mAB*--nAC! —-mBG?-- nCG? + (m+n) AG*. 
Taking А as origin of vectors, let A : 
position vectors of B and C be b 
and c respectively. 


E 
Since mBG=nGC , y 
BG п 
M GC^ т б 6 c 
or BG:GC=n:m, Fig. 1.12 : 
therefore the position vector of G is given by Agate 
п-т 


Now. 
5 — > > 
mBG'+nCG?+ (mcn) AG=m (BG)*+-n(CG)?+(m-+-n) (AG)? 
> 


Icd > I -— - 
=m [BA-+ AG)+n[CA-- AG]*+ (m+n) (AG)? 
=m ^ EOE [ep tebe nn) му 


na 
п-т піт nim 


кшш; 
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MC mr? (c—b)?--nm? (b—c)?-+(m-+n) (ле-+тЬ)°] ` 


gd m (ntn) (DOH om +n) (пет). 
E E [mnb?-- mnc?—2mnb.c 4- r*c? - m^b^-4- 2mnb. с], 


[mb? (n4-m) -nc? (n4- nf)) mb? 3-nc* 


b: —B? and с=с? 
—mAB?--nAC? (by properties of dot product) 
Problem 13. The line AB is bisected in Ру, P,B in Pa, PB in P, 


and so on ad infinitum; and the particles of masses m, T ; 3 DIS 


eU 
mn 


are placed at the points Py, Ps, Ps,...etc., respectively. Prove that 
the distance of their centre of mass from A is equal to one-third of. 
the distance from B to A. 

Taking А as origin let the 
position vector of B beb. The 4 Р Р B 
position vectors of the points Р,, У 1 г 


b b b Fig. 1.13 
Po, P4...etc. are TUUS ks 


respectively. Let G be the required centre of mass; then 


acm q T ee Un 
m m 
mty + + 
[To эр! 
"i +97 Ete „тук b 
=| i I Si zb. CAT ict 
Sap ЛАДА 1—j 


ie, AG=4rd of the distance from B to A. 

Problem 14. Prove that 

(a) The internal bisectors of the angles of a triangle are concurrent, 

(b) The medians of a triangle meet in a point of trisection of each 
other. (Nagpur, 1965) 

(a) Consider a triangle ABC, the position vectors of whose vertices 
A, B, C are p, q, r respectively. Let a, b, c be the lengths of the sides 
BC, CA, AB respectively. 

If AD be the internal bisector of the angle A, then by geometry, 

BD: DC=AB: АС 
eb 
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A 7. The position vector of 
D bater 
= bře s 
E Now the position of a point 7 
dividing AD in the ratio b+c : a is 
bq--cr 
S (6-0). 5 +ap 
B Б a b+c+a 
pibe 
Fig. 1.14 a+b+ce 
The symmetry of this result follows that the point J also lies 
on the other two interna] bisectors, namely BE and CF. 
Hence the three internal bisectors of a triangle are concurrent. 
(b) Consider a triangle ABC, 
the position vectors of whose 
vertices are a,b,c Tespectively. 
Let D, E, Fbe the mid. points of 
the sides BC, CR, AB respectively; 
then their position vectors are 


b+c c+a a+b 
2 2-09 
respectively. 


The position vector of a point G 
dividing the median AD in the 
ratio 2 : 1 is 


= 


Problem 15. Forces P, Q act at O and hay, ; 
transversal cuts their lines of action at re "B шл» 


Р [2] R 
that 04+ OF Oc 


Taking O as origin, let а, b, с 
be the position vectors of A, B, C 
respectively; then 

x aye b. e 


а= OA bett 


so that 


= Paw? Q 
P Ра 04% 0-55 Ь, 


17 


Since — P-Q-R, 54 a+ oR >= оС 


> 


BO Re 
on 04** oB? oc 5 
The points А, B, C being collinear, we must have 


ROT sR o du QI UR. 

бл 0B 0c 9 ** oat ОВ” OC 
"Problem 16. If the force F,, Fs,...F, acting in a plane at О are in 
equilibrium and any transversal cuts their lines of action in points Ly 
L;..., Ln and a length OL is positive when in the same direction OF, 


then prove that X ‚т =0. 


Let AB be the given 
transversal such that the 
force Е,, Ез,....., Fn make 
angles б, 6;, ...... , On with it. 

Ifp be the length of the 
perpendicular from O to AB, 


then sin &,— б р 
1 


от дт; ees *-or, à Fig. 1.17 
Let i, j be the unit vectors along and perpendicular to АВ and F, 
F,, F,etc., be the magnitudes of the forces, then à 
F,—F, cos 6, i4-F, sin 6, }, 
F,=F, cos 0, i-- F, sin Ө, j, 


F,=F, cos On i--F, sin On j- 
The system being in equilibrium, we have F,+F,+...+F,=0 
Le. (Е, соз 0,--F, cos 0, -......--F, cos 0,) it+(F, sin 6,--F, sin б, 
+...... +4, Sin 04) }=0. Equating the coefficients of j on either side, 


-we get F, sin 04-Е, sin 6, ...... -FF, sin 6,—0 
i WS CBS D F 
ie. F, OL, +F, ont on"? ie. 397-0. 


Problem 17. А boy runs 3 miles on a road towards east. It then 
turns towards north and runs 4 miles before stopping. Find the result- 
ant distance covered by the boy. an 
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i i th 
Taking x and y-axes of co-ordinate system along east and пог 
; $ respectively, let A and B be the two 
y successive displacements given by 


A=3i. 
. B=4j. 
So that their resultant, 
r=A+B=3i+4j 
|r] m vH) у/(25) 
--5 miles making an angle 
6 with x-axes where 


Q5 cft ofj 4 
fan 0— eft. ofi 3 
3 
Giving cos ey i.e. 8=cos-? fü 
Problem 18. A car is driven eastward for a distance of 5 miles, then 
northward for 3 miles and then in a direction 30° east of north for 10 
miles. Draw the vector diagram and determine the toial displacement 
of the car from its starting point. 
Taking x and y-axes towards 
east and north respectively, and ” 
* z-axis along the vertical, let the 
displacements along these axes be 
a, b.c respectively, Then the re- 
Sultant displacement г is given by 
r=a+b+c, 
But according to the given pro- 
Мет, 2—5i b=3j - 
and е=10 sin 30° i+10 cos 30j 
=514-54/5j. 
A00 m5 3j4-5i-54/3j 
710i--(54/3--3) j. Fig. 1.19 
So that | r |=r=4/{10!+ (54/3 +3)2) 
=/(100+75+-9+ 3043) 
=(100+75+9+4-52)= /(236) 
=15'35 miles 


3 10 х 10 
(guum dus ionge doe du Е 
and cos 17036) | 8=cos (236) 
Hence the resultant displacement has magnitude equal to 15°35 
i ы Б 10 
miles making ап angle cos 5361 north of east, ie. with 


yaris. 
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Problem 19. The projection velocity of a rocket is expressed as 
- Y=5i+7j+9k Т 
where i, j k are unit vectors along east, north and vertical direction 
respectively. Calculate the magnitude of horizontal and vertical 
components of the velocity. Also deduce the change in angle of pro- 
jection if the vertical component is doubled. (Agra, B.Sc. 1969) 
The velocity vector is given to be expressed as 
v=5i+7j+9k : 
where і, ј апа К are unit vectors along east, north and vertical 
directions respectively, which are taken as axes of reference. 
Clearly the vertical component of velocity vector —9k. 
7. the magnitude of vertical component of velocity=| 9k |=9. 
Horizontal component of velocity vector = 514-7). 
*, magnitude of horizontal component of velocity 
== Vf (S473) = (254-49) =V (74). 
In case the rocket is projected making an angle « with east, then 


PRA Ws M he CE. 
mas соз a= SK VEE PES 
5 gr 5 E Mee 
= 7051049581) . vü55 1245 
= 4016 


Ke а=66° 17’ (by tables of cosine). | 
If ihe vertical component is doubled, then the velocity vector 


becomes v,—5i4- 7j 1- 18k. 
As such, the angle of projection of rocket with east is given by 
Mew rabie o 5 HT GM MR 
cos B= Tee ^ VOFFI — 0398) - 1995 7 2507 
or po75* 29'. 


Hence the change in angle=8—«=75° 29'—66* 17'=9° 12". 


1.10, LINEAR COMBINATION OF VECTORS . 
A vector v is termed as a linear combination of a set of n vectors 
уу, Voy Yoe Yo, if it is expressible as 

v=k, vi ks Vac Ks Yan Ys 


‚ where ky, Кз, ky,...Kn are scalars. 


The set of n vectors Vy, ¥a,---¥n is said to be linearly dependent if 
there exists a set of л scalars kı, K,,...k, such that all of them are 
not zero i.e., at least one of them is non-zero, satisfying the relation, 

амь Vet... bk. Wn==0 

[fall the scalars Кү, ks,...k, are zero i.e. ky=k,=...=kn=0 then 
the set of л vectors уу, Vs..., Y» combined as 

Ky vic 9+... БЕ =O 
is said to be linearly independent. 
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_ Note 1. It is evident that if a Set т(т<п) out of m vectors is 
linearly dependent, then the whole set containing n vectors is linearly 
dependent. 

Note 2. If the set of n vectors is linearly independent, then clearly 
any subset of these п vectors will also be linearly independent. 

Problem 20. /f a set of n (21) vectors is linearly dependent then at 
least one of these n vectors can be expressed as a linear combination of 
the remaining (n— 1) vectors. 2 

І жүз Vee.) Үл be a set of n vectors which are linearly dependent. , 
This set being lireariy dependent, we must have a linear combination 
of the type 

ky Vy Ks Va... Ka v4—0 
where all of the scalars Ку, &,..., К, are not zero. 


Suppose k,40. Then, we can write 
k, К, k, 
v=- (2 vi putet E” 


which can be expressed as 
vk, via! wt.. Kn! Yn 
théreby proving the proposition. : 

Problem 21. Show that any set of n vectors containing the null 
vector is linearly dependent. 

Let v;, v;..., v, be a set of n vectors, of which v, is a null vector 
ic. Yn=0. Then by note 1 of $ 1.10, if the set v, v,..., Vn—1 of n 
vectors is linearly dependent, the set of m vectors containing these 
(n—1) vectors and the null vector will also be linearly dependent. 

In the case when the set vj, Уз..., Va-, Of (m—1) vectors is 
linearly independent, then by definition there exists a set of (n—1) 
scalars kı, k,..., K,-,, all of which being zero, such that 

Кау thet. Ка 81770. 
р Assuming that K,2-0 and v,— 0, this relation will still hold in the 
orm 
o Кежа... Ku Vna Ка 0. 

Where all the scalars Ку, k,..., Ka аге not zero, as k,#0. 

This follows that the set of m vectors v,, v,..., Yn is linearly 
dependent thereby proving the proposition. 

Problem 22. Show that the set of vectors кү, r, тз given by 

ri—2a—3b--c 
r,— Ja —5b-- 2c 
r,=4a—5b+c, a, b, с being non-zero and non-coplanar vectors, 
is linearly dependent. Д 
The vectors r;, r}, г; will be linearly dependent if there exists a set 
of scalars Кү, kz, ks not all zero, such that 


kar, T kar d- kara 0 3 es (TL) 
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ie, ky (2a— Diehl (3a—5b+2c)-+k; (4a—Sb+c)=0 
ог (Qk,4-3k,-- 4k) a— (3k, + 5k + 5ks) b+ (ky -21,--) c= 0) 

a, b, c being non-zero and non-coplanar, this relation will hold 
only if the coefficients of а, b, c separately vanish, i.e., if 


2k, 3-3k,4-4k,—0 S 
3k, -5k,4-5k,—0 MEET 
kı+2k;+ Ку=0 «++ 0 


Multinlying (4) by 5 and then subtracting from (3), we find 
2k,+5k,=0 which is аюы for k,=5, k,— —2 (non-zero 
values) and then (4) yields k,— — 
These values of k,, ks, ka also Pes (2) and hence the relation (1) 
is expressible in the form 
5r,—2r,—r,—0 or r,—5r,—2r; 
showing that the set of vectors гу, rz, гу is linearly dependent. 
Problem 23. Show that the set of vectors v,, rs, rs given by 
1r, —j—2k, r,—i—j--k, r;-id- 2j К 
is linearly independent. 
The vectors гу, гу, rs will be linearly independent if there exists a 
set of scalars kı, Ke, ks all being zero, such that 


Kar kara c Куг;=0 Vos (0 
фе. ky (§—2k) +k, (—]--k)-k, (i4-2j5-k) -0 ; 
ог (katk) i+(ky kp +2ks) j - C7 2k, tha +-ka) k=0 09) 
Now і, j, k being non-coplanar, this relation will hold if 
: А+Е=0 ANE 
k,—k,-2k,—0 .. (4) 
—2k, +k; + ky=0 .. (5) 
Solving (4) and (5), 
kı ks ka ee 
* 1-2 > 4-1 = 1-2 AY, ws 
ORAN A эъ ТТТ 
he. эн cca arcs aed I 4 
These equations give, "s 0 E 1605 


К, = 3А, k,— 5А, k= 
Substituting these values ів (3) we find, 
; 6\=0 ie., A=0 
As such, we have 
ky=0=k, =k, 
showing that the given set of vectors is linearly independent. 
Problem 24. Show that a necessary and sufficient condition for И 
vectors : 
7, 7x44 - у} - zik, r= xh sj zik, т;=х1+ + К 


222 MATHEMATICAL PHYSICS 


to be linearly independent is that the determinant 
XY AA 
X, Ya % | be different from zero. 
Xs У 23 
The set of given vectors will be linearly indeperident if there exists 
‚а set of scalars Kı, ks, ka all being zero, such that 
: kiri Kat, Kara 0 
ie. ky (хї+ + zik)--ks (xd Yet 22k) + hs (x3i+-¥sj+ zak) =0 
or (х.х. хаа) i О у.Ка-У:Ка)ј 
T (ze zi dz.) k=O 
But i, j, k being non-coplanar, this result will hold only if 
pidan) 


Wik Буза yk —0 + (D) 
т.424 233—0 
Elimination of Кү, ks, ks from these equations with the help of a 
determinant yields 


Xp X: Xs 
у Ys Js =0 fi 2) 
fio 
But the given set of vectors being linearly independent, ме have 
k,—k 0 


in which case equations (1) are not solvable in the form (2) showing 
that the given set of vectors will be linearly independent if and only if 


У ЕА 
y» Ye Ya | #0 
Rte ae 


otherwise the scalars kı, Ку, ka will be different from zero. 


1.11. PRODUCT OF TWO VECTORS 

A careful observation of the ways in which two vector quantities enter 
into combinations in various branches of mathematics and machines 
leads us to define two well marked and distinct kinds of products, one 
being called scalar or dot product and other being called vector or 
cross product. The former yiclds a number (scalar) while the latter, a 
vector quantity. In either casc the product is jointly proportional to 
the modules (moduli) of the two vectors. 

Conventionally, the scalar or dot product of two vectors a and b is 
т by a-b or (a, b) and their vector or cross product by a x b or 
[ab]. 

(1) The Scalar or Dot Product of Two Vectors : 

Defnition. The scalar or dot product of two vectors a and b, with- 
modutes a and b respectively and their directions being inclined at an 
angle 6, is defined to be the real number ab cos 6, i.e. 

a-b=ab cos 8. 
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Characteristics of dot product. (i) The dot preduct of two vectors 
a and b is independent of their order 
Le: a-b=ab cos 9=b-a 
(ii) The dot product of two vectors a and b may be expressed as 
the product of two numbers, one being the length of one vector and 
the other resolute of the second in the direction of the first, i.e. 
a-b=(length of a) times (scalar projection of b onto a) 
=(length of b) times (scalar projection of a onto b). 
(iii) If a-b=0, then either of the two vectors is a null vector or the 
vectors a and b are mutually perpendicular, i.e. 
a=0 or b=0 or б=}т. 
In particular i-j=j -k=k-i=0 ; i, j, k being mutually perpendicular 
unit vectors, 
(iv) The vectors a and b are parallel if 0=0 or т, ie, if arb 
= +ab, where a, b are modules of a and b respectively. 
(v) The scalar product of two equal vectors a, а is given by 
a-a=a.a cos 0*—a*, since then 0—0 


-=a then | а|=1 so that яа.а=1%=1 


In case a is a unit vector i.e., 
In particular i-i—j* j -k*k — 1. 


(vi) The scalar product of two unit vectors a, bis given by 


a+b=cos @ since then |a;-1—]b| 
(vii) The scalar product is associative i.e. if a, b be any two vectors 
and m, n be any two scalars, then 
(ma). (nb) —mn (a-b) --mn a-b=a-+mnb=na-+mb 
(viii) The scalar product being a number, can occür as the numeri- 
cal coefficient of any vector, e.g. (ab) с represents a vector parallel 
to c and whose module is (a+b) times that of c. 
(ix) In the case of scalar product, the distributive law of multipli- 
cation holds i.e. if a, b, c be three vectors, then 
a-(b4-c)=a-b+a-c 


> — > 
Referred to Fig. 1.20, let OA=a, OB=b, OC=c and projections 
of OB and BC on OA be respectively OM and MN, so that 
ON=OM+MN. 
It is also clear that ЖЕ, 
> > > i c 


OC=OB+-BC=b+e 2 


St 


e 
Now, 8*(b4-c)—2*OC-— (length of a) 
> 


times (scalar projection of OC onto a) = 
=a(ON), a being module of a o EUER age os 
=a(OM+ MN) Fig. 1.20 
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=a(OM)+a (MN) 
—42-b--a:c by (ii) 
In general, we have 
(atb+e...)-Q+m-+n...)=a-l+a-m+...+b-l+b-m+... 
and in particular, (a3-b)-(a-Eb) —(a--b)* 
=a"+2a-b+b’ 
and (a--b):(a—b) —a?—b'. 

(x) If @ be the angle between two vectors a and b whose orthogo- 
nal projections (components) in the directions of axes of x, y, z are 
(a, а„ as) and (Бу, ba, bs) respectively and if i, j, k be the unit vectors 
along the axes, then 

2—aji-a.j--a;k 
b=b,i+bj+ bk, 
a-b (a,i+a,j-+-a,k)-(b,i+-5,j+ bak) 
so that cos 0= o5 = aitat ak). Giok] 
a,b, T abı + Gaby 3 
SW (а +а*%+а, V (o? b? by") 
* (2) The Vector or Cross Product of Two Vectors 
i Definition, Given two vectors a and b 


ime whose directions are inclined at an angle 6, 
B their vector product is defined to be the 

2 vector r, whose module is ab sin 0 and 
aK whose direction is perpendicular to both a 


and b, being positive relative to a rotation 
from a to b, i.e., 


о : ^ 
т=ахЬ=|а| || ілбе 
2 —ab sin 0 € 
А where © is a unit vector perpendicular to the 
plane of а and b, and has the same direction 
Fig. 121 as is obtained by the motion of a right- 


handed screw due to rotation from а to b, and a, Б are the modules 
of a and b respectively. 


Characteristics of vector product. (i) The vector product is not. 
commutative, iê., by reversing the order of the factors, the sign of 
the product is reversed, e.g. 

bxa=ba sin (—0) «——ab sin 0 c— —axb : 

(ii) The magnitude of the vector product aX b is equal to the area 
of the parallelogram of which a and b are the adjacent sides i.e. 
(axbi-| ab sin @ © |=ab sin 9, as | £ j=1 

=OA multiplied by the perpendicular distance of OA from B. 
x» Arca of the parallelogram OACB. 


axes, then 


_ where 8 is the angle between their 
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(iii) The vector product is associative, i.e., if m be a scalar and a, b 

be two vectors, then 
(ma) x b=ax (mb)—m (axb)=m (ab sin 0 €) 

(iv) The vectors a and b are parallel, if the angle 6 included between 

their directions is 0 or 7 i.e. if 0—0 or т, so that 
axb=0 as sin 0—0 for 06—0 or = 

which follows that the vector product of two parallel vector is a null 
vector. 


(у) The vector product of two equal vectors a, а is given by 
axa=0. 
Since the two vectors are equal if they are either collinear or 
rallel. So that the angle 0 between them being 0 or т, sin 0—0 and 
ence the result follows. 
In particular, if i, j, К are the unit vectors along the principal 


ixi=jxj—kxk=0. 

(vi) The two vectors a and b with modules a and b respectively. 
will be mutually perpendicular if the angle 0 between their directions 
is 90°, so that sin 0=1. 

As such if a, b are at right angles, then ax b—ab £, € being а unit 
vector normal to the plane containing a and b. 


In case a and b are unit vectors, then | а|=1 and lb j=l, 
therefore axb—e, which shows that the cross product of two 
mutually perpendicular unit vectors а and b is a unit vector € 


normal to the plane of a and b. 

Hence, in particular if f, j, k be the 
unit vectors along the principal axes, 
then 


kxi-j— —ixk 
(vii) The vector product of two 


unit vectors a and b is given by 


axb=sin 6€ аз |а |= |b |1, 


directions and © is tbe unit vector 


normal to the plane of а and b. Fig. 1.22 


(viii) The distributive law holds, i.e. in case of vector product '* a, 
b, c'are three vectors, then 
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aX(b+c)=axb+aXe. 

Let the components of a, b, c along the principal axes be 
(a, а„, аз); (Б, be, ba) and (су, сг, сз) respectively. Then if i, j, k be 
the unit vectors along the axes, we have 

a=a,i+a,j+a,k 
b=5,i+-6,j+5,k 
с=с с, 
So that, b4-c— (b, 4- c,)i 4- (5. 4- 6)j - (5, c$)k 
^ aX(b4-o)—(aii--a.j--a;k) x {(®,-Ес)ї+-(Ъ,+с„)]-+-(®,-+ ck) 
—(a4(b,4-c;) —a4(b.3-c2)) i 
: fa (b,4-6)) — ai (53-03) j 
+ (ai (b 3-0) аз (b,-- c0) k 
as ixj=k etc. 
={(a,6,—a5b,) ї1+-(а,Ь,— а,Ь) j+(a,5.—a2b,)k} 
Tae 2562) {--(а,с,—аусу) 1+ (аса—а,су) k) 
=a Xb+a xc. 
[Sine aXb=(a,l+a,j+ ask) х {(b,i+b:j+b:k) . 
—(a;b,—a;b;) i4-(asb,— 15s) j+(¢,b,—a,b)k 
Similarly ахе=(а,с: —а3с,) i+-(a3¢,—4,¢s)j 4F(a,0,—a,c;)k] ` 
In general, (a+-b+c+...)x(1+m+n+...) 
=axl+axm+...+bxl+bxm+...+-... 

(ix) Vector product in terms оў. components. Consider two vectors 
aand b whose components are (a; Gz, аз), (Бу, bz, bs) respectively 
along the principal axes. Then if i,j,k are the unit vectors along 
these axes, we have 

a=d,i+a,j+a,k 
b—bi-Fb- bk 
ax b—(aji--a;j--ajk) x (b,i+b:j+bk) 
=(a,b;—a,b,) 14-(азЬ, — а,Ь) j+ (a,b, —asb:) k 
as ixj—-k— —jXi etc. 


4 


а а, а (Agra, 1954) 
b, b, b, 


Now if be the angle between the directions of a and b and 
©, a unit vector normal to the plane of a and b, then 


(a X b —(ab sin @ z)*— ((2,5,—,5;) 1+ (ab —a,53) j 
Е (gb — а.) k}? 


| i:e., a?b? sin? 8=(а„Ь,— а,Ь,)*А4-(азЬ,—а,Ь„)'-+(а,Ь„— а,Ь)? as al 
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or Sint g (abs abel (а,Ь, —a;b3* - (ab, — as bi) 
(a+ aš +a) (b +b + 5,7) 
? as =a =a; a," +a; еіс. 
(x) Cross product in terms of dot product. By definition, 
(a x b)*—(ab sin 0 et 
==а?В? sin? 0, 
=а?Р? (1—cos* 0) 
—atb*—a*b? cos* 0 
—a'?b!—(a.b)*, *.' а? =а?, =, a.b=ab cos 0 
Problem 25. If a and b are unit vectors and ® is the angle between 
them, show that ` 
sin = A a—b l. 
We have | а—Ь|?=(а—Ъ)* 
—=а#--°—2а-Ь, "7 a'—a'—1 and = =1 


=2—2 cos 0 

=4 віп? 6/2, 
i.e. | a—b |—2 sin 6/2, 
so that sin 0/2—1 | a—b1. 


Problem 26. From the relations (Lorentz transformatiéh equations 
in theory of relativity), 
> 


г> 
fe verit] v, 


bere x]. 


Bed 
c 
. where ү = =, prove the reci, rocal relations 
YT: e recipi 
> 
, zr AES 
| r=r' +) n ver +] Y, 
>, 


| r= [е vr 

L X 2 =] 
d > 

Here, rafters] 


Ж t th 
ex T. ach => 
=rH v vr] EE ] eee ( E vr) : 


+) 
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tLe» viv 


ZI 4 
-=- qi — T eer 


=r+ hen vor l ver) "+ 


— SY Юу.) +—үү-++ t Д1 (ver) v—(¢—1) vtv 
2 


=+ wy (2+y- -rnr ity -amp 


ver 
—v* 


+01 v-a Y 


(aa rem ap" 
ver wr 
аат doe 


= 
Again Y [ i 
Tie > 
=r [7 (-%3 Na Avi rk La € 
с y 
-> > a 
>r? vr 
=" NR. An X +21 SF yt 
ey 2, 
ч . . T t 
: -а= y: дт Po tx К. Үз Tag 
E Ў 
.((-»t dove wr [since 5 aay 1 
саун daw er с? go 
=t. 


MN 27. What is the meaning of (a--b)-(a— b) for the case where 
a=b’? 
Here (a+b). +(a—b)=a*—a-b+b-a—b* 
=a'—b* as a-b=b-a 
=0 as =b". 
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This shows that either a+b=0, a—b=0 or the vectors a+b and 
а— are mutually at right angles. Я 

In the former case when a+b=0, a—b=0, we have a—0 and 
b=0, i.e. both the vectors а and b are null vectors. 
| Conciusively, either both the vectors а and b are null vectors or the 
| angle between the vectors a+b and a—b is 17. 

Problem 28. What is the unit vector perpendicular to each of the 
vectors 2i—j+-k and 3i+4j—k? Calculate the sine of the angle between 
these vectors. 

Let a—2i—j--k and b=3i+4j—k. 

If 2 be a unit vector perpendicular to the plane of a and b, then 
since aXb is also a vector perpendicular to the plane of a and b, we 


have 
2 ахь 
é= 1 20 
Now axb-—(2i—j--E) x Gi--4j—k) 
a j k|=—3i+5j+lik 
2mc c 
| аи 1 
zo {axb |=|—3i+5j+ [= у(9+25+121)= (155). 
| ^ axb _ —3i+5j+llk, | 
Непсе *-iaxbi| ($5) 


Again |a|—1 2i—j--k j=V(4+14+)=v6 
| b |=| 3i2-4j—k |-4/(94- 160-1) — /26. 
Thus if @ is the angle between the directions of a and b, then 


axb=|a]| |b [sin 0, 


igi axb _ laxb| 
ie. sin 6 RENE Fi Га ЪТ by (1) 


vass _ AK 455; 
у6у26 _ 156 7 
Problem 29. If a=3i+4j—Sk and b— —i4- 2j 4-6k, then calculate 
(i) the module of each, ' 


(ii) the scalar product a+b, 
(їй) the vector sum and difference a+b and a—b. 


(i) We have [а [=| 3i2-4j—5k | 
=V(9+16+25)=5V2 
and | b |=|—i+-2j+- 6k | 


=4(1+-4+-36)=у41. 
(@) - a.b=(3i-+-4j—5k)-(—i+-2j+ 6k) 
=3 (—1)+4:24+(—5)-6 
=—3+8—30=—25. 
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(lii) a+b=3i+4j—5k+(—i+2j+6k) 
=2i+6j+k, t 
a—b=3i+-4j—5k—(—i+2i+ 6k) — 4i 4-2j— 11k. 

Problem 30. Show that a is perpendicular to b if | a+b 12| »— |. 

We have 1 a+b |=] a—b |. 

Squaring both sides, we get 

a?-+-b?+-22-b=a"+-b?—2a-b 
or 4a-b=0 
or А a-b=0, 
which shows that a and b are mutually at right angles. 

Problem 31. Two particles emitting from a source have displace- 
ments 1, =443j+8k and r,—2i4- 10j+5k 
at any time. Find the displacement of second particle relative to first. 

Required displacement —r;—r, 

=2i+ 10j + 5k — (4i4- 3j+ 8k) 
=—2i+7j—3k. 

Problem 32. Find the scalar and vector products of the vectors А and 
B, where A=2\+j+k and B=4i+2j—3k. Also find the angle between 
А and B. i i 

Given A-—2i itk, 

B—4i--2i—3k. 
Scalar product =A-B 
—(Qi--j-H9-(4i4-2j— 31) 
=8+2—3=7. 
Vector product —AxB 
=(2-Е}-+Е) x (414-2) — 3k) 
40-6) —4k—3i 4-4j —2i b 
=—5i+10j. 
According to definition of scalar product, 
: A-B=AB cos 9, wen (2) 
where ô is the angle between А and В. 
A=] А |=V(A2+47 +42) 
=/441t+)=V6,  , 
B=| Bl=V(B2+B7+B2)=V(l6+4+9) 
= 4/29. * 
Substituting values of (А.В), А and B in equation (2). we get 
T= 29/6 cos 6. 


P етс ы НИ 
cos 6= 90296) (174) 


с м 
M 4—5 par 


| 
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Problem 33. Prove that an angle inscribed in a semi-circle is а right 
angle. 


Referred to Fig. 1.23 ACB is a semi-cirole ` 
with AB as bounding diameter and C any 
point on its circumference. Let O be its 

TI 


25% 
centre and r the radius. Also let AO =а=ОВ 


ie 
and OC —b. Fig. 1.23 
> > 
Now AC= -40 0C ih 
and CB=CO+0B=—b+a. 
-> > 
УУ AC+-CB=(a+b):+(a—b) 
=a’—b* 
S 
=40?—0C? as 3*—40'— АО? etc, 
12-3 
=0. 
But from the definition of dot product, 
> > 
cos ZACB- — CCP. Lg, 
| Ac |] СВ | 
ZACB-3z. 


Problem 34. Prove that the area of a triangle whose two sides are A 
ana is given by 3 | AXB |. Also find the direction-cosines of normal 
to this arca. 


Area of the A YYZ 
=}4A.h 
> ={АВ sin 0 
5 n =}1АХВІ. 
The vector area is perpendicular 
АЧ aa to the plane containing A and B. 
A And magnitude of area 
Fig. 124 =+|АХВ|. 
^. Vector area =} (АхВ)=} (14,+j4,-+k4,) X (iB. +jBy +kB,) 
=i(AyB,—A,B,)+}j (А„В„— A.B.) - 3k (4B, — А,В). 
Thus, direction-cosines of the normal to the given area are 


given by 
|. A,B,—A.B, 1 4,B,—A.B, .., AaBy—Ay d 
сов а= ST AXB | ‚ cos 8 2 [AxB] and cos y= ЭТАХВ 
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Note. Area of the parallelogram with sides А and B is double of. 
the above area, i.e., (A X B). - 
Problem 35. Show that a X (b+c)+bx(c+a)+cx(a+b)=0. 
We have ax(b+c)-+bx(c+a) ‘+ex(a+b)=axbtaxc 
+bxe+bxatexatexb 
=axb—cxat+bxce—axbtcexa—bxc=0. 


1.12. TRIPLE PRODUCTS OF VECTORS 

We have stated that the vector product of two vectors b and c is a 
vector quantity. So this product (bx c) may be multiplied scalarly or 
vectorially with a third vector а to give two triple products namely 
a-(bXc) and ax (b x c). The former being a scalar quantity is termed 
as scalar triple product and the latter being a vector quantity is called 
vector triple product. 

(1) The Scalar Triple Product 

Definition. Let a, b, c be three vectors. Then the scalar product of 
any of these vectors with the vector product of the other two such as 
a«(bx c) is called scalar triple product of the vectors a, b, с and deno- 
ted Бу [abc] or [a, b, с]. Obviously, this type of triple product is a 
scalar quantity. 

Note. The scalar triple product is sometimes known as Box 
Product. 

Characteristics of Scalar Triple Product. (i) Geometrically interpre- 
ted as, below the scalar triple product of three vectors a, b, c repre- 
sents the volume of a parallelopiped which has for its three coter- 
minus edges the vectors a, b, c. 

Construct a parallelopiped with coter- 
minus edges ОА, OB and OC, such that 


— > > 
04-8, OB=b, OC=c. 

Suppose that n=bxc and its direction 
is ON, which is perpendicular to the 
plane OBEC whose adjacent sides are b 
and c. The direction of the vector m is 
positive in the sense of rotation from OB 
to OC. Ў 

From the property of vector product of 

Fig. 125 two vectors, it follows that | n | measures 
the area of the parallelogram OBEC. 

Volume of the parallelopiped with coterminus edges OA, OB, OC 

=(area of the parallelogram of the base OBEC) multiplied by 

the perpendicular distance of the plane OBEC from the point 4) 
=(area of the parallelogram OBEC) multiplied by (the scalar 
projection of OA on. ON) 

= | n | (ОА cos 0), where AQN=8 
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an 
= |а| | а | соз 6, since O4— | O4 | = [а | 

—a-n from the definition of dot product 

=a (b x c) =[abc]= V (say) 
where V measures the volume of the parallelopiped. 

The product is regarded as positive or negative according as 0 is 
acute or obtuse. It is easy to show that ; 

a: (bx c)—b-(cxa)-c-(a x b) —X V, 
i.e. [abc]—[bca] —[cab] = + V. 

This follows that if the cyclic order of the occurrence of the vectors 
a, b, c is maintained, the position of cross and dot may be interchanged 
without changing the value of the product. ‘ 

Again since a x b= --b x a etc., therefore 

[bac]=:[cba]= —[abe]=+ V. 

(ii) If the vectors a, b. c are coplanar, then their scalar triple 
product is zero, i.e. [abe] =0. 

Since the volume of the parallelopiped, so formed with coplanar 
vectors a, b, c as coterminus edges will be zero. 

As such [aab] -- [abb] —[cbc] etc.— 0. 

(їй) The scalar triple prouuct may be expressed in terms of 
components. 

Let a, b, c be three vectors. whose magnitudes in a right handed 
system of unit vectors f, j. k are (41, 42, аз). (bis by, bg) and (сү, Czy e) 
respectively. Then 

a=4,i+- ajtak, 
b —bji-- 5j tbk, 
c-«c d Fej ck, 


we have, Ьхс=| i j k (Б.с bacs) i+ (bse, —by,cs) j 
b, bob +(byCo—b2¢1) К. 
Qj ely eg: 


UD ae o (ada ak): (сз Бас) i+ (bc; Раса) j 
-F (b.c — Бс) К}, 


ie. [abe]=4; (Б.з с: 0: (Рас, —b,0,)-- as (b,c;— b61) 
=] di d, as 


In particular, 
and fjik] - — 1. 
In general if the three vectors a, b. ¢ are resolved in terms of three 


a=a,l+a,m+4,n, 
b—b,12- b.m 5n, 
e=c,l+c.m Hen. 
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We have (b x c) 2 (bc —55c,) m xn-- (bsc; — 5,02) nx 1 
(Бс — b,c,) 1х m. 
s. a: (bx e), (b,05—b5c;) Птп]--а (Бас, — bcs) [mnl] 
+a; (Бус, — bs61) [nim] 
[шп] as [Imn]— [mni] = [nlm]. 


=| a а, 45 
b 1 b, b. 3 
€; Cg с; 

(2) The Vector Triple Product- 

Definitio. The product of the type aX(bxc)is called the vector 
triple product of given three vectors a, b, c and is expressed aS 

aX(bxc)=(a-c) b—(a:b) c. 

Suppose that q—a х(Ъ хс). 

Then, q being a vector product of two vectors а and (bxc) 
represents a vector perpendicular to both a and (bxc) and therefore 
by the property of dot product, we have 

q:a—0 and q-(bxc)=0. 
, But the product bxc being a vector product of two vectors b and c 
is itself a vector perpendicular to both b and e, ie. a vector normal 
to the plane of b and c. x 
__ It follows that q lies in the plane of b and c, so that q is expressible 
in terms of b and c. i 
Suppose that q=sb+tc, where s and ¢ are scalars. 
Multiplying both sides scalarly by a, we get 
q:a=s (a-b)+1 (ас), 


(since q-a=0) 


Then ax(bxc)=q=A [(a:c) b 
y—(a‘b) cl. ...(1) 
In order to find A, let us intro- 
duce an orthogonal right handed 
system of three unit vectors i,j,k 
such that i is along a aad j is 
perpendicular to it in the plane of 
а and b, the direction of k is auto- 
matically decided because, i, bk 
form a right handed system of 

vectors. Then 

—aji, b=),i+ bij, c=cit+ cj 

+ЕсзЕ. 


Fig. 1.26 Now bxc-b,ci—b;cj 
(b,c5— oes) k 
so tbat aX (bx c)—(a;b.c, —a,b,0)) j — Рус; К. 


Also (a-c) b—(a;b;ciit-a; d (a-b) e=a,b,¢,i 
(a-c) р (а,б: пбас, ап 301 morem E 
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Putting these values in (1), we get, A=1. 
Substituting this value of А in (1), we find 
q—2a ib x c)—(a-c) b—(a:b) c (Vikram. 1969) 
Characteristics of Vector Triple Product. 
The vector triple product is not associative, ię., 


aX(bxc)z(axb)xec. . 
Since — ax(bxc)—(a-c) b—(a-b) с 
and (axb)xe-— —ex (ax b) 


— — [(e: b) а—(с-а) b] 

=(a-c) b— (b-c) a. 
which follows that the product ax(bxc) represents a vector 
Coplanar with b and c while the product (a x b) < с represents a vector 
lying in the plane of a aud b. Hence the two products do not 
represent the same vector quantity, i.e., 

ах(ь хе) (ах) хе. 
Problem 36. If A—4i— 5j4-3k, B=2i—10j —7k and C —3i4-7j —4k 

deduce the values of 


(i) (A x B) € and (ii) Ax (Bx C). (Agra, 1969) 
(i) Given A=4i—5j+3k 
B=2i—10j—7k 


C=5i+7j—4k. 
(A x B) (4i— 3j -- 3k) x (2i—10j —7k) 
— —40k + 28]-- 10k +35i-+ 6j+-30i 
—65i--34j — 30k. 
(A x B): C=(65i+34j — 30k): (51-7) — 4k) 
—325--2384-120 
=683. 
(ii) (Bx C) - Qi— 10j — 7k) x (51-7) —4k) 
— 14k 8j-- 50k -- 40i— 35j 4-49i 
=89i—27j+ 64k. 
г. Ax(Bx ©)=(4i—5j+3k) x (89i —27j 1-64k) 
= —108k—256j '-445k — 320i 4- 267i - 81i 
» = — 2391+ 11j+ 337k. 
Problem 37. Show that [a xb, bx e, ex а] = [abe] 
= аза a-b a-c ; by means of determinant. 
ba bb bec! 
ca cb сс | 
Let tne components of the vectors a, b, с in the directions of the 
axes of x, у, z along which i, j, К are the unit vectors, be (ау, ds, 3), 
(bi, b», bs) and (су, с;, сз) respectively. Then 
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а=ауї+а,}+а,К 
тох ] 2.@ 
c=¢,i+¢,j+cck 

so that 


a:a=a,’+a,'+a,"=2a;’ (say), Ь-Ь=2Ь,, et (2) 
a+b=2a,b,, b-c=2b,c, and c:a—Zoca, E 


Now, [abc]=| а, а, а, | from (1) 
bı b, | 
су с; су 
7.  [abcP=| a, a а; а, а, а 
1 2 3 b, b, b, 
с с с € су Cs 
=| Za? Zab, Хса [=| aca a'b a'c 
Zab, 2b Zbc b'a b-b b-c | from (2) 
csa cb cc 


Zeya, Iba, Усу 


` Again, Let A=| а, а, аз |-[abc]. 
1 2 3 А 
оу Cy C3 
Then, if A, Bı, С,... etc. be the cofactors of ay, bys сү... etc, . 
we have 
аА, аА: Карз A^ 
a,B, + dB; -- as D, =0 . (3) 
a,C,+a,C,+a,C,=0 etc. 
where A —b,c, — bsc etc. 
Suppose that A’=| 4, A, Аз 
B, 2 3 
Ci с, С 
АА'= а а, а | | A, A, А 
[b b by; |B В, B 
а € | | Ci €: С, 
=| A 0 0} 
0 A 0| from (3) 
0 0 
= » 
Le. A'— д? 
А, А As 
or [ab— | B, В, | - (4 
Субу Cs! 
ў i j К |=(ab,—a,b,) i+ (5,2,—5,0)) j 
But axb= |а, а, аз | +(a,b,—a,b,) k. 
1! b bi 


Similarly Б хе=(рсз — зс) i+ (с,ӧз— суЬ,) j-- (5:65 е) k 
єха==(с;а,—сза;) i+ (2,3 — 2:63) j-- (62; —6,4;) k. 
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[a X b, bxc, сха] 
=| a,b, —a;b; b,a4--b,a, a,b, —d;b, 
b,c4—bs04 Сара —С3р b103— bye; 
С05—С30 163—436] Са: —С:01 


=| С, €, C| when A, Bi, С,...еіс. |а а а 

A, A, Аз | are the cofactors in b, by bs 
|B, B B € с, бу 
=| A, A, Аз 

| Bi B В, 

Сү Cs C. 


—[abc]* from (4). 
Problem 38. Show that a x (bx c)--b x (cx a)-cx (a x b) —0. 
We have aX(bxc)-(a:c) b—(a-b) c 

bx(cx2)—(b:2) as a 
€x (a x b) —(c-b) a— (c:a) b. 
Adding all together, we get 
a X(bx c)--b x (c x a)--c x (a x b) —0. 

Problem 39. Find the volume of a parallelopiped whose three 

coterminus edges are described by the vectors i+2j, 4j and j+3k. 

Volume of the required parallelopiped - 

—scalar triple product of the vectors 14-2}, 4j and j+3k 

=(+2)-{4] x G+3k)} 

=(i+2j)-12i .. 

= 12 i-i=1 and j-i=0. 
Problem 40. Show that the law of refraction of light passing from 

a medium of refractive index w into one of index w' is expressed by 
the equation yaxn-u'cxn, 

where n, а, с are the unit vectors perpendicular to the boundary, 
along the incident and along the refracted ray respectively. 

Also find the law of reflection, if b be a unit vector in the direction 
of the reflected ray. 

Leti and r be the angles of inci- 
dence and refraction respectively. Then 
the laws of refraction are 

u _ sinr 
w sini КЕШ 
апа п, а, с are coplanar. ...(2) 


as jxj=0 and јхк=і 


Now ахп=1:1 sin i £, i.e., 


- . аха 
SENS grag 


where © is a unit vector normal to the 
plane containing n, a, c. 
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xn 


Similarly, sin г= © 
Е 
From (1), we have v sin i—w' sin r, 


^ axn _ ‚схп 
i.e., us 
є c 
or Uuaxn-ucxn. 
Again, the angle of incidence—angle of reflection, gives 


axn-bxn. 
Problem 41. Decompose a vector vy os a linear combination of a 
vector a, another vector perpendicular io a, and coplanar with x and a. 
We know that a X (a хт) is a vector which is coplanar with a and r 
and is perpendicular to a. Let us therefore suppose that 
r=la+max (axr). (1) 
Premultiplying both sides of (1) scalarly and vectorially with a, 
we get ү 


а-г аса, ic, = +. Q) 
aca 
and ахг=тах [ax (a xr)] 
=тах [(a:r) a— (a-a) r]- — (а-а) axr, 
ie, me 8 ENS) 
а-а 
Hence from (1), (2) and (3), we have 
ar 1 
I8 aa [a x (a xr)]. 
Hr km" Lm 
Problem 42. Prove that [Imn] [/'m'n]— | m1 т:т m-n |, 
n] mm nnm 


where 1, т, в; 1", т’, n' are any vectors. 
Suppose that l'xm'—p and consider the four vectors 1, m, n, p 
which can be connected linearly as 


[Imn] p— [mnp] 1—[inp] m [Imp] n. iy 
Неге [mnp]-mxn:p-(m;m)( xm)-| m mom, 
[Inp]-1x e: p (1x n;- (т) | Tx im 
and [Imp]—Ix m:p—(x m): (> т)= | ШР gge 
With these substitutions (1) becomes 
[ша] p=[imn] 1 x mi| T], mm. 1-] POEM m 
+] nr m |*- 
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Multiplying scalarly both sides by п’, we get 


[mn] I x m:n TN mr жү m lr n -| u^ im | m.n 
WA Lm. 
+| mi mm P"? 
1-1 Lm Ln 
or fImn] тп} kh a mm тп’ 
num mn 


doter Sih: Да = ^ i 
m=m AN * then [abc]? 
and nen =e] | 
Problem 43. Prove that 
(b c): (a: d) (ex 2)- (bx d)-- (a x b): (ex d) —0 
and deduce that 
sin (A +B) sin (A—B)=sin? A—sin® B=} (cos 2B—cos 2А), 
Here 
(bX c): (ax d)4-(ea)-(bX d)-;(a x b)- (cx d) 
nba bd е ed 1, ae а: 
ca cd. ab ad T| pic b-d 
=(b-a) (¢-d)--(b-d) (c-a)+(e-b) (a-d) —(c-d) (a-b)+(a-c) (b: d) 


ll 


—(a:d) (b.c) 


—0 asa:b-b.a etc... 
. For the second part, let.a, 
b, c, d be four coplanar vec- 


tors arid s be а unit vector in 
the direction perpendicular to 
the plane containing a, b, c, d. 
Let the angles between the 
directions of a and b, b and c, 
c and d be 0. 6,, 0, respecti- 
vely. 


Siuce bx e--/e sia 0. = etc., 
a, b, c, d being modules of a. 2 
b, c. d respectively, Fig. 128 


(b:ce)*(a: d) 3- (e x a) (b x d)2- (a x b)* (c x d)=0 gives 
(he sin 0, 5)-Ted sin (0, 4-8, @,) =] 
[са sin (0, 4-9.) 27-[54 sin (8,4-0) 2] 
) -L (ab sin 8, £)-(ed sin 8, 2)—0 
or sin 6, sin (0, -0,--0,)—sin (0,4-0,) sin (0, +0,)+sin 6, sin 6,= 


ES e=]. 3 
Putting 0; — B, 0.— A and 0,— — B, this gives 
sin? A —sin (A +B) sin (4— B)— sin? B=0, 
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ie. sin (A+B) sin (4 —B)—sin? A—sin? B 
=} (1—cos 24)—1 (1—cos 2B) 
==} (cos 2B— cos 24). 


Problem 44. Prove that 2 (a x b) x (cx d)— 


where a=a,i -a;j-t- ask etc. 
Since (a xb)x(cxd)- [abd] c—[abc] d 


abge dii a by с, 
=| a; b, d.;e—|a, b. с, jd...) 
a,- b, d,' a, ba Сз 
Also (a x b) x (cx d) - [acd] p—[bcd] a . 
a, €: d, |n. eg d, 
= asta. 4. |v- Ме addas) 
а; с dy by с; d; 
Adding (1) and (2), we get 
—а —be d| 
2 (axb)x(exd)=; p К A A 
cds by 3° ay 


Problem 45. /f OX, OY, OZ and O' X', O'Y', O'Z' are two sets of 
rectangular co-ordinate axes and I, ту, n, ; lz, Ma, пу j ls, ms, n denote 
the direction cosines of the members of either set with respect to other, 


hom n 
*hen | ip m n El. 
| hu. Dh. Hj 


Let i, j, k ; i', j', k' be unit vectors along the two sets of axes. 
Then using the adjoining scheme of transformation, we have 


ЕЛЕДА ч 
ERN [ак A RRS PP 

i’ =i+mj+mk, ON | my | m 
= тј Eu шкен 
kK’ =hit+msj-+ngk. ï | l | mim 


Lk | h | m| n 


Now j' Xk’ =(i+mj+n:k) x (lì+mj xnk) 
=(%ту—тупз) }хК-+-(п„,—пь1,) k x i 


; -+m — hm) іх). 
Multiplying scalarly by i', we get 


Vj xk’ =(hit-mjt+mk) .[(л„т,—т»п,) j Xk+ (1s —n;l)k xi 
(тзт) ixj] 


VECTORS 41 


ог [Fj'k']=f, (пт — тәл) [ik] +m, (л„;— п) ЦК 
+n, (һт,—1ту) [kii] 


hom m 
=| å} m, nm | [ijk]. 
hom, m 
1 m m 
- Since [i'j'k']=[ijk], we have | 4, m, n, |=1. 
I, m, m 


1.13. PRODUCT OF FOUR VECTORS 

(1) Scalar product of four vectors. If a, b, c, d are four vectors then 
the product of the type (a x b)- (c x d) is called scalar product of four 
vectors. In fact this being a scalar product of two vectors (a x b) and 
(cx d), is a scalar quantity. We can treat this product as a scalar triple 
product of three vectors a, b and (c x d). 

Since the dot and cross may be interchanged in a scalar triple pro- 

duct, we have 
(ax b)«(cxd)-a-b»x (сх) 
=a-[(b-d) c— (b-c) d] 
= (а.с) (b-d)—(a-d) (b.c) 
=| a-c b.c 
ad o bed 
Problem 46. Show that 
(b x c) «(a x d) -- (c x a)-(b x d)-- (a x b)-(ex d) —0, 
We have (bxc)-(axd) | bea ca 
bed cd 
=(b-a) (c-d)—(bedy (cra). _ 

Similarly (сха). (х d)=(c-b) (a+d)—(c+d) (a+b) 
and (a X b)*(c x d)=(a+c) (b-d)— (a'd) (b«c). 

Adding all together, we get - 

(bx c)«(a X d) 3- (cx a)*(b x d)-- (a X b)-(c X d) 0. 

(2) Vector product of four vectors. If a, b, c, d are four vectors then 
the product of the type (a x b) x (c X d) is called vector product of four 
vectors. The value of this vector product is a vector which is at right 
angies to the vectors (a X b) and (c x d) both, and therefore is coplanar 
wit: a, b and also e, d. Conclusively this vector is parallel to the line 
of intersection of a plane parallel to a aud b with another plane paral- 
lel to c and d. 


The value of this vector product may be obtained in two ways: 
(i) If we putexd =p, then 
(axb)x(exd) =(axb)xp 
=(a-p) b—(b-p) a 
=(a-cxd) b—(b-exd)a 
=[a c d] b—[b c d] a 
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(i) If we put axb =q, then 
(axb)x(exd) —qx(cx d) 
=(q-d) c—(q-c) d 
z-(aXb-d) c—(axb-c) d 
=[a b d] c—[a b c] d 
Linear relationship between four vectors. 
The two results namely (i) and (ii), on subtraction, yield 
б={Ь c d] a—ía c dj b--[a b d] c—[a b c] d 
Rearranging, we get 
aq 1951-14 cal bo Me provided [a b е0. 
This may also be expressed as 
d сха axb 


рсе, х 
mibg t abd’ t abd" 
Note. As an alternative, the linear relationship between four non- 
coplanar vectors а, b, c, d may by found as follows: 
Suppose d=Aa+ub-+-%e, where A, р, v are scalars. 
Muitiplying both sides scalarly by (bxc), we get 
[d b c] —^ [a b c], other terms vanishing.as [b b c]—-0—[c b cl 


_labd 

or = fab ej 
aS. Mes] _ [dab] 
Similarly u= labe] and У ТБ bd 


Substituting the values of A, t, v, we have 
a bela + [d ca]b + [da b]e, 
qf [a b cj 
Problem 47. Prove that d-[a x (bx (cx d)j] —(b.d) [acd]. 
Here d- [a x (b x (c x dj)] —d- [a x {(b-d) c—(b-e) d)j] 
=d-[(b-d) (a»c)—(b:c) (ax d)] 
—(b-d) (a x c-d) as ax d-d=[adg]=0 
=(b-d) [acd]. 
Problem 48, Prove the identity 
ax[bx(ex @)]=(а с) (b-d)—(a xd) (b.c). 
L.H.S.—a x [b x (c x dj] 
—ax[(b:d) c—(b-c) d] 
=(b-d) (a»c)—(b-c) (axd) 
—Е.Н.5. 


1.14. RECIPROCAL SYSTEM OF VECTORS 
If there are two sets of non-coplanar vectors a, b, c and a’, b', c' such 
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а, bxe р сха e axb 

[abe] ° [abe]’ ~~ [abe] ° 

then a, b, c and a’, b’, с’ are said to be Reciprocal systems of vectors. 
It is so called, because 


> р j Ў bxc [abc] 
аЬ: е: 1 - ъ=: Я 
a-a'—b-b'—c:c since a pbi Бк] 1 etc., 
so tħat a’ =a, b =b i ce =e". [ 


In fact the two systems of vectors, i.c. a, b.c and a’, b', c' are 
mutoally reciprocal as 
Р Xe | с'ха' ee ахь 
[аът labe ^ [abe] 
In particular if i, j, k be the unit vectors along the principal axes 
and i’, j‘, k’ their reciprocals, then 
i'—i, j =] and k’ =k as [ijk1— 1. 
This is called self-reciprocal system. ; 
Note : With these notations, the lincar relationship between four 
vectors a, b, c and d may be expressed as 
d=(d-a’) a+(d-b’) b-(d-e) c. 
Problem 49. Prove tha: (axa’)--(bxb')—(c> ¢)=0, where a, b, е 
are vectors ard a', b', €' their reciprocais. 2 
bxc , c*a , axb 


We have a labe] " Б'= (abel а 
ea аха'=ах d = sb [(a-c) b—(a:b) c]. 
Similarly : bb js [b-a c (b: a] 

and exe [(c:b) a—(c:a! b]. 


Adding all together, we get 
^) —(bxb)--(exc)- sur i= 
(axa)+(bxb)-(exc)- fab 0. 


1.15. VECTOR EQUATIONS j 
Here below some metheds for solving the vector equations are 
explained with the help of exampies. ) 

Problem 50. Solve the vcctor equation x x a—b. 

Given cquation is хха=. : LOS 

We know that axb is a vector perpendicular to both a and Б, 
therefore the vectors a, b and axb .are three non-coplanar 
vector. Let us assume that the solution of the given equation is of . 
the form x = ^a + pb +» (axb). 5522) 
where A, g, v are scalars. 
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Since (2) is a solution of (1), therefore substituting in (1) the value 


«f x from (2), we get 
{Aa+ub-+v (ax b)) x a—b, 


or p (bx a)--v ((ax b) x a) —b as ax a—0 
or —y (ax b)--v {(а-а) b—(b-a) а}=Ь 
or —p (a x b)2-v {(a°b—(b-a) a) —b, where | a|—a 


Equating the ccefficients of like vectors on either side, we get 
—2=0, va? —1, —vb-a=0, 
ie. ®=0, v=1/a* and a-b=0 as v;£0. 
Substituting in (2), these values of р and v, the general solution of 
the given equaticn is 
x—3a—1/a* (a x b) 


and the condition for the existence of this solution is 
a:b—0, : 
de. the vectors a and b are mutually at right angles. 
Problem 51. Solve the simultaneous equations 
xx b=a xb, x-c=0 provided b-c#0. 
The given equations are 


xXb=axb sonata: 
and x:c-:0. x22) 
The equation (1) can be written as 
7 (ха) x b-9, 
which follows that (x—a) and b are parallel, i.c. 
i x—a=tb, where / is a scalar 
or x—a--tb. 2..0) 
Substituting this value of х in (2), we get 
(a-- fb): c—0. 
Giving HL EI when b.c#) (given). 


Hence the requized-solution is obtained by putting the value of t 
in (3) ага that is 
acc 
XS b. 
Problem 52. Solve the simultaneous equations 
sx+ly=a, xx yb provided a-b=0. 
The given equations are 
sx+ty =a, e (D 
xxy-b. ses (2) 
Multiplying (1) vectorially by x, we get 
xXx(sxaty)-xxa 
or їхху=хха аѕххх=0 2 
or xx32-—ib from (2). Ecc 3] 
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Multiplying (3) vectorially by a, we have 
2x(xxa)-t (ax b) 


or (а-а) x— (a-x) a=t (ax b) 
(ax b) 
or x—2Aac ai 


where A is a scalar parameter, 
Е t 
ne: x—Mc-u- (ax b) 


which is the general solution for x. Similar procedure will yield the 
solution for y. 


1.16. SIMPLE APPLICATIONS OF VECTORS TO MECHANICS 
(1) Concurrent forces. It is four.d experimentally that the resultant 
effect cf two concurrent forces is equivalent to a single force acting at 
the same point. The single force is represented by their vector sum. 
In general à system of forces acting at а point and represented by the 
vectors P,, P,, P,...P» is equivalent to a single resultant force Е 
acting at the same point such that 
F=P, +P, + Pst... Pn 

It can be obtained by constructing a vector 

polygon of which 


— -> > 


AB=P,, BC—P,..., MN--P,. 


= 

The resultant is represented by AN=:F, which 
is drawn to close up the polygon opposite to 
that in which the sides have been drawn. The 
polygon does not necessarily lie ina plane as 
the forces, may not be coplanar. 


Fig. 1.29 


- COROLLARY. Lami's theorem. If three forces acting at a point be 
in equilibrium, then each is propertional to the sine of the angle 
between the other two. 

In the case of three concurrent forces the closed polygon will be a 
triangle, the forces wiil be coplanar and each. side is proportional to 
the sine of the opposite angle and hence each force will be propor- 
tional to the sine cf the angle between the other two. 

(2) Work done by a force. We know that a force acting on a 
particle does work when the displacement of the particle takes place 
in the direction’ which is not, perpendicular to the direction of the 
force. The work done is measured by the product of the force and the 
resolved part of the displacement in the direction of the force. Hence 
if the vectors representing the force and the displacement be respecti- 
vely F and d inclined at an angle 0 and whose respective modules are 
Е and d, then the-work done Fd cos 6—F-d (by the definition of dot 
product). d ў 
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In case d is perpendicular to Е, i.e. 8=90°. the work done is zero. 


COROLLARY. Rate of doing work. If a particle acted upon by a force 
F is moving with a velocity v, then the rate of work done, i.e. 


m is given by 


dw 
FA =F-v. 

(3) Vector moment or torque of a force. The vector moment or 
torque of a force about a point O is a vector 
quantity related to an axis through O per- 
pendicular to the plane containing O and the 
line of action of the force Е. The magnitude 
of the vector moment is jointly proportional 
to the force and the perpendicular distance 
ON upon the line of the force. 

Take a point P on the line of action of the 

- force. Let the position vector of P be r. Then 
the moment of the force F about O is repre- 
sented by a vector perpendicular to the plane 
of r and Е. Since г ХЕ isa vector perpendicular 
tothe plane of r and F, therefore the vector 


Fig. 1.30 


representing the moment of Е about О is rx F. Hence if M be the 
moment vector, then 


M=rXF. 


(4) Force on a particle in a magnetic field. Let F be the force on-a 
point charge in a magnetic field 
of intensity B. Then F is propor- 
tional to the component of B per- 
pendicular to the velocity of the 
charge. If v be the velocity of the 
charge then the vector product 
yx В represents a vector normal 
to the plane of v and B and hence 
-may be regarded as the compo- 
nent of B along the perpendicular . 
to the velocity v. Thus if q be the 
charge оп the particle and c the 
speed of light then the above re- 
lation existing between the vectors 
F, B and v is expressed as Fig. 1.31 


Е= ux B in Gaussian units 


or F-—qvxB in MKS units, . 

(S) Force on a charged particle. If a particlé of charge 4 is in a» 
electric field of intensity E at rest, then force on.the charged particle 
due to electric field Е, —4E (in e.s.u.) 
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But if the charged particle is moving with velocity v relative to an 
observer, the magnetic field is produced. The force experienced by a 
moving charged particle due to magnetic field F,,—qv x B (in e.m.u.), 
where B is the intensity of magnetic field. This is known as magnetic 
force. И ; 
Total force on the moving charged particle is the sum of 
electrostatic and magnetic forces and is given by 

F—F,--F,,—gE--4 (v X B), 
or F—4 [E+-v x B]. oe (1) 
This is known as Lorentz force. ; 
If E is in e.s.u. and B in gauss, the equation (1) саг be written as 
xB 
r= 5] те 
where c is speed of light in vacuum. 

(6) Cirenlar motion. Let us consider a particle moving in a circle of 
radius r with angular velocity o. Let O be the 
centre of the circular path aud Athe starting 
point. Join О to А and draw OB perpendicular 
to OA. Let i, j be the unit vectors along OA 
and OB taken as axes of x and y respectively. 
Let at an instant of time г, P be the position or 


the particle such that its position vector referred 
to О as origin is r. 


Assuming / AOP=9, we have 9=ot, . . . (1) Fig. 1.32 
Since the radius r of a circular orbit is constant and the unit vector 


т rotates at a constant rate, the equation of the circular orbit can be 
given as 


т (t)=rr (2). ... Qa) 
Now draw PM perpendicular to OA. Then : 
> > > 
ОР=ОМ-+ МР 
=OP cos 0 i4-OP sin 0 j, 


or r (= (N=r cos ot i4-r sin etjas OP—r. ... (2b) 
ie. т (1) —cos of i+sin of j. 2.09 
In particular if 0— m then'r= 20 DE E 
4" V2 v2] 
and if [2 5. then r=j 
als v if 6-0, then r—i. 


Now the velocity, v of the particle is given by (differentiati 
vectors being defined in $1.17) Е 1 
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ў = =F d or (i dcos etj sin ot ) from (25) 
=or (—sin wt i+cos ofj), — 
which follows that the magnitude of the velocity 


| v |=or say у= ол. 2. (4) 
Again the acceleration of the particle is given by 
dy dr 


о ает ae 
=or d ан ot i--cos ot j} 
di s 1 
——or (cos ot i+sin ot j) 
== = or from (3). 
*.. magnitude of the acceleration, say 2 


=|al=|-o'r|, 
ien a=o'r. 05) 
Elimination of о between (4) and (5) yieids 
у? 
dur ЖУА: 


The acceleration given by the expression (6) is known as the 
Centripetal (i.e. centre seeking) acceleration. 
Now we know that if f be the frequency of the particle, then 


зо; ы ent 

and the time period T of the motion is given by 
A s 
Tm F from (7). 2s (8) 


(7) Angular velocity of a rigid Бойу about a fixed axis. Corsider 
the motion of à rigid body rotating about a 
fixed axis ON at the rate of о radians рег 
second. Then the angular velocity of the body 
is specified by the vector © w hose module is 
© and whose direction is parallel to the axis, 
and in the positive sense rclative to the 
rotation. 

Let О be a point on the fixed axis; P, а 
point fixed in the body, r the position vector 
of P referred to O as origin, and PN per- 
pendicular to the axis of rotatica. Tre particle 
at P is moving in a, circular path of radius 
PN=r sin PON about N as cenire. Its velocity 
Fig. 1.35 vector v is at right angles to the plane cf с 


and r and its magnitude is given by 
v=or sin б. 
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aS 

Hence v=o Хг. 

Problem 53. А particle, acted on by constant forces 6i+j—3k and 
3i+j—k is displaced from the point i+2j+-3k to the point 514-4)--К. 
Find the total work done by the forces. 

Let. 3 : 1=4i+j—3k, F,=3it+j—k 
and the displacement r—5i + 4j+k—(i+2j+-3k) 

=4i4-2j—2k. 
Work done by force F, —F,:r 
=(4i+j—3k): (414-2j —2k) 
--4.44- 1.2 — 3.(— 2) —24 units. 
Work done by the force F, 
=F, r—(3i--j —k)-(4i4-2j —2k) —16 units. 

Total work done —24 4-16 — 40 units. 

Problem 54. A rigid body is spinning with an angular velocity of 
4 radians per second about an axis parallel to 3j—k passing through 
the point $2-3j—k. Find the velocity of the particle at the point 
4i— 2j -k. 

Let r be the position vector of.the point relative to the given point 

, on the axis, then i 


r--4j—2j--k—(i--3j—k) 


=3i— 5j: 2k. 
Angular velocity of the particle is given by 
fen 7 
RD Аар 
o=4 Гарк 1 vio (3 — к). 
Hence the velocity of the particle 
ET Dei eee a TERRE 
QXr— Fu (3}— к) x (3i — 5j-- 2k) 
"bt 
EEG (i— 3j-—9k). 
iude = 4 4-33-94 1-4 A / (95) - 12 approx 
Its magnitude = —9 :1—3i ES ^/ 10 approx. 


Problem 55. Fired the torque добо the point 10} of a force represen- 
ted by —3i+j+-5k acting through the point 7i 3j-+k. 

Let F=—3i+j+5k andr be the vector from the given point to the 
point of application of the force, then 

1—10j—(7i2-5j--K) == — Ti+ 7j—k: 
Read. Torque —r x F -(—7i-- 7j--k) x (—3i+j+5k) 
=-361—-38) — 14k. 

Problem 56. A particle is moving ina circular orbit of radius 10 cms. 
If its frequency of motion is 60 cycles per sec., find the time period, 
velocity and acceleration of the particle. 


50 MATHEMATICAL PHYSICS 


+ Given frequency f— 60 cycle/sec.; radius of the orbit=10 cms. 
Let T be the time period, у the velocity and a the acceleration of 
the particle. Then 


т-5- 70.017 sec. nearly. 
Now o=2nf=2.42.60=25¢°=377 radians/séc. approx. 
es y—or—377 x 10—3.8 х 10° sec. nearly 
and a=w*r=377 x 377 X 10—10* cm. [sec. nearly. 


Problem 57. Calculate the force in dynes acting (1) on a proton, and 
: (2) on an electron, in an electric field of intensity 1000 volts per cm. 
Given charge on electron=4.8 X 107? e.s.u. 
The intensity of electric field — 1000 volts/cm. 


eed e.s.u. of volts/cm. 


=4, stat. volts/cm. 


The force on the proton=gE 
=4.8 x 10710 x 42.—1.6 x 107° dynes. 


The force on the electron - gE— — 1.6 x 107° dynes. 

Problem 58. Calculate the force on the proton in dynes ina magnetic 
field of intensity 100 gauss directed along z-axis: 

(i) when the proton moves with velocity 10* along x-axis. 

(ii) when the proton is at rest. 

(i) Given B=100 gauss along z-axis— 100k, 


+:=10°]. 
the force on the proton due to magnetic field 
= 4 (vx B) 
4.8x107* ; 
= [10x 1008] 
=1.6x 10” [—101°ў] 


=—1.6x 10!°] dynes, 
i.e., the force of magnitude 1.6 х 101° is acting along negative direc- 
tion of y-axis. 
(ii) When the proton is at rest, there is no magnetic field and hence 
no force. 
Problem 59. Using a right-handed system, the electric field E, and 
velocity v of a particle of charge q e.s.u. are given by { 
E— 4i e.s.u. 
B=(3i+ 4j) e.m.u. 
y—9i--3j4-4k ст. |зес. 
Calculate the electrostatic and magnetic force on the charge. 
Electrostatic force on the charge g—gE—4. 2i—24i dynes, q is in 
e.s.u. 
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Therefore electrostatic force has magnitude 24 along positive x-axis. 


Magnetic force on charge 4— HU x B), B being in e.m.u. 


g 
3x 10° 


S 4 
ЖЗ 
4 


= 3 Aga 1—161910-0 | 


[(2i-I-3j-- 4k) x Gi--4)] 


(8k —9k-i- 12— 16i] 


4 
3x10" 


AE xi HH 
257х107! q dynes. 


magnitude of magnetic force— 


v 6-4 12:4 17] 


(à is in e.s.u.) 
Direction cosines of Lorentz force aré 
ыб. а Еч 
7 x 10g 7x 10719g" 7x 10729. i 
Problem 60. A proton is moving with velocity 10% cm.|sec along 
z-axis in an electric field of intensity 3X 10* volts along x-axis and 
magnetic field of intensity 3000 gauss along y-axis. Calculate the mag- 
nitude and direction of total force. 
Charge on the proton q—4.8x 107 e.s.u. 
Intensity of electric field E=3 x 104i volts 
= шй 1 stat-volts 
300 


$ E=100 i stat-volts. 


Intensity of magnetic field B=3000j 
and velocity of proton v= 107? k. 
“+, total force on the proton—4 [e+ D 


_48х io 100i-- È {10k x зж | 


—4.8x 10] 1001-5 gs {—3х 1o; | 


—4.8 x 10779 [100i — 10001] 
—4.8 x 10-7? [—9001] 
= —4.32 х 10i dynes. 


Thus the total force has magnitude 4.32X 0-7 dynes along the 
negative direction of x-axis. 


52 MATHEMATICAL PHYSICS 


1.17. DIFFERENTIATION OF VECTORS 
Vector Function of a Single Scalar Variable. F is a vector function of 
а single scalar variable t, if to each t of the range of values of г, 
there corresponds a vector Е and is written as 


F=F (0). 
The vector Е can also be expressed in components form, such as 
F=f, (ith (O jt fa (i) k 


where f, (t), f; (0), f; (0) are components of Е (t) defined for the range 
of values of t and i, j, k are unit vectors in the directions of the 
principal axes. I 


Illustration: If a moving particle undergoes a displacement іп апу 
manner such that at any time £, its position is at a point P whose 
position vector relative to any fixed origin О is r, then the vector r 
is the function of scalar variable f, i.e., r—F(t). 


Der» ative of a vector function of a scalar variable. If F(/) represents 
a vector function of a scalar variable f, over the interval а < t < b, 
F(t2-60 —F(n) 


and if Lim Br exists, then this limit is called as the 


i5»0 
derivative or differential coefficient of F(t) at г. The process of finding 
out differential coefficient is called differentiation. 


By convention the method of denoting a derivative is 
S d 
E'(1) or ái Fi). 


Time-derivative of a vector. Let us 
suppose that vector r is a continuous 
,P single valued function of a scalar variable 
am ty hee 
г=Е(/) 

At an instant of time 1, let Р bc the 
position of a particle whose position 
vector referred to a fixed origin О, be г. 
After an interval of time бт, lct О be the 
position of the moving pariicle along the 


Tig. 1.34 


curve r=F(/). Assuming thet an increment 87 in г produces an incre- 
ment ôr in г, we have А 


с--5г= Е(г-- 6r) 
s с: -— 
It is apparent from Fig. 1°34 that РО= ёг 
E ; or. 
Obviously the quotient 5i is a vector, since r is a vectcr and ¢ is a 


scalar and it gives the average rate cf change of r with t. 


As бг tends to take zero value, the point О moves up to coincide 
with P, so that the chord PO coircides with tangent at Pto the curve. 
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5 3 Ar 2 
Thus the vector * as 810 is along the direction of tangent at P in the 


sense for increasing t. The limiting value of this quotient when exists, 
is the derivative or differential coefficient of г with respect to t (time), 


and uenoted by i or rie. 


Lim S. ey 
S oU qi 


_ But we know that velocity v of a particle is a vector and this is the” 
time rate of change of the position of the particle, therefore 


= dt? 
ic, the first time derivative of position ofa particle gives its velocity 
and its magnitude i.e. v— | s | is known as the speed of the particle. 
Clearly the speed is a scalar quantity. 
ЕЙР Р { К 
Further the derivative zy is also in general a function of time f, and 
may itself possess a derivative, which is called the second derivative 


of r and is denoted by am 


But the acceleration a of a particle is a vector and this is the time 
rate of change of the velocity of the particle, therefore 


ie. the second time-cerivative of the position of a particle gives its 
acceleration. 


ei а д 
Note 1. The second derivative oF is also a vector function of t and 


dt 
hence possesses a derivative 7 knowa as the third derivative of r. 
Similarly the existence of fourth, fifth, sixth...derivatives can be 
stated. 


Note 2. The derivative uf a constant vector c is zero i.e. if c is a 


dew! 1 5 
constant vector, then di ; for, then the increment in 5f produces 


no change in c. 


1.18. SOME RULES FOR DIFFERENTIATION 
(1) The derivative of the sum of two differentiable vector functions, is 
equal to the sum of their derivatives. 


Let r, and r, be two differentiable vector functions of a scalar 
variable 1. 


Suppose that r=r 4r; 
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. Then if a change 5t in f corresponds a change ôr in г, 6r, in ri, бт; 
in r,, we have r+ôr=(r, 4-9r;) -- (r4 -9r;) 


ie. Sr—6r, 3-8r,. 
JEUNE throughout by 5t and proceeding to the limit as 5—0, 
we find, : 
de. dr, | di, 
а а dt 


This result may be extended to any number of vectors. 
In particular if any vector is expressed as the sum of rectangular 
component vectors such as 
r=xi+yj+zk, where i, j, К are mnit vectors along the axes; then 
. the derivative of r is given by 
dr dx ,, dy dz 
TURIS аак 
Note. If r is.a differentiable function of a scalar variable s and s is 
_ differentiable function of another variable t, then we can state that 
dr. dr. ds 
$ dt^ ds dt* 
(2) The differentiation of scalar product of two vectors. Т) he deriva- 
tive of product of two differential vector functions, is equal to the sum 
the quantities found by differentiating one of the factors and leaving 
the other unchanged and then differentiating the other and leaving first 
unchanged i.e., if r—r,'r;, where түстү are the vector functions of a 
scalar variable t, 


then dE 


dr, , dr 
dre "dide Y» 
If a change 81 in 7 corresponds the changes 6r in г, 5r, in г, and rz 

in r,, then we have, : 
r--9r— (r, -8r;): (r-3-0r;) ~ 

=r; Petry Sr. + Br, "га бгу бг; 

=r; Tr, Sry +ör; ‘rp, neglecting the product 

8r, ‘Sr, as it is vanishingly small 


or бг=г,-бг;--8$гу-г„ as r—r, “Fe. 
Dividing throughout by'5t and proceeding to the limit as 51-0, 
dr dr, , dr 
we get Up Tq 


Note 1. If u is a scalar function of г, and r—ur;, then 
de du, un 
аа" dt 
dr dr 
* Note 2. If r—r,'r,, then ud cg Bing 


dr : э 
=2 FG since dot product is commutative 


VECTORS 55 


=2r, з asrr-rn-n* 


which follows that n: S or, d. 


Note 3. The necessary and sufficient condition for a vector r to 
have constant magnitude is тё. 


: dr d 
Since r-r=| r |$, £e 2r: -y —2 | rl (121). 


Therefore г: Z o, if and only if 4 |r|=0, ie if | r| is 
constant. 

(3) Differentiation of vector product of two vectors, Suppose that 

Fen, 

where r, and r, are differentiable vector functions of a scalar 
variable t. 

If an increment 8f corresponds to increments бг in r, 8r, in г, and 
or, in r}, then we have r--5r—(r,4-6r;) x (r;4-5r.) 


=r, Xr, +r, Хг, бг, xr, neglecting the product 8r, X бга 
as it is vanishingly small 


or Sr=r, x er, 6r, x r4. 
Dividing throughout by 8t and proceeding to the limit 1-0, 
7 dr dr, dr 
we have АУЕ tu XTs. 


„Note. The necessary and sufficient condition for r to have constant 
direction is 


i dr 
rx 170 
Let r be the magnitude of r and r be the unit vector in the direc- 
tion of r. Then г=т. 
. de, dE dr i 
M dr "dtd 
so that p dk E. АС V drs 
dt dt dt 
=гїгх dite К) 


other term vanishing as rxr=0. 


Let us now suppose that r has constant direction, so that risa 
constant vector giving, 
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As such we have from (i) 


dr 5 Eu 
бугй —0 i.c., the condition is necessary. 


di 
Now to show that the condition is sufficient, suppose that 
ы As 
dt 
А -` de ^ 
So that from (i) х г -0 а, (il) 


But r is a vector having unity as its length thercfore by Note 3, 


^ 


+ dr ES 
Rule 2 of § 1.17 гой =; | ‚+. (ill) 


S = ^ t 
From (ii) and (iii) we see that r740 therefore A 


^ Risa constant vector, i.c. the direction of г remains the same. 
(4) The differentiation of a scalar triple product. Let v be ехргеѕ' т 
as the scalar triple product of three vectors p, q, r as 
у=[рчг] 

—-puxr 0) 
where р, 9, г are the differentiable vector furctious of a scalar vari- 
able г. If a change 5¢ in 1 corresponds a charge бу in v, 6p in p, ôg in 
з and 6r in г. then we have 

y -8y—(p-i-5p)-f(q ^ 8q) x (r-+ 5r) 
=(p+ ëp): {q er -qx6r--8q x r--9q x er) 
= (p+5p)-(q r4-q x &r--5q хт) 
(leaving ба x 5r as it is vanishingly small) 
==p-qxr+5p-qxXr+p-5q xr+p:qX 5dr 
(Leaving sma!l value products) 
or Бу=ӧр:фхг1р:ӧдхг+р`9хӧг...иѕіпр (i) 
Dividing it throughout by &/ and proceeding to the limit as 51-70, 
те have 


i 5v Li Әр. Ва c SE 
Lim 5, ,o gj - LP 5,0 i Bp ая ge ETE d^ gi | 


dv ойр: da уй 
x di -[ plns Heus ote ] 


Reprint 
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(5) The differentiation of vector triple product. Lety be expressed 
as the vector triple product of three vectors p, 9, rie, 
v=px(q xr) o0 
P, q, г, being differentiable vector functions of scalar variable t. If a 
change 5/ in 7 corresponds a change 8p in p, 5q in q, and ôr in г, 
then we have 
Y-F Sy —(p--5p) x ((q-I-59) х(г--51)} 
=(p+5p) x (qx rJ-q x 8r4-83q x r--5q x Sr} 
=(p+5p) x (qxr-4-qx8r4-8p xr) 
(neglecting product бф x r as it is vanishingly small) 
З =рх(9хтг) +рх(9хӧг)--рх(5хг)+-ӧрхұдхг) 
+5ӧрх (9 хӧг)--ӧрх (бахт) . 
=рх(9хг)+рх (а хбг)-Ер х (59 хг) -ӧрх(9хт) 
(neglecting small value products) 
or бү=р x (qx 8r)--p x (8g x r) рх (q x r) using (i) 
пои it throughout by 8; and proceeding to the limit as 51-0, 
we have 


Ei ЗҮ pg x (ax ет) 
8:0 5r D gp ,9) PX (1X gj 


54 5p | 
TP* s; хг)+ gr Хх) 


dv «dy suu (Ча dp. | 
ог dr - ox(axf) +qx E хг) X(qxx1) 
Problem 61. If F (t)=x (t) ity (t) j+z (1) k, where x, y, z are 
differentiable functions of a scalar variable t, prove that 
dF- dx |, "dy dz 
IER. itr itk 
By the definition of differential coefficient 


dF F(t-+81)—F(t) 


m Ms сы 
[[х (14-87) i--y (0-87) j--z (14-61) k] 
EA у. mix (ey 0j-z (0) x] 
| 6t-0. $t 
eR. [x (+&)—х (0) . | [у (2-60 —у(0)] 
meo [ Breed öt j 


E (E02 (0 ү ] 
ЕЛ 


Е èx. Sy. 82 
TR "CILE К ) 
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Problem 62. If т=ї—°]-+(2[-Е1) К k. Find the value of 
dr dr |а 5 
a de |а FAM [Gr aret 
(Agra, M.Sc., 1966) 


: Given vector г is the function of scalar variable /, expressed in the 
form Я 


r=ti—tj+(2t+1) К. т) 
s dr а .Q 
же Zum 2ti—j--2k o 
("7 i, j, К are constant vectors) 
Therefore at 1=0 
5 
ЖГ —j+2k. 
a |e rf VIC-D* Q1 
—V5. 
Again differentiating (2), with repect to t, we get 
dr 
di 221 
dr 
at 1—0, ag 
e deem 
Problem 63. //'т=а cos ot--b sin ot, show that 
Xa oa Xb 
and or —o?r a,b being constant vectors and o is also 
a constant. 
Given r=a cos ot--b sin ot Ree cb) 
pat а £ (cos wf)a+ 7 (sin wf) b 
=—a sin of а-о cos wtb. ' Lf 
Differentiating (2) with respect to 1, get 4 
о 2 aon of) а-о —- Z (cos wt) b 
=—w* cos ot a— o sin pi 
== — о? [cos ot asin ot b] 
-—etr by (I) 
г J 


z—eo. 


ч 
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Again, we have 
xt (а cos wt-+b sin of) x (—o sin wf a+o cos ot b) 


=o [a cos ot x .—sin wt a+a xb cos? of 
—bxa sin? of+bxb sin of cos wf] 


—(ax b) (cog ot+sin® et) o 
As aXa=bxb=0 and —bxa—axb 
=(a xb) o, : 


ie. гх a0 (axb) 


Problem 64. Ifr=ae°!+be ^ 9' , show that 


dr: > 
—— —o?r=0; a, b are constant vectors and w being a 


а? 
constant. 
Given vis fi) 
r=ae pe 9t { 
Н а.о —ot 
s qi 086 T obe 
Differentiating it w. г. t. /, we get 
dr , ot 4 ot 
di? ae  —o'be 
iot (ac! — pe — 9!) 
—o*r from (1) 
or Ti uro. 


Problem 65. A particle moves along a curve whose parametric 
equations are x—«€-!, y—2 cos 3t, z—2 sin 3t, where t is the time. 

(a) Determine its velocity and acceleration at any time. 
' (b) Find the magnitudes of velocity and acceleration at 1=0. 

(а) Since a vector г can be expressed in terms of rectangular • 
components as r=xi+)j+ 7k, 
therefore, the position vector of the moving particle at any time? is 

. г=е-* {+2 cos 3fj+2 sin 31 k. 


i Thus, the velocity YN E 1—6 sin 37 j+6 cos 3t k 
and the acceleration is “Y= ote 18c08 31 j—18 sin 3t k. 


dt 
(b) At 1-0, $ =—i+ 6k and T —1— 18]. 
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-. magnitude of velocity at =0 is 
[= icon me va». 
and magnitude of acceleration at t=0 is 
[ШЕ] viar 71917 925). 
Problem 66. A particle moves along the curve x—2t*, y—t*— 4t, 


z—3t—5, where tis the time. Find component of its velocity and 
acceleration at t—1 in the direction i—3j-- 2k. 


The position vector of the moving particle at any time 7 is 
г=2044-(2—40) j+(3t—5) К. 


s velocity = P КО SD Els 


so that [+ Т ar Es 
+ 3 d'r 
and acceleration а —4i-- "a, 
Ят e ^ 

80 that SF | А 

Now unit vector along i—3j--2k 

i—3j+2k _ i-3j+2k_. 

" = Vireo vd4 

Hence, component of velocity i in E direction i—3j+-2k is 

(i—3j--2k) 


Li 
4j (40-2 -33)-— 2d Ja 7100 
and component of acceleration in that direction 


= (С EE (4+2р 


оа dE. ES d ү 
"svp ЖОМ 
Problem 67. Prove the following relations: 


(а) v—u--ft. 
(b) s—s,-ut4- Mà. 
(с) v =u?+ 2fs. 
(a) Velocity is defined as rate of change of displacement, 


ds 
te. Mri * (1) 


| 
| 
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Acceleration is defined as rate of change of velocity, i.e. 


dv  d(ds d's 
-a aia) a к nidi 
or dy —f dt. „з (8) 


Let initially at 1—0, the velocity be u and after time 7, let it be v. 
Integrating (3) we get 
| "= T ға 
u 0 


Le., ж-ш. 
ES v=u-+ft 
(b) We have from (a), È utti 
Integrating w.r.t. to t, 
s—ut-- МІВ, 
where B is coustant of integration. 
If at т=0, s—s,, then B-—s,. 
© s= s, ut + fF 
(c) Multiplying scalarly equation (2) by 2 Ф, we get 
ds d's ds 
2 ЖД? ix». d 
Integrating with respect to f, we get 


o" dt á 
4 2 fora f-ds 
u 0 
es Tar. 
"E yÜ—w-2fs 
v=u?+2f-s. 


Problem 68. A particle of 1 kg. moving with initial velocity (i4-2k) 
metres|sec. is acted upon by a constant force (14-2i— 2k) newtons, 
Calculate the distance and velocity after 5 seconds. Also find the 
time in which the particle rcaches the xy-plane. 


Mass of the particle--1 kg. . 
Force acting on the particle (i--2j —2k) newtons. 
Pre = паа = (15-2) —2k) metres/sec. 
Initial velocity u=(i+ 2k), 

: 1—5 seconds. 
Using y=u-+fi we. have 


Acceleration f= 
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Velocity after 5 seconds=(i+2k)+(i+2j—2k) 5 
=i+2k+5i+10j—10k 
=6i-+10j—8k. 

So that v=4/(6?+10?+87)=1/200 

: —104/2 metres/sec. 
Distance covered in 5 seconds, 
s—ut-- 1r? —(i--2k) 54-3 (i--2j —2k) 25 
—Si-rl0k--4i4-25j—25k . 
=54i+25j—15k 
. =17Si+25j—15k 
s=y{(17'5)?+(25)?+ (15) 
= /(306'25+-625-+4-225) 
—4/(1156:25) 
—34 metres. 
Let t be the time when the particle reaches the xy-plane, i.e., when 
s is equal to zero. 
‘Using equation s—ut--3ft*, we have 
х Y, js, -- ks, 0-20) t+} 01-2] — 20) i* 
Comparing coefficients of К, 


5,=21—12==0 
or 1—2 sec. 
Problem 69. ex er UE and‘s=(2t—3)i+-j—tk, find 
(a) "d а (т 5), 0 Gr й (кхе), 
(c) 2. (rts) (d) 4 rx & Ee 
(a) fear bys 


— (rti —tj--(2t--1) k)- Qi—k) 
+ Qti—j4-2k)- (21—3) i--j— tk) 
=202—21—14-412—6:—1—3ғ 
=6—111—1 
=—6, when t=], 


йе, fr9--6 at t—1: 
(b) . 4 exs=rx BE xs 


={Fi-f+2r+1) k} x Qi-kg 
t Qri—j--2« x (Qr—3) i+j— tk} 
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| —Attj4-2tk-Lt--2 (214-1) |220] 

-F(2t—3) k--ti4-2 (21—3) j—2t 
=(@—2) 1+-(3®-Е8:—4) j-- (613) к 
=0i-+7j+3k at t=1. 


d A 
Therefore pau x UM P =7j+3k. 
d d ds 
QO aetati 


=) k]H-5 40:3) Hj fd 


=(2ti—j+2k)+(2i+0—k) 
=(2t+2) i-j+k 
: =4i-j+k at t=1. 
Thus Lers-4-Hk at t—1. 
(4) в=(2/—3) i+j—tk 
ds 


4 aE 


( I — (Pi + 2+) M) x 01-0) 


=Pj+2k+ti+(2r+1) 2j 
=ti+(P+4t—2) j4-2tk. 


d d s 
voc )= 0-4-2) 1+2 


=i+(2t+4) j4-2k 
=(i+6j+2k) at 1=1. 


uds 
Thus (rx mit a 2k. 


nU d P 
Problem 70. Differentiate E , a being a constant vector. 


| ` rxa 
f Let ЕГІ A 

dv d ma) 

dt dt\ га 
_ (t-a) (rxa)—(rxa) (т-а) 
78 [r-af* 
_ (xa) (rxa)(r.a) da _ 

| — (ra  - [raf aS TE D 
} Problem 71. Find the derivative of the product rxs ‘and deduce 


| 
| 
1 that 
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d dr d 
4 rx )=тх Te [Agra, 15651 
For the derivative of r Xs see Rule (2) of $1.17 х 
E pie Б dr ds : 
Le. : zn (тхв)= g Xs-trx VE CH 
dr 


For second part putting ar in plaee of s in (1), we get 


а dN. dr, dr d (dr 
di heaga CT) 
dr i, 0 

Саг. 


1.19. PARTIAL DIFFERENTIATION OF VECTORS 
Let F be a vector function depending upon more than one scalar 
variables, say x, у, z; then we write F=F (х, y, 2) and the partial 
derivative of F with respect to x is defined as 
дЕ _ Е (х++5х, у, 2)—F (x. у. 2) 
: ax 6x30 5х 
if this limit exists. 
Similarly partial derivatives of F with respect to y and z can be 
written as 
A 0E т. FG, y--5y, 2)—F (x, у, 2) 
qu mp Бу 
дЕ _,. F(x, y, 2+52)—F (x, 5, 2) 
д2 =Lim &z>0 52 
provided these limits exist. 
Note. If F=u (x, у, 2, t) i+» (х, у, 2, t) j4+w (x, y, 2, 0) k, then 
the partial derivatives of Е with respect to х, y, z, t respectively, may 
‘be expressed as 


ФЕ ðu ду, ow 
ax ax T дх gx * 
oF ди, Ov ,, ow 
ау ey ду! ду 
F ди. av ., ow 
д2 əz its, it ag К 


oF ди. Ф. aw 
gp Аа 

Higher order partial derivatives. The partial derivatives 
OF ФЕ ПЕ being themselves functions of the s f scala; 
ax б ду , д2 ... g the ves functions of the same set ,ї sca:ai 
variables may again be partially differentiated, giving second crdi 
partial derivatives such as” 
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д (aF_ ) д E E e ð (= O(OF) et 
ax\ax J? ay Nay J^ az Nóz J^ Әх Này J^. y NO. pue 
E F oF F or oF 
which ате де! C&S. SS ACA 
i e denoted by ax" ay" oZ’ ахау" бух TAE 


Further differentiation of second order partial derivatives may give 
third and higher order partial derivatives. 
Note I. The two second order partial derivatives, viz., 
SE oF 
axoy ayox 
are equal, if each of them is a continuous function, i.e., 
oF _ OF 
axay дудх` 
Note 2. If r—F (x, y) and x=f, (t s), Y=f (t, 5); then we have 
or _ OF 2x OF Oy 
Qt әх ct ay at 
; дг дЕ Әх, ФЕ 2y 
ang as ox ©з ду as” 
These two results are similar to those of the results in ordinary 
calculus. t 
Total differentials. If F is a vector function of scalar variables. 
X, Y, 2..., and we assume that the values of the variables increase 
from x, У, 2... to x-+x, y--5y, z+8z..., when the corresponding 
change in Е is Е--5Е, then we write— 
F (x, y, 2...)+5Е=Е (x+5x, yt By, zz...) 
or BF--F (x+5x, y--5y, z+6z...,)—F (x, у, 1...) 
which may be expressed in the form, 
Е (x+8x, y-- By, z-F8z..)—F (x, у+8у, z+ 
сте Бх аА 


EGO 2482.) FR rng... 

Now if 5х, dy, 5z... tend to zero then BF will also tend to zero; sw 
that the coefficients of 5x, Bv. 82. ... in the above expression tend t» 
the limiting values 

дЕ(х, y 2.) Е 0.7.2...) ? F(x, Y. 


ox ey 2 
omm ЗЕ GF GF 
or simply to ex ау? ег 


As such the above expression can be № rien à 
Й 5 РЕ ТЕ | 
БЕ бм 


i 
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Proceeding to the limit na 8F-0, id уе 


4Е=° E dx 4v — Logan. 
This gives the total differential of F a the ie variables x, yz 
The total differential dF is given by 
dF =dui+dvj+dwk 
Wher ume e » a i+ (x, нн yak 


Where а= 9 — dx Um +5 ш 
die 2 — RE dye = dz 
-— dx dy ade, 


1.20. RULES FOR PARTIAL DIFFERENTIATION OF VECTORS 
If r and s are fanctions of x, у, z, then 


(1) ет 4 es 
(2) Zerxs)= rx S+ F xs. 
: T és , Or, 
o де юс si rol: air "ax x ax 3 | 
дг d er. ie ar 


bat ay ex tax ay | yox" 


The proofs of these results are similar to those given in $1.18. 
er er Or OF, дт ise 
Problem 72. Find — ax? ay a= "у xoy for the following functions: 
(а) r=x cos yi+-x sin yj--ae"vk. 
(Б) r--1a (x+y) 1++5]2 (x—)) j-- ok. 
‚ (с) r==x cos yi=x sin yj+c log {x+/(x?—c%)} К. 
(2) Given I—x COS yi+-x sin yj--ae""k A 
i : 9 eos yi-sin yj 
= =—x sin yi+-x cos yj+ame™k 
Or 
id 


=0 


re =—x cos yi—x sin тате 


Эхду =Å ay x)=- sin yi+cos yj. 
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(Б) Given —  r=}a (x+y) +40 (x—y) J bok 
E: =} [ai+bj+ yk] 


» =} [ai+bj+ yk] 


or 

Әх? FY 
д?г 

ayt =}k 


ar ә (ar = 

axay ax Э 
(c) Given r=x cos yit x sin yj+e log {x+ V(X" —e")} К 
s LL а су! 
us =cos yi+sin yj 4 x (х'—с°) $ 


=cos yi+sin X- vocor 


or EY 
л —x sin yi--x cos yj 


ar jc _k:2x 
ax" eer 
2х 
д?г s 
E =—x cos yi—x sin y; 
T 2 
Ax =2 » == —sin yi4-cos yj. 


Problem 73. If A x'yzi— 252-2, B= 2001—00, find 


д? 
s (A x B) at (1, 0, —2). 


Wehave АхВ=|! j К 
: x*yz—2xz* xz 
a y х 


mi Qna хуту) Cx —2ху+Ю@ бу: ЕЛ! 
Б (Ax B)=i (—xz*)—j (72*2)--k (2x°y2) 
{2 (AxB) |= аак 


, =—4—81 at (1, 0,—2) 
Problem 74. If d(x, у, 2) 3)'z and r—xzi—xy^j4-yz'k, find 


(dr) at the point (2, —1, 1). 


а? ee 
and озу (AXB)— 5. 


a 3 
Әх?д2 
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Wehave — $(r)—(xy'z) (xzi—xy*j-- yz'k) 
=x yi x*ytzj 4- xy*z?k. 


а 20 —2xty'zi -x*y!j4-3xy'z*k 


and * i-i ге =4ху®д—2ху'-Е3у%°К 


So that 
arr) 
im = SES Isa» 


Qxez 
=4i—2j at (2, —1, 1) 
ie. at x=2, yz—1,z—l1. 
Problem 75. 5 F depends on x, y, z, 1 where x,y,z depend on t, 
dF ФЕ dx, oF dy , oF dz. 
Prove that = 2 аха ay dr oe dt 
Let us suppose that 
F=f (x, у, 2, +h (х, у, 1, 0) fa yz Dk ... (0 
So that dF— dfii-- df;j--df;k . + (ii) 


Now ф =h ax a a har 


ie 


E ^n 1 oh 
lever dx+ ay dy+ 22 dz+ at dt 
4-0 + dy Leary Фа 


Putting the values of, 4, dha, dfa, in @ we get 
dF= -(2 deta 9^ ayt h аг f Л pani. +. 


- (8 и в), M CP dy 
NA +A) а (Bin thy Pa 
T (Linth; thri ё rt (Ain 42 5 2 
«(tts aN HG ТА TE 
аға OF dy, oF de 


ax dt "oy y d unt 


eit -— ud 


or 


Problem 76. Prove that F-—a satisfies the partial differ- 


T 
; В @F 2 ӘБ 1 pF 
ential equation at Ta ae! 
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where a is a constant vector, œ and c are scalar constants and 
і=%ү(— 1). 
We are given that 
[e @—т/с)ү 
=а арн 


Е 


Е [re —"erle x —ie]c—eiel—719] 
57 8 3 2 
дг r 


7 ie (t—r|c) 
io -lorca © 
[SEE e Men r? 
UO de — [re-ierlc x —ioje—e— terle | 
am ue" pH 
[reier x —ie[c—2reo (tl) 
254: =н 
= а-а L е Peterlee Harley 2400—10 
2 l —ierlc Zioa —iwr]e 2a a(t—r|c) 
-—— art ne e ere el 
E n. кауы 
Again -or =F dot x ioc = el 
F Poa O ior 
d a ae =— sae 
So that 


2 2, 
ЁРЕ аа tories 2а gierle y. 26 dero NO) 


ла ; 

В ie(t—r|c) 
2f9FYX. 2iwa „с 2ae .Q 
202 )-—- e tari LENS РӘ) 
1 (oF 208 ы 5 
nd ra Ot. = е 2s) 


From (1), (2) and (3), it is evident that 
oF 2 oF 1 FF 


а “т ас д 


1.21. THE SCALAR AND VECTOR FIELDS 

X physical quantity which is expressible as a continuous function 
4nd which can assume one or more definite values at each point of 
4 region of space, is said to be a point function in that region and the 
zegion specifying the physical quantity is called as a field. Point func- 
tions are of two kinds: Scalar-point function and Vector-point func- 
tion according to the nature of the quanuty concerned 
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(1) Scalar-point function. At each point P of a domain or region, 
the function denoted by.f (P), or f(x, у, z) is known as а scalar-point 
function. The points of the region, R together with the functional 
values f (P) constitute a scalar-field over К. 

The examples of scalar-fields are the temperature distribution in a 
medium, the gravitational potential of a system of masses, and the 
electrostatic potential of a system of charges, etc. 

(2) Vector-poiat function. If to each point P of a region К, there is 
associated а vector F (P), the function F (P) is known as a vector- 
point function, and points of R together with these vectors constitute 
а vector-field over R, 

The examples of vector-fields are the velocity of à moving particle, 
the electrostatic, the magnetostatic, and gravitational fields, the 
electric intensity of force etc. 

Continuity of Scalar and Vector-point Functions 

(1) Scalar-point function. A scalar-point function f. (P) is conti- 
nuous at a point Р=Р,, if - 

(i) f (P) is defined. 3 
(й) Given a number £20 however small there exists a positive 


number 8 such that 
| /(Р)—/(Р„)| << 
provided | P—P, |. < 5, where 5 depends on £ and P both, 
ie. 5—5 (e, P) 
In other words, a scalar point function f(P) is said to be continuous 
at a point Po, if 
Limp, Po KP)-f(P)) 
The scalar-point function f(P) is continuous in a region if it t 
continuous at every point of the region. 


$ (2) Vector-point function. The continuity of vector-point functions 
is defined similarly as in case of scalar-point functions except that 
is replaced by f for vector-point functions. 


1.22. DIRECTIONAL DERIVATIVES 
If f (x, у, 2) be defined and differentiable at cach point (х, Y, 2) in 
a certain region of space, then the partial derivative e is defined as 

Ф 
the rate of change of f at (x, Y, 7) in the direction of axis of à and 
called as the directional derivative. 

(1) Scalar-point function. Consider à line ОР drawn in a svalar-ticld 
P f, the sense of it being positive from О t^ 
P. Let f(Q) and f(P) be two functional 


values of scalur-point function fat О and 
P respectively. 


Fig. 135 Then, if ig o DE exists, it is 


point function i.e. 


| along the direction of the vector. 


VECTORS 71 


called directional-derivative, of the scalar-point function at Q along QP. 

(2) Vector-point function. The directional derivatives for vector- 
point functions is defined similarly as in case of directional derivative 
for scalar-point functions except that f is replaced by f for vector- 


RAUS 3 f(P)—1(Q) 
if Lim, , ООЛО 
it is called directional derivative of a vector-point function at a point 


exists, 


"f 


(3) Directional derivatives of scalar-point function along coordinate 


axes. Referred to Fig. 1.36, we have QP --5х. 
х SUIT The definition of directional derivative for 
a г scalar-point function, then leads 
(x. y, 2) (x +A% y.2) 
PEL Я Р)— 
ager Limp o 0277 3 
: (x+8x, у, 2) -f (x. y, 
Lim A «+ 52 pn 
= partial derivative of f with Tespect tox 
2 МОЎ 
Fig. 1.36 ex^ 
Proceeding similarly, we find that directional derivative at Q along 


the positive directions of axis of y and axis of z are of af respectively. 
(4) Directional derivative of vector-point function along coordinate 
axes. Proceeding as in case of (3), we may find that directional 
derivative of vector-point functions in the positive directions of 
axes are 
EET ively. 
3x ay ee respectively 
(5) Directional derivative of scalar-point function along any line, 
If ОР be a line in the space in у 
positive sense being from Q to P, 
and the direction cosines of QP are 
J, m, n, then the coordinates of the 
point P such that QP=r. are 


(х4 Ir, y 3 inr, zc nr. 


Thus the definition of directional 
derivative gives 


Limp, o DNE о) : 


tay Zi only mr genns 
———- 


Fig. 1.37 


dio glee ONE ERO QU sea) 
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If f(x, y, z) possesses first order continuous partial derivatives 
then f (x-- lr, y+mr, z--nr) can be expanded by Taylor's Theorem, 
so that we have ` 


Qr, y -m,z-nr) = f (x, 3, 2) + Ir Zo. y» 21) 
of of 
ay д2 
where (x, уу, 21) is a point on ОР. 


= 


тг © (xy ys zi) + пгт (ху, Y» z) 


Hence тро ы. = (х,у,г) 
mal (x, 9,2) +n af (x, ¥,2) [from (i) апа (0) 
Cl rei) А ы et 
Мах тута 
which follows that the directional derivatives along any line can be 


expressed in terms of those along three coordinate axes. s 

(6) Disectional derivative for vector-point function along any line. 
Just as in case (5), take the direction cosines ofa line as, /, m, n and 
define a vector-point function f in the region of line in terms of unit 
vectors і, j, k, as 

f (x, у, z)- fi Qo у, 2) ifa Qo у, 2) j+ (x, у, 2) К. S 

If f possesses first order continuous partial derivatives then its 
components fi, fa, f, Will also possess first order continuous partial 
derivatives. 

_The definition of directional derivative for vector-point function, 
gives 


| er ae f(O) 

Lis, E ; 2 i ADA O jh e» 200) 

3k h Pf (Q) 

vm af, oho ef fis proh fe p Of 
ЈЕ a e 2] “ifs +m ay Т” д: 

i [148 +m 2h +n Zl | by (5 

ER үү, ДЕ: Л jh 45 thy th 

-[: quii b 2) ay Hy TR E ]» 
Hp RUPES E ESSET I 

ma н], 


e do afe OR 
жосу” ЫР 


which is similar to the direction derivative of scalar-point function. 


ти 


ал) 
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1.23. LEVEL SURFACES 

Assuming that f is a continuous point-function, through any роті Р of 
the region considered, we can draw a surface such that, сї each point 
on it the function. has the same value as that at P. Such a surface is 
termed as a level surface of the function. 


The examples of level surface are: isothermal surfaces and equi- 
potential surfaces for temperature and potential respectively. 


1.24. THE GRADIENT OF А SCALAR FIELD 

Consider a scalar function i.e. a function whose value depends upon 
the values of co-ordinates (x, y, z). Being a scalar its value is cons- 
tant at a fixed poirit in space. 


The gradient of any scalar function ф is defined as 
д 


; 0$ $ дф ( 2 д 9 
кайф a tar Toe ру ERE 
=V¢ AE d Nias 
where operator V is generally known as ‘del’ or ‘nabla’ operator and 
read as ‘gradient’ or ‘grad’ in-short. We have already mentioned that 
а scalar field is the region in which the scalar point function specifies 
the scalar physical quantity like temperature, electric potential, 
density etc. It is represented by a continuous scalar function giving 
the value of the quantity at each point. In scalar field all the points 
having same value of $ can be connected by means of surfaces, which 
are called equal or level surfaces. 
Consider a co-ordinate system with;axes such that any level surface 
lies in x-y plane while z-axis is along the normal to that level surface. 
Since the value of $ does not change along the level surface, i.e. 


top. vas. 
ах ay 0 
ag 
therefore grad ó—k DS. Sater ey 


Clearly grad ф is directed along z-axis, i.e., along the normal to 
the level surface. Therefore equation (2) may be written as 


grad g= Hn A) 


where n is unit vector along the normal to the level surface at any 
point. $ : 

From equation (3) we may state, “The magnitude of grad ф at any 
point is rate of change of function ¢ with distance along the normal to 
the level surface at the point and is directed along unit vector n." 


Note. It is to be noted that gradient of any scalar quantity is a 
Vector. (Agra, 1965) - 
Problem 77. Prove Vr?=nr"-*y. 


74 m^ d У MATHEMATICAL PHYSICS 


a T ай 


p Dl 
(opo 07" Oy OP 
Bs-vr= (12.94 S402) (е) SHE 
ppd д gn OF nen OF 
zin pas ay -knr 23 


лү =| [since r-xtbytbz 


er 
appr ТАДАР 
af [i ax Т} ay 


acres оаа Е 1) 
Sx БОЛС ver. т 


snr (ixrjy-kz)nr7^r. 
i Problem 78. Jf г is the position vector of a point, deduce the value 
of grad (1/r). 
As given, r=xi+)yj+zk. 
p 1 
So that т GREY Лу" 
<. grad (I/r)=V Шт 
-Gi 4j 2 9. ba 
-( ax ду TE x) e. TW | 
ы ddl eee] 
ax Lot Ey Ez? [3 ay Lat Ez)" 
д 1 
о |с] 
рар eq 
=i[ Li (ару |н [ any 
2z 
а-су] 
at xityj+czk r y 


125. THE GRADIENT OF А SCALAR-POINT FUNCTION 
If $ (x, у, 2) be defined and differentiable at each point (x, y, 2) in 
a certain region of space specified as a scalar field, we have 
а e. #)- j (2 j ê$ 4 

(1 x Tm ay +n zh =(li+ mj4- nk) і ах tj 5m +k ac , 
и (7 

Its R.H.S. is the scalar product of two vectors (li+-/mj+nk) and 
( i ak 8), where the vector (/i+mj-+-nk) is a unit vector 
aleng a line whose direction cosines are /, m, n and the second vector 
depends only on the point (x. у: z) and not on any direction. Thus 
we conclude that directional derivative along any line can be obtained 
by multiplying the vector 7 
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"P 


[4 ja it $ ja + 
scalarly with the unit hanes "- 
lit- mj: rk. 
. The vector function 
12 Ён $. кё 


is called the gradient of a od -point yr. ф and is written as grad 
ф or уф. Thus, 
ш e$ ye - e$ 2. e$ 
Vé$-grad $= i "н 5 К 22 = + ил k. 

It is clear that the ano of a scalar-point Pu F ; vector. 
In case, ф is a constant, grad ф=0 since i Tx - an will 
be zero in that case. Its converse is also true. 1 

' 1.26. THE GRADIENT OF SUM OF TWO SCALAR-POINT 
FUNCTIONS 
If и and v are two differentiable scalar functions of х, у, 2, then the 
gradient of their sum is given by 
1:97, 9. i) 
V uty) (i ан 2) uty) 


e! uon » ик x (u+) 


M e 
e Hp ЕЕ +] EET RH E 


(зрә eu) GR amem 
„(1 eH gta eius Tab 


Urs pi 
Showing that the reiten! of sum of two scalar. point fisci is 
equal to the sum of their gradients. 
This rule may be generalized for any number of scalar-point 
functions. 


1.27. I NC БАРАТАТ. OF PRODUCT OF TWO SCALAR-PUINT 
Jf и and v be two differentiable scalar-point functions of x, y, = then 
the gradient of their I is given by Без 


v o» (i5 i {р+к jw 
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290% 305 106 
=i (uv)+j ay (ш) к= (иу) 
ET ECL ov S) ау уди 
me pee аз.) Hu at ay TEM az TY az 


mult 27,425.44 0 Qu Qu |, ди 
ELS ax tiay TÉ д2 ^l Ox ti ду S | 
eu(t-2:349 ee vb oe +ь-—2- 
=u(i ax Thy Tx )++› (i ax td ay Tk)" 
=u V vd» Vu. 

Showing that the gradient of the product of two scalar-point functions 


is obtained by the same rule as is valid for derivatives of the algebraic 
functions. 


Problem 79. Find Yẹ and | УФ | for the function. 
$—2xz'—x!y at the point (2, —2, —1). 
We know by the definition of grad ¢ that 


LB 
vs-(i d 32s 
Here $—2xzi—xty 
v= (i 3- $e yos» 
19 LQxzA ty) p S (охо xt 
ig, 0x7 xy)+j » (2xz*—x*y) 


2 


Tk3rQxs -x*y) 


=i [2c*~. 2xy]+j [—x*]+k [8xz*] 
=i [2 (—1)*—2 (2) (—2)]+j[—(4-2)] 
+k [8 (2) (— 13] at x=2, у= —2,2=—1 
=i [--8]--j [—4]--K [—16] 
~10i—4j—16k. 
And | V $ | =v/{[(10)+(—4)?+(—16)* 
—4/(812)—24/(93). 
Problem 80. Jf u=x*z-+ev/* and v —22*y —xy* find 
(а) V (uv) (b) WV (иу) at the point (1, 0, —2). 
We have 
V (u-v)2 Vu4- Vv - ined) 
V (u)euVvavVu 
Given that u=x?z-+ev/# 
Gib оз aban 
vu-(i Thy +k 2) (х%2+ erm) 
=i 


lone DES E zten e (ett) 


a O qme enm AET EN A TT INR 


EE што Ае OMA Lm e 
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As [rex -4 |+ [ex + | [22] 
2 [2 ах—2+ех— |ы [^ x +] +k (13) 
=—4+]+К...(2) at x=1, y=0, z=—2 


And v=2z*y 24 
Е 412 22ка È) ery) 
at 3-025 9445, Q2y— 95), Qrty-ay? 
=ї C94 [222— јни [42у] 2 
=f [0]--j [2 (—2)7] -k [0] at x=1, y=0, z= -2 
=$]. . (3) 
Putting the values of Vu and үу from (2) and (3) in (0 we d 
(а) V(u--y) Vu4- Vr-(—4it jt + 8j= —4i+9j+k 
and (b) V(u) vu V»-rv Ju=(x°z +e") 8j-- Qz*y —y!x)C- -4i--j--k) 
=(—1) 8j— —8j at (1, 0, —2). ; 
Problem 81. If А = 2x*i— 3yzj - xz'k and ф=22— х%у find 
(a) A: V4 (b) Ax Уф at the point (1, —1, 1). 
Given ф=22— х?у 
ув (1-2. n уг) G6» 
=i (—3x*y)+j (— a) (2) 
=3{—j+2k at x=1, у=—1,2=1 
=2x?—3yz j+x2°k 
—2H-3j--k at x=1, y=—1, z=1 
(а. As V=(2i+3j+k):(3i—j+2k) 
=[6—3+2]=5. 
and ( AX Vé— (2i-+3j-+k) x (3i—j+2k) 
=[—2k—4j—9k + 61+ 3i+i] 
=7i—j—11k. 


Problem 82. Prove V jw provided v#0. 


> 


and 


"Given : ф= (Qu) 
4 ve- (i do d)» 


ae 8 (yy 0л 205 d 
=i Zw )+j ay (n )rk a (uv) 
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иду у дш uc |. Qu 
; zd [7 a] у. 


— 


» 02 üz 
uf, ду. ov Фү. ү, ди ди ди 
= (анко) (ment 


и CHER a 
--s[ wx day ku У 


1 1 = 
=— жуну Vuel Уш—-т Vom У-У? : 


Problem 83. 7f и is differentiable function of x, y, z, prove Ju- dedu. 


Given  v—u(x, y, 2) 


ди ди ди 
ie. du= x4 yet 34 
and r=xi+yj+zk. 
dr=dxi+dyj+dzk. 


ди ди ди 
Now Vue (i-e нына Mt). 
b р ди ди Qu 
Ou, Ou ди 
-(i ax day Tk a): (i dx+j dy +k dz) 
ди ди ди 
= 395 UTD Oty d du 
ie  WVu-dr—du. 
128. THE DIVERGENCE OF A VECTOR-POINT FUNCTION 
. (Agra, 1952, 65) 
Jf V (x, Y, 2) —V4i--V.j--Vik be а continuous. differentiable vector- 
Point function specified in a vector field, then the divergence of V is 
lefined as : / 
aV гҮ, av 
i ax dd ду +к az З 
and is written as V -Ү or div V and read as divergence V. 


CEG) д х A 
у-у (12. tii Hi ) анч 


9V, , 3V av, 
MES (Agra, 1965) 


whích is clearly a scalar quantity. 


| 


| 
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Note, If Y -V —0 then V is known as Solenoidal Vecter. 
Interpretation of div V. Let us consider the motion of a homogenoüs 

and incompressible fluid particle 

at an instant of бте. г and let и, 

у, w be the components of its 

velocity parallel to axes of x, y, z 

respectively. 

Construct an elementary rectan- 
gular parallelopiped of fluid with 
sides &x, èy, 82 having P (x, y, 2) 
as the centre. 


The velocity vector at P is 
given by 
V=ui+vj+wk. Fig. 1.38 


á Now, components of velocity being the functions of x, y, z, we 
ave 


uu (x, у, 2), V=V (х, у, 2), wow (x, у, 2) 
. the component of velocity parallel to x-axis at a point on the 
face A’ D' C' B' will be 


=и (х+ BE y, г) 
=u (х, у, 2)+ EIE: +... (by Tavlor's Theorem). 


The mass of the fluid passing out of the face A' D' C' B' in small 
time 5/—-density of the fluid x velocity normal to the face A’ D' C' B' 
x area of face A’ D' C' B' x time 


8x fou Ў 
=p [^ 23) |х5›х5=хы 


Similarly the mass of fluid that passes through the face ADCB 
5x ди 
==0@ [«— 7 ES бу 52 ôt. 
And the mass of the fluid that passes out through the faces ADCB 
and A’ D' C' B hs FEX 
; DEO a лн, 
=р [^ 2 Aa 52 5t of 2 Aw sz r 
00 
=f ax &x бу 8z ôt. 


; f the other two pairs of faces are considered then we have masses 
of fluid that moves out as 
e D зу dy öz ŝi and р > 5х Зу öz 5t. 
ду д2 
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The total mass of fluid that moves out the elementary parallelo- 
piped in time òt 


Hes a 8x by èz 5t+ọ PI By 8z 51 + $х By bz 3t 
o Га“ 
=p у + er | Bx By az By, 


The volume of the eur parallelopiped is 3x 3y 8z and so 
proceeding to the limit when 4x, бу, 3z, 57 all tend to zero we see 
that an amount of fluid mass ре unit volume per unit time that 
passes through the point P (x, A 


+ LES ема 
а 


[ен 


=р (2 xd LES +(uit+vj+wk) 
=p V-Vee div V. 


1.29. Pu Hone OF SUM OF TWO VECTOR 
If Wand V be me ados functions expressed as 
U=U,i+ U,j+ Uk 
V=V,i+Vejt+Vok. 
Then 


V-(U-FV) = (i ‚+ 1 $t ку “(Gi 4- V4) ї+(0,+ V2)j 
HUEY) MI 
= брани эйс IU Ml 


= (204 LN 20). «(s Vay m" 
y 


б су 
= (iz =H a т) uit Uj4- Uk) 
а ? ё i 1 Р 
+(igti gtk z; ) ic Veit Vik) 


=V°U+V'V 
=div U+div V. 
Showing that the divergence of the sum of two vector functions is 
equal to the sum of their divergences. 
This rule may be generalised for any number of vector functions. 
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1.30. THE DIVERGENCE OF PRODUCT 
If the vector point function U is expressed as 
U=U,i+-U,j+U;k and V isa scalar point-function. 


"net 
Then V .(UY)- (15, +g, Hey) UGH G+ ON) 
oe ek, 
-(i A» Ha) FU VU,j-- VU] 
a ә ә 
=з VV)+ 3, (0 09 5, (709 


ey д à 
ML wrt” we +0, er VES 


=(һ +0, 55 $ toa) 
(5 D р. н) 


Z0 d +19 m а 1 сеты 


U, 


+V(45, А Л HE NU TURNOS 
-(VV)U4-V (V-V) 
de. — div(UV)- (grad V)-U+¥ div U. 
Problem 84. (a) If V —x':1— 2y'z*j-- xy'zk 
pay "У at the point (1,— 1, 1). 
(0 Yv= D find y У 


(с) If Es. d EN log xj —£'k evaluate V . V 
(а) Given Lap tah Mon 


АОЗТ 
- dent Fw RW) 


=2—6+1=—3 at x=], ye —1, z=. 


Em 
(b) Given у- 301. : 


Үз тү-(! = +i 9 +2) : Gr 


(Agra, 1961, 63) 
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=a ras ду = 


etx, GEN- 
CH KHY 


(c) Given y «Жан log xjzk 
ӯ :у= (3 IZ 4s T Hx) cos zi-+y log xj —'k) 


9 9 2 
= 3 Ut DË log 3d (—z) 


=cos z--log x—2z. 
Problem 85. If ф= 2x3y'z* then find 
(a) div (grad 4), and 
e 


(B) Show that N- V eva ф where у=: ы t 523 
(a) Given $—2x*y*z*. 
4 Wises (ig ade 2+ 2) yz) 
d ids m 1+ (8x*y!z?)k 
So that ` У-у та (Е 5 dig tk 2) (x beta 
SAT. k) 


9 
= 6x2 + у yz + geo | 
[2 O 
9 
b "IN Ф015 tis, thoy 
® vive gt s) Gg + yk 
ê$ 
-E ду Này bei 229) 
a аў 0% 
355 at LA az? 
ae it a) yv 
а а 
Note у?= FRE t à is known as Laplacian operator. 


Problem 86. If u—3xy, v=xz*— 
(red) If u=3x'y, v 2y then evaluate grad [(grad u). 


VECTORS 83 


As given У и= (i а tj sk 2) (3xy) 
=6бхуі+-3х°ј 
: (2ана) сеа 
a - UN ox Tig =) е y) 


=zi—2j+2xz k. 
Ju: Vv=(6xyi+ 3x j) (zi—2j+2x2 k) 
7 =6xyz— 2x. 
E "2 д 2 » 
V (grad w-grad »)= [i a Hat ka] (6xyz? — 2x2) 
==(бу2®—4х) ү бо jt (102xyz) К. 
Problem 87. Prove V* (w)=u у? +2Vu- VvtvV un. 
"Ne have у? (иу)=\/ i a 


where, У (и)= б 5 agn de 


=i (6) +155 шук; (uv) 


p 
+ хате] 


re CE ez 
=u EH кк] + [eit S. “x | 
2х СА 
о м 
^ у? (и)= V (uVv-tvVu) 


=V. (иуу)+У (Vu) 
—uy(V»-- VvVG)d-vV(Vu) Vuy (0) 
Zu? VvVud-vV*u-- VuVv 
—uV y 2V uV vv V*u. 
Problem 88. Prove V-(uVv—vNVu)-uV*»—vV*u. 
We have, V (uY y) -u[ V (Уу) F-V»V* (и) 
=и\/%у+ Vv: Vu pe d) 
and similarly V-@WVu)=vV7ut Vu: Vv. LAS) 
Subtracting (2) from (1), we get à ў 
J -(u7y)—V (УУШ=иуу+УУ- Vu- -»V?*u— Vu: V» 
=и\/?у—у\/®и. 
Problem 89. Prove that 


vi(z)-» 


-where =х?+у%+:2* (Agra, 1957) 
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1 ? (9 e 1 
We have v(1)- (Gat apt 52 (otter ] 
co Igor x rM 
ex b ОРУ) n p Gey +z) 


9 


boom |] Ue] 
3, 


х? 1 
(ey te (азу) 
and similarly 
p [em + eee 1 
oy L EFIE | Cty eye (++: 
o 1 32° 1 
22 сучт |- FIFA FP HNP 
po a І 
ax?" ду? 29) li Tz ys] 
3 (даун) _ 3 
QUY EZ FEAN 
3 3 
Try Sym Gy TAF 


=0 


ie. у? (+)=0. 
Note, The equation V*4—0 is known as Laplace's equation, and 


hence $-l is a solution of this equation. 


Problem 90. Prove the following propositions: 
(a) V —3y'z'i-- 4x*z*j— 3x*y*k is а solenoidal vector. 
(b) V — (x-- 3y) VH-(v — 22) j+(x+az) k is a solenoidal vector 
when a= — 2. 
(c) U—- (2x3 - 8xyz) 12-(3x3y — 3xy) j 
—(4у222-4- 2x4z) k is not solenoidal vector. 
But vector V = xyz* U is solenoidal. 


By note on $ 1.28, we know that if the divergence of a vector i 
zero then the vector is called solenoidal. x 5 


(а) Given V —3y'z!i—4x17*j— 3x*?y*kc 
B д д д 2 Bots 2. 
а (Е. к): ФУ ї-+-3х®%*]—3х1у®к) 
a D a 
ay ta, G2). gr (Заар) 
=й, ў 
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Hence the given vector V is solenoidal. 
(b) Given V=(x+3y) vee —2z) j+(x+az) k 


vv-(18 Hé +k e) [(x--3y) 1H-(9.—22) j+ (x+ az)k] 


=+») +3 Z0- 2))+ 2 -[ (x+az) ] 


=1+1+а. 
In order that V be solenoidal vector, we should have V ‘V=0 
fe, a+2=0 or a=—2. 
(c) Given U —(2x* --8y*2x) 1+-(3x¢y—3xy) J— (4y!z* 4-222) k 


2 2 ð 
vue ( 17H 3) 
-(233--8y*zx) 1-- (333 — 3x) J— (472) 4-222) k] 
= боочу) d Ox 3) e Ar ento 
Ву 3 3x-- вуна 235240. 


Hence U is not a solenoidal vector. 


But хуг? U e(2x!yz!--8x3y*29) 14- (3x55 — 3x32?) j 
-( rete k 


У. (xyz U)= az ey? tyre Fy xy ey 


-E ytty) k 
=6x* yz" + 1L6xy*z*-+ 6x*yz" —6x*yz* 
R —16xy*:! — 6x*yr* 

Here xyz* U is a solenoidal vector. 
1.31. THE ea OR ROTATION OF Á VECTOR POINT 
FUNCTION (Agra, 1952, 61, 63) 


Let f (x, 2) VAT М1+/Ш+/К be a continuous differentiable vector- 
point videri ae les sik: 


(X 9х = й a> Fkx я) 
and is written as curl f ог MAE or rotf. 
ге, Vxte( othe +k oz) X HASARD 


($B) (- 3) G- oe 


86 MATHEMATICAL PHYSICS 


=| i jk 
70: ашк 
Ox ду oz | 
hhh (Agra, 1961) 
It is clear that curl f or rotation f is a vector quantity and read as 
del cross f. 
Note. If curl f=0, f is known as Irrotational Vector. 
Interpretation of the curl f. Zf a rigid body is in motion, the curl of 
its linear. velocity at any point gives twice its angular velocity. 
(Agra, 1954, 72 ; Rohilkhand, 1976) ` 
Consider the motion of a rigid body rotating with angular velocity 
€ about an axis OA; О, being a fixed point in^ 
the body. Let г be the position vector of amy. 
` point P of the body. Draw PQ perpendiculi 
from P to the axis OA. Then, 
Linear velocity V of P due to circular 


EN 
motion V=|V|=oQP=or sin 0— | oxr | 


rs 
ie, =охг et 
where, r=xi+yj+zk 
> 
and @= 01+ ojok. 


ic 
But we know that curl V — V x V— V x (o xr) 


=Vx| ij k 
Gi Qg O^ 
xyz 
=F х[®,2— у) i+ ox oz) j+ оох) k] 
et i i k 
dom оа : 
дх ду д2 
9052—9395 Ф®ух—о\2 ору —– ох 
=2 [oit ojok] ; 


E d 
==2w. Which proves the proposition. 
1.33. CURL. OF THE SUM OF TWO VECTOR-POINT 
FUNCTIONS : 
Jf u and v be two vector-point functions given by 


uiis] uk 
vasysl-+Vajt+ vk 
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шеп V x(u4-Y)— V x [Ga 3-»;) i+ (4 +¥2) j+ (u+) k] 
em ip ok | 
eee a 

Эх ду ez 
| шу, Hac Ys Usd-Ys 


9 д 
=i E. ] +j ЕЕ wx (+) 1 


n [ten eno | 


E 221+ ПЕ Cus 2] 4k zm d дш 
x 


E za] „Г ди, 08 k E ди, 


Ses УКН p ду 


3 pou vk | + TEE gs | 
д д 2 6 è д 
Эх Oy ez ex ду oz 
| Uy ш из | Yi S Р Жа 
=V xu+V xy. (by the definition) 


i.e. curl (u4-v)— curl u-+curl v. 


Hence curl of sum of two vector point functions is equal to the sum 
of their curls. 


This result may be generalized for any des of vector point 
functions. 


Note. If r is the position vector of a variable point with respect to 
a fixed origin such that чы x then curl r—0. (Agra, 1967) 


Since | curl r-(ix 2 ax tix E +kx 2) (xi-++-yj+ 2k) 
Ў РА 
2:925, д Spee. 2 
=i E (0—7 (0) ] +j [= Q)—3 e] 


[2 o-0] 
=0. 


1.33. CURL ОЕ THE PRODUCT OF IW Ў 
FUNCTIONS O VECTOR-POINT 


We have to consider the curl of the for. 
scalar and u, v vector point functions, 
Suppose, u-i,i--:5j4 uk 
v=¥,i4+-y,jt+yk 
and uisa scalar point function, 


ms iv and ux y where и is a 
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Then, curl (uv)= V x б) (ix x др. y tkx 2) 


(uv,i+-uy,j+-ursk) 
=V X (uvjb 4-uv;j4-uvsk) 
- gd i 
d 2 | 
ax Фу ё 


Hy, ш, uv 
г 
[wz wy) Jal Zw) Zw) ] i 
Sirac m А 
Qv, ди 


ду, ди ду, ёи 
does dy 502—9 73 E: Je d: +" RD ах x 


4[ u D yy gem “By D. 


=u | у + n -By (2-2) ] 
16-9) Gear ten) +(e] 


EST К 
n Qu ди ди 
ox у = | dx ду д2 
WC Va Уу Уз Уз 
1 seucurlv 
c n M deu UT. — (Hk i959) 975 61: 63) 
Again curl (ux v) V x (uxv) 
=Vx| i j К 
и Hg Us 
Và Ve Pa 
= Хз — Vgua) і Qus — vs) j+ (024—114) k] 
= i k 
pem d i 
ду д2 


| 
| Q iud (уш — Vath) (Vati Vals) 
[5 (Mgt — уш) = z (s уз) 

+i [ese 52 omm) ] 


ES (vus nau) —F (ove) ] 
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dva, Ou |, Ov" Ou. ду, _ дщ дуз диг 
siju ay t'y Thay Nay az Mr Tus ur 


д Фу Quy Oy, ди, ди д», 
+j | % 9 aA ngng Ma у virga | 


- аан (1 z +i 5 +k Posee] 
-oint [їс Ну +k занан 
+ [eremo (1 2 5; +k 2) 1 ба-а) 


[ачан (а Ha Hae) ннн 
=u div v—v div u-F(v: V) u-(u: V) Y 


of of fs Of, 
Aliter . Curl f—ix3- +jx ay +kx 5g 2195 


Now Cur (xv) -zx 2 100] 


-Xix [ux A ух 2 
22x (ax a) nm (xx ») 
9 9 да 
[By vector triple product] 

9v Ov 

= (22) u—(Zi-u) 5. 
д И С) 
нан а [6 2) 

=n div y—v div u+(v: V) u—(u- V) ¥-- 


1.34, TO EXPRESS GRADIENT OF SCALAR PRODUCT IN . 
TERMS OF CURL 
We have to show that 
grad (u-v)—uxcurl v4-vxcurl u+(u- V) v +(v: V) u- 
We know that y 


grad (a-v)=21 È (av) 
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=3i [v efe = 
=H (а. a) mG E Te 
And ux (ix T) =(u: & Ji en т 
ог С 2) [ex (ix a] +0- T 
se me yeux (ix à)] 2e» 2 


: =uxcurl u4- (u* V) v qos (2) 
Similarly 2 (v: à )i=vxcurl ove 1) 


Substituting values of (2) and (3) in (1) we find, 
grad (u-v)=u x curl v+ (u: V) у-у хеш u+(v- V) а 
i —uxcurl y 4-v x curl u4-(u* V) v+(v- V) u. 


‚35. TO EXPRESS DIVERGENCE OF VECTOR PRODUCT D 
TERMS OF CURL 
Ve have to show that ‘div (u xv)=cur] u-y—curl v-u. 
(Agra, 1971, 64, 61, 59) 
We know that, 


div (ux v)—-Zi- > — т (ахх) 
zl Xv-Fux a] 
=| 2 Ge) 1-5: (CES 


cu x y 
ix zw сих 2 


(interchanging dot and cross) 


eo Cu ; Se 
= (x nj їх a)" 
=curl u-y—curl v-u. 
Problem 91. Prove the following : 
(i) div grad ф—= 7°. 
(ti) curl grad $— V x (V4)—0 (Agra, 1956, 67) 
(iii) div curl f- V (V xf)—-0 (Agra, 1956, 67, 7I} 
(v) curlcurl f— V x(V xf)=grad div £— V*f 
(Agra, 1959, 61, 64, 69) 
(у) grad div Ve V (У У) curl curl V 4- VV. 
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(i) div grad $—V- Js 


-( ox tiz 5 otk 5): Gz ud T 
iie EL x Og 


ez 
o 
= Zt 2. =) $ F 
= үф 
Note. This follows that 


div grad= a б ave Laplacian operator. 
IER me 3» 92 ii rre P j 


(i) curi grad $— V x(V$) 


-(i Pte) «(is > 
06 — TE jja GE ёф 
дуд2ҹҷ zəy us 2хдх, 
гы op 
dxdy — Qyx 
=0 


(üii) div сип £2 V-(V xf). 
et 


СО) 9N. | 
-(i Hy ta) (+ "rj EX a 
UR 1— уі) Л) 


"(iur 2) [G- 2): 
dais +(2-2)] 
ЕТЕ Ee e v] 


=0. 
(v) curl curl f=V x(V xf) 


"(nsns ex (ix E nx Ere 
-i cH Ž+k б: )Х (GE Ss 2 Bi 


ED 0041 


f 
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BESEN 


0-0) (8-р 
Li Ox\ a: 2 -#)- ду TE 7 2 
2. 

э + ЖБ -( +)! ] 
[6555-9 +)! ] 
Torr 8)" ] 

(On adding and subtracting oh, ae , E respectively in second 
factor of each bracket) 


[B+ mite) (5 T + ++ ) Ium 
similar terms. 
eG (Go ge) 


ad div f— V*f 
Note. If div f=0, then grad div f—0 and so 
curl curl f=— y *f. (Agra, 1975) 


(у) grad div Aa (у-у). 
-(iz ie на) (x cH AU X) 
© taking У=Ё, i+ rae ke 


ORS ed 2 of dfa 
-(: x Tis, К зг (2 ty tr ) 


&fi h Ve, ef h, Ch 
=( 22 ay axe i (52+ b) 
е ёл ол, Of )к 


бх +ду tact 
= [i cham ium k 1 two similar terms. 
ES De er 
ui: zt Tb FU oor k) 


= 07у X(V x)= V?f--curl curl f. 


VECTORS 93 


Problem 92. Find curl of the following functions 
Nri» 
(Er x+y 
(b) f=x cos zi--y log xj-zk 
(с) f=xi+y jrk 
Let f=fiit+fjtfk 5 then 
of 


curl ieu Tj* ap HX 


-(i4 м e 2) 


=( È a 3 5). PL 


-(-20« 0-1» 0i- B 


(a) We have f= cum [у jt Ok 
dM cd fm 
h= "= уу f= 
fe 9f. o. oh os 
ay 0 =0; 51 =0; 33 =0 
dfa 


Ui ui y ULL 
x (x+y)? * ду Gy 


cad FOL Ot Н Gy T aor lt 
Е sat OT 
= Gay * 
(b) We have f=x cos zi--y log xj-zk 
fix cos Z, Љ=У log x, fp=—2. 


д, 
so that А - ee =0;5 s —xsinzs 
EL 0 _ » та 
=0; x30 0 


a curl f—0i—x sin zj+Žk. 


(c) We have f=xi +y j+z’k 
h=}, ÁA-Y, faz: 


So that Фу =0, 52 = 
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curl f=0i+0j+0k 
=0. 
Problem 93, If u=x? yz, y—xy—3z* find 
(а) V-IV1)-(V»)] 
(6) V-I[V1)x(Vv] 
(c) V X[Vux Vy]. 
Given EO 


Wun 5 5k у) oa 
=(2xyz) оэ i+@*y) k 


and y—xy—3 "d 
vs (ву Ну Tk 8) (xy —3z?) 
+xj—6zk. 
So that (Vu)- ieee Vr G2) jH- Gy) k]- Uri 4-xj —6zk] 
==2xy"z +292 — 6x*yz satt) 


and [(Vu)x(vv) = (2xyzi-Ex32j 4-x*yk) x ( yi d-xj— 6zk) 
=(—6х°2° —x*y) (х "Y° +12xyz°) j 
+(2x*yz—x*yz) k 25 (2) 
. Thus, 


(а) V-[Vu: Vy] [i i Ey Tk a] [ 2ayte+xt—6rtys | 
—[2)z--3x*z — 12x72] i+[4xyz—6x?z] j 


"A39? 4x? 6x? Y] k 
(b) V-[Vux Vv] 


= (sr 2) ery etapa] 
T Qx'yz —x*yz)lk 
2 (—6x%2*— 9e Gh 22 + 2 2 QQx3yz—xtyz) 


decime 3x^y E 2x*y -12xz* 4-231y — a5] 
=0. 
(с) V X[Vux Vv] 


- ( © + +k i )xIC- 625) iH? 4 12xy22) j 
-H2x*yz — x*yz] К 
= [5 (2x*yz — х?уғ) ~~ (xty?4- 2:25] i 


+ E iu (2x?yz—x*yz) ] j 


ВОЧ) — Cena e »] k 
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=[2x?z—x*z—24xyz] i--[—12x*z —4xyz--2xyz] j 
T 229*--12yz*-x*] k 
=(x°z—24xyz) i—(12x?z + 2xyz) j4-(2xy* 4- x? - 12yz?) k. 
Problem 94, If y=yz*i—3xz*j+ 2xyzk and v—3xi-- 4j —xyk 
and $=xyz find, 


(a) ux(V¢) 
(b) (ux V)$ 
(c) (V xu)xv 
(d) v: V xu. 
Given $—xyz 
ve-[ i ])eo 
=9zi+zxj+xyk. 
Thus, 


(а). ux (V$)=(yz"i—3xz*j+2xyzk) x (yzi+zxj+xyk) 
z[—3x!yz! —2x*yz*] 12- [292 —3)?2?] j 
-F[xyz*--3xyz*] k 
-—5x* өы муны 


(b их ve(»n- —3x2*j+2xyzk )x (iz iz ayes » ITERS ki 
=( —3хг-ў-—2хуг oy x) (24 Зу T j 
е (зо e 2) k 
So that [ах gen 20; z-19-) i 
ay CE у. j+ G a 43x22 -— x) ук] (ху?) 
=(— LI bie, i- VERE 1— xytz5) j 
-+(xyz*+3xyz*) k 
= we Bah +4ху2° k. 
© vxu=( ану Bethe) хол I- he! }-2худК 
= чу 092-3 er 
д d 9 9 
[ion-ion jit [E зоо) ]« 
—[2xz 4-6xz] i+[2yz—2yz] j--[—32:—2?] k 


=8xzi-+0j—4z? К. 
у. [V xu] x v (8xzi--0j—4z'k) x (3xi+4zj—xyk) 
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—1623)--(— 2x2! -8xyz) j--32xz* k 
—162* i+(8x°yz— 12x2*) j-- 32x2? К. 

(4) V xu-8xzi4-0j—4z К [by (с)] 

-ov(V xu=(3xi+4zj—xyk) . (8xzi4-0]—427k) 

—24x'z--Axyz". 

Problem 95. Prove the following relations: 

(а) V-[Vux Уу]=0. 

(b) У -[axr]— 0. 

(с) V x[axr]— 2a 

(а) Suppose that Vu= U and У»=Ү. 


So that V-(Vux V»)- У :(ОхУ) д 
=Ү:(у х0) —0-(У xV) 
=Vv(V x Vu)- Vu-(V х V») 
=0 (*^ curl grad u=0 etc.) 


(b) If a=aji+a,j+ak and r=xi+yj+zk 
Then Vax- 1; Hy +® [lett asta o 

x QGd4-5)4-2k)] 
ie usos ] Mee 00) Hoà 107a 


2 
=% (а,2—а3у)+ 3 (aax—aiz) 9600—90). 
=0. 
(c) We have, 
v xaxp-( 157-5 a) eere Hc] 
++(ау—а,ух) kl 
fa a 
-[5 (ау—а,х)— È (оха) |) 
a М 
ifs (az-a) -E (ayap) Ji 
[2 баха ayan] k 
= =2ai+2a,j4-2ak=2 (aji4- 2,j4- 2: k) 28. 
Problem 96. If e is a.unit vector, prove that 
(а) Уел) =. (5 Vx(ene-o 
€) V4exoxed-2 (à \/х[@ехх)хе]=0. 
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Taking ез, ez, €s as the components of e along principal axes, 
we have e=e,i+e,j+esk where | elavVertertes=1 ...(0) 
and let r=xi+yj+zk 2 (2) 
(a) We have, 
Y [e-nel=V Кенезек): Gd--j--zI)Kei-- ej teak) 


9 0 9 К x 
n (i ax tiay +k енене reg ea) 


9 9 д 
OG TIS tey tee }ех+еу+е®) 


| 
=e, +e + e= by (1) 
| (b) We have, 

| 


ух nihit +k) x ibeeeeleoc еер) 
A as in (a) 
=i [e,e;— ezes) +) [exes — ex€a] +k [e:63— 6563] 
=0 ў 
(с) We have, 1 
V-Iexnxe]- у еее) x Gd-d-yj-21) 
х(еї+ ejt er 
=V '[{i(e.z—esy) +) (esx—eiz)--k (ey —e)) X, 
(eit ej esl] 
(анн) teni re 


ife ey езх) еее) + ken — у) 
—e((ax—e2) 


=(e +e) +(e +e) +(e.’ +e) 
=2(e, +e, +e)=2 by (1) 
(d) We have 
Vx [(&») xt- +iĝ +k az )xtHeesx— ein 
—eq(eyy — e) Mee —€2x) — Elez — 6) 
едеш — езу) —е(еах— @22))) as in (с) 
=e, tese] +l- ee еее ee] 
=0 


Problem 97. If r=(x°-+)°+2°)'" and (4) is a solution of Laplace's 
equation show that V (7- )=0. (Agra, 1957: 
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«т 
Hence or otherwise, evaluate V х (+) ý 


(a) Given ie pro at 


and ve To > Tz =) 


^ Wt )- (ir Ebo “у? Келу | 


1/2 
Bar py 7) [wm] 
2 =% 
MEM V aln 
ER. oo d. 
ШӨН Ez)" иту 
mur gt 1 3y* 1 
Similarly aL Gays cree [7 ey (HEY EZ 
32? 1 
leper ap ee 
К Ше уш 3 (б°+у*-+-:) 3 i 
с кы Tq) — Gy ET 
3 


pP труну o 


(b) Suppose that r=xi+yj+zk 
and given rx yi zs 
EY x()-v x [gc --»* 22) Gdd-yjd-2k)] 


=[V +y +z] x bd 3-5 -zk] 
+++) [V x (xi+yj+zk)] 


vc) ety i+a0 
"case at yi =) x[xi+yj+zk] 


= Say [xi+yj+z zk] x [xi+yj+zkl 


=0 [Vector product of two equal vectors being zero]. 
Problem 98. If a—a;i--a;j--a;k, b=b,i+-b,j+b,k and r=xi+ yj 
+zk then prove that grad (cx a)-(r x b)] —(b xr) x a +(a хт) x b. 
grad [(r x a): (r:b)] —grad [r? (a-b)— (а-к) (b-)] i 
— grad [r° (a-b)]—grad [(a-r) (b-r)] 


нүнүн 


4 


} 
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=(a-b) grad r--4-r? grad (a-b) 

—(b-r) grad (a-r)—(a-r) grad (b-r) 
==(a-b) 2r—(b-r) a—(a:r) b 
=(a-b) r— (a:r) b+(b-a) r—(b:r)a 
z—aX(bxr)-—bx(ax:) 


—(bxr)xa-r(axr)xb. 
Problem 99. Jf r and ғ have their usual meaning show that 
(a) div r"r—(n--3) т". (b) curl r"r 0. (Agra, 1974) 


Suppose that r"r—uV then 
div (r^r)--div (uV)—u div V 4-(grad u)- V 

=r" div r+-(grad r*)-r 

=r" (3)--(nr"?r)-r 

—3r"-- nm? -—(n4-3) r^. 

(b) curl (r"r)—curl (uV) 

=(grad u) x V+u curl V 

—(grad г") x rr^ curl г 

=(nr"*r) xr-+0 "^ curl r=0 

=0 as rxr=0. 
Problem 100. /f a=«xi+-yj+yzk, show that 
(а) V (a:r)— 2a. 
(b) If v and ғ have their usual meaning prove 

curl (a-r) a=0. 
(а)  a:r—(Gxi-F8yjd-Yzk): (xi -y]H-zk) 
| =(ax*-++By?+y2") 
J ou @ ч ун 
grad an) 155 у Hk g ) Ge Heg) 
—(2xxi + 22yj+2yzk)=2a. 
(b) IF a=ait+a,j+a,k and r=xi+yj+zk 
then _ a-r—(a,x--a,y +442) 
So that (a'r) a—(a,x--a,y d- a2) (a i+a j+ ak) Я 
7 (ayx d a5y - 252) a i+ (a x+ ay 4-252) aj 
(a x4- asy 4-252) uk 


== 


and hence 


4 do х 
^5 curl [(a-r) aJ= (i zti TS ig) Xeno apta) ait. 
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w 


- [dtes trao т Кахау+аа) ad fi 


+... 
==(а,й,—азй;) t... К 
с 20. i 
Problem 101. 7f u, V, w are poirt functions and. uVe Vw, prove tha 
V-curl V —0. j 
We are given that 


н uV—Vw. 
Taking curl of both sides we have 
; © curl (uV)—curl (grad w)—0 
or (grad a) x V --u curl V0. 
' Multiplying by V scalarly, we find 
^ V-(grad u)x V--V-u curl V —0 
or V-ucurl V=0 as V-(grad и) x V —0 
or V-curlV=0 asu#40. 
Problem 102. 7f a is a constant unit vector show that 
a [V (V:3)— V x (V xa] =V V div V 
We have grad (A-B)—(A: V) B+ (B-V) АТА x curl B+Bxcurl 
У (Уа) (У-у) at+(a: V) У-У x curl a--axcurl V ? 
—(V- V) а4-(а: V) V+axcurl V co 
‘But a being a constant vector curl a—0. 
Also we have curl (AXB)—(B- V) А (А-У) B+A div Е. d 
—B div 


So that V x(Vxa)—(a- V) V—-(V- V) a--V div a—a div V 
—(a: V) V-(V- V) a-a div V 
*' div a—0, а being constant - 
Subtraction of (2) from (1) yields 
V(V:3)— V х(У ха)=2 (У-У) a-Fa x curl V+a div V 
Where (V: V) а= (nis end) а; if V=vi+vj+ Ysk 
7-0, a being constant 
Hence, a-(V(V-2)— V x(V x2))—a-(axcurl V+a div V) 


—a:axcurl V+a-a div V 
=div V ‘7 a-a=1, a being unit vector 


VECTORS es 101 


And a:axcurl У=аха:сші V—0 


Problem 103. Prove that div (и grad v)=u\/*v-+-(grad и) (grad v) 
where u and v both are scalar point functions. 


Wehave іу (и grad v)=div (uV) where V=grad v 
, =u div V+V-grad и 
=u div (grad v)--(grad v)-(grad u) 
zuV :(Vv)--(grad v)-(grad v) 
=u *v+ (grad v)-(grad u). 


Problem 104. Prove that curl (u grad v)- Vux Vves —curl 
(v grad u) where u and v are both scalar point functions. 


We have 
curl (и grad v)=curl (uV) where V —grad v 
=u curl V—V x grad и 
=u curl (grad v) —grad v x grad u 
=0—grad vx grad и. 
=grad их grad-v 
=Vux у= (уух Уш) = —curl (v grad и). 
Problem 105. Prove that V (SV ХА) = (V XA): (VS). 
We have V (SV x A) =div (S curl A) 
=div (SV) where curl A- V 
=$ div V-+(grad S): V 
=$ div (curl A)--(grad S)-(curl A) 
=0-+(grad S)-(curl A) 
=(V XA) (7S). 
Problem 106, Prove that 
си (Jux Vy) Vu(V*Vy)- УКУ: Vu)-(V»V)Vu-(VuV)Vv 
where u and v both are scalar point functions. 
Suppose that Vu=A and Vv=B then, 
curl (Vux Av)=curl (A x B) 
=A div B—B div A--(B grad) A—(A grad) В 
eVu(V.V)-Vvxv:Vuct(v»v)yu-q(uv)v. 
107. Prove that the values of div Е and curl Е are indepen- 


Problem 
dent of the choice of rectangular axes i.e. they are invarient, 
(Luchnow 1952, 59) 
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Taking the mutual direction cosines of| 
two sets of rectangular axes as shown in xo у- Е 


adjoining scheme and (x, y, z), (x^, Y^ z^) Чы А Ыы 
as corresponding coordinates BE suite rei UN 
We have i'=li+mj+nmk (1) хл h m m 
x'=hx4+-my+nz ete. $77 | жү |h m m 
And i=] +h} +hk' i o: zk lh т т 
х= ДЕУ Ыр ес: 10 тт 
Ale 08-005. 0. ду д. Oz. д д д 


B7 I x tay Pe tee Ox D Ox tay б 
„0 
oy’ 
д 
Us 7 
Using — 424-1? 1?—1 etc. and 4m, +m +lhm=0 etc., 
We have F—Fj--Fjj4-F;k—F, (hi 4- hj +k) +. +. 
(ПЕ Em, Fd ni F;) i + GF, +m Fa nF) jy 
TF тзЕ,-паЕз)к' 
So that (div F), y^, a (LF, +m F; +n Fs) + ID 


Similarly, ё =m, ism %, +m, E iz =, Tn 


Tn) +55 (ЬЕ, +m, Fe ns Fs) 


=(һ® ++) E s ур: 
^ aS na Dra 0 riv E) 
R Quai el e 
Similarly (curl F),’, y’, ,—(curl F)z, » s 
Which show the required invariance. 
Problem 108. Find div grad т" and verify that V x Vr" —Q0. 
Ifr= | т |,r being position vector of a point, then 
А N rs mp 
Also, div grad r™= V - (Vr") 
LV: (mr) 
=ту + (r™? r) 
=m [у r77*:r4 r"-* div т] 
=m [(m—2) red pep ppm 2.3] Vo divr=3 
=m (m—2) r"? P-r3mr-? 
=m (m-—2)r"-?--3mrm-* 
=m (m+1) r">. 
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and curl grad r^ V x (mr"-* г) 
=V um eu ATA zk] 


=(1x 5 ix Hx +kx 2) 
rp 8 урт"? zk) 
2 - 
[oc 2- (тутт? »] ї+...+... 
=[m (m—2) r™* 2 A 


er ‘ 
—m (m—2) m* у= Me: 


=[mm—2) yt 
—m(m—2) + y+ pes AO 


=0i+0j-+0k=0. 
Problem 109. Show that. (V: V) V=}V V?—V xcurl V. 
(Allahabad, 1958) 


We have grad (a:b)-—a xcurl b--bxcurl a--(a: V) b--(b: V) a» 
Putting a=b=V, this becomes 
grad (V?)=Vxcurl V--V xcurl. V--(V* V) VHV- V) V 
or V V?-—2 V xcurl V+2 (V: V) V 
or (V: V) V—4VV* V xcurl V. 
Problem 110. (a) Show that E is irrotational. 
(Б) If А and B are irrotational. prove that А ХВ is solenoidal. 
Р r Ar +k 
As given, E= F= Ts 


In order to show that E is Soaps we have to prove that 
ух (=)=. 
Now, 


v) (8) 


(ннн nt 
жаран арра А] 
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-[5( sua. E (a а =) i 


+5 oz (a )- Е (ares yy Й | 


KOMMEN 


-a itet etl 
Еу 
Showing that Е is an irrotational vector. 
(b) If A and B аге irrotational, then 
: curl А=0 and curl B=0. 3 
In order to prove that A xB is solenoidal, we have to show that 
div (A x B)—0. : 
Now div (A x B)=(curl A): B— (curl В)-А=0. 
Hence A x B is solenoidal. 


Problem 111. Show that r^-r is an irrotational vector for any М 
of n, but is a solenoidal only if n— —3. (Agra, 1 


We have curl r^r—r^ curl r—r x grad r^ 
=—r X (nr"?r) as curl r=0 
=—r Xr (nr™*)=0. 
howing that 7"r is an irrotational vector for any value of n. 
gain div r"r—r^ div rtr: grad г" 
=3г"-Ег-(л"-?г) 
—3m nr? г®=(п-+-З3)уг" 
which is zero if n4-3—0 or п=—3 
This shows that r^r is solenoidal when »——3. __ 
Problem 112. Prove that Y x (V ХА)= — V'Ad- V (У ʻA). 
Take V —R 
So that V x(V XA)-RX(RXA) 
But ax(bxc)-b (a:c)—(a:-b) c 
20 RX(RxA)—R (R-A)—(R-R) A 
or VX(VXA)2 V (V*A)-(V*V) А 
=V (V-A)—V?A. 
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Problem 113. Jf V-E=0, Signe. ухЕ--- Н, YxH= = 


show that E and H satisfy Vineet ia . 
Аз given, : 
vxtvxbevx (5 
Lo xH) 
Kb e) VE 
=-к a) of 
But by Problem 112, we have 
V x(V x E — V'E-V (V-E)-— V'E 


FE 
So that УЕ= т" 


Similarly V x(V xH)=V x (= = ) 
9 oH PH 
-7v a 5 G 0) 
But VX(V XH)=—V*H+V (V-H)=— VH 
So that viu- 58 
ie. E and H satisfy the equation V*u= ~~ зы. 


Problem 114. Show that the solution to the Maxwell's equations 


1 ФЕ 1 oH 
VXH---— У ХЕ=—— 9» V-H=0, V*E-4no where р is 


a function of х, y, 2 and c is the velocity of light assumed to Бе cons- 


tant, are given by 
E--V$— L5, We V xA 


where А and $ called the vector and scalar potentials respectively, 


satisfy the д 
op _ I 9 
() VALE o (у) ч-т, 


1 аА 
ОЕ Vier a 


Maxwell's equations are given to be 
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9E 
VxH- TODO .( 
oH 

VXE-— 7 р ENS UL. 
V:H-0 ux) 
and У :Е=4тр s. (4 
We have to show that the solutions of these equations are given by 

1 2А 
Е=—Ү$—-- A is) 
and H=V xA ‚..(6) 
where А sod фато given by V-A+ L 3-0, E 

: a 
уч Д- irme, 2..@® 
e " 

and va- io 2..@ 


Putting Н= 7 ХА from (6), we have 
L.H.S. of (3) - V- VXA 
=[V VA] 
=0 by the property of scalar triple product. 
This shows that the equation (6) is a solution of (3). 
Again putting A=V XA in (2), we get 


1 2 
vxE=-7 aY XA) 


ue. y «( T T РЭ) 0 which shows that the bracket- 
' ed expression is the gradient of some scalar function say 4 and 
оге, 
я ya - 
-v 2А 
ie. E= уф A А 


which is the equation (5) showing that cquation (5) is a solution of (2). 


1.36. CURVILINEAR CO-ORDINATES 
We know that the equations £ 
uf, (Хх, Vs 2) 5 va (X, V, 2); we fa (X, 72) 
where и, v, w are parameters, represent three families of surfaces 
when expressed in the form 
u=const., v—const., w—const., en tS) 
wkere и, v, w are continuously differentiable functions defined in any 
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region R of space. 

Suppose that the three surfaces u=const., у==сопѕі., w=const., 
intersect in a point P of the region R. The values of u, v, w for the 
three surfaces intersecting at P are called the curvilinear co-ordinates 
of the point P. The three surfaces are then known as co-ordinate 
surfaces, The three surfaces intersect pairwise in three curves known 
as co-ordinate curves. Only one co-ordinate is variable on each of the 
co-ordinate curves. The curve on which и varies known as u-curve and 
similarly v-curve and w-curve are those on which v and w respectively 
vary. One variable is constant on each of the co-ordinate surfaces. 
The surface on which u is constant is known as u-surface and similarly 
v-surface and w-surface are those on which: v and w respectively are 
constant. 

Using the equation (1) the rectangular co-ordinates (x, y, z) and 
therefore the position vector r of any point in the region of space 
may be expressed in terms of curvilinear co-ordinates. Since there is 
а one to one correspondence between x, y, z and и, v, w the position 
vector т is a vector function of и, v, w. 

Note. The loci of u— C, у= С, w—C; ; C,, Cp, C, being constants 
represent the co-ordinate surfaces and the equations of the co-ordinate 
curves then are 

у=С,, w—Cy ө=С, и=С,; “=C, v—C,. 


1.37. ORTHOGONAL CURVILINEAR CO-ORDINATES 


A system of orthogonal curvilinear co-ordinates is one which corres- 
ponds to the points of intersection of a triply orthogonal system of 
three families of surfaces 
и (X, y, z)=const., v (x, y, z)—const., w (x, у, 2)= const. 
which are such that, through each point P in any region R of space 
passes one and only one member of each family, each of the three 
surfaces cutting the other two orthogonally. In short the curvilinear 
co-ordinates и, v, w are said to be orthogonal if the co-ordinate curves 
are mutually perpendicular at every point P (x, y, =) of space. ; 
Let us suppose that ej, e,, ез form a right handed system of unit 
vectors tangent to the co-ordinate curves и, т, w respectively at P and 
directed towards increasing и, v, w. Then we have 
€, =e) хез, €, — e, X e, and e,—e, X e, [ К 
єү-е,:=е,-е:=е,-е,=0 MATS 
Let the arc lengths measured along the co-ordinate curves in the 
positive directions of и, v, w be respectively s}, 5g, Sz. Now consider 
an infinitesimal parallelopiped whose diagonal is the element of arc ds 
along a curve tangent to PQ at P and faces coincide with planes u, v 
or w and length of edges аге ds,, ds,, dss. Therefore, 
ds*=ds,*+ ds,*+-ds,°. ey n 
Let us now introduce the three numbers h,, В, h, known as metrical 
coefficients with the property 
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=, mE —һ, 
ѓе. ds, —h,du, ds,—h, dv, ds,—h, dw. es) 
Substituting, the values of ds;, ds,, ds, from (3) in (2) we get 
а=, dy*-- hy? dw*. 4 


Fig. 1.40 Fig. 1.41 
Now if r be the position vector of P, referred to the origin of a 
rectangular co-ordinate system, the tangents to the co-ordinate curves 
at P are parallel to the directions of e,, е,, e; and have the magnitudes 
hs, hy, h; respectively. Therefore, 


or 9 9 
Ju = е, aah en ы = ез. e 0 
These give, i xD. hh е, Xe 
=hyhy ез from (1) 
he Xx athe from (5) 
SR: ; or 9r — hh, er 
Similarly Эу Ху = Ж A. ” 2 (6) 
or Or _ hh ёг | 
and бу СО SEM opum 
* : E à 
.-. (1) 


1.38. CONDITION FOR ORTHOGONALITY 
We have mentioned that the curvilinear co-ordinates of a point in 
spacc are determined by three continuously differentiable scalar 
functions 

uf, (х, у, 2), уа (Хх, Y, 2), W=fa (х, Ys 2) 
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when these functions u, v, w are not functionally related, then these 
equations can be solved ta give х, y, z in terms of и, v, w such that 
X—B (и, v, W), у=. (и, v, w), 2=в (u, v, w) 
where x, y, Z are continuously differentiable functions of u, Y, W. 
Now the position vector r of any point in space, referred to the 


origin of rectangular axes along which the unit vectors are i, jk, 
is expressed as 


r=xi+yj+zk 
=ig, (u, v, w)--jg, (u, v, w)+-kg, (u, v, w) 
=F (u, v, w) say. 
Now if u=C,, v—C, w=C, where C, C,, C, are constants, 
represent the co-ordinate surfaces, then the co-ordinate curves are 
у= C, W—Cy; W=C;, и=С,; и=С,,у=С, 


The co-ordinate curve v=C,, w—C; through (C, C;, C) is the 
same as 


r=F (и, С,. С), и being the parameter. 
Now the tangent to the curve v»—C, w—C, is parallel to the 
vector ——. 


ди 
Similarly the tangents to the curves w—C;, u=C, and и=С,, 
v=C, are respectively parallel to the vectors Es and T 


Since the dot product of two parallel vectors is zero, it therefore. , 
follows that the curvilinear co-ordinate system will bé orthogonal if 


ar tr _ Or ar te try w 
Зи бу = Qv Ow ow Qu E 
These are the required conditions for orthogonality. 


COROLLARY. The line element ds derived in relation (4) of $ 1.37, 
may be deduced from the conditions of orthogonality. 
We have r=F (и, v, w) 


or дг дг 
зо{һа4 а= 3u ta, d 5, dw 

dr-dr 2E и Фк, м*- La or 004-07. дуй 

"шш 0 9, 93, 4 Y ги 3, VE Gy 1 
дг Y er ү or ү 

= (ar) ae (a) ee oo 
or дг er д, дт Or 

+2 An 5 ч dv 25 i dv dw+2 aw On dwdu ...(2) 

Applying the c onditions of orthogonality, this reduces to 

(ак) ( 2. Jae«( - Y x) ам ‚ @) 

Ag ( ди ду Ow s 
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Putting (d= | а 4 
o V | 4р / or V or Y 
(E Y-a] (om (ж) м 
The relation (3) yields 
ds hà du? 4-h,? д-н? dw. 


1.39. RECIPROCAL SETS OF TWO TRIADS OF MUTUALLY 
ORTHOGONAL VECTORS : Е. 
If u,v, w be a set of curvilinear co-ordinates of a point P whose 
position vector is т with respect to the origin of a rectangular co~ 
ordinate system, then the two sets of triads of mutually. orthogonal 


vectors, Vu, Vv, Vw and DEE 2E are reciprocal to each other. ( 
: Qu "Qv ' Cw Ў 


We have shown in equation (7) of $1.37 that if e, ез, e; form a 
right handed systern of unit vectors tangent to the co-ordinate curves 
и, у, w respectively at P and directed towards increasing и, v, w, then 

Or Or er 
V EX =h, hy Вз. SMALAN) 

Now Vu, Vv, Vw are the vectors lying along the normals to the 

co-ordinate surfaces which are the level surfaces of the functions 

ги, v, W. But the curvilinear co-ordinate system is orthogonal, therefore 
the conditions of orthogonality stated in $1.38 when applied. to the 
orthogonal system of vectors Vu, Vv, Vw, yield 


Vu: Vv=0, Vv: Vw=0, Vw: Vu=0. PRIA C) | 
Let us now assume that the mutually orthogonal unit vectors are 

Уи У» Vw .) 

[val TvI ТУ» 2 


which form a right handed system. 

Here | Vu | is the directional derivative of u along the direction 
of the normal to the surface u=C, i.e. along the tangent to the curve 
v==Cy, w— Cs. Hence if ds, represents the differential of length along, — 
this curve, then we can state 1 


But from the Corollary of $1.38 the line element ds, along the 
curve v=C., w=C, will be obtained by putting dy=0, dw—0 in 
ds=h,? duh? dy*-h? dw, whence we have 

ds! —hg di? 


Ms A 
giving d. i 
1 
so that ` | Yul =. {е һут 
Similarly, y Te: айй hr yy EN Ж 
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Since, е, ез, е; is a system of orthogonal unit vectors therefore (3) 
and (4) give F 


y A di Le. uz Si 


Гун Uh hy 
and similarly v= Vom, Lene 
2 3 


Sothat [VuVvVw]=(Vux V»): Vw 


[Sv m 
($ d x) hs 
= ne as eXe,—e, and e;:6—1 
12 a j (6) 
ga eh 
һу» 


Multiplying (1) and (6), together, we get 


or ёг Or 
[vv] [à av ew |+ 
which follows that Vu, Vv, Vw form a set of vectors reciprocal to 
òr ĉr ёг 
Зи ' wv Ow. 
1.40. GRADIENT IN TERMS OF ORTHOGONAL CURVILINEAR 
COORDINATES 
Let ¢ (u, v, w) be any scalar point function given in terms of orthogo- 
nal curvilinear coordinates и, V, W. 
Since u, v, w may be supposed to be the functions of rectangular 
Cartesian coordinates x, у, 2, therefore 
0$ ctu 60у | 0$ Ow 


ax du ex ду Gx ^ Ow x Na 
ИСТО 

Фу "uy Тубу aw бу +. (2) 
ф ёш tr йг» A 
ez “uez буб | ew 02 ee 


Let us now suppose that i,j,k are the unit vectors along the 
rectangular axes x, у, 2 respectively and е, ез, ез are the mutually 
orthogonal unit vectors along the tangents to the coordinate curves 
а, у, w. Then by relation (5) of $1.39, we have 


"AL © ax. 4. 
Vue: Уу у n 444) 


1 2 
Now multiplying (1) by i, (2) by j and (3) by k and then adding 
all together we get 
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эг уду, ү ә ә ә 
( lay юу tk, ) s-s( lap зу tk ay )u 


4/59 9,2), (1 uu? 
#( D +g Tks «a lag Hay а)» 
L9 o, S vv % 
Le., Ve vats, Vra, Vw, 


1 12 1 ё 
- beet knot E ез by (4) 90) 
which is the required expression. It is obvious that the. components 
of grad $ i.e. Уф along the unit vectors e;, е, e, are respectively 
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À wk» xw (Agra, 1971) 
1.41. DIVERGENCE IN TERMS OF ORTHOGONAL CURVILI- 
` NEAR COORDINATES (Agra, 1971). 
Let F (u, v, w) be a vector point function given in terms of orthogonal 
curvilinear coordinates и, у, wand let F,, Fp, F, be the components of 
Е along e;, ез, e; the unit vectors along и, v, w axes. Then, 
Е= Бе, 4 Fe, -F,e; 
=F, X e, + Fie, Xe, +Fye, Xe since е, ез, е are 
mutually orthogonal vectors 
= Еһ Vvx Vw--F,hyh, Vwx Vu+FshhVux Vv 
by (5) of $1.39 
Л 9-Е У (БА. Vx VwoFBSVwx BYE V») 
=V Qu V yX Vw)-- V GV; Vwx Vu, 
| : VAS Vux V»)... (D 
By the properties of divergence and curl, we have 
V (hh Vv x Vw)-- Fh V (Vvx Vw) 
T : 4 Vvx Vw: У(Р,ҺЫ) 
where V:(Vvx Vw) Vw-curl Vy— Vy:curl V 


=0 5 
i a 9 
sud Y (Fs) n (Ehh) Vuta (Ehh) V9 +25 Qs hag) и. 
So that V «(Fh VYX Vw) 

Н : 
= Yox vw ja Falah Vat Gio V (Ehh Vw |. 
==Vyx Vw: vue (ЮР) other terms vanish, by the property of 

scalar triple product.. 


Rex Fae Ehh) by (5) of § 139. 
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= phy feed (Мә 
= ihh e$85€;. à. 11203 
1:58 А К j 
= Rs ди af since ез, ез, ез being unit vectors — [eee]--1 
dn ^ SE д 
Similarly V (Fahsh, Vw x У) Fahy PT 3, Esh) 
1 9 
and V-(F,h Vux У) = hs ow (Fahyhe) 
Substituting these values in (1) we get 
1.2 д д 
ув р s Pots RR Fale) 0 


which gives the required expression for div F. 


142. CURL IN TERMS OF ORTHOGONAL CURVILINEAR 

COORDINATES (Agra 1971, 74) 
Let F (u, v, w) be a vector function given in terms of orthogonal 
curvilinear coordinates и, у, w and let F;, F;, F, be the components of 
Е along е, €z, e; the unit vectors along и, v, w axes. Then, 


F=Fe,+ Fe Fe 
—H,F, V u+ hF; V vh F,V w by (5) of § 1.39. 
45 VXE-V x(hF, V u+ hF V vh F, Vw) 
=V X (hF, Vu VxUnFVy-TV x(hF,Vw) ...(0) 
But, we have by the properties of curl 
V x(h,F, Vu) V iF) x Vut-hF,V x Vu 
=V (h,F,)X Vu since V x Vu=0 


9 9 
= } МЕ) Vai Р) VY 
9 
+5, ah) Vw {х Vu 


9 d 
= à, ah) Vvx Vua (SF) VwxVu, 
the other term vanishes 


1 9 1 9 
= (ҺЕ) exe ow (A,F,) esx e 


(ЖЕЛ 
by (5) of $ 1.39 


1.50 
"hoe z, hh Poe 


1 ? 
EU nor (Е) ез+ 


Similarly 
] ? 1:9. 
Ух) рр (Р.Е) epp Эш (АЕ) es 
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: m ў а ЖЫ RI 8, 
and V хаһун TE. 3» (Е) “+. Dv (ЛЬЕ›) e 
Substituting these values in (1), we get 


а 2 
VXF- ғ), ғ] 
: D 
+i Law BEDE oF Je 


О м], 
1 Ње һе, һе, 
"lr. т | di 
| ди ду ду | же 
hF, ҺЕ, hF i 
which is the required expression for curl F. 
This result may also be expressed as 


1 he, he, he ` since 
TARS Tlah uou T | e,-F—F, etc. 
ди ФУ ду 
ЖМе,.Е heF hye, F 
1.43. LAPLAC(AN (V?) IN TERMS OF ORTHOGONAL CUR- 
VILINEAR CO-ORDINATES 


By (5) of $ 1.40, we have 


Mei) (Berd Boek) 


1 3 

= 1 E 9 (Jh әү (hh, зү Of Ah, әү 
в (3 ди )+ (= #)42 SEC a] 
which is the required expression. 


1.44. EQUIVALENT EXPRESSIONS FOR Уф, V-F A 
IN RECTANGULAR CO-ORDINATES au pell 


MIA and 1.42 we have derived t 


4 he ex ions fi ‚М. 

V ХЕ in terms of curvilinear co-ordinate perci follows: d 
—19, 133 1 : 

Vina ety, зер. Же, Ой) 


1 9 9 
VES S] "WE Галл. Gh) | 
ssh) 
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2 
and ухе [troi leh Je 
1га D) 
T SES е) Р) | е, 


1 è a 
Ls (s F)—- (nF) | $7.20) 


where еу, ез, ез are unit vectors along и, v, W axes 
In order to get the equivalent-expressions for these quantities in 
cartesian rectangular co-ordinates, if we use the transformations, 
и=х, Ymy, W=Z 
we have ds? =dx*+dy"+-dz* 
so that (o hahh, 
and the unit vectors e;, е,, ез are taken as usual unit vectors i, j, k. 
With these substitutions, the relations (1), (2) and (3) become 


I HET 
Vina. + ayl te Ё 
OF, , OF, ‚ФЕ, 
VFR ta 


(E-E) (08. 35) (0855 
"nd vxr-( ду oz + a)i ax cy Jk. 


1.45. CYLINDRICAL CO-ORDINATES AS A SPECIAL CURVILI- 
NEAR SYSTEM 
Let P be a point in space such that its curvilinear co-ordinates are 
(u, v, w) and cartesian co-ordinates are 
(x, y, z). Let the projection of P in the 
z-plane be Q whose polar co-ordinates 
in the plane are (ғ, 0). Then the cir- 
cular or cylindrical co-ordinates of the 
point P are specified by 
u=r, v=0, w=z. 

These co-ordinates are transformed 
to cartesian co-ordinates by the help 
of the relations 

х= cos 6, y=r sin 6, z=z. 


ie © r—xpy0-—tan? 2, z-—z. 


Since x isa function ofr, 8, 2, 
we have Fig. 1.42 
Ox Ox Ox 
= 4+ tea 
=cos 9 dr—r sin 0 40. 
Similarly dy=sin 8 dr+r cos 0 40 
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and dz—dz. 
Therefore, the relation (ds —(dx)*-- (dy) (dz)? gives 
(ds —(cos 0 dr—r sin Ө 40)'4- (sin 0 dr-+-r cos 9 d0)*-- (dz) 
=(dr)*-+-r? (d8)?+-(dz)? mee (1) 
Also from relation (4) of § 1.37, we have 
а= dut+h,? dy*-- h,* dw? 
Which when transformed by the substitutions u=r, v=0, woz, 
becomes ds*=h,? ar? +h? dP +h? dz? «+. (2) 
Comparing (1) and (2), we get 
=], h=r, Ву=1. 
. With these substitutions, the functions Уф, V'$, V-Fand VxF 
in cylindrical coordinates become 


g 1 C$ ag 1 ə 
Mor toe tate 


glo 1 ӘР, ӘР, ; 
УЕ CRT rað +52. (Rohilkhand, 1976) 


=(12F oF ӘЕ ФЕ, 
Ухе=( re 00 ^ 22 Jet (2628) es 
12 1 ôF, 
ft bowie, 
(Agra, 1974; Rohilkhand 1976) 


1.46. SPHERICAL POLAR COORDINATES AS A SPECIAL 
CURVILINEAR SYSTEM 
Let P be a point in Space such that its curvilinear coordinates are 
(u, v, w,) and cartesian coor- 
dinates are (x, y, z). Then the 
spherical polar coordinates of 
the point P are specified by 
u=r, v=0, wag 
where г (—OP) is the distance 
Of the point P from the origin, 
8 is the angle between OP and 
the z-axis and ф is the angle 
included between the xz plane 
and the piane OPZ. 
These coordinates are trans- 
Ormed to cartesian coordi- 
Mates by the help of the 
relations E 
x=? sin 0 cos $, 
Y-r sin 6 sin 4, 
Z-—r cos 0. 


| 
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We have, 
ex ex Ox 
dx=; 4+ 49-55-46 
—sin 6 cos $ dr--r cos 0 cos ¢ dÜ—r sin 0 sin $ 2$. 
Similarly 
dy=sin 0 sin $ dr--r cos 0 sin ф 204-7 sin 0 cos $ d$ 
and dz=cos 9 dr—r sin 0 dô. 
(ds) — (dx)? + (dy)? +-(dz)* gives 


(ds)*=(dr)?-+-r? (d0)*--r sin? 0 (d$). .Q 
Also with these transformations, the relation (4) of $ 1.37 becomes 
(ds) —(drY3-r* (d0)* -- sin? 0 (28). --Q) 


Comparing (1) and (2) we get 
A,=1, h=r, h,—r sin b.. 
With these substitutions, the functions үф, V*j, V.F and V xF 
in нона! vo coordinates кое 
1 ду дф 
} vie rety 86 ot rag ag € 
ay, 1 ду 2 әр cote a 
уч HE ae + sin H 2 et, r ES 
K 
Ter 6 F)-t—— UT Р, 
(Rohilkhand, 1976) 


My к= (CF) + in 6 00 


y XPath aw (sin 0 0-2] & 


Ip 15 ә 1га oF; 
к C t xU | [е 20 
(Rohilkhand, 1976) 
Problem 115. Find an expression for ds* in curvilinear coordinates 
u,v,W. Then determine аз? for the special case of an orthogonal 
system. 
Let the Код yecto ytor of a point in space be r, where r is a vector 
function of u, v, w 
ds? — dr - dr im the Y in $ 1.38) 


ut 

or or 
-(# " 2) ^q у Hs who 

“2 Ir э» dv 00-227. Jr дй 


But by § 1.38 the conditions of Ma are 
or Or а а or or 0. 
Зи o» ov ow Ow Ó» 
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So that the above relation becomes £ 
or ү ôr ү or\? ., 
а? (=) ait +(e dé (25) dwè. 
Problem 116. Zf x=uv cos w, y—uv sin w, z=} (u —v*); find hy, ha, hy 


and show that ds* —(u*--v?) (du*+dv*)+-uv dw’. 
We have R ‘ 


dx=; du s, dy 5 dw 
=u COS w du+v cos w dv —uv sin w dw 
2 д 2 
dy dat dy + > dw 
“seu sin w du--v sin w dv--uy cos w dw 
de. dut PE dy % ay 
=u du—v dv+0-dw. 
ds*=dx?4 dy dz 
=(u cos w du--v cos w dv—uv sin w dw)? 
+(u sin w du+y sin w dv +uv cos w dw)? 
-F(u du—v Ф)? 
—(u*--v?) ди? --(u*-- v) dy*--u*v* dw*. 
Now comparing this relation with 
ds! —h;* du?+h,* dv*+-h,? dw, 
We get ту (иу), h — y (u*3-v?), y uy 
Problem 117. /fu—2x--3, v—y—4, ю=24 2, show that и, V, W 
are orthogonal and find ds* and the metrical coefficients hy, hy, hg. 
. The given relations can be expressed as А 


u 3 
eaS y=v+4, z=w—2. 


Then, if r be the position vector of a point in space, 
r=xi+yj+zk 


—($-F) +оо i402 
er г. дг 
So that a = =j, dw =k. 
The system of coordinates u, v, w to be orthogonal, we must have 


а 2r а дг er дг 
Qu v ду aw" Sw Qu О 


Here Ee —H-j-0. 
Similarly or or _ nd 2 or =0. 


Se EAEN SE. EEIT асы 
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Hence и, v, w are orthogonal. 
Now, to find 45°, we have 
dx=% qu P dy ay 
=} du 
Similarly dy—dv, and dz=dw 
aa ds*=dx?+dy*+dz* 
=}du?+ dv?+dw*. 
Again to find M, ha, В; let us compare the last relation with 
ds*=h,? dui hj dv*-E дн. 
Whence, we get 
h=}, h,-1, h—1. 
Problem 118. For spherical coordinates 
x=r sin 0 cos $, y=r sin 0 sin $, z—r cos 0. 


г дг дг 

(a) Prove that the components оў i’ 20 дф are given by 

& e-sin 0 cos ji--sin 0 sing +cos 0k 

а =r соз 0 cos $i+r cos Ө sin $ —г sin 0k 

77 sin 0 sin $i+r sin Ө cos $). 

д Or ôr 

(b) Verify the mutual orthogonality of F ^» Ww 
(c) Find expressions for Vr, V8, V4 and then show that the 


; : г Or ёг 
constitute а set of vectors reciprocal to o 00" 9 


If r, be the position vector of a point in space, then 


r=xi+yj+zk. 
(a) We have 
ôr Әх, oy д2 
Frar tartar 
=sin 0 cos gi+sin 6 sin $j+cos Ok 
дг х, ду, д2 
and 30 =39 t agit mk 
=r cos 6 cos ¢i+r cos 0 sin ¢j—r sin Ok. 
дт Ox,, ду, д2 
also a7 =4; КЇН 
WI ur" Dur" k 


= —r sin 0 sin gi+r sin 0 cos ¢j-+0-k. 


(©) Taking the values of ©, 2 and X from (a) we have 
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t. Bt (in 8 cos gi+sia 0 sin 9 cos HO) (r cos 8 cos gi 
+r cos 0 sin ф—т sin € k) 
=r sin 9 còs 0 cos? +r sin 0 cos 0 sin? ф—г sin 0 cos 0 
=r sin @ cos 0—r sin Ө cos 8 
=0, : 


Since all the scalar products vanish, it follows that the vectors 


д К * 
E ] a а are mutually orthogonal. 


(c) We have 
pe 2452 widget x 25 -. 
xtty*+z%, | 0—cos Саура) 228 cun 5 
E райт 0" 
т ъа а 
=% iJ j+Žk=sin 0 cos ġi+sin 0 sin gj+cos 6k 


e 0 9 os 0 sing 
vie fae mns. ooo) 
sin 8 


k 


оф, оф, 09 
уфук 
sin $ cos $ 4 
A ҮЙӨ К r sin б Ад x 
So that [VrV8 Vd]-(Vrx V8: VE 4 
sing $., sin $ cos í 
„(= нок) Š (- r sin 8 i+ 77 sinó ro x) 


sin? ф соз?ф D 
ее аб = resin? 


4 дт or дг дг. дг\ дг 
Also 3*3 3 (S xa Ez 
=(—r sin ġi+r cos $ }+0-К)-(—г sin 0 sin фі 
=r? sin 0 sin? $+ r? sin 8 cos? $ 
с=г? sin 0. 


+r sin 2 cos $j) 


no 1977899 ee =! 


which shows that Vr, V8, V$ is a set of vectors reciprocal to | 
а | 


or Or Or, 
or 00 cé 
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1.47. INTEGRATION OF А VECTOR : 

We know that integration is the reverse process to differentiation. 
Thus if F and r be two vector functions such that the derivative of F 
with respect to ¢ is equal to г, 


dF. 
ie. ua 


then F+C is called the indefinite integral or simply the integral of r 
with regard to t and is denoted by 
Srdt=F+€ 

where the constant vector C is known as the constant of integration. 

In order to apply the integration to definite problems the value of 
C may be determined from some initial or geometrical conditions. 

The process of finding a vector F whose derivative with respect to 
t is equal to r is known as integration of a vector. 

In general the nature of the constant of integration is the same as 
that of the integrand. А 

We thus write down the values of the following integrals: 

dr 


| 1d us TE) dt=r-s+c where c is a scalar 


|р СИРЕК Е а ay) + c being а scalar 
Er m mw , Е 


dr dr б 
[e dt —r X at where c is a vector. 
l dr drr r ^ 3 

| GR dn) dies +c=r-+e, c being a vector. 
When a is a constant vector, then we have 

f ax C дахто, € being a vector. 
Problem 119. Find r from the equation TE at+b, where a and b are 

tnown constant vectors ; given that both r and T vanish when t=0. 


The given vector equation is 


a =at+b. 
Integrating with regard to t we get 

ат Bg 

ae = зї” 14-с. > ..«(1) 
Initially when 20/2226; 


"de 
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Ae c=0. 
Thus the equation (1) becomes 
dee 


Integrating it again with regard to f, 
б № 
; rae +b > +4 
whén 


t=0, r=0, 
aa d=0. 
Hence r—ia 1+} 2. 


Problem 120. Solve for r : the equation aX Dich where a and b 
are constant. 


dr 
nes ax ga = 
Integrating ax AE tte. 
Integrating again 
axr=} b +c t+d 


where c and d are constant vectors. 
Problem 121. Given that т ()— 21—]-- 2k when t=2, and 
т (t)=4i—2j+3k when 1—3. 
r 


3 d 
Show that a dt=10, 


3 dr 1[3, dr au 
Here f WEE drat [ 2. а= Чер 4 
=} [(41—2)-- 3k)! — 2i—j--2k)'] 
=} (16+44+9—(441+4)]=10. 
Problem 122. Evaluate the integral | К 


where F=c [—3a sin? 0 cos 0 1--a (2 sin 0—3 sin? 0) j+b sin 20 k] and 
a "P Г is given by xa^ cos 0 1-а sin 0 j+b0 k, 8 varying from " 
т/4 to 1|2. 3 М; 


Given г=а cos 0 1+2 sin 6 jT 59k. 
2 Ža sin 9 i--a cos 0 j+bk. 


Now 
| в.а [or di— (^? c [—3a sin? 0 cos 01 
T x/4 de xj4 
+a (2 sin 0—3 віп? 0) j+% sin 28 k] 
«(а sin 8 i--a cos 0 j+bk) de 
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=|" {3a? sin? 0 cos #+-а° (2 sin 6—3 sin? 0) cos 0 
+b? sin 2 0) 40 
zali (a? (3 sin? 0 cos 6+2 sin 8 cos 0—3 sin? 0 cos 0) 
т 
+b? sin 20) 40 
In/2 
=c (2*9) Ti I2. in 20 dic (02-6) [-3" |! : 
-$ Gb. 
Problem 123. Evaluate | F-dr when F —xyi--yzj--zxk, where c is 


c 

the curve r=ti+tj+ Pk, t varying from —1 to 4H. 

Equating coefficients of like vectors in 
r—2xi4- yj zketi--t*j-- Ck, 

we get the parametric equations of the curve as 
x=t, y=, z=0, 

Now from r—ti-4-1*j-- tk, we have 


g UU ELE 
5 fe a-f, к.ш 
-[', (xyi yzj--zxk)- (8-2 27j 4-307) dt 
1 
= |, орог +з) dt 
=f. {142164318} a-[ (124-519) dt 
SBME ea DAS DURO э +) 10, 
=| Bl Ever ger р ижа MEI нан 
Problem 124. Evaluate j (A*BXx C) dt anaf? Ax(BxC) dt 


where A —ti—3j4-2tk, B=i—2j+2k and C=3i+tj—k. 
We have BxC=(i—2j+2k)x(3i+tj—k) 

=(2—21) i+(6+1) j+(1+6) k 

=2 (1—0 i+7j+ (1+6) k 
so that, A-(Bx C)—(r—3j--21k)-[2 (1—0114-714-(7--6) k] 
=(2t—2")—21+2P 4121 
=141—21. 
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p f (4-axoja- |} (141—2) dt 


Te] 


—28—42—714-21-—0. 


Again AX(Bx C)—B (A-C)—C (A-B) 
where A+ C—((1— 3j4-2rk)- (31-- 1j —k) 
: z3t—31—2(— — 2t. 
$o that B(A: C)—(1—2j--2k) (—2) 
——2ti--4ij—Atk 
and (A: B) —(t— 3j-4-21k) -(1—2j--2k) 
=(+6+4t 
=(5t+6). 
So that C (A: B) - (3i4-j—k) (5t+6) 


—(151--18) (524-60 j—(5t+6) k. 
Thus, |? Axa» OaS? pao a- [coma 


-[ comen à 
24 | : (01504-18) 14+ (5124-62) j—(51+6) И dt 


LM 2 
= f (18—170) acu |? 2-50 dik f (r6 dt 


Ši [в-а T m [e£ T + wer 


=i [-36+18—34+4]+j [441 5k [2—4 +12—6] 
=- i tank. 


1.48. THE LINE INTEGRAL 

The integration of a vector along a curve is known as line integral. 

. Suppose that F (r) is a continuous vector point function and r=r (5) 

is given curve. Take any arc C of the given curve between two 

points 4 and В, for which length s of the arc has the values a and b 

respectively. If t is a unit tangent at a point of the curve, then Ft 
ves the resolute of Е in the direction of the tangent. The definite 
tegral of Ft with respect to s, between the limits a and P, is called 

the line integral of the vector Е along the curve from А to B and 

is written as 


f K:tds-Lim Y K-tos Ed 


uad ua S Loa ipsa cde M 
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BS 


But we know that t= 
2. (1) becomes. 


B 
I F-de=Lim > F-6r 
ET 


where А and B are the end points of arc of integration, and бг is the 
infinitesimal vector, 5st parallel to the tangent at the point considered. · 


The integration round a closed curve is denoted by the symbol 
$ ‚ While in mechanics this integral is known as the circulation of F 


about the closed curve C, being the velocity of the fluid. 
Problem 125. Compute 1— J (x dy—y dx) over the 


`(а) Straight line y=x from (0, 0) to (1, 1) 
(b) Parabola y —x* from (0, 0) to (1, 1) 


(c) Circle x—a cos t, yol+sint ;— j <t<0 
(d) Integrate also round the square (0,0) : (1, 0) } (1, 1); (0, 1). 
(4) The line integral Z=- | (x dy— ds) over the line 
y — x, dy = dx, is given by 
je dey od (x dx —x dx) limits of x are from 0 to 1. 
= |, 0 dx=0. 
(b; The line integral 
I= [e dy —y dx) over the parabola у=, dy==2x dx 


uie f (2x? dx — dx) limits of x being from 0 to 1 
-f х? dx 


0 
T$ 


(с) I= Lr. E 1+ (4 sin 0) sin t | dt as х=а cos t 


yel-sin t 
iz] 
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(d) 1-0 [ a-f? dx+0 the figure being a square and 
integration is along straight lines. 


=1+1=2. 
Problem 126. Find the condition that the line integral 
T2 t; dr 
[г F:dr— ty F ar 4 


taken between the points A and B, is independent of the curve r=r (t) 
Joining the points on a smooth curve. 


We observe that, if | F:dr is independent of path in a certain 
region then $F: dr=0 for all closed curves in the region. 
For if АР, ВР,А is a closed curve, then 


P, B 
$ra- [s Fd [us FA 
A 5 :dr— 3 
fa =f ara dr [i dr 
Fig. 1.44 =0; . 


Hence, if Í 7* F-dr is independent of path then [1 
1 
Conversely, if $r-a-o over all closed curves of the region, 


then |F:dr is the same over any two paths from A to B that do not 


Cross. 
Problem 127. Jf dr is the infinitesimal vector and r—r (t) is the 
equation of a curve, then evaluate the integrals 


(a) [ose (b) [ск 


along the curve C where Е is a continuous vector and à is а continuous 
point function. 


Af r—xi--yj4-zk 
then dr—i dx+j dy+k dz. 
Thus 


(à) [а ва=[? #@4х-Е}йу-ЕК dz) 
Zi (ie drt B #ау+к [z #4: 


where А and В are initial and final points of the curve with со- 
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ordinates (ху, Уз, 21) and (хз, Ya, Za). Thus the integral fes dr can be 


evaluated when y and z are known in terms of x for points on the 
curve C. A 


(b) If F (x, у, 2)=51-4-/,)--/к then as in (a), we find 
[, ren arth [oath fet 

Problem 128. 7f F— V4 everywhere in a region R of space, defined 

y a,&x Sa, b, yb, ci «z&ocs, where ф (x, y, z) is single valued 
and has continuous derivative in R, then show that 
B 
@) [г Е йс is independent af path С їп К joining А ana В. 
(ii) The converse of (i) is true 


B 
(iii) L F-dr=0 around any closed curve С in К. 


We have 
and dr—dxi-- dyj-- dzk 


F F ға |? (i ga як) анаа) 


B (C$ роб аур ) 
-[; ex detay d a 
[n 
=i Ib 
=¢ (B)—¢ (A) 
=$ (Xa Yas 22) —$ (Xis Ji 2) eae Cl) 
(ху, 21, 21) and (Xs, Yz» 2,) being co-ordinates of A and B respectively. 
It follows from (1) that the integral depends only on points A and 
B and not on the path joining them. This is true if only ¢ (x, у, 2) is 
single valued at all points. 
Note. M i Е. г is independent of the path C joining A and В then 
F is called a conservative field. Thus if F= V4 then V4 is conservative 
vector field and ¢ is its scalar potential. 
(ii). Conversely, if [Feat is independent of the path C joining 
any two points then there exists a function such that Е= Уф. 
Supposing the line integral to be independent of path, we have 


$ (х,у, a-| К 


(х1, ¥1, 21) 
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(x, y, 2) dr 
zl Gy уз, P d ^ 
Differentiating we get s =F. =. ...0) 
and also we have 4 -ve d (3) 
Subtracting (2) from (3), we find 
(74—80). 2-0 
This will hold independent of 


V$—F-0 
or F=V¢. 
(iil) We have from (1) 


[irt 0-9. 


Zif 


If the integration is taken round the closed curve i.e. when the 


points B and A coincide then 
fiafiaga- 
=0 
or $ V¢-dr=0. 


- Problem 129. Jf C is a simple closed curve in the xy plane not 
enclosing the origin. Show thai Р 


i y x 
. Given that F= Say ite 
and dr—dxi--dyj when r-—xi4-yj 


А s у dx+x dy 
^ F-dr= VASE 


4 3 x dy—y dx 
So that Jo raj 222%. 


Let us change to polars by puttirg x—r cos 6, y=r sin[@ ie., 
ж?ру? and O=tant Z, 
зо that 
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d= 1 ғ" x dy—y dx 
1r - 
` xdy—y dx 
= ety 
But the curve being closed, if there is a point P on it such that 
lower limit of 0 at Р is ¢ (say), then its upper limit will also ф. 


5 i $ = 

м Fed f ИШ 
id 
-$-4-0. 

Problem 130. Show that 
Y рх) dr 
| ам gp ) т 
where С is the circle х?-- y*—1 in the xy plane described in the counter- 


clockwise direction. 
We have 


ey pa 1; |- EEI pen 
IEEE [ante d benz ә] 
р —ydx x —y dx-kx dy ) 
ү | АЕ: тау »l-f. wy 
= [ s di changing to polars 
D =27, 
Problem 131. (a) If У xF=0 (i.e. Е is irrotational), 


із conservative. 
(b) If F is conservative field, prove that curl Е=У ХЕ=0 ie. (Fis 


irrotational). 
We know that if 


B then F is called a conservative field. 
Suppose, F=fitfitik 


Then VXF=0 gives i j 
; д 


prove that Ё 


[5 F-dr is independent of path C joining А and 


k =0 
б, 
dx ду az | 
A h 
«(EE Ee Ewe 
T only 1, 


ре 


130 MATHEMATICAL PHYSICS 


A ^ =й % EX 0, 95 Ko 
ду ду 


y ° 22 tox, 
a RA, BY 
t y “az az = ex Ox — ду 


then, we have to show that F— үф. 


Now work done= ik Е. а= [.. (f, dx--f, dy--f, dz) where C is 
the path from (xi, уу, z;) to (x, y, 2). Take in particular the path 
joining along straight line c Уз, Zi) to (x, уу, z,) then to (x, y, 21) 
and then to (x, y, z) and denote the work done along this path by $ 
(x, у, 2). We thus have 

$0 »27 P hes det hos 2) dy 

+], леа. 
Which follows that 
д 
ж з (х, У, 2) 
9-4 (х, у, 21) +; % fe (x, y, z) dz 
= (Х, у, 20+ LZ d (x, у, 2) dz 


=A Gs yz) a anaE 
=fa (х, у, 2) 
P4 = (у a+]? 25 ПА (х, у, 21) dy 
+| оха 


=fi (X, Y» 2)+ K à» (х,у, ту) 
+f, 2 2h (х, у, 2) dz 


fil w+ [fora T. "E eap 


— (х,у, 2) 
Then ЕЛЛА fE НН кув. 
(b) If Fi isa conservative field 

F=V¢ 
s ; curl F= V х V¢=0. 
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Problem 132. If F=cos yi—x sin yj—cos zk, show that the. field is 
conservative, 


F is conservative if 


V xF=0 
Here F=cos yi—x sin yj—cos zk 
VXF— | i k 
д д д 


x бу az 
cosy —x sin y cos Z 


5 P 


-[£ (cos z) — & (—x sn] [2 (соѕ »-& (соѕ 2] 


Tk x (—x sin 5-1. »] 


Oi +0j+(—sin y+sin y) К=0. 


p 
1.49. THE SURFACE INTEGRALS 
We know that the parametric equations of a surface 
x=x (u, v), y=y (u, v) 2=2 (u, v) 
may be combined into a single vector equation 
r=xi+yj+zk=f (u, v). 

A surface r=f (и, v) is termed as smooth if f (и, v) possesses conti- 
nuous first order partial derivatives. In the following discussion we 
shall assume that the surfacc under consideration is smooth. 

. Let a smooth surface 5 be given by Е (r)=r=f (и, v). Consider Sto 
be the two sided surface one side of which being treated as the posi- 
tive side. If S is a closed surface the outer surface may be taken as • 
positive surface. Let n be an out- 
ward drawn unit normal vector 1 
to any point of the positive side 
of S. 

Let us divide S into any finite 
number of elementary sub-surfa- 
ces and take a point (Xp, У, Zp) in 
an elementary sub-surface. Let np 
be the unit normal vector to this О 
sub-surface at (x5, Ур, Zp) draw 
on the positive side of 5. . 

If £S, be the magnitude of the 
area of the sub-surface under x 
consideration, then the vector 
area of thissub-surface S, "Fig. 1.45 

У Л9,==8,\5, 

Multiplying both sides by Е (х,, У». zy), we get 
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| 


Е (Xo, У», 25): AS; —F (Xp, уу, z,): n, AS, 
Consider the sum 
p-M p=M 
= ai Е (xy, у», 25): AS,— sri F (Xp, Ys, Z5): n, AS, 
where summation extends as to ir.clude all sub-surfaces of 5. 
Take the limit of this sum as M—>o in such a way that the largest 
dimension of each AS, approaches to zero. This limit, if it exists, is 


termed as the surface integral of the normal component of F (r) over. - 


Sand is denoted by 
3 F (0-45 = [, F-ndS 


or simply [,r^- [Faas 


ЕЕ 


or | ав ff LU o rint m даа 
2 +h (x, у, 2) dx dy)] 
when F=f, (x, y, z) i+fa (х, y, 2) 4 (х, У, 2) К 


We sometimes use surface integral ff, Е -ndS to call as the flux of 


F over S. The notation б gis used to indicate integration over 


closed surface S. 
Other forms of surface integrals are: 


e [},#4 o ff, snas o |, ва 
where ¢ is a scalar function. 
Note 1. If F=f, (х, y, 2) 1+7, (x, y, 2) j--fs (x, у, 2) k then it can 
be verified that 
[[ rx ff. (s dx dy— f, de ds) 


+i fj. (fs dy dz—f, dx dy)-k f | g (ida dif, dy do) 


[ssaa ffoi [4o ati [аа 


+k | $ dx dy 
Note 2. Solenoidal vector function. A vector point function is called 
solenoidal in a region if its flux ѓе, the surface integral | F-dS across 
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every closed surface in the region is zero. : 
Problem 133. Supposing that the surface S has projection R on the 


xy plane show that 
A n ZD 
|| F-a а= 1], Fen ek] 


The surface integrals, may be conveniently evaluated by expressing 
them as double integrals taken over the projected area of the surface: 
5 on one of the coordinate planes. This is only possible if a line per- 
pendicular to the coordinate plane (chosen) meets the surface in only 
one point. 

Referred to the Fig. 1.45 and 81.49, we know that the surface inte- 
gral ів е limit of sum 

p-M 
T У F (x, Ys 25,)* n5 AS. 
Now the projection of AS, cn xy plane is 
» | n, AS, | *k cQ 
[As projected area=original area (cosine of angle between (ће not- 
mals of surface and coordinate plane)] 
= AS, | и, |. 
Also the area of projection of AS, on xy plane 
= A Xy AJ, (фе. 5х8) 2 Q) 
From (1) and (2), we get, AS; | n,-k | = AX As 


x AxpAye 
AS,— n,-k 1 


Thus the limit of sum becomes 
p= 

E Ах As 

rem 


Proceeding to the limit, when M->0, Ax, and Ay, both-+-0 


[fraa ff, rfe 


Problem 134. Evaluate 
| || ç FS 
| where, F=18zi—12j+-3yk 
| S is that part of plane 2x+3y+6z=12 which is located in the first 
| octant. 
The projection of the plane 2x3) 3-67 —12 
on д х= plane is л 
2х+3у=12 
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i.c. referred to Fig. 1.46 the pro- 
jection of the plane ABC on xy 
plane is OAB. 


By the problem, 133 we have 


а |а s 


Also we know that V¢ isa vec- 
tor perpendicular to the surface. 


J^. $ (x, y, 2) constant. 


As such a normal vector per- 
pendicular to the plane 


Fig. 1.46 2x+3y+6z=12 
& — vOye-(12 uf at) (2r+3)+-62) 
—2i4-3j4-6k. 
Unit vector along 2i+-3j+6k 


2i--3j--6k. 
~V4+9+36) 


=} i+ j+ k. 

Now (nk) -G i+} j+$ k) k=. 

Also F-n—(185—12j--3)k)-(? i+ # j+ $k) 
з мешр. 


But we have, Z= B 


F 6(12—2x—3y)—36--18y 36—12х 
= O туе 


= EIE C ger 


-ff (6—2х) dx dy 
To integrate it consider the relation 


2x+Sy=12 


12—2x 
te, у= 252 
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To cover the whole area BOA 
12—2x 


y varies from 0 to 


and. x varies from 0 to 6. 
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[ferso [frt f meae 


y-0 


215 [e] Pas 
x=0 


=|[ [24— 4x — 8x £22] dx 
x-0 


-f [24 —12x-F £a] dx 


12x* 4 x? 
-[ 24- 2 a +5 3 
= 144—216+96=24. 


Problem 135, Evaluate [ UH z) ds 


where S is the surface of the sphere 
x+y’ +z, 
The projection of x?+-y*-+-z?=1 
on the plane 2—0 is 3 
: xtpyi-1] 
A normal vector to the 2 20 is 
vs-(1 ud ex Ê) orem 
=2 КЫ 
Unit normal vector along 2 [ix+jy+kz] is given by 
LL 2ix-2jy -2kz 
в=- арра) where x7-++y*-++-2*=1 
=ix+jy+kz 
(ee n-k=(ix+jy +kz)-k=z. 
So that F-n—(x*i4-yj--z*k) - (ix -jy--kz) 
хун 


Thus, [. Gnoyteno аз 2 [rn 


R 
=. [| etam у 
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To cover the whole area of x*+y?=1 
y varies from —4/(1—2*) to -- /(1 —x!) 
and x varies from —1 to +1. 
> fetita ds 
шо |*7! у=+\/(1—х%) x*--y*--(1—x*—»*)* 
2 LO os Ж. ayy 7 dy 


1 ру) x E 
p i, f [at MI) 12) 


+(1—х2— "е ау Ж 


| 
| 
А 1 
| 


раю оја a 
- p x-o-1 ya аууу" 
301—2) / 0—2x2) 
+[у -x-y dyt р а-у | 
эе отне] 
Put y=V/(1—>*) sin 6 
dy=+/(1—x’) cos 6 dé 


1 ЗЫ 
== paf (1 —x5)*-cost 8 40) dx 


Ге. Tiry 
s Геза. in^ 


ok INE: xt 234—232): | dx 


1 
бет | o (5133 30—607) dx 
=т f (3 — 6:273) dx 
=т [»-2 9 | 
“an B24 140, 


Problem 136. Evaluate [ 4109792. dy de—2aty dz dx te dx ау] 


over the surface of a cube bounded by the coordinate planes and the 
planes 1 х=у=2=й. 

Here the surface is the cube in positive octant. To evaluate the given 

integral let us project the given surface on the three coordinate planes. 


.OQQ'O' in the outward direction 
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Now, 
[ f , (9792 d Еу de dics dx dp) 


КБЕ [],-20 d det [[, 
For the first integral 
3 
ff 92) d dz 
Unit normal vector to the face 
is —i. à 
And unit normal vector to the 
opposite face ABB’ A’ in the out- 
ward directionis +i. 


КЕЕ 


= ffs (à —yz) dy dz for x=Q and х=а 
-u[[, 02 aci [ et o de 
; x=0 Я х=а 
=- | o-v 2+ Jf 224 
z Poke yz dy ep. [рое sy as 


d) afa y iig 

| "| 0 T уган 

Similarly other parts of integral are 
— [f 2xty dz dx 


--[[frc» axty de 4х+ ffi 22у dz dx 
y=0 yea: 
--); Зах? dx dz – 4а". 
and ff; dx dy [fx (—W z dx dy+ ffs» 2 dx dy 
1=0 z=a 


= [| ad v-e. 


138 MATHEMATICAL PHYSICS 


Hence the value of the integral is—1a5--a*. 
Problem 137. Jf F=4xzi—y’j+yzk evaluate 


[је 


үк S is the surface of the cube bounded by x—0, x—1, y=0, y=1, | 
z=0, z— 1. [ 


For the face ORR'O 


n=—i, x—0 


f f orgo FS 

= [+00 2 
-f jova 

=0. 


For the face РОО'Р' 
Fig. 1.48 n=i, х=1 


| [м F-nds= f J Q (Mel vii yk) dy de 


x< 


1{1 
=4 k ji: dy dz=2. 


For the face POO'P' 
a=-j, y=0 


[| оо» м5 f, fo 4 0 ae ae 
=|), fi 0 a demo. 


ког the face ORR'Q" 
n=j, y=1 


[| овк'0' Fonds- fi [, (4xzi—j+zk)-(j) dx dz 
бек. 


For the {асе OPOR 
n=—k, z=0 


foros F25- f, f; roe 


1р : 
: =f [04 o=o. 
For the face O'P'Q'R' 
n—k and z—1 
1р 
-ndS= —y?j T 
[f opor ES f; f. (4xi—y*j--yk)-k dx dy 


1 fi 
-ji freon 
Adding all together, 
ff; кзаз—2+0—1++0+4+0—1. 
Problem 138. 7f F=yi+(x—2xz)j—xyk, evaluate 
f [ „(УхЕ-в45$ 


where S is the surface of the sphere x?+-y?+-2'=a"*, 
Given E 
F=yi+(x—2xz) j—xyk. 


VxF=curlF=| i l. k 
8 9 а 
ax oy az 
y  (x—2yz) —ху 

=xi+yj—2zk. 


Thus to evaluate, 


fof ems J p [онад а а 


Normal vector 
ve-(i 2 ?! abad 2) ot 


=2xi+2yj+ 22k. 
Unit normal vector n along 2xi+2yj+2zk 
2 (xi+yj+zk) 
C2VG HEY Ez) 


_ ХУ К DE 
Us tyyty 


GI 246) n (diyi ( ++.) 
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xipy—22 
uA a 
2(-xtbRAO 3,17 
А »x-( 2 ) k 
Hence the required integrah 
xr dx dy 
1], | ( Fa 
a=+a sm (а#—х?) x° +y? —2 (aà — x*—y*) 
(lew qo. sp 
as ?+у?%+4+2*=а* 
a (у (@—x*)  3(х?+у%)—24% 
-[... ›=-М\(@—›) ү(92—х*—у) d 
put x—r cos 6, y=r sin 6, 


2x [а 37—24° 
viU E veo r dr de 


3 (023) +а? 
аст UE r d dr 


[ке] [> vemm jas 
Ux [ «— ev еә} di 
ee 


Problem 139. Evaluate 
(a) | ы jv XF):n dS 


@ fy [mas 


where F &(x-4-2y) 1—32j--xk and $—4x--3y — 22 and S is the surface 
2x--y-4- 22—6 bounded by x=0, х=1, y=0, y=2. 


(a) Given 
F=(x+2y) i—3z j+xk 


vxF=il = 0-7 съ] e] 
[2-0-0 ea] 
—31—j—2k. 
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Now normal vector to the surface 2x4-y -2z—6 is 


V ах+у+2ә<(а 2 24) 2 tu 2) eei»: 
=2i+j+2k 
and unit normal vector n along 2i+j+ 2k 
г 2k 
V (4+1:+4) 
_2i+j+2k 
e 3 


(v xE-a-Gi-j-29-( аа) 


=} [6—1—4] 
=} 


neko [ Ж Ы+Ж Jx 


=з. 


Projecting the given surface on the plane z=0, we брӣ! 
[JO хЮ-шв= f, [ox ZS 


a m T Тае] 


3E n 


n fefe m 


=fr [e +зу—2) tit сс ae dy 


* 


zd | , urere (214-0) dx dy 


1 2: 
= 160-9 оиа 
-i ү [12x--8—12] [2i-+j+k) dx dy 


=} fio 025—9 010 dx dy 
={ [6— 4 [2i+j+k] dx dy—21--j-k. 
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1.50. THE VOLUME INTEGRALS 
Let F(r) be a continuous vector point function and V a region enclo- 
sed by a surface 


r=f-(u, v). 


Let us subdivide the regi- 
on V into N cubes having 
volumes 

AVi= Лхь Лук Аль k 

kl, 2; 341 
as shown in figure 1.49. 

Take a point (хь, Yr 2%) 
within this cube and consi- 
der the sum 

N 
X Е (хь уь zi) A Va 
k=l 
Fig. 1.49 taken over all possible cubes 
in the region. The limit of the sum when N-»oo in such a way that 
the dimensions of AV; tend to zero, if exists, is denotec by the 
symbol, Е (x) dV or simply [ , Fav or | | | 7 F dV and termed as 
the volume integral or space integral. 
Its cartesian equivalence is 


[ва || dx dy dz4j [вада 


[[[ seve 


If ¢ is a continuous scalar-point function, in V, then, 


ПЕ 


is also known as volume integral or space integral. 
Problem 140. Evaluate [| [ FA 


where F=2xzi—xj+y*k 
and V is the region bounded by the surfaces 
x=0, y=0, y 26, z=x*, z—4. 
The given solid is a parabolic cylinder with its axis parallel to y 
axis. part of volume to be determined is shown in figure 1.50. 


It we sub-divide the given volume into a large number of cubes 
ind consider an elementary cube of volume 3V, then the required 
legral is 
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EA 


B JJ {estate dx dy dz 
[ff n dx dy dz у= 


-J MP dx dy dz Lis 


2 
x [ffo ax dy dz. x 
Now to cover the whole volume, Fig. 150 


x varies from 0 to the line in which z=x* meets the plane z=4 ie., 
x varies from 0 to х?=4 or x—2. 

And y varies from 0 to the plane у=6 i.e. limits of y are from 0 to 
6. Also z varies from x? to 4. 


Thus 


2 6 4 
m FdV —2i UR | os xz dx dy dz 
2 6 4 
-ifo ie oy x dx dy ds 


np. Ics a у dx dy dz 
: = bn [5 a dx dy 
AJ. is х[ 2 Б dx dy 
EN in үм; X : dx dy 


2 6 mut 
=" % |, io (16x—2x*) dx dy 


2 6 
ZI b (4x —x5) dx dy 
+k I Ir: (4— x?) у? dx dy 
=f; [96x —6x] а] [4x — 6x] dx 
x-0 x-0 


2 
Tk Lu 72 (4—x*) dx 
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-[ ы Dp +4 4x— = T 
=120i—24j+ 384k. 


Problem-141. Геї $—45x?y and let V denote the closed region 
bounded by the planes 4x-- 2y+-z=8, x=0, y=0, z=0 evaluate 


NEA 


Referred to the figure 1.49 we have, 
[ff s= Y 45х?у dx dy dz 


z varies from 0 to 8—4x—2y 
y varies from 0 to 4—2x 
x varies from 0 to 2. 


D [2 [4-2 [8-4x-2y |, 
Gi [|[„*# т Ns y-0 [® 45x*y dx dy dz 
2 (4-2х 
SIS I 45x*y (8—4x—2y) dx dy 
=: -2x 
m ra a 4y?—2xy?—3y* | dx 
Й 2 
P р, o3 [12 @—2х)у'—6х (4—25) 
—2 (4—2х)°] dx: 
=45 E = x (4—2x)? [12—6x—2 (4 —22)] dx 


=. A ed 3 
45 ES © (429) dx 
=15 [; 22 [64— 32x-- 1622 — 8?] dx 


15 |; [64x3—3233--16x4— 8x*] dx 
А з 5 6712 
ns [= Zt 32x léx* — 8x* 


3 4 5 6 
—15 axe 1234. 16x32 16x32 - xe 
=[64х8х5— Шы сы d 
=128. 


Problem 142. Evaluate 


€ |та o [| сха. 


where V is the closed region bounded by the plànes 
x=0, y—0, z=0 and 2х+2у+:=4, 
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K—(2x1— 32) i—2xy]— 4xk. 
Given F—(Qx'— ae —2xyj—4xk 


ug zs 2. uz +k 2 {(2x*—32) 1—2ху}—4х®] 


-[Zes-9- $c co] 


add ухк= a[c 4)- £C wH (233—32) 


— а 4» | [2 (—2ху)— Zona | 


=i [0]+j rack [—2y]=j—2yk. 
Now, z varies from 0 to 4—2x—2y 

y varies from 0 to 2—x 

x varies from 0 to 2. 


e fiir ar- T, 2x dx ay e 


2 2—x [4—2x—2y, 
bars ett 


-E | 2x (4—2x—2y) dx dy 
x=0 


ы { 2x [4—2х) @2—)—@—Х%*14х 
= { 2x [8—4x—4x- 2234-4 -4x 5] dx 
a E 2x [4—4x4-x'l dx 

x-0 

a [ax—4x2—2"] dx 


ze rs 


-[ 8244 | 
o |, vx»a- [ffo mes 


ic [: ү; [rm [j 2] dx dy dz 
x-0 Jy=0 Ј2=0 
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1.51. 
This 
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TF (j—2yk) (4—2x—2y) dx dy 


| [i {(4—2x) y—y?}—k{(4—2x) y*—4 mI "x 
T {j (4—2x) (2—x)—(2—x)°}—k ((4—23) 2-3)? 
=$ @—®°1 


zi [j (8—8x--2x2—4—3*--4x) —k (16—24x--12x* 


—2х%—@ (8— 12x-I-6x? —x*))] dx 
[i jte $f 16—24x-+ 12°22") {е 


2 
4i ач Eheim aee р 
=i} 885 iH 32—48-L32—8 1 
1 


GAUSS' DIVERGENCE THEOREM (Agra, 1958, 66) 
theorem gives us a powerful device to transform the volume 


integral into surface integral and its statement is: 
If F is a continuous differentiable vector-point function and S is а 
closed surface enclosing a volume V, then 


[; r^ as- |, div F dV. 


where n is the unit normal drawn outward. 

In other words, “Тһе normal surface integral of a function Е over 
the boundary of a closed region is equal to the space integral of diver- 
gence of F taken throughout the enclosed space." 


Taking i, j, k as the unit vectors, 
along the axes of x, y and z res- 
pectively, we have 

F=F, (x, у, z) i+ Ej - Fk 

F,, F,, F; and their derivatives in 
any direction being assumed to be 
uniform, finite and continuous. 

Suppose S ıs a closed surface 
such that any line parallel to the 
coordinate axes cuts it at the most 
in two points. Let the z coordinate 
of these two points be 
axs z=fi (x,y),  z=fa (ә, у) res- 

xeu pectively. 
Fig. 1.51 As such the lower and upper 
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portions S, and S, of S are given by 


z—f, (x, y) and z—f (x, y) respectively. 
Now consider the integral 


ME № dx dy e- EC e &] dx dy 


(R being projection of S on xy pane) 


fae») 
-Jfa aro ee 


= | | a [Fs (x, y, f) — Fa (x, у, /„)] dx dy 


-[[, er tao — [nee omm 
For S,, we have 
dx dy=cos y, dS, —k:n; d$, 


where n, is a unit normal vector to the surface dS, in outward 
direction. 


For S,, we have 
dx dy=cos y, dS.=—k-n, dS, 


where n, is a unit normal vector to the surface dS, in outward direc- ` 
tion. : 


пел anam [ms ts 


and _ 1], Е, (х,у, fa) dx ®=- || Е, кеп, dS; 
So that 
f hermano || „в ero ayy 


-[I.. F, k-n, ase [| Fy к.п, 45, 


= || к 45у +-ъ 45) 
= ||» Е, ken dS; ed nS—n,$,--n.5;] 
Consequently 
ff eae == |]. 5 kn d5. АТ) 
02 
Similarly projecting S on other coordinate planes, we may find 
pa -|| j-n ds PEO 
Hr. ёт dx dy dz— gil n d$. 
OF, 
20 = -n dS. 2543) 
IMP A ax dy de [l^ ind 


* 
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Adding (1), (2) and (3), we get 
fi e mera 
= ||» [Fi-n+F,j-n+F, k-n] dS 


(f n 4j i +k & cien Ro dx dy dz 


= ||,» [ЕЛ--ЕД-ЕЕ,К]-п dS 


NE dre -[[;r as- || F-as. 


Note. The theorem can be extended to surfaces which are such that 
lines parallel to the coordinate axes meet them in more than two 
points. This is also true for multiply connected regions. 


1.52. DEDUCTIONS FROM GAUSS' THEOREM 
(1) The volume integral of the gradient of a scalar point function may 
be expressed in terms of the values assumed by the function at the 
boundary of the region i.e. 
fff, v avo [[ mas вто, 1960, 56) 
‘Gauss’ divergence theorem, is 


d SA s | 


where а is a constant vector. Then it becomes 


Mf veo av=|{ gan as 
Since V .(¢a)=(V¢). a=a. (V$) and $an—a.(jn) 


a [Jf acevo аи ([. аа) ds 
er a [ff ve ar [, 92 45, being constant 


o [ive ar- [f ge as. 


` (2) The dot product of Gauss's divergence theorem is replaced by 
€ross product i.e. Е 


ie v кла [|ва а= ав. 


малы А 
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Putting F=a XA in Gauss’ divergence theorem, we get, 


Tos ға ||, Ев d$ 
where а is a constant vector, · 


оп С fff v. exo а ||, exa as. 
Since V.(axA)- —2(V ХА) 
апі е @ x А).в=а.(А Xn)=(A x n).a. 
[ау xA) ef, a.(A хп) dS. 
or —а. |||} о. || Аха ds, a being constant 
ог “ухаа [Ахаа 
or. jjj vx^e-- fs axnas-= [faxa as. 
Note. Definition of grad $, div F and curl F can be put as 
(D grad $= Lim = ve 
| (2) div F= lere 
V0 
[xr 


1 F= Li 
(3) curl pm y 


we herebelow prove (1), the other two can be proved on similar 
lines. 


Let us take a point P enclosed in a small region of volume V 
bounded by a surface S. Then the first deduction of $1.52 gives 


[, nsa [, ve v river 
where (V) denotes the value of Уф at P and cù as V-»0 . ` 


DULL 
EE Tim V =(V¢4)o= grad $. 
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1.53. PHYSICAL INTERPRETATION OF GAUSS' DIVER- 
1 GENCE THEOREM 


The Gauss" Theorem can be stated as 


| Vin as- | div V dV, 
S V 


where the vector point function V denotes the velocity vector of an 
incompressible fluid of unit. density and S denotes any closed surface 
drawn in the space of the fluid, enclosing a volume V. 


Since the scalar product V-n represents the velocity-component at 
а point of the surface S in the direction of the outward drawn normal, 
therefore V-n 55 expresses the amount of fluid flowing out in unit 
time through the element of surface 8S. As such the integral round 


the surface S, i.e., | V:n dS gives the amount of fluid flowing out of 


$ 
the surface S in unit time. But in order to maintain the continuity of 
the flow the total amount of fluid flowing outwards must be con- 


ДШ supplied so that inside the region there are sources producing 
uid. 


Now the div V at any point represents the amount of fluid passing 
through that point per unit time per unit volume. So div V may be 
regarded as the source-intensity of the incompressible fluid at any 


point. Thus the integration rourd the volume V, i.e., J div V dV 


y 
denotes the amount of fluid supplied by the sources inside S per unit 
time. 


Hence the equality f Vin as-| div V dV is justified. 
$ 


ie, the total volume per second of a moving fluid flowing out from a 
closed surface S is equal to the total volume per second of fluid flowing 
out from all volume elements in S. 


1.54. GAUSS' THEOREM 
If S be a closed surface and т be the position vector of a point 
(x, у, 2) with respect to on origin О, then 


12: 


is equal to 0 or 4x according as О lies outside or inside of S. 


First case. When origin O lies outside the closed surface S, the 
divergence theorem gives 


I= 69) e- Hb 8) on 


But v.(&)- v: 


HV r3). 
=—3r-r-r—(r-*) (3) 
L—3r*43r?-—0 


Le. V (5) is zero everywhere inside V 
Provided r40 in V i.e., О is outside the closed surface S. 
Then || BF 45-0, 
Sr 


Second case. When O lies inside the closed surfaces. 

Here F is not defined at the point O within S, so we cannot apply 
divergence theorem. To overcome this difficulty let us surround һу 
а small sphere of radius a and surface S, with its centre at О and lying / 
within S. For S, outward drawn normal will be directed towards 
and function F will be continuous and differentiable at all points 
within S and S,. 

The divergence theorem can now be applied to the two closed 
surfaces S, and S i.e. 


nT nr nr (x. u^ 
fsfs ras- [fas 868], (3) i 
(О being outside the region SS) 

: RU nr Ee 

x. [fs = [1,2245 ; 


Buton S; r=a and n= 


п-т 1 
Непсе iF ras || „+45 
1 Fig. 1.52 
-2]/54 
1 
-430027) 
4, 


1.55. TWO GREEN'S IDENTITIES 
First identity. Jf $ and ¥ are scalar point functions having continuous 
derivatives of the second order at least, then 4 
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fj [eve ve vo аи || e vocas. 


The divergence theorem is 


fff, ува [реча 


Taking F—4V, we have 
[NJ vevo аву nas || o as. 
But V (6уф)= (У УУФ) (УФ 


=$ (V9 (9. 
[|| v evnar] fj tee vo vi ar 
or (|в а [f ovas 
Second identlty: 
[ff evn- av- [T ev vas 
Putting F—4 V4, in divergence theorem, we get 


[ff veva a [f vorn as |], ovas 


But ОАК 
VH 
fff veo adi ЕСА 
ма [fLuvekocom- [[,uvees 0 
Green's first identity, is 
[вуз сораи [fev -0 


Subtracting (1) from (2), we find 
MM av- JT. teve- #74-45. 


Problem 143. Иегі. y: aes от for Faxtit+yj+2%k taken 
over the cube 0x z<l 


The divergence fotu is 
ISALA ffs raas. 


F=xi+yj+z'k 


Fig. 1.53 
у--(1 +1 +) енна 
i sin | 
Now the volume integra 


ПЕ 
а Ар Ae 0 2 (x+y+2) dx dy dz 


ps 
m2 [poete dn 
2L. (x+4+4) dx. 

Е inm 
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ve (D) 


The surface "iin is contributed by six faces of the cube, te. 
[fe ‘n dS= Ir F:nd$, + [ffr ndS,+ ffr n dS, 


рео о вте (face y=0) 
+f]; F-ndS,+ ffs rds, + [[.. F-n dS. 
=) (foe z=0) PERIA 


For face 5, ae a 
|е m. aie — ds, 
=f р 0 45,0 
For face S, x=1, в=і. 
[f rm [| trito as 
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= [| x ds, ff. 45, 
=f Ls dx dz=1. 


For face 5, y=0, п=—]}, 


ff F-n dS, = ffs 0 4S. 
=0, 
For face 5, y=1, n=j. 


| 5 F-n dSy= [fp 4 


1 
-Í | ахас=!1. 
x=0 Jz=0 


For face Ss, z=0, п=—К 
[fa n» - ||„о&. 
=0. ^ 
For face 5, z=], n=k 


I Fon ase [| 


SA 
e Boecl. 


Therefore, ||, F-n dS=041+40+1+40+1, 


=3. 509) 
From (1) and (2) it follows that the volume integral — Surface 
integral. 
Problem 144. Evaluate | {т ds 


where x is the position vector of any point on the closed surfac 
The divergence theorem is 


ТЕ 
Given : F=(xi+yj+zk) 


E || NET as- || |, v temo av. 
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Now V ropa (i iu & 
=3. 


Therefore Sf r-nds= f 3dV=3V 
Se y 


n Lycrercn 


where V is the volume of solid bounded by closed.surface S. 

Problem 145. (a) State and prove Gauss’ theorem.” 

(b) If o denotes the charge density and j the current density due to 
the charges, show that the equation E +div j=0 expresses conserva- 


tion of the total charge. (Agra, 1966) 
(a) If N te the outward flux of electrostatic intensity E through 
any closed surface S, then à 


х= | Е-48=4т0, 
$ 


where О denotes the total charge enclosed by the surface S. 
According to the definition the outward flux of electric intensity’ 
through any closed surface is proportional to the total charge within 
the surface. 
We know that the flux of a vector E across the surface element dS 
is defined as the scalar E-dS. Therefore, if S be any surface, closed or 


open, the flux of E across S is | E-ds. 
5 
Now the electrostatic intensity or the electrostatic field vector, Ёе., 


E ata point due to л charges ез, ез, . -e En is defined as : 
$ Er 
E= У T m 
: Tais 
where r; denotes the position vector of the point relative to the ith 
charge e;. : 
n n 
A | E-dS= | $ en].as- X є,[1*-45 
© i i=1 Jrè 


i=) Ti 


n n 

=> e [4-2 €104, 

і=1 i=1 

(since the solid angle daw subtended at a point by a 


i= 


surface element of area dS is given by do 32:49) 


where o, is the solid angle subtended by the closed surface at the ith 
charge. But €,—4- or 0 according as e; is inside or outside the 
surface and Ze,— Q. 


156 MATHEMATICAL PHYSICS 
Hence | E-dS=4nQ. 
$ 


(6) Suppose that a charge of density p is flowing with mean 
velocity V. 


The charge crossing the surface ele- 
ment dS in a unit time is 
2—9 pV-dS=j-dS NE EU 


where j is given to be current density 
Fig. 1.54 vector or conduction current vector. 


Now the current say i across any surface S drawn in the medium 
is given by i— | 3:45 while the total charge inside a closed surface 
P 5 
S enclosing a volume v is given by Q— | e dv. 

У 


Assuming that there are no sources or sinks inside the surface, the 
rate at which the charge is decreasing is 


де 
-|3 dv. 229) 
Since this is due to the outward flow of charge, we have from 
(1) and (2), E dia firas- | div j dv 
У 5 m 
i by Gauss’ divergence theorem §1.51 
or (s +div i) dv=0. 


У) У 

The volume being arbitrary, the integrand must vanish identically 
and thus we have the equation of continuity or the equation of con- 
servation of charge as 


E +div j —0. 


Problem 146. Prove that f. V$x V $.dS —0. 
"Put F=V¢x уф in Gauss’ divergence theorem 


|| evo vos |, ras- IE nm 


ZIP V-(Véx V4) dV. 
But - V-(Véx Vj) - Vt curl V$— V$ curi Vy-0. 
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г |||„у Сехун а= [| (уе va vécut уй av 
=0. 
Hence NU уф:45=0 
Problem 147. (a) If H=curl A, prove that 
B H-n dS=0 for any closed surface S., 
(b) If a is unit outward normal to any closed surface of area S show: 
that (Sf, div n dV=S. 


(a) Given H=curl A. The Divergence Theorem gives- 


f. Hen dS= (1, У-Н dV. 
But V-:H-V «(curl A) 


-0 
11, H-n dS=0. 


(b) The Divergence Theorem gives 


ime ae 


2 | \s 455. 
Problem 148. Prove that 


о [,r- ve av= | oF as [rx 


() [, Vé-ewl F dV= | „(Ех v ds. 
(a) The divergence theorem „gives 


[,rv* dv= aac) av— |, УР 
-[,ev--r vaa —[, 40-8 av 
|та у av-|,sv-t dy 


-[Lrve dV. 
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(b) Applying divergence theorem in R. H. S. of 
i V¢ curl Е ar- |. (Ех Уф). dS, we get 
[, vom Е ay- |, vx v9 av 
=|, [уф curl F—F-curl V4] dV 


= y V4: curl Е dV as curl Vé—0. 
Problem 149. Show that volume enclosed by the surface S is 


V=} $, V (r°) 45 
where x is the position vector to a point of dS. 
The divergence theorem gives 


J, vr as Zj, yva 
=|, V pr?-r] dV 
=2 |p var 
zs 
L6 4 


Ар 65 S Vr'«dS. 
Problem 150. Prove the following: 


a Ne Aa 


O In rn as- |||„5°т dv. 


(a) The divergence theorem gives ~ 


TG) Uff.) 


| 
/ 


(b) We have 


fne [ffov e 
"Јуна 


Problem 151. Show that Green's second identity can be written as 


ПИЕ Е З 


The Green's identity is 
fH eve ov [ata veas. 
=||; evi in as 


where n is unit normal vector. 


and Veen yy enc 2 


fff, eiim] (n 


1.56. GREEN'S THEOREM IN THE PLANE 
Let R be a closed region in the x-y plane bounded by a simple closed 


curve C and ф and be two continuously differentiable functions of x 
and y, then Green's theorem in the plane is stated as ч 


фон) v 


where C is traversed in positive (anti-clockwise) direction. 


Let the region R be bounded by single closed curve C having the 
property that any straight line parallel to the axes cuts C in at most 
two points and let the parallels AM (say x—a), BN (say x=b); ОЁ 
(say у=с) and DE (say y=d) limit the curve C in the xy plane as 
shown in Fig. 1.55. : : 


Suppose the equations of the curves АОВ and АРВ are respectively 
y=f, (x) and y=f, (х). 


a „р ph др 
T | |. "dd -[... mid 
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-{; [ve » "c 


-| {ф Gc Л) — Y Go Л dx 
-df oma 

eer ax] 
а ax 


ie d ж-— ||, ges 
TANT 


CAEN if the equations to the curves DAQ and DBQ are 
x=F, (y) and x—F, (у), respectively, then 


1,6 9-ой 
репро» 
-[ 6 e. »—# (Р, л ф 
-[se nes een 
-f$.* dx 
Le, (0$ of] Fax v ОУ 
Adding (1) апа (2), we find that 


5.99 9-]|,(-9) 2 


eld to FORMS OF GREEN’S THEOREM IN THE 


Vector treatment of Green’s Theorem yields two different forms. 


2 Form 1. Jf f—)14-4j ana r=xi+yj, then Green's theorem takes the- 
form 


f$, td [f хоч as. 


T —— 


н 
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Green’s theorem in the plane is ў 
ya [([- (6$ 2v 
ў. dxté a»-[f, (8-8) dx dy 0) 
Given г=хі+уј 
ie., dr=dxi+ ду], 
$ à 4х-+-ф dy— (i+ gl- dxit dj) 
—f-dr LY 
and wvxtb 5 pk |205, дф ёф y 
die um es caer a (2 -#)® 
ex ду д2 
ер 0. 
As c6. 0b 
so that (V Xf)-k= Mr л» (3). 


Substituting values from (2) and (3) in (1), we get 


фота iF (V xf)-k dS 


where ds —dx dy represents the element of area. 
dS—dx dy, g={xk and n be the outward 


Form 2. If f= i+4i, 
drawn unit normal to C, then Green's theorem gives 


Serni- ff. V 45, 
where ds is an element of the curve. 
n vector of any point P and T be the unit tan- 


Let r be the positio 
gent vector to the curve, then 
so that dr—dxi-- dyj and 


r—xit yj 
dr 
T= 
Now n and k, both being vectors normal to the tangent at any point 
of the curve, the definition of cross 
product yields Y, T | 
kxa=T. А T 
So that, 9 dx+¢ dy T 
—(-- 4j) -(dxi-- dy) T 
=f-dr 
dr 
=f- 4; ^ 
-rT ds, E T-) Т 
ds 
=f-(kxn) ds 2 
: Fig. 1.56 


=(fxk)-n ds 


162 MATHEMATICAL PHYSICS 


(©. in a scalar triple product dot and cross can be interchanged) 
A —g:n ds. 
Alo  g=fxk=(ți+ġj)xk=¢i—4i 


Substituting these values in Green's theorem i.e. 


jonoj Der 
we get ў 


фока], V -в 45. 
Note. Physical Interpretation of Form 1. Vector form 1 of Green's 


theorem is 
$. га {| х0): dS. 


Assuming that f represents a force field acting опа particle whose 


position vector is r, the integral Ft -dr may be interpreted as ex- 


pressing work done in moving the particle around the closed path 
and it may be evaluated by the value of Y xf. 4 


As a particular case if V xf—0 ѓе. if f— V6, 0 being scalar; then 
the integral around a closed path is zero. It follows that the work 
done by a particle in moving from one point of the plane to the other 
point of the plane is independent of the path traced in moving from 
one point to another in the plane. In other words this fact сап be 
expressed by saying that the force field is conservative. 

Conversely, if the integral around a closed path is independent of 
the path joining any two points in the plane i.e. the integral around 
the cl path is zero, then Y x f—0 where f=}i+¢j. 


êg, д, (Gb Cy, 
ie. fiih (R5) k=0. 
0$ oV 
Giving 2x7 y 
1.58. GREEN'S FORMULA 


К; 
Suppose that ф= т isa scalar point function which has uniform 
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finite and continuous derivatives upto the second order in a region 
V enclosed by a closed surface S. 


Take à fixed point P within the region, such thatr 
is distance from P to a variable point of the region 
and r its position vector relative to P. Now since ф 
becomes infinite at P, therefore to remove this 
difficulty enclose P by small sphere of radius є, 
Take surface of this sphere as S,. Clearly in the 
region V, bounded by $ and S,, ¢ is twice conti- 
nuously differentiable. 


But we know that, 

vev (:)-v[gsssreom ]-75 
and v v(-)-». 

Thus, applying Green's identity to the region bounded by 5 and 


Sı, we get 
f [++ ]- AG Ж s 


pige -o 


At the surface S, the direction of unit normal drawn outward from 
the region considered will be towards P, so that 


id) oso (z)*]-. 


A e[(1 1 

s Cr * 

Taking to the limit as z-»0, we find 

Lim [sS ) as, - 5 4 (P) $ (Р) 20 


and Lim, +0 {+ Ра 45=0 «v3 
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In the limiting case when e-0, (1) yields with the help of (2) 
and (3), à 


зна) Eee 


wee s Hep fo 
= ee em Qe eo 


фу се 1 (d 
eno J [Ese en, Love 
which is known as Green's formula. 
1.59. POISSON'S EQUATION WITH ITS SOLUTION 


Let ¢ be a scalar point function vanishing outside a finite region, them 
the equation. — 


уф —4np, 
is known as Voisson's equation. 


Poisson’s equation is — V*$— —4np 2 0 
Green's formula is : : 


án KP) | : [+vs-sv(+) a-f, 10% av | ЫЛ (ОУ 
(for а region bounded by a surface S) 


{Л РЕ аа в e 
=Í; [29% sv( T )] аза dv by (1) ... (3) 
In case the region V tends to infinity 5 also recedes to infinity. 


Supposing that for large values of r, ф is of the form E where A 
remains bounded, | Уф | is the form $- 
soma | [[Ive-sv(I)]as-o. 
4 Str r 
Thn 7 Ai (P) 4n [se 
o c 5 OPE | $a. 
The volume integral being carried over the whole Space remains the 


same as the volume integral over the region outside at which p is 
"zero. 
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Vector equivalent 
If f=fithits k. 


and F=F,i+- Fij+Fs К 
where VE--—4mnf. 
Then F (=| far. 


V7*F = —4т{ is equivalent to 
V*F,-— —4nf, ; у?Е,= —47у, ; ViF,——4nf, 
"Thus for a point P of the region 


F, (Р) [22 ;F, e- [^ dv; Fy(P)= [2 d 


Imposing suitable conditions on fi, fe, f; and multiplying these 
relations by i, j, К respectively and then adding, we have 5 


гк FAP) +k Fo | алл 
F (P)= E dv, 


1.60. LAPLACE'S EQUATION WITH ITS SOLUTION 
If for a twice differentiable scalar point function ¢ У? $—0 is true for 
every point of the region, the function $ is said to be harmonic in the 
region. 

The equation V*$—0 ...(1) is called Laplace's equation. Green's 
formula is 


аҹ) LEE vem) S jive dv 


1 1 
[voe (o no 
which follows that the harmonic function $ at апу point within the 


region can be expressed in terms of the values of ф and n at any 


point of the surface enclosing the region. 
` Problem 152. Verify Green's theorem in the plane for 


P erty) dx у 


where C is the closed curve of the region bounded by 
y=x", and y=x. 
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The shaded region shown in Fig. 1.58, represents the positive direc- 
tion traversed by the closed region C made up of a parabola and а 
straight line. 

Given, 9 —(xy4-?) and $—x". 

Evaluating the integral along z=x*, we have, 


Y [reso 
К [roe dx-+y dy] 
; (1.1 ; 

К | у=х? =|% (x8-+-x') dx4- ba dy 
xor L———X х* xq Гу $ 
; LE pe 
Y =н 

Fig. 1.58 =. 


Evaluating the line integral along y —x we have 
0 
| фах+ф dy- iex Фау |, , 2x5 dx+ ipn у? dy 


к=—1, 


the required integral—33—1=—75. 


ag ay 
Iso = = „= 
Also ax 2x and av x+2y. 


me ff (- 2)» 


=| fR- dx dy 
-[ е |с» (х—2у) dx dy 
- [Lors 

-| ME dx 


-|— те 


1 
=— y7. 


ee ee 


VECTORS 167. 


It is evident that | ф dxté e-WEE-) dx dy=— 


Thus Green's theorem is verified. 


Problem 153. Evaluate $ 5 [(у—5їп x) dx+cos x dy) where C is 


the triangle whose vertices are (0, 0); o 0) : [o 1) 
(a) directly, (b) by using Green's theorem in the plane. 
(a) The line integral along OQ on which y=0 and x varies from 


х ("2 chet Y (Eat 
0 to 2 = [resin x dx= 1, oe 


The line integral along QP on which 


T 
TA and y varies from 0 to 1 


1 
=f! (0-0 0+0d)=0. 


The line integral along PO for which (P 0) 
2x > т 
ye and x varies from T to 0, zig. 1.59 
0 2x 2 
-L. (sm х) = cos x ax} 


2 

[+ +cos xt sin x m -1-4 = 2. 

Hence the line integral along c--14041- 5 2 =- 4 
(Б) In order to use Green's theorem we have " 
ф=у— 5іп x, $—cos x, ЕЧ zl, P4 =—sin Х 

So Q dx--$ dy)= 110 л " Me sin x—1) 
dx dy 

|2 ((2x/v SERIE al" ( va axi 

-| s [(—sin x— 1) dy] dx E y sin x) dx 


х=0 
=p (-2 A sinx— =) dx 
0 T 


-[-2 (—x cos x--sin x)— =" 
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Problem 154. Compute $ {(xy—x?) dx+x°y dy} over the triangle 


bounded by lincs у=0, x=1, Y=x and verify by Green's theorem. 
The line integral along OP where y=0 and x varies from 0 to 1. 


1 2 
= D cs dx=—}. 
The line integral along PQ for which x=1 and y varies from 0 to 1 
1 
E —1)0 = 
bus {(y—1) 0--y dy) -1. 
The line integral along ОО for which x=y and y varies from 1 to 0 
0 0 
=| trae |р 
Y Thus the total integral along C 


(1,9) == 19 
аы Now, by Green's theorem, we have 


| {(ху—х?) dx+aty dy) 
SE e 


S 1 у=х 
S [EN em [2392] d dy 


E 
Fig. 1.60 


Wes ys en ees | Se | " 
-{! „к-=е-[ж-%]--—®% 


which verifies the Green's theorem. 


0) 


1.61. STOKES' THEOREM IN SPACE 

This states that if, F is a vector funciion, which is uniform, finite and 
continuous along with its derivative in any direction, then the tangential 
“lne integral of F over any closed surface S bounded by a curve C is 
equal to the normal surface integral of curl Е over 5 ; i.e. 


ға], XF):n as- Je хЕ-458 


where n is the unit normal yector at any point of S drawn in the sense 
in which a right handed screw would move when rotated in the sense of 
description of C. (Agra 1956, Vikram 1 969) 


Consider a surface S such that its projections on the xy» 
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yz, zx Pane are regions bounded by simple closed curves as shown 
in Fig. 1.6 


Take a equation of surface as 
f(z, y, 2)=0 i.e., 
z=f, (x, у) 
or yef,(x,z) or x—f, о, 2) 
If F=F,i+F,j+Fk, 
then we have to prove that 


f; V X(1-F,j 3- F.k):n dS 


=f Feat 


Let us first consider, 
IV ad Bp 


ZI 2н. yt kar ЭРА dS 


à. ORA]. 
a ду x] n dS 
@2 дЕ, дЕ, 
[33 ni- Fak |а SUD 


and wk xit+yj+f (x, y) К 
Bure So that Z jth ik k since z=f, (x, у) 


. Now ГА аЙ to n as £i is the tangent to the surface S. 


or yj A 
n. ду =п.}+ 2 дук, =0, 
|, койшы. 
Giving n:j— ду n:k— oy? k. ` 
As such (1) yields 
ГУ Х(Е01- ads-- [23-7 pum. +E Ja: k d$ me) 


But on the surface S, we have 
Е, (х, у, с^ [x у, fi (х, YF (x. у) 
OF, дс. OF x 
& ay = бу ЛӨ) 
The relation (2) и ic help of (3) gives 


iv x (Fil n ds=- 2 nek uw dx dy 


оаа [f е N^ 
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where R is the projection of S on xy piane. | 
Green's theorem in plane gives | | 
ШЕ) (f. 2 i | 

ci dx= I ay dx dy where C, is the boundary of R. | 
Now at each point (x, y) of the curve C, the value of F being the | 


same as that of F, at each point (x, y, z) of C and dx being the same 
for both the curves C and C,, we conclude that | 


GF d И | 


іе. Sori- |569 9) 
The equations (4) and (5), give | 
{Ух nds= ф Fi dx -© 


Similar contributions are made by the projections on the other 
planes, therefore 


[f tv xena fA ф c0 
[fav x(F,]-n dS= $. F, dz „..@ 
Adding (6), (7) and (8), we find 
[f [V x (Fit Fj +F). n d$ Ê . (F, 4х+Е, dy +F, de) 


ff. (V хю-4$— || „(у xF)-ndS= ф Е. 


Problem 155. Jf $ is continuously differentiable scalar point function, 
then show that á 


ф.# а= || nx veas: 


Put Е=аф, where а is a constant vector, in the Stoke's theorem, 
[с®®-&= || tv x eb 45 


But we know that Ў 
V х (ad) =втай фха+ф curl а= Véxa 


Soe [4 d= [Jen as 
--[[, ax venas 
-- [fe venas fT. уфха d$ 
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Since a is a constant vector 
= IN: ж=-— ||. Véxn 45- || x V2 dS. 
Problem 156. Show that 

сахв || ех V)xFds. 


Putting f—axF, а being a constant vector; 
Stokes' theorem gives 


[exp [f tv хех as 


But we know that 
V x (ax F)-aV (Е) ЕУ (а) (ЕУ) а—(а:У)Е 
-aVy:F—(a:V)F 
and ^ [(a-V)Fl-n=(@: V) (F-n). 


LE | @хю-&- ||, гв (J-F nxa: V (F-n)] d$ 


YE LA. | вх. „07-0 а-у E 
(Since а is а constant vector) 
n [ва || n— V (F-n) d$ 


=|), ех V)xF]d$ 


or [х= ff „охх ds. 


Note. Stokes" theorem in the plane is sometimes known as Green's. 

in the plane. 

Problem 157. Verify Stokes’ theorem for Е=(2х—у) 1—2) Ук, 
where S is the upper half surface of the sphere x+y +z°=1 and С із 
its boundary. 

Stokes’ theorem is 


ra |] а. 


1n 2=0 plane the boundary C of the surface S is a circle д+у*=1. 
Put x=cos t, y —sin t and z=0 for which 0< t <27 so that these- 
form the parametric equations of C. 


ao hra- | 1t etna [ 0» dx 


р cos т-ва (sin £ di) 
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= E (2 sin t cos t —sin* t) dt 
t=0 

==1, 

CNP CB AS 
and ухе [Ê r-n | 
[0-0-2 ]ы[2 (2097-2-05) 
—0i--0j--k—k. 
|f. xE):n з= [[. in dS 

|| dx dy since kn dS=dx dy 


R being the projection of S on xy plane. 
=) 
ms [е 
IA R iud х=—1)у=—\/(1—х?) 


1 4 Ted 
-f м(1—х)=4 > =" 


x dy 


which verifies Stokes' theorem. 
Problem 158. Evaluate JJ. (V XF)-n dS for 


Е —(y—z4-2) ic (yz- 4) j—xzk, 
where S is the surface of the cube x=y=z=0 ; x=y=z=2 above the 
xy plane. 


Stokes’ theorem is 
[сва ff. (V XF)n 45 


Here the boundary C of the surface S is a square bounded by 
-the lines x—0, х=2, y —0, y—2 іп the xy plane. So 


[к= [орва Lo F-dr+ E F-dr + о F:dr 


X Along, OP, у=0 and x varies from 
us 0 to 2. 
pum. о 
2) Boll | us к= | 2i-F-4j]-[dxi] as 
i dy=0 and dz=0 
b: 5 ЕЕ 
б » X I2 |, dx=4, 
| (2,0) 


| Along РО, х=2 and y varies from 
Fig. 1.62 0 to2, so that dx—0, dz=0. 


RECETTE a a TS DER RA 
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[po ra- |] 02i an 
ale: 
=4 |, dy—8. 
Along QR, y —2 and x varies from 2 to 0; so t 
| QR га | [4i]-[dxi] 


hat dy —0, dz—0. 


=4 я dici e$; 
2 
Along RO, x=0 and y varies from 2 to 0 so that dx=0, dz=0 
fe [О go 
[ora [ mais fy o7 


Hence [сва=4+8—8—8- 7^ 


Problem 159. Verify Stokes theorem for the vector F=(z, x, )) 
taken over the half of the sphere x°+- y?--z^—a* lying above xy plane. 
The projection of the surface on z=0 piane is a circle х?-+-у*==#, 
of boundary С (say), ' 
and F=zi+xj+yk 


4 | E. 
-Í e (0i-1-xj-- yk) (dxi-- dy) 


-p- fil x dy 


у=—а 


| ауе o 
y--a 


aveo. 


put x—a sin 6, so that. 
dx=a cos 0 d9 


=2 NE cost 0 d8— nat. 


| But VXxF— =(i—j+k) 


ч 91% 
х Qloe 
WI x 


2 11, (V XF)m 5— || -itn ds 
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| (i-n—j-n+k-n) dS 


J 
= || а || „1-в45+ |] in 4$ 
| 


Ry Ry, R, being projections on zy, yz, xy planes, respecting and 
- projection on zy plane being the same as that on xz plane, the first 
two integrals cancel out. 


ета 


=2 |? уба dx 
A / em dx 


dx dy 


=4т £ =Ta’, 


Hence, ffov xF)-ndS=| F-dr 


which verifies Stokes’ theorem, 
Problem 160. Prove that 


2 fas 


where S is a diaphragm enclosing a circuit C. 
Putting F—a xr, where a is a constant vector, in Stokes’ theorem, 
Le. 


[rfe x F):n 45, 
We get 


I: аха | [. v X(axr):dS 
But, Vx(axr)—aV r—(a: V) r=3a—2a=2a. 
5 [овоа 25 
s: [cirea ff as 
Since a js an arbitrary constant vector 


| 
| 
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[pe ||» as. 
Problem 161. Prove that a necessary and sufficient condition thai 


$ F-dr=0 


for every closed curve С is that Y x F=0 identically. 


The condition is sufficient : 
Sine if V xF=0 
Then Stokes' theorem gives at once, 


$, к-&— || v x F):n dS=0. 


Also the condition is necessary: Since if $. F:dr—0 round any 
closed curve C, then taking V x F40 at some point P, there will be 
a region with P as an interior point where V XF#0 provided 
V xF is continuous. Assuming S to be the surface contained in 
this region whose unit normal n at each point has the same direction 
asthatof V ХЕ, we may express V xF-n where A is a positive 
constant. Thus Stoke's theorem gives 


ға], x Fn 45|, nn 452^ [aseo 


i.e. it yields positive contribution. 
This is contrary to our hypothesis and hence V XF=v. 


Thus necessary and sufficient condition for fe F-dr=0 is that 


Vv xF=0. 
Problem 162. Prove the following « 


(a) [ra^ 
e) [eV el-de= 0. 


© [,uvera-- | vae 
(a) By Stokes' theorem 

feras Jf. xr]-ndS=0 as У хг=0. 
(b) By Stokes' theorem 

[авва || t xr ma. 


But V x ($V$)=¢V x(V) +V) x(V9) 
: =0+0=0 
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[évo-a-o. 
(c) By Stokes' theorem 
овеча [| tv orn as. 
But — Vx(4/V)-$V x(V)d(V$)x(V)) 
$x VV. 


[авта || Стяуа as 
(Vex V9):n dS eee (ly 


--||‹ 
|| т х@Фуб:а as 
(by Stokes’ theorem) | 


f. {фу X(VH+Vdx уф) п dS 


and Zr yVé$-dr-— s 


--] 
--| s (79X Velen d$ 


as ¥Vx(V¢)=0 2. (2) 
It is evident from (1) and (2), 


[even | ovo 


; Е 7А 
Problem 163.17 $ Edr-—— 7; [f HAS, 
where S is any surface bounded by curve C, show that 


УХЕ 21 ан 
СЛ д. 
.—1. 0H 

Let VXE CÓ. ERN LE 


"Then Stokes' theorem yields 


fE а= 


v xEnas=[ f, (V хЕ)-48 


JI; 
"Jtem «o 


EE 
> 
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_ Problem 164. If the normal surface integral of a vector point func- 
tion G over every open surface is equal to the tangential line integral 
of another function Е round its boundary, prove that 


G=curl F. 
We know that the normal surface integral of a vector point func- 
tion G is given by ffs G-dS ; 


‚ where 5 is a surface. 
And the tangential line integral of vector point function F is given 


by D F-dr, 


Now we are given that 


J | Я в-48=[ NE NT 


Stokes' theorem, yields 
| кй= || (V xF)n as- ||, (V хЕ)-48 


ne (fe G-ds=| J (XP. by (D) 


which follows that 
G=V xF 
Le: G=curl F. 


1.62. SOME THEOREMS 
THEOREM 1. The necessary and sufficient condition that a vector 
point function Е be an Irrotational vector function in a simply con- 
nected region is that curl F—0 at every point of the region. 

The condition is necessary, since if F be irrotational then there 
exists a scalar ¢ such that F=V¢ N 

у. curl Е=сші (V4) V x V$—0 

The condition is also sufficient, since if curl F=0 then it follows 
from Stokes’ theorem that 


| га | curl F-dS=0 
C 5 * 


showing that F is irrotational. 

THEOREM 2. The necessary and sufficlent condition that a vector 
point function Е be a Solenoidal vector function in а simply con- 
nected region is that div F—0 at every point of the region, q 

The condition is necessary, since if F be solenoidal then at any 
point, we have by §1.52 (note) 

div F= Lim || FdS _ 
© y»0)Js V 


showing that F is solenoidal. 
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The condition is sufficient, since if div F—0, then Gauss’ divergence 
theorem yields, 


f; Fas- [s F dv=0 


showing that the Flux f; F-4S across every closed surface is zero. 


Note. div curl F=0 = divergence of every curl is zero i.e., curl of 
every function is solenoidal. 

THEOREM 3. If їз a continuously differentiable vector point func- 
tion such that div X —0, then there exists another vector point function 
f such thai Fecurl f. 

Firstly to show that f is any function whose curl is Е, take a general 
function f+ V$ whose curl is Е, $ being continuously differentiable 
scalar point function. 

Assuring that curl f=F=curl g, we have curl (g—f)=0 
which follows that g—f is the gradient of some scalar $ Le. 

g-f=V¢ giving gef V$ 

But if ¢ be any scalar point function, then 


curl (f+ V Ф curl f4-curl Vé 
=F+V x V¢=F 
which proves the proposition. 
Now to prove the main theorem, let u$ suppose that 
F=Fi+Fij+Fik 
f=fithj+fk 
Then, curl f V xf=| 1 j k 
$ .9. В 
ёх ду u 
ah _th\,, лу, (2h th 
з 2 "n êh €f 
-(2- 2) (2-4) (a-p) 


i n that Fecurl f gives on comparision of the coefficients of 


05. 0f hh 4, _ th 
н gu Fim -i tix dy 0 
F, £F. 
Аю, mtata Sue) 
If we suppose that f, =0, then (1) gives 
LE x 
һ„=— n giving fe - f F, 4х+$ (y, 2) 2-09) 


and F= h giving f= Ё Fide 0,2), 
У, z being parameters ... (4) 
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We get from (3) and wh- |; Oe axa Zt T 
о 


on (х а 
and | за +% EFO 
id Er df x (OF, £F. êp € 
"RR 
x ФЕ, êp 
Bs Fax $ É with the help of (2) 
Fx, у, 2) Fi Go Y» >+% -# 


Le. F, Gs 5-6 -8 
If we now suppose that «0, then 

mF б», д aive [у һб» 04 
As such we find from (3) and (4) etc. 


п — |, +0, 2) 


were $0, 3e, fie n 0 
It is evident that Su fu fe as determined here are the compo 


nents of a vector f whose cur s F. 
Hence div Е=0 Е curl f. 


1.63. THE CLASSIFICATION OF VECTOR FIELDS 
(Kanpur 1968 Agra 1954, 63, ›) 
If curl FeO ie. V xF=0 then F= ad $ or F is called аза 
Lameller Field ot à Zero Curl Field. Also if div FeO Le. V: F0 
or F is called as à Solenoldal field. Yt is conventions: 
to classify the vector fields into four: 
(1) When curl F=0 and div F»20, then the first condition *nows 


the field to be lameller of irrotational 
— 


since curl Е=0= = oF grad $ and in 
view of second condition it gives div 
$=0 Le. V* $=0 ie. бйз е 
uation showing that the field is sole- 
о оар ы! On M wh TE 
a is ter! asa t field, y 
which is frrotational olen af ce t VERO; ухғ=0 
pressible fluid as shown in Fig. 1.63. Fig. 1.6% 
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(2 When curl Е=0 but div F#0. 
Then curl F=0 gives F=grad ф and in 
view of second condition this fields, 
7 grad $40 ie, V? $40. So this 
<— ә — field 15 termed as the type of field which 
mak is irrotational motion of compressible 

VY XF=0 fluid as shown in Fig. 1.64. 
V-F#O _ (3) When curl F40 but div F=0. 
: Then div F=0 gives F—curl: f which in 
Fig. 1.64 view of first condition fields curl curl 

£40 or V x(V xf)40 


«— —— 
ie., grad diy f— 72520 
This shows that if f is solenoidal then re 
we must have div f=0, so that grad div е VXF#O 


> 
f=0 and as such V"f40, Hence such М 
а ficld is termed as the type of field Ecce v V- Fad 


which is rotational motion of incom- 
prossible fluid as shown in Fig. 1.65. Fig. 1.65 
(4) When curl F0, also div F0. This type of vector fields is 
most generai and it is termed as the 


type of field which is rotational 
INC motion of compressible fluid as 
> shown in Fig. 1.66. 
° V XF#O 


In fact this field is made up of 
у. F40 two fields namely (i) Lameller vector 
field (e. having no curl but may 
: have div only), (ii) Solenoidal vector 
field (i.e. having no div but max 
have curl only). Mathematically, 
F=grad $-4-curl f 
So that div F=div (grad $+curl f) ` 


-—divgrad ф — ** div curl f=0 


Fig. 1.66 


-V'$ 
But div F#0, therefore 7°40 which determines $. 
Again curl F=curl (grad $--curl f)—curl curl f 
~ curl grad 9—0 
-É—VY 


But curl F#0, .- 
and this determines f. 


Such a decomposition of vector field comprising Lamaller and 
solenoidal field is known as Helmholtz's theorem. 


V'fz-0, where f is solenoidal vector field 


ADDITIONAL MISCELLANEOUS PROBLEMS 
Problem 165. Prove that if A, В спа C are three non-copl; 
vector Е can be put in the form | F-aBx C4-8C XATqAXB С ppm om 
Determine a, B and ү. (Agra, 1971) 


"A 2 


—————Á— 
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Given that A, B, C are non-coplanar vectors and we haye to show that Bxu, 
if their scalar triple 


СхА and AXB are also noa-coplanar. They, will be soi 
product is not zero i.e. if [BxC, СХА, А хВ]520 


Now [ВхС, СХА, АхВ]=(ВхС) . (CXA) x(AxB) 
s =(ВхС). ((CAB] A—Í[CAA] B) 
—[BCA] [CAB] +: [CAA]-0 
Е =[ABC] [ABC] 
=[ABC]2 М0), 
but [A, В, C]0 since A, B, С are non-coplanar. 
It therefore follows from (1) that [8 хС, СХА, А xB]40 
de. ВХС, СХА, AXB are three non-coplanar vectors andas such any vector F 
can be expressed in the form 
F=aBxC+8CXA+yAXxB +++ (2) 
Now to determine а, B, y, multiply (2) scalarly by A 
A.F=0A.BxC, other two scalar triple products vanish 
Similarly multiplying (2) scalarly by B and C successively we find 
В.Е С.Е 
В=ГАВС] and ї=[АВС] 
Problem 166. If A (t) be a vector function of the scalar. varii 
constant length, then show that at A(t is a vector perpendicular to A(t). 
(Agra, 1968) 


Given vector A is‘of constant length i.e. | A | =constant, and is a function of 
t. We know that А.А=А?= | Al?=A?, A being module of А. 


able t and be 9 ` 


Differentiation gives, 2А.—,=.24=—; 
ин E ай dt 
ut = =0 when A--constant. 


Or ORANG =0 


which follows that A(t) is a vector perpendicular A A(t). 


Problem 167. Show that div (Vux v0 (Agra, 1960) 


By §1.35, div (VuX Vv) - Vv.curl Vu—-Vu.curl Vv 
—Vv.curl grad u— Vu. curl grad v 
=0 as curl grad u=curl grad у= 


Problem 168. Show that V.(a Хг) =0, а being a constant vector. 
Take a—a;i--ajj--ask, r=xityitzk and verify it- 
Problem 169. In the gravitational field of a mass m, the potential is given bY 


0 by Problem 910) 
(Agra, 1958) 


Me where r is the distance from the mass, given by ху: Obtain 


r 
the components of force vector by differentiation, Find, the curl of the force 
show that it is zero. (Rohilkhand, 1977; Agra, 1955) 


Here ШУ then Fo — ete and F=Fai tP, HE: 
Itis easy to verify V XF=0. 
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Problem 170. Find the Cartesian components of vector Cjwhich is perpendicular 

to the vectors А (2i—j—4k) and B (3i—j—k). (Agra, 1953) 

It is easy to find the components of АХВ which is perpendicular to A and B 

both. ‘Ans. —3, —10, 1 
Problem 171. Prove that (AXB)-(CxA)=(A-C) (B-A) —(B-C) (А-А) 

(Agra, 1962) 


Problem 172. The rectangular components of a vector A are 
af A, Лулу iy 
Co RAR PER Yo Tax > £t Ag Зу ax 
Where f is given function of (X, ў, z). 
Express A as vector product of two vectors and evaluate А.т and А . grad f. 
(Agra, 1962) 
Here A=Azi+- Agi + 44k — (xi+yj+zk) x Vf —rx Vf etc. and it is easy to show 
that А .г=0=А . grad f. 
Problem 173. Establish Poisson's and, Laplace's Equations, 
Gauss's theorem, for a volume distribution of density e, gives 


u-[ Ал 45-4 | o d», 
5 v 


where N is the flux of the electrostatic intensity A at a point of closed surface S 
on у hich the positive unit normal isn. 
With the help of divergence theorem, we find 


f, (div А) йу=4т fe dy 


or J, (div A—4np) dv=0, 


which is true for all volumes however small. 
*. divA—4np=0, ie., div А=4тр 
or V-A=4r0. 


(Agra, 1961, 65) 


or 10: 

This is known as Poisson's equation. 

Tn free space, p=0. 

s у?А=0. 
This is known as Laplace's equation. 
; axr a 3 

Problem 174. Show that curl T —— t (а-г), where a is a constant 

vector and =xi+yj+zk. 


ахг ахг a ə è axr 
Here, curl T =V Сз = ig ne JE 73 


лнн (Вана (в) n 


х 3? L] 3. a 
Now а а) ахг+ + ax tt) axrt xh 
TAR AEN 
Å r=ix+yj+zk gives z% =i 
er х 
х?+у?+:2? рї M 
and r?=x24y? +2 gives, = 


PET 2 (0) 5 ems A ixiext 


—— E qua) а-а) r)4 zz LED а-а) 0 
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=— 3 pa- (xa) 1+ [a (i) i] 


3x? 3r a (iaji 
=- ats @х-а)+-— 7 


T Poon а c3 Ё 
Similarly, а (x --x ator (ya) +3 023 


з /axr аз. ДЕ; а (ка) к. 
and est 7 )-- + e (kza) +5 — 3 — 


Ф (axr ə fatr зү ахг 
ЖО? зун 2( ri Jax ( r$ ) 


24 y 3 
zi Perm a+r Gioia 


435 At ie) eda) pede 


k] 


z— E Te E: rat MN since if a—2:i--a)]-- ask, 
i-a=ay, j-a=ag, lem ae 


2. (ba) i+(ja) J+ (lea) к= aiias) Ho ask 


-— 0. ; .. + (2) 
Hence from (1) and (2), 
Сш! 7-7 +5 D. 


Problem 175, Give example in support that vector methods have been used to 
give results in a simple and elegant form. 

Ever since the development of Quaternion analysis by W.R. Hamilton and of 
the ‘Ausdehnungslehre’ by Grassman, it has been a growing feeling tbat new 
methods and ideas be applied more simply and more directly to many of the 
conceptions of geometry, mechanics and mathematical physics, than those long 
accepted. The methods of Vector Analysis are adopted on the grounds of 
naturalness, simplicity and directness. 

, As an example, Faraday the great physicist with his mind's eye visualized the 
lines of force emerging from the magnet and so he had a visual conception of the 
manner in which the electro-magnetic waves were travelling through the ether 
around him and so divergence and divergence theorem to him *had simple 
meaning. 

Numerous other examples can be quoted from geometry, mechanics and 
mathematical physics. 

"Problem 176. Show that 

(a) The vector product of two vectors is a vector. 
(b) The gradient of a scalar function is a vector. 
(c) The divergence of a vector function is a scalar. _ (Agra, 1965) 

Problem 177. What is Green’s theorem. Use it to solve the equation. 


ay ар аф 
aa tae +95 4np (x, y, 2). (Agra; 1965) 


> 
Problem 178. (a) Prove that (AX V) xR=—2A 


5 
find (AX V) - Е, where А is any vector field and R is a vector drawn from the 
origin to a point Р: (x, Y, z)- 
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(b) Find the directional derivative of the fanction $ ix, y, z)=2xy+ 2? in the 
direction of the vector i+2)+2k at the point (1,—1, 3). 
(c) If the divergence of a vector field H vanishes, show that it can be expressed 


as the curl of a vector field A, (Bombay, 1965) 
(а) Let A=Ag 1+ Ay j-- A, k and R=xi+yj+ zk 
d dA gk 
then AXV | 4, Ay A, (4 ал: y (24s 242 + 
а а. 3a) \ az Әу {х — ez 
Әх ду az 
BAz 2.4, 
( ду Әх )‹ 
ee ә a 8A, 24, 
So that (AV) (а о) 24s .. Br 
+ Re Һ(ынә) 
-—2(As it Ay }+ 4, К) = –2А 4 


E 
It is also easy to show that (AX V) R=0 
(b) $22xytz* 


Vena nina) ovem emen 


= —21+2j+6k at x=1, у= —1, 273 
i+2j+2k | 


3 А "e : ү j4 te! 
A unit vector in the direction of i+2j+2k is ЛЕЙ Т (i+2j+2k). | 


Since the directional derivative along a unit vector u is u grad $ l,e., wV$, | 
therefore the required directional derivative in the existing case is | 


= 0229: 221-68) | 


мр MALI 
=3[. 244412 |= 3 


(e) Tt is easy to show that div H=0=>H=curl A by Theorem (3) of $1.62. 
Problem 179. (a) Prove the divergence theorem of Gauss. 


(b) Prove that [js (NXF) d$ =f ff ima 


where F is a vector field and N is the normal unit vector to surface S enclosing 
the volume. (Bombay, 1965) 

These. are well known theorems. 

Problem 180. (a) Prove the following by using vector methods: 

11) The medians of a triangle meet in a point of trisection of each other. 

(2) Sin (2-8) sin a cos B г cos = sin B 

(b) Prove that 

(1) [AXB]X [AxC]- (А XB]-C) А а | 


r 19 a 1 3 a H Lu 
à Vor (up) naci m tp) rame ur 
(a)—(1) See Problem 14 (b). ` - (Nagpur, 1965; Agra, 1966) i 
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(2) Take i,j unit vectors along OX, OY two mutually perpendicular axes and 
consider two coplanar lines O4 and OB m 
making angles « and B with OX. If a and 
b be unit vectors along O4 and OB 
respectively then 

a—cos «itsin с] > ` f 

b=cos B i-sin 8] 

If € be a unit vector perpendicular 
toi and j both, then 

Ёха=1.1 sin («--8) € 
ie, sin (кВ) t-(cosBi-sins) О 
X(cos æ i+sin о j) 
= (зїп a cos B--cos х sin P) t 
ы ixj=Ê 
г. sin («-+8)=sin « cos 8-+cos « sin B. 
(b) (1) L.H.S=[A xB] x[AxC] Fig, 1.67 
=([А хВ].С) А—([А XB)A) С 
-([AXBMC)A ^ [AXB}-A=[ABA]=0. 
2 2 2 

(2) We have vi-a m tor in cartesian coordinates. 
The transformations to polar coordinates are я 


x—r sin 6 cos $, y—r віп 9 sin $, z=r cos 0 ... (0) 
Let us first change х, у, z to u, $, 2 (cylindrical coordinates) by the trane- 
formation 
х=и cos ф, y=u sin $, z-z sus) 
So that u—4/3x?4)? and апі Z 
du u 2$ sing $ cos $ 
Also, ут =с03-%, pomm РА T AA 
ду av ди av 9$ — ay sing Vitaly 2 
Now, чу = ou ax tag 90—08 % тт ag: Similarly ay 
| in got cos 9 v 
| sind, ap 
Ue (my ry (зууг үл my | 
* GG) -()«G s) dui 


көз Bee (m) (ена nt) Co gg 
=cos $ | cos Mv sas et) ш 
X cose ос. En 2 A n 


й 


a 
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Kim e^ $ 2sin$cosó 8?» cosh а?у сы КД 
Similarly 3» sin'$ Pim x ETT 2 ag ЕТТ 
2511 $ cos $ з, 
NIA SAP 
_ ay , ay an tay 1 dy 
Adding jy wy ET u au оф г) 
2 
Adding $- on either side of (4), 
su eor 1 а> » ay 1 ð 
2 CL THAT Toe] 
Vive Ta wt Та и du ® 


Now by ae u=r sin 0, z=r cos 9, the transformations (2) reduce to the 
form (1) and by applying (4), we get 


Sip Әу Әу 1 97v 1 ду 6 
эй Тэ am E e vr Eo 
1 ay 1 av cost 3v 
and и аи =н (5% in? E sé) ›@ 
Substituting values ше d and (7) in (5) we find 
29» ar cot 6 » EI AELA 
vim ч *r » + "+ р ar tt sin® ag? 
абан + ‚(шо A) 
B ә, LTD] a 
1 
he. Var (и Bye sin 8 20 (sin a) ato E IE i 
Problem 181. Evaluate the following : 
еса. 
в) +f "mr C ax 


—со 


+00 
w 2711155 4 ikt ауа: [r= V Pte t= (х, у, 2] 
—00 (Agra, 1966) 


2, P 
Problem 182. (a) Starting from the definition 7*)= Am sat ote A express: 


WV in polar and cylindrical coordinates. 
(b) Write the general solution of the equation \/?ф=0 in polar coordinates. 


(Agra, 1966) 
(See Problem 180). 
Problem m. (а) ) Prove the. JOH oV in Do identities : 


ti) 9. (9 хю= =0, (ii) уху $)=0 
(b) Show that if a scalar point function depends only on the magnitude of the 


> 
position vector Т, then уз=®_ er, er being the unit vector in the direction of Y. 
r 


> 
(c) Show that Y xr—0 


(Here v is a vector function of r and v- in Ну kar in the usual notation) 
(Agra, 1967) 


. Problem 184. (a) Define (i) The dot prod ct and (ii) The cross product of two 
vectors. Show that Ax (BXC)—B (А- -C)—C (А.В) 


үзү" 
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(b) If 4 is any scalar and А any vector, then «how that 
(i) div $ A=A - grad $+$ div A 
(ii) curl $ A—$ curl A—A X grad $ [Vikram 1967, (i) 69 also] 
Problem 185, Explain how the Laplacian operator N/? can be expressed in any 
system of orthogonal curvilinear coordinates, Hence express it in cylindrical 
spherical polar coordinates. (Vikram, 1967) 
See §1.45 anc §1.46. 
Problem 186. Using 


G) |; E +&=ф m dS, (ii) |, ўхва A dS 
V and n is the unit normal 


the Theorem of Gauss prove the following identities: 


Here S is a closed surface enclosing the volume 
vector at the surfacé element dS. (Agra, 1968) ` 
>> > 
У: and V х. Show that 


- Problem 187. Explain the meanings of the operations у, 


> E > > > 
V X(AXB)-(B- V) А—(А-\/)В—В (V-A)--A(V-B) (Agra, 1972) 
Meanings are clear from $1.24, $1.28 etc, For second part see $1.33. 


Problem 188, (a) Prove the Green's theorem 


ff] ee | [5 (+ vy “) d 
) 


(b) A vector field is given by А=(х?+ ху? i+ (y?+x2y) j 
Show that the field is irrotational and find the scalar potential, (Bombay, 1970) 
First part is the well known theorem and for second show VxA=0. 


Problem 189. Establish an expression for the components of the curl of a vector. 
d hence obtain the radial component 


A in orthogonal curvilinear coordinates an 
curl A in spherical polar coordinates (r, 9, 9). Agra, 1974) 


See 51.42, $1.45. 
Problem 190. Find the divergence, the gradient of the divergence and the curl of 
(Agra, 1974) 


E 
the vector r” г, where T isa position vecror. 


See Problem 98. 
curl curl Ae —NV?A (Agra, 1975) 


Problem 191. Jf div A=0, show that 
Problem 192. (a) Clearly explain the physical significance of divergence and 
curl and express them in spherical polar and circular cylindrical coordinates, 


(b) Jf а vector function F depends on both space coordinate (x y z) and time 1 


show that. 


I 5 
dF— (4.7) F+ FTH та (Rohilkhand, 1976; 


Problem 193. Define Solenoidal a 
r® г is an irrotational vector for every n, 
is the position vector of a particle. 

In the gravitational field of mass m, 


z. Obtain the components of force and show that its curl is zero. 
Sse § 1.63 and Problems 111 and 169. (Rohilkhand, 1977) 


nd Irrotational vector fields. Show that 
but is solenoidal only if n= —3, where t 


the potential at a distance r is given by 
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MATRICES 


2.1 DEFINITIONS AND NOTATIONS 
A set of mn numbers, teal or complex, arranged in a rectangular 
array of m rows and 7 columns such as Ё ааг 


is called a matrix of order mx n. 

In other words a scheme of detached coefficients a:; arranged in m 
rows and n columns is called a matrix of order m by n or an mxn 
matrix or a matrix of type mx n. 

In case т=п, the rectangular array becomes a square and so the 
matrix having number of rows and number of columns equal is called 
a Square Matrix of order n. 

Any matrix obtained by deleting any number of rows and any 
number of columns from a given matrix is said to be a Sub-Matriz 
of the given matrix. 

The mn numbers ау, (i1, 2,.... m; Jl, 2, +. п, ic) constitu- 
ting the mx n matrix are called its elements or constituents. The ele- 
ments ay (i=j) of a square matrix A are called its diagonal elements 


n 
and their sum as trace of A denoted by tr. A= em 
n s 


A matrix is usually denoted by capital letters like А (in clarendon 
type) or [а], where ау, represents the (i, j)th element i.e., the element 
in the ith row and jth column of the matrix. 

Thus an m X n matrix may be expressed as 


Gau ац o >- Ча | Where 1<і<т 
Asfa] = E аз 


аһ | and l&j&n 
PON. but — izj 


axe y SEC QAO 
We have so far uscd only a pair of brackets ie. [ ] to denote a 
matrix, but a pair of parentheses ie, ( ) and double bars ie. || 11, 
are also sometimes used to indicate a matrix. 
A matrix having all of its elements zero is said to be a Null Matrix 
and denoted by O e.g. 


000 
000 det 
000 or о 0 0. 


тт 
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A square matrix of order n having all its diagonal elements unity 


` and zero elements everywhere else is called а unit matrix or an iden- 


tity matrix and denoted by I,. Thus 


0:077 05 OE 


It is possible that a matrix may have only a single row or a single 
column such as 


[05/44 sis v. a5] andr b, 
| : | 
b, 


the first orie being a matrix of order 1Xp is called a row matrix and 
the second one being a matrix of order qX1 is called a column 
matrix; \ 


А single element constitutes a matrix of order 1x 1. 


In relation to matrices, the numbers are usually known as scalars; 
for they behave as operators exactly like ordinary numbers as multi- 
pliers and hence are called scalars. 


ILLUSTRATIVE EXAMPLES 
1. f 3 nt is a matrix of order 2x3. 
4—5 6. 


2. 2 ap А is а square matrix of order 3. 
145/94 
3. | 0 2) isa sub-matrix of the matrix [2 0 3 —1 2 
4 5 6 4:556 -— 78 
942 1:5 


4. 4, 0, 6 are the diagonal elements of the matrix ' 
A-[4 Ы 2) whose elements are 4,:5, 6 


2 
2 —5 6 
2,0,3,2, —5,6ie. if[ag]-[4 5 6] then 4,1 —4, 41=5, 
A 5501/9 4,5 =6 etc. 
2 —5 6 


Also trace of A i.e. trA=4+0+6=10. 


5. [0 0] isa 3x2 null matrix. 
00 
0 0 


6. [1 0 0] isa unit matrix of order 3. 
010 
001 
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7. [2 3 —5] isalx3row matrix. 
8. Г 2 | isa 4X I column matrix. 
1 


[? 


2.2. EQUALITY OF MATRICES 
Two -natrices А and B defined as 
A=[a;;] and B—[;;] 

are said to be equal if both are of the same order mx n i.e. A has the 
Same number of rows and columns as В and each element aj; of A is 
equal to the corresponding element b; of B ie. a;;--b;; for each pair 
of subscripts i and j. 

Hence for equality, the two matrices must be identical in every 
respect or broadly speaking, the two matrices are equal if and only if 
one is a duplicate of the other. : 


ILLUSTRATIVE EXAMPLES 


1. If A-[a. a] andB-[5, b, 
а Arg ba ba 
4^, аз» ba baz 


then A=B if and only if 
ац = Ё, а= 013, азу =, азу =, аз by, аз Ds. 


2. The matrices г1 2] and Ё 2 being of different 
l5 —4, 3 —4 0, 


order are not comparable for equality. 
3. The matrices [2 3]and[2 3] are comparable but not 
Geet 6 1 
5 4 5 4 
equal as tlie clement of 2nd row and Ist column of the first matrix 
is not equal to the corresponding element of the second matrix, 


4. The matrices 72 1 >] апі f2 1 | are equal. 
[0-97 10119157 

5. The matrices г4 5 277 and [2* 5 3*"are equal. 
lé о 3! 32 0 V9 


COROLLARY. Equivalence Relation on Matrices 

If there are three matrices A, B, C such that they satisfy the 
following three properties. aS 

(1) Reflexivity A=A 

(2) Symmetry A=B implies that B=A 

(3) Transitivity A=B and B=C imply that A=C 
à Then the equality of matrices is said to form an eauivalence rela- 
ion. 


TERT T 


li 
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2.3. ADDITION OF MATRICES 
Two matrices A=|a;;] and В =[2;;) are said to be conformable for 
addition if they are of the same order i.e. they have the same number 
of rows and the same number of columns. The sum of the two 
matrices A and B is then defined as the matrix each of whose elements 
is the sum of the corresponding clements of A and B i.e. 

A+B=[a;]+[b;] 

—[a5 4-55] 

For example 


if Ага, Giz and B=-b,, Dyssvivies: Diu 
[rm ba bis ese a 
Amı Ime 
then Y 
A+B=paythy Qed, e. 060 01,45 
Gab; 45-65 o «e аР 
йыбы йыбы s e Ont Dan 


As an other example if 
[4 2 0 2 and EIS 2 Hi 
ed Soe es 
then к-р 2—1 0+2 3+0 sr yee ae) 
--4+3 1—4 5—5 —1 —3 0, 


COROLLARY 1. fr (A+B)=/r A4-tr B e.g. TATIUS 3] 


B- -р 37 then tr (--B)—1--4—5—24-3 
o il —tr A+ir B 


COROLLARY 2. Subtraction. The difference of two matrices А and B 
which are conformable for addition may be defined as the sum of the 
two matrices А and (—B) where (—Bj is the matrix obtained by 
multiplying every element of B by —1. Thus 

A-—B—A--(—B) 
7 €. the «imei of the difference matrix A—B are obtained by sub- 
trac(ing the eiements of B from the corfesponding elements of А. 
So ih A=[a;;] and B—[»^;;], then 
‚ ^*-B-[a;]—[b;]—[a; —;] 
As ап illustrative example if 
A-[2 5 E and ET 40 3] 


| 07 —8 22025 
thea A—B=f2 5-0 -3—3 2.5. =6 
log оо pe) eee 


COROLLARY 3. Multiplication of a matrix by a number (scalar) 
If A isa matrix of any order say m хп defined as 
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Az-[[d ац o 0-00: 
аар wm «€ es mn 


then the addition law follows 


A-cA-[4a da e 0 Amnn duo .. an 
атан closes ross ГА, NIU Sr oer oen 


Ямі быз vee =- Aan 


ER аныз 


ог 2А=2 Га аш .. üj]-[244 20» 2a: 
ks а,» Sus c gn ia 2а, 2а, 
а dm Dda: Зла 
Similarly ; 
2А+А=3А=3 fa; а, 353 is. 
а а, ө di 
аһ mo ... m 


= [[3a, 3a. .. .. Заз 
Зай, Ober 7 3.60 Dean 
BERE) dass 


or in general if k is a number, real or complex and A is a matrix 
then k A tke matrix obtained by multiplying every element o; à by k 
is said to be the scalar multiple of A. 
As an illustrative example if эү 02 2r then 
—1 5.4 
24-2 p 0 2 3=г 0 4 6 
[1 5 4) [2 10 8 
3A=37 0 2 37=г 0 6 
L-1 5 2] [5 15 |2] 
It is easy to verify that 
А-А —2A —5A — ЗА etc. 
and similarly (3--i) A=A+A (1+i)+A etc., where i= 4/ —1 


COROLLARY 4. Linear Combination of Matrices 
The same law of addition can be applied to combine any number 
of matrices. Thus if A, B, C....... ‚ К be a finite number of matrices 
each of order m xn (say). and о, B, ү,...... k be scalars then 
aA -4-8B-J-YC-......... —kK = [xa;;3- Gb;5-4- Yc... kkil 
Where А —[a;], B—[b;], C—lci4......, K= [ki] 
As an illustrative example if 
А=г2 POR El gt GN ek Go[2- 1 5 
[4 —1 2 [0 4 3] Е 0 4. 
then 
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ЗА-4В+2С= 6 —4 +4 9—(—8) +CD 0—12 rlo 
ушуы ышт му, Je] 


=[ 6 15 —2 
18 —19 —6 
COROLLARY 3. tr, (AA)=Atr. A, A-being scalar e.g. if Asma] 50 
0—1 
ЛА = ГА —2A clearly tr. (AA)=2A—A=A and A fr, A=A (2—1)=A 
ро =x ] Т ) à А 
во tr. ЛА =Мг. А. 


'2.4. PROPERTIES OF MATRIX-ADDITION 
[1] The Commutetive Law 
If A and B are two matrices of the same order say mxn, then 
A+B=B+A 
Let A=[a,,] and B—-[b;], i—1,2,...m 
j=1, 2,...n 
We have 
А-+В=[а]+[Б]=[а,+Б4] — . 
—([b,;4-a;;] since bi; and a;; are scalars 
=[5]-+(а,] 
=B+A 
i.e. the commutative law of addition holds, 
[2] The Associative Law 
If A, B, C are three matrices of the same order say т хп, then 
(A--B)--C—A--(B4- C) 
Let Amla), B=[b;] and C=[c;],_1=1, 2,...m 
jz1,2,.-.n 
Wehave (A +B)+C= (asi) + (be) Hes) 
= (la+ b)+ ecl 
—[(254-5;) t cal 
[a+ (bg. cu), au, bin си being scalars 
—[a]4- (b; cu) 
=A+(B+C) 
i.e. the associative law of addition holds. 
[3] The Distributive Law 
If A and B are two matrices of the same order say тхп and k isa 
scalar then k (A+B)=KA+4B 
Let A-[a.land B—[b;], i=1, 2,...m 
j=l, 2,...n 
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We have, k (A+B)=k [ag-- bu] 
=k (24-b4)] 
—[kau-- kb; 
—[ka;]--[k54] 
—k[a;]-- k[b;;], k being a scalar 
=КА-+ КВ 
i.e. the distributive law of addition holds. 
[4] Existence of Additive Identity 
If A be a matrix of any order say тхп and О a null matrix of the 
same order such that when it is added to A, leaves it unchanged 
i.e. А+О=А 
then O is said to be the additive identity of A. 
Its proof immediately follows from the fact that if A—[a;] and О 
is a null matrix i.e. a matrix having each of i s elements zero, then 
A+O=[a,,+0] 
=[a,;] since a zero added to any scalar 
leaves it unchanged. 
M ED 
Because of this fact O is said be an additive identity of A. 
[5] Existence of Additive Inverse 
If А be a matrix of any order say mXn,-and there exists a matrix 
Pig of the same order such that if it is added to A gives a null matrix 


Le. AT(—A)-0 
then (—A) is said to be the additive inverse of A. 
Let А=[а:] 
Then, —А=—[а@]=[— а] 
So that A--(—A)- [ag] +a] 
—[24—24] 
=0 


Because of this fact (—A) is said to be an additive inverse of A. 

[6] The Cancellation Law 

If А, B, C are three matrices conformable for addition then the 
relation A+B=A+C 
holds if and only if B=C 

Let A-[aj, B=[b,], С=[си], i=1, 2,...m 

Д=1, 2,...п. 

Then the relation A+B=A+C follows that (i, /)th elements оп 

either side are identically equal i.e. 
Ast bi; lyt ci 
which yields 
b,,—c,;, since ау, Баз, сү, all are scalars. 
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i.e. (i, j)th element of B—(i, j)th element С for all values of i and /. 
Assuch B=C 
Hence the relation A--B—A 4-C holds if and only if B=C 


Problem 1. ius E ^ р Brei? G : and C 


В i | then find 


(i) A+B 
(ii) A—C 
(iii) —2A 
(iv) 2A+3B—4C 
(i) We have 
A+B=fl 2 —3 3 —1 2 
} [5 6 425 
io 2-1 —342 
5+4 042 2+5 
"b 1 27] 
De 1. 
(ii) We have 
A-C-[1 2 — 412 
[50 2-0 32 
ran 2—1 -3-2 
5—0 0-3 2—2. 
-[—3 1.— 
[ 5 —3 0] 
iii) We have 


EU e d 

-[—-2 -—4 Al 

10 07 24 
Б асан 2 —343p —1 21-4[4 1 2 
[23h 1 [0 3 2) 


=i 249-16 4-3-4 —6+6—8 
10--12—0 0--6—12 4415-8 


ар PARET 

n4 SS SD 

Proben2.]f Asf 2—3], В=[3;—12 
$0197 7*2 d 2 
[opor MORET 


and C=[4 1:2. 
0 3.2 
1-2 3 
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Verify that A+(B—C)=(A+B)—C 


and determine the matrix D such that A+D=B 
We have Ў 


A-B—-O-[1 2 —3]+ [3 —1 2]-[4 1.2 
$55 0c 2 4 25 0 372 
1 —1 1 2'"-03 1-2 3 
1 2 —3 —1 —2 0 
-5- 0 21-4 4.—1 3 
1 —1 1 1 2 0 
0 0 —3 
29-1 5 n 
2 1 0 ; к 
and (A+B)—C= ([1 2 —3-4[3 —1 2] -[4 12 
5 0 2 4 Geo 0 3:2 
1 —1 1 2 0.3 1 —2 3 
=[4 1 —1)-[4 3725 
a ET 0 3 : 
3 —1 4 1. —2: 3 
0 0 —3]. : 
9 —1 5 VN 
2 1 0 
From (1) and (2) it follows that 
A+(B—C)=(A+B)—C + 


Hence the required relation is verified. 
Now given that 


A+D=B 
Adding (—A) to both sides, we get 
A+D—A=B—A 
or D+A—A=B—A_ by commutative law $ 
ог D=B—A since АА = 0 by existence of additive inverse. 


Ga У A S 
35:205] [Б 56,2 
ао 20 3 1 [S sd 
BS hy a ` 
SpA 

1 1155 


Which is the required matrix. 


2.5. MULTIPLICATION OF MATRICES 

Two matrices À and B are conformable for multiplication if and only if 
the number of columns in А is equal to the number of rows in B. The 
product of the two matrices A and B denoted by AB is then defincd as 
the matrix whose elem:nts in the ith row and jth column is the algeb- 


MATRICES . 197 


raic sum of the products of the elements in the ith row of A by the 
corresponding elements in the jth column of B. 

In other words the product AB of two matrices conformable for 
multiplication, is the matrix whose element in the ith row and jth 
column is the inner or scalar product of the ith row of A by the jth 
column of B, while the inner product or scalar product of two 
numbers х and y with components x;, x,,...x, and y, y»... із 
equal to 

xU dày ee T Xn у» 

It should be noted that inner product of two numbers with 
unequal numbers of components is not defined. 

As an illustrative example if 


A=F а d, аз апі B=f b b, [ 
а Ar ай ba bs 
: аз Asp @з; bs, Б 


ар аз а 
then it is clear that the two matrices аге conformable for multi- 
plication since the number of columns in A is equal to the number of 
TOWs in B. 
oe АВ=Г an butas batan ba ац bitta brestas bos 
< | аы birta bartas Ба аз biata bratag bas 
азу butas batas by аз Diatas Dig 455 bss 
аа btas bartas bsi Ga biata Dudas Ose 
It is worth noting that the product BA is not defined, since the 
number of columns in B is not equal to the number of rows in A. 


In the product AB, the matrix A is known as Prefactor and B as 
Post factor. 


As an illustration in generalized form if 
A=[a;], a matrix of order m xn 
B-[bj], a matrix of order n xp 
then AB=C (say) is a matrix of order mxp 
ie. С= [с] is a matrix of order mx p such that 


n 
Ca È ay by 
j=1 


T = bua Boyt... ат ba; 1—1, 2,...т and 
f ј=1, 2,...р 
Thus 
С=ү ĉn 
Г Cn 
‘Conn, C 


COROLLARY. tr (АВ) гг (BA), all matrices being square of order n. 
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If A—-[a,], B=[b,] then AB=C ѕау= [с] 


n 
where сз= È anbu 
k=1 


- n 
Let BA=D=T[d;;] where due E ba ак; 


Thus fr. (Ав)=2с= (аһ ba) 


n n 
= X aw Бы (on interchanging the order of summation) 
k=l i=l 


n n 
= У (È bu аһ) 
k=1 i=1 


n 
= Ў dy=tr. (BA) 
k=1 
which proves the proposition. ` 


2.6. PROPERTIES OF MATRIX-MULTIPLICATION 
[1] The Commutative Law for Multiplicaticn does not hold in general 
Consider the matrices 


A-[ 1 —2 and B= 
2 3 130::2 
—3 1 0219773 


These аге conformable for multiplication and so 


AB-[ 140 0—2 2—6]-[ 1 —2 —4 
240 043 4+9 2. 3 13 
2340 041 643 з 553 


and BA-[1:0-6 —2404-221.[-5 0 
042-9 023431-1-7 6 


It is apparent that the product matrix AB is of order 3x3 while 
the product matrix BA is of order 2 x2 and therefore the two pro- 
duct matrices are quite different i.e., : 


ABZBA 


^ inte follows that the commutative law of multiplication does not 
old. 


. Had the order of the matrices AB and BA been the same, then it 
would be possible that ABABA if every or at least one element in 
AB would difer from the corresponding element in BA. Though thero 
are a few exceptions in which case the commutative law holds good. 


Such cases will be considered in the discussion of special matrices. 
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In fact for a given pair of matrices А and B it is possible that the 
Products АВ and BA may not be conformable. For example if A is 
of order m x n and B of order п xp, then the product АВ is confor- 
mable and will be of order m x p while the product BA is not confor- 
mable since number of columns in B is not equal to number of 10Ws 
in A. Thus the product AB exists while BA does not. 


[2] The Distributive Law for Multiplication holds Good 
If A, B, C be three matrices of suitable orders such that the producis 
А (B+C) and AB, AC are conformable then ч 
i А (B+C)=AB+AC. ы 
Suppose that i 
А= [а] is of order тхл 
B=[b,] is of order nxp 
and С= [ca] is also of order nx p 


Then, (B+C) is of order nxp and A is of order тхл so that A 
(B+C) is conformable and of order m x p. Also AB and AC both are 
of order mxp so that the sum matrix (AB-- AC) is of order mXp. 
Hence the matrices A (B+C) and AB--AC are of the same order 50 
that they are comparable for equality. ў 


Now, 


(, k)th element of A ETOR i a (binte) 


n n 
= Ў dubi È асу 


=(i, k)th element of AB+ (i, k)th element of AC 
=(i, k)th element of (AB+AC) 
for all i—1, 2,...... m and k=1, 2,......p 
A(B+C)=AB+AC 
A similar procedure will show that 
(B+C) A=BA+CA 
where B, С, A are of orders mx n, mx n, mx p respectively. 
Hence the matrix multiplication is distributivé with respect to 
addition. 
[3] The Associative Law for- Multiplication holds Good 


If А,В, C be three matrices of suitable orders such that the 
products (AB) C and A (BC) are conformable then 


A (AB) C=A (BC) 
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Suppose that 
A —[a;j] is of order mxn 
B—[b,] is of order nxp 
and С={[сы] is of order p xq 


. Then, (AB) is of order mxp and C of order p xq so that (AB) C 
is of order i x q. Also (BC) is of order mx q and A of order mx n so 
that А (BC) is of order тх д. Hence the matrices (AB) C and A (BC) 
are of the same order so that they are comparable for equality 

a 


n 
Now (i, k)th element of AnS gd ba 
n 
So that (í, th element of (AB) C= f {© дф сы = 
=1 j=l 


n 
e £ У а, b, сы 
k=l j=l 


Also, (j, Ith element of eo- f b сы 
n p 
Зо that (/, Nth element of A ce carl р bin сы} а 


л р 
= Ў fF ay by Cer 
j=l k=i 


n 
- 2 У а; bik Сы 
k=1 j=l 
=(i, Ith element of (AB) C 
for all i=1, 2,...m, 1—1, 2,...¢ 
A (BC)=(AB) C. 
Hence the matrix multiplication is associative. 
[4] If A be a matrix of order mxn and О a null matrix of order 
nXp then the product AO is another null matrix of order mxp i.e. 
AO,, »=0,, » 
.. Also if O be an mxn null matrix and А a matrix of order nxp 
then their product is a null matrix of order m xp i.e. 
; Om, n A=Om: > 
Coriclusively if А be an n-rowed square matrix and О ап n-rowed 
йш matrix, then 
AO=0A=0. 
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[5] If the product of two matrices A and B is a null matrix then it is 
not essential that either of them is a null matrix i.e. 


If AB—O, it does not necessarily mean that at least one of А and 
B is a null-matrix. (Meerut, 1967; Gorakhpur, 1961) 
As an illustrative example if 


E Terr 
= а шш EH c 
=f0 01-0 
89 


i.e. the product of two non-zero matrices A and B is a zero matrix. 
[6] If Y be an m-rowed unit matrix and А an m xn matrix then 
1,A—A 
Suppose that A--[a,] a matrix of order mx n. 
Then, Im A is a matrix of order m x n and so is comparable to A. 


m 
Now, (i, j)th element of Im A= i (i, kth element of Im’ ay; 
=1 


But the (?, k)th element of L, is zero except when k=i, therefore 
the right hand sum of the above expression will have only one term 
different from zero and that is the ith term which is equal to 


(i, i)th element of L,:2,—1-:a; 
=li; 
(i, j)th element of Im A=ay 
=(i, j)th element of A 
which follows that 
In A=A 
Similarly it may be shown that if A be an mxn matrix and I, an 
n-rowed unit matrix, then 
AI,=A 
Note. This result shows the existence of a multiplicative identity. 
[7] Positive Integral Powers of Square Matrices 
If A is a square matrix of order n (say), then 
A*— AA 
and the associative law of multiplication leads 
A'A-—-(AA) A-- A(AA) - AA! 
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or A*—AAA-—A'A—AA? 
In the generalized form if p. 4 are two positive integers, then 
А?А—(АА...А, p times) (АА...А, q times) 

=АА...А, (p+q) times 
=Arte 

and (A°)*=(AA...A, p times)? 
= A*A*... A", p times 
—AX 


“COROLLARY. If I is a unit matrix of any order, then 
P=FP=.,.=P=], 
Problem 3. Find the product of the matrices 
ATi? 1-2 1] and B= 2 —1 0 
E I LG 0 4 1 
E I 1 
1—3 2 
The matrix А is of the order 2x4 and B is of the order 4x3 so 


that they are conformable for product and the product matrix will be 
of the order 2 x 3. 5 


Now, 
AB-[2 1 2 1 2 —1 0 
Er 0 41 
—2 10 
1 —3 2 


=ù2:2+1:0+2-(—2)+1-1 2-(—1)41-442-141-(—9) 
1:2+1-0+1-(—2)+1-1 1-(—1)41-441-141-(—3) 
2O PITZOENI] 
1-04-1:14-1:001:2. 


= (Pikes 
E dv3 
Problem 4. If mU 1 —2 A andB=[ 2 3 
4 00225 45 
wo 
find AB and show that ABABA. 


Since À is of the order 2x3 and B of the order 3x2, therefore A 
and B are conformable for the products AB and BA both. AB will 
be of the order 2x 2 while BA will be of the order 3x 3. 


Now; Ар I 2 13 2.3 
"vx 5 4 5]. 
2.1 


=f 1:2—2-443-2  1-3—2-543-1 
—4-2+2-4+5-2 —4-342-545-1 


Tbe 3] 


UCET РАС a NA VINE S 
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2-1—1:4 —224 
-[-10 2 2 
-16 2 37 
-2 -2 п 4 


It is clear that AB and BA being of the different order cannot be 
equal 
Le. ABBA. 


Problem 5. If Aa ae cos « sin i and Ав >i cosB sinp 
—s 


іп = cosa —sinp 05 6 
so that 
е cos (+B), sin ds 
—sin («--B), сег («--B) 
then prove that Г 
Aa Ap =Ар Ах =Aa+8 
We have 

Aa Ap | cosa sin “| [ соз В. sin p 
—sin = cosa —sinB соѕ В 


"| cos æ cos ĝ—sin « sin B cosa sin B+sin « cos 4 
—sin а cos B—cos о sin В —sin « sin f.-cos « cos B 
zi соз (+В) sin | 
—sin («--B) cos (a+) 
= Ån. 
Similarly Ав Aa —Àa48 
Hence Aa Ap =Ав Aa =Ac+s. 
Problem 6. [f A= [1 —47 prove that “зүү! —4п 
1 1 ] п 1 me 
where n is any positive integer. 
We have 


snp PE чы ee 
c ан Е Е ze 


uc 


PO ep |j att 
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Assuming that the result is true for an integral power n, we have 
NE —4n 
n 1—2] 
Multiplying both sides by A, 
A™=f1l+2n —4пү[3 —4]=[142(n+1) —4(л+1) 
parar ciem] 
Thus if the law is true for A^, it is also true for A"*!. But it is true 
for n—2, 3, 4,... ; hence by the method of induction the same law is 
true for any positive integral value л. : 


2.7. PARTITIONING OF MATRICES 

In many cases it is found rather convenient to regard a matrix as made 
up of a certain number of its submatrices which may be treated as 
the elements of the matrix. This can be done by drawing any number 
of lines parallel to the rows and columns of the given matrix. The 
submatrices contained in rectangles so formed are then treated as the 
elements of the matrices. This process of dividing a given matrix into 
certain number of sub-matrix elements is known as the Partitioning 
of matrix, 

As an illustrative exampie 1f A is a matrix defined by 


A-[ 12 4 
—2 0 —5 
037576 


then this matrix can be partitioned in different forms by drawing 
lines parallel to row or column or both. 


‘In the first instance, we may partition it as 


=f Aj) where A= П) 1) and A,,=[0 3 6] 
id -2:0 —5 ; 
Ín the second instante we may have 


А=[ I: 2 4 
“—2 0 —5 
0-3 6 

=[А Ат] where d i ] and "T 4 | 


0 3506 
In the third instance we may express 
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[A À3,] where Aunts 2), Aud 
А03, А9 


As another example if we have two matrices of the same order say 


A-[ 0 2 —5] and B-[—2 0 3 
1-3 4 5 4 2 
FES 2 3. —1.6 


partitioned identically as below 


ji is dS rel 


=[Bu Bis] 
| Bi Ba 


then the two matrices A and B are said to be identically partitioned. 
The two identically partitioned matrices A and B are comparable 
for addition if the corresponding sub-matrices in A and B are of the 
same order i.e. the order of Ау, Bi; is the same, the order of Aj, 
В, is the same, the order of Ası, B, is the same and the order 

of Ags, В;; is the same in the above example and then we have 

A+B=fA,, А,,7+гВ,, Ba 
31 an] [в Bay. 

=ГА-ЕВ,, Ast Bis] 

+В А,В, 


2.8. PRODUCT OF MATRICES BY PARTITIONING 

Let A be a matrix of order mxn and B be a matrix of order nxp 
so that the matrices А and B are conformable for multiplication 
AB. Now if the two matrices are partitioned, then the partitioned 
matrices will be conformable for multiplication *when to each partition 
line of A parallel to the columns there corresponds a partition line of 
B parallel to its rows such that the number of columns of A lying 
between two adjacent partition lines is the same as the number of rows 
of B lying between corresponding adjacent partition lines.’ Broadly 
speaking if in A there lie a partition line after third column, another 
line after fifth column, then in B a corresponding line should be after 
third row and the another line after fifth row. 

It is notable that partition lines in A parallel to its columns may be 
drawn in any arbitrary manner. Two matrices A and B partitioned 
in the above described manner are said to be conformably partitioned 
for multiplication, for, with such partitions the two matrices can be 
multiplied as usual, with sub-matrices as the elements. 

As an illustrative example if A be a matrix of order 4x5 andBa 
matrix of order 5 x 6 partitwened as below: х 
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A-[2 1 3 —1 27=fAn Au Au] of order 2x3 
32 | У р [25 Ai Aes 


where A, isoforder 2x2 
Ais s 2x2 


AU ur E 
А » 2x2 
la 65 РИЯ 
Ass "t 2x1 
and В=[ 0 2 Bu B; 
$5. 4 Bu Bs 
ОР 31 B» 
| —2 3 of order 3x2 


where B, is of order 
Bis » 


В, a 1x3 j 
Then it is-clear that A and B are conformable for multiplication. 
Mso the partitioned matrices A and B are conformable for multipli- 
ation, for, the partitioned matrix A is of order 2x3 and the parti- 
ioned matrix В is of order 3x 2. 


Thus, 
АВ=ГА Ay Au] [Bu 8. 
1 Ag: Aas. 31 By 
31 3: 


7[Àn ButAis Bu--À5 В. An В..+А,, В.А За) 
1+А,. В.+Аз Вз An В,.+А,, ВРА Bas 


(es aera 
EJE $ JL tls -< tl ы 
H5 i38 аи 
[021576 JR 3b BÍ 
Tlou 3] [8 1525] [00 g 
H28[-2, is:5]e[4 16 16 
22613] L 27-2210) lo 0 0 


| 
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10 ^8 al La 2i 46l [o 16 —4] | 
41 22 2244725 —30 O]4[6 21 24 
1012 4] Lai Zis 30) Ls 28 32) 


13 13 TT PIS 34.3 
4 29 3i] [49 —16 23. 
15 55 191[72 13 46 

8 45 38] [% 22 66) 


z-r13 13 (ia) bedi 739. 
4 29 31 49 —16 23 

15 55 19 72 13 46 

8 45 38 59 22 66 


2.9. SPECIAL MATRICES WITH THEIR PROPERTIES 

While defining a matrix, we have already mentioned a few of the 
special types of matrices ike square matrix, null matrix, row and 
column matrices, unit matrix etc., but in this.section we have to 
consider almost all the special types of matrices with their properties 
in relations to others. Some types will be discussed in more detailed 
than a few others which are rarely used in different branches of 
mathematics applied mathematics and mechanics. : 


[1] Square Matrix and Special Square Matrices 
A matrix A having the number of rows and columns equal is called 
a square matrix e.g. 


Here A is said to be a square matrix of order m or an m-rowed 
square matrix or simply n-square matrix. 

A matrix which is not a square matrix may be called as a 
rectangular matrix, e.g. 

а an 2з | 
аз зу аз 
which is a matrix of order 2x 3. 

Determinant of a square matrix. The determinant of a square 
matrix А is the determinant which has got for its elements all the 
elements of the matrix А in the same places. It is denoted by | A |. 
Thus if A=[a,,] then | А |=| az; |. 

As another example if A be а n-Square matrix given by 


А =г ay, Ajg 
аз 


А 
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then | A |= 


It is easy to show that the determinant of the product matrix AB is 
equal to the product of the determinants of the square matrices A 
and B of the same order i.e., 

1АВ|=|А| |B] 

Or, in general the determinant of the product of any number of 

uare matrices of the same order is the product of the determinants 
of those matrices i.e. 

| ABC.....K|=|A] |B] | C | ..... IK] ESE 

Special square matrices. While discussing the properties of matrix- 
multiplication we have mentioned the commutative property. In 
relation to square matrices A and B of the same order say n, we can 
say that if AB—BA then A and B commute and if AB— —BA then 
A and B anti-commute. It can be easily verified that an m-square 
matrix A commutes with itself and also with identity matrix I, i.e., 

3 АА =АА 
and AI,=LA 

If k is a positive integer, then the matrix A with the property 
А.-А is said to be periodic. In case К is the least positive integer 
such that A**—4, then A is said to be of Period k. 

In the case when k—1, so that A*—A, then A is suid to be idempo- 
tent and if p is some positive integer such that A?—0 then А is called 
nilpotent. In case p is the least positive integer such that A?—0, then 
A is said to be nilpotent of index Р. 


ILLUSTRATIVE EXAMPLES 
ШЕ 5 04 
їй 3 б is e square matrix of order 3 
=з 


2 i 3 47] isa rectangular matrix of order 2x 3 
5=2 0 


3. The determinant of the 3-square matrix [2 047152 0 4; 

5 —21| |5-21| 

А 0 32] 10 32| 

4. The matrices Hu A| and I 5commute for all values of «, В, y, 5, 
Ba 5 т] 


Since 

GABAR РЕА 

5. The matrix [-: TR E is idempotent, since 
1 —2 —3 
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25:99 сй ср о оао сс Ед) 
ав ед Е E ME Bc 
1255 sim e e МЕ dE 

жыЛ. Жао ү 

[1 АЙЛАП 

Ж e 253 


—2 —6]i 


n 


s periodic of period 2, since 


ERT 


[2] Row Matrix and Column Matrix (Row and Column Vectors) 
A matrix having only one row and any number (>1) of columns 
is said to be a row matrix or a row vector e.g., a TOW matrix of order 


1xnis 


[a 4:2------ 4,4] or [a, а,......аһ]. 
A matrix having only one column and any number (> 1) of rows 
is said to be a column matrix or a column vector e.g., a column 
matrix of order mx 1 is 


a a 
5 аз 
zx Lori s 
Amı Anm 


In expressing vectors as matrices, the elements of-the row vector or 
column vector are known as the components of the vectors. Thus 
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we can define a m-vector as ‘an ordered n-tuple of n real or complex 
numbers written in a horizontal or in a vertical line? 

Algehraic operations on vectors. If A and B be two vectors with 
components ау, 4,...a, and b,, b,,...b, respectively, then it is easy 
to show that 

(i) А-ЕВ=[а,, а,,...... sd«]--[h;, by... 
=[a 4-5, а,-ЬЬ,,...... sant Ba] 

(i) kKA=k[ay, a,...... an], k being a scalar 

—[ka;, ka,,......k в] 

(iii) A-B=a,b,+a,b,+...... +a, 5, 

(i) A-A— | A P=a, а, Ра, as--...... +a, a, 

=| а, P+] а, [24-...... cap? 
(0) A vector will be a unit vector if | А | 1 

(vi) The vectors A and B will be orthogonal if A.B—0 

(vii) The vector О [0, 0,...... 0] is said to be a null vector 

(viii) AF} O=0+A=A : 

Linearly dependent and Independent sets of vectors. A set of n vec- 
tors Ai, А,,...... A, is said to be linearly dependent if there exists a 
set of n (of which at least one is non-zero) scalars k,,k,...... я 
such that 


sba] 


kı Ay Kk, Agt+...... +k, А„=О 
In the case when k,=k,=...... =k,=0, the, set of л vectors Ау, 
Mia. An is said to be linearly independent if 
kı Ap I Ast... + К, An=O. 
A vector A is known asa /inear combination cf the set of vectors 
1» Ån»... An if it is expressible as 
A=k, Ath, Agt...... kn An 
where ki, k,,...... » ks are scalars, 


ILLUSTRATIVE EXAMPLES 
1. [1.02 4] isa 1x4 row matrix (or row vector). 
2. | 1 | is a 3х1 column matrix (or column vector). 
5 T А 
3. If A=[4, 6, 0, 3] and B=[2, 3, 4, 0] are two vectors, then 
A+B=[4, 6, 0, 3--D2, 3, 4, 0}=[6, 9, 4, 3] 
3A—2B—3[4, 6, 0, 31—2[2, 3, 4, 0] 
=[12, 18, 0, 9]—14, 6,.8, 0]—[8, 12,—8, 9] etc. 
4. The set of vectors 1, 2, 3,2, —2, 0] is linearly independent since 
k, [1, 2, 3]--k, [2,—2, 0]—0 is equivalent to a system of equations 
ky +2ky=0, 2k, —2k,—0, 3 k,=0 
which are satisfied only if k,=k,=0., 
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an The set of vectors [2, 4, 10], [3, 6, 15] is linearly dependent, 
С 2 
212, 4, 10]--, [3, 6, 15]—0 is equivalent to a system of equations 
20-3 ka=0, 4 k,4-6 k,—0, 10 k "15 K,—0 
which are satisfied when k,=3, k,— —2 i.e., non-zero vaiues of k, 
and k. Ў 
[3] Null Matrix 
If all the elements of a matrix are zero then it is said to be a 
null matrix and denoted by О e.g., 
0 0 0 07isa null matrix of order 3x4. 
0000 
0000 : 
The commutative law of multiplication holds good in case ofa: 
null matrix e.g., if К 


А=[ 2—1 Jand O=f0 0 
[570177900] * 
‹ then лое 0 0 pos 
00 
We have also proved that a null matrix acts as an additive identity 
of any matriz i.e., as in the above example 
A-O-r2-114[0 07= 2—17=А 
[3 1] [o 0] [3 1] 
[4] Unit Matrix or Identity Matrix 


А square matrix of order n having unit elements in the Principal or 
leading diagonal and zero elements everywhere else, is called a unit 
matrix or identity matrix and denoted by L,. Thus 


9] and for п=4, = 
0 


001 a 
0:100: 551. 


It is clear that a square matrix A=[a,] is the unit matrix if 
аӊ=1 for i=j 
=0 for і] 
It is also evident that 
І„=1,2=1,2=....... 
The commutative law of multiplication also hol 
a unit matrix e.g., i A | 


A=f—1 2 0 ]and = 100 
а. ЕЕ а ауа dU 
| Pores 001 


ds good in case of 
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[5] Upper and Lower Triangular Matrices, Diagonal and Scalar 
Matrices 
A square matrix A of any order л, defined by 
А=[а:] 
is said to be an upper triangular mairix if its elements a;;=0 for i>j 
where i, j are positive integers ranging over from 1 to п. Thus an 
upper triangular matrix of order н is 


The square matrix А —[a,;] of order л is said to be a lower triangular 
matrix if its elements a,,—0 for i<j where i, j are integers such that 
1<i<n, 1<j<n. Thus a lower triangular matrix of order л is 

T а 0 0... 


аһ ап Ong 
A square matrix of order z which is both upper and lower 
triangular is called a diagonal matrix e.g., 


This is denoted by diag [a,;, 4, d55,......, Ann] and the sum а, 4-45; 
+--+ aan is called its trace i.e., tr А=5а, 


In a diagonal matrix if all the diagonal elements are equai to a 
scalar quantity say А i.e., 4,,--4,,—4;,—... —a,4—, then the matrix 
is called a scalar matrix e.g., 


It bears the name scalar matrix due to the reason that if a Square 
matrix А of order л be multiplied by the scalar matrix of order.n, 
then it is equivalent to multiplying thc matrix A by a scalar.. 

In case ^ —1, the scalar matrix reduces to a unit matrix. 

In other words an n-rowed sauare matrix [a;;] is called а scalar 
matrix when А 

4j;—À (some scalar) for i=j. 
=0 for iz j. 
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ILLUSTRATIVE EXAMPLES  . 
1. E E 2 3 7] is a 3-rowed upper triangular matrix. 
+1 5 
0 E 
2; | 1:0 is a 3-rowed lower triangular matrix. 
—2 5 
3 4 £5 
3.72 0 07is a 3-rowed diagonal matrix. {ts trace is 2--1--3 
0 1 0.|Ze.,6 
1207403 
4[2 0 07isa 3-rowed scalar matrix. That's why? Because if 
02 0 
002 


we multiply it by a 3-rowed square matrix A= ce 3 
25 4 


then 


1-12 2 0 07]=[ 2-2 4]=2 1 —1 2]=2A 
3 1 А 020 6 8 10 3 45 
г-2 002 —4 10 8 —2 54 


Le, А ы. been multiplied by the scalar 2. 
Problem 7. Show that if AB=A and BA=B then A and B are 
idempotent. 
We have ABA=(AB) A 
=AA as AB=A 


=A? 2s (1D) 
Also АВА =А (BA) 
=AB as ВА =В 
=A аз АВ=А ...0) 
From (1) and (2) it follows that 
A?=A=ABA 


Hence A is idempotent. 
Again consider 
BAB=B(AB) 
=BA as AB=A 
=B as BA=B 


and also 
BAB=(BA)B_ 
—BB as BA>B 
=B? 
It is clear that ВАВ=В?=В 
Hence B is also idempotent. 
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Problem 8, If А and B are n-square matrices then show that А and 
B commute if and only if A—AI and B—^ commute for every scalar №. 
If A—AI and B—2I commute, then 
(АЛ) (B—Al)=(B—Al) (A—A) 
le. AE—MX(A--B)EXI—-BA—AX(B--A)-.MI — с AISA etc. 
The comparison gives — 
AB=BA since A+B=B+A 
Le. А and В commute, 
Conversely if A and B commute then AB=BA. 
Consider (А АЮ) (B—AI) -AB—X(A 4- B) --A*I 
=BA—MB+A)+A71 
Ў =(В —А) (А-А) 
which follows that A—AI and B—AI commute. 
: Problem 9. Derive a rule for forming the product BA of an mxn 
matrix B and A=diag (ауу, 423,-.-2nn) 


Given А=га, O0 ....0 
| s 
and suppose that 


DIAM NUM 


then consider the product 


which follows that the product BA of an тхл matrix B by a-ncsquare 


diagonal matrix A is obtained by multiplying the first column of В. 
by аң, the second column of B by а„„ and so on. This gives the requi- 


В=гЬ,, Бу... 
by by. 6 A 


bia Ба; 
baan Б»зй,......Ё, 


rule. 

[6] The Transpose of a Matrix j 

The matrix of order n/m obtained from any matrix А of order 
mxn, by interchanging its rows and columns is called the transpose 
of А and is denoted by A’ or АТ, Thus if A=[a,,], 
then A’ ог А7 ={a’,,] where a’,,=a,; ie., the (j, i)th element of A 


is the (i,j) th clement-ef A, e.g., if 
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A-r5 4 —2,thnA'-[ 5 1 3 
1 0 2 40 4-4 
Е 4 3] E 2 —5 | 
6—4 2 

Properties of the transpose of a matrix 

I. The properties of the transpose of a matrix colit with itself, 
Le., if A be a matrix then (A') =A. 

Let А= [а] be the matrix of order тхл. 

Then A'—[a';] is the matrix of ordernx m. 

So that (A’)’ will be the matrix of order mx n. 

As such A and (A")' are the matrices of the same order. 

Again, (i, /)th element of A=(j, i)th element of A’ 

=(i, j)th element of (A^) 

Hence (A’)’=A. 

Il. The determinant of the transpose of a square matrix is the same ~ 
as the determinant of the matrix. à 

Let A —[a,] be the square matrix of order л. 
Then the transpose of A i.e., A’ will be the square matrix of order m, 
Now, [А |= [а | =] an 
31 


1 
а 
аз 


апа | A’ =|ак|= 


an 
since the interchange 
of rows and columns in 
a determinant does not 
change the value of the 
determinant. 


s а 
а 


M 


=[А |. 
Hence the determinant of the transpose of a square matrix is equal 
to the determinant of the matrix. 
III. If k be any scalar and A a matrix, then 
(kA)' -kA' К 
Let А [а] be the matrix of order mxn. Then А’ and so kA’ 
is a matrix of order nx m. Also (kA) is the matrix of order mxn 
and so (kA)' is the matrix of order nxm. Thus the matrices ka’ 
and (kA)' are of the same order. 
Now, 
(i; J)th element of (KA)' —(/, i)th element of kA 
=k times the (j, i)th element of A 
=k ay 
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=k times the (i, j)th element of A’ 
=(i, j)th element of KA’ 
Hence (KA)'=kA’. 
IV. The transpose of the sum of two matrices A and B (conformable 
for addition) is the sum of their transposes i.e., 
(A+B)'=A'+B’ 
Let A==[a;] be the matrix of order mxn 


and B=[),;) " +» mxm". 
Then (A--B) will be the matrix of order mxn 
and (A+B) s » nxm. 

Also A'isthe matrix of order nx m 
and B' 3s » nxm 


so that (A'--B^) is the matrix of order n xm. 
Thus, (A--B)' and (А'--В') will be the matrices of the same order 
nxm. 

Again (j, ith element of (A4-BY —(i, J)th element of A+B 

=a tbis 
and (j, ith element of (A'- B) «CJ. ijth element of A'-F(J, Dth 
elcment of B' 
=(i, j)th element of A + (i, j)th 
element of B 
=at bi; Е 
=(j, ith element of (A--B)' 

Hence (А--В) -=А'+В. 

V. Reversal law for a transpose. The transpose of the product of two 
matrices A, B (conformable for multiplication) is the product of their 
transposes taken in reverse order i.e., 

(AB)'—B'A' 

Let А=[а:] be the matrix of order i»? 
and В [22] бе the matrix of order г x p. 

Then AB is the matrix of order mp and so (АВ)! is the matrix 
of order p > m. 

Also. A' is the matzix of order n x nt and B'isthe matrix of order 
руп s that BA’ is the matrix of order pn. 

As such the order of the matrices (AB)' and В'А' is the same. 

Again, (k, i)th element of (AB)'=(i, k)th element of AB 

n 
= 2 ou b v. 


> * J= 
Now A' 2[a 5] where 45;—ai5 
and — B’=[b',:] where Pbi. 


—————— aae 
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n n n 
-. (k, i)th element of B'A'— У by; a'j— У bj a2 È ai; b 
j=1 Ј=1 j=1 
=(k, i)th element of (AB)' from (1) 
Hence (AB) —B'A' 
Note. The general reversal law for a transpose.may be stated as: 
If A, B, C,...... К be any number of matrices-conformable for 
multiplication in order, then H 
(ABC...... JK)'—K'J'...... C'B'A'. 
[7] Symmetric and Skew-symmetric Matrices 
A square matrix A is said to be symmetric if its transpose coincides 
with itself ie., A'—A. 


In other words a square matrix А =[а;;] is said to be symmetric if 
а;=а,; for all integral values of i and j e.g. if 


A-[a h g]|thenA'-[a h g 
hbf Ў hb f 
gfe LSBU МС 
i.e., A’=A and hence A is the symmetric matrix. 
It is evident that the total number of independent elements in a 


2 
symmetric matrix of order n is Z 2 A +n i.e., п (n+1) since all the 


n diagonal elements are independent and of the remaining elements 
n*—n the equidistant elements from the diagonal are the same, so 
that the number of independent elements other than the diagonal 
elements is $ (n? —n). 

Again, a square matrix A such that A'— —A is said to be skew- 
symmetric. In other words a square matrix A is skew-symmetric if 
аӊ== —aj, for all integral values of апа j. It follows that a;;— —au 
for i=j, so that 2 4,,—0 ie., a, —0 which shows that all the dia- 
gonal elements of a skew-symmetric matrix are zero. 


As an illustrative example, the matrix | 0 1 2 —3 | 


—1 0-4 5 
-274.0 6 
3 -5 —6 0 

is skew-symmetric 


The number of independent clements in a skew-symmetric matrix 
is clearly $ (j?— n). 


Problem 10. Every square matrix сап be uniquely expressed as the 
sum of a syumm«tric matrix сна a skew-symmetric matrix. 


Let A be any square matrix. Then we have 
A=} (ATA; i-} (А-А?) 
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Denoung 3 (A+A’) by P and 3 (A—A’) by О we have 
A=P+Q. 

Now Р’ = (АТА) 
=} (AED 
=} (А'+А} 7 (АУ =А 
={(А+А) 
=Р 

which follows that P is a symmetric matrix. 
Also Q= (А-А)! 


=} {А' —(А)) 
=} (А-А) 
=—} (A—A') 
--Q 


which follows that Q isa skew-symmetric matrix. 
Thus the square matrix A is expressible as the sum of a symmetric 
matrix P and a skew-symmetric matrix О. — , У 

Now to show that this representation is unique, Jet us assume that 
if possible А can be expressed às Á 

A=R+S 
where R is a symmetric matrix and S a skew-symmetric matr х. 
Consider, A'—(R--S) —R* +s’ 
=R—S asR=R’andS'=—S 

2 HATA')==P=R and + (A—A)=Q=S 
i.e., R is not different from P and similarly S is not different from Q, 
showing that this representation is unique. 

[8] The Conjugate of a Matrix s 

If the elements of matrix A are complex quantities, then the matrix 
obtained from A, on replacing its elements by the corresponding conju- 
gate complex numbers, is said to be the conjugate matrix of A and | 


is denoted by A. 


ae if А —[a;;], then A=[a;] where й, denotes the conjugate 
of a; Я 
As an illustrative example if 
Ref 1—5 ати 5$ 2 
ере 3-40 1 —2 
—3-# 4450. 0—1 
then A-[ 1+5ї 229—138 —2ї 
—5—6i . 344i i —2 
—345i 4—5i 0 7i 
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The properties of the conjugate matrices 
1. The conjugate of the conjugate of а matrix A coincides with 
itself i.e., (A)=A 
Supposing that A=[a,,] is the matrix of order mx, the matrices 
(А) and (A) will also be the matrices of the same order тхл. 
Now (i, )th element of A=conjugate of the (i, j)th element of A 
zug 
and (i,j)th element of (A) — conjugate of the (i, J)th element of A 
=conjugate of й,, 
—a,, since if a;j--- ip, then 4; —a—ip 
and (2,) —a- ipa; 
=(i, J)th element of A 
Hence (А)=А. 
Il. The conjugate of the sum of two matrices А and В (conformable 
for addition) is the sum of their conjugates i.e., (A+B) =A+B 
Suppose that A=[a,,] and B=[b,,] are the matrices of the same 


order mxn. Then the matrices A and B will also be of the same 
order m xn and the order of the sum matrix (A+B) and so that of 


its conjugate (A+B) will be the same i.e., тхл 

Now A+B=[a;]+[bu]=lan+ b] 

2. (A+B)=conjugate of [a;,+;;] 
=conjugate of a;;-+conjugate of bis 
=й, 

Hence (А-ЕВ)=А--В. 


А Ш. If х be a complex number and А а таїгіх'оў any order say т Xn, 
then 


(xA) -«A 
Let A=[a;,] be the matrix of order mx n. 
Then А will also be the matrix of the order mx. 
` Now, aA —a[a;;] 
=[® 2:3] 
(&A)— conjugate of [» as) 
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-[ а 
=% [21] 
=аА 
IV. The conjugate of the product of two matrices A and B (confor- 
mable for multiplication) is the product of their conjugates i.e. 
(AB)=A B 
Suppose that A=[a;;] is the matrix of order mxn 
and B=[b,,] is the matrix of order nxp 
So that AB is the matrix of order т хр. 


The order of (AB) will also be m xp. 

Again the orders of А and B being mx n and nx p respectively, the 
order of A B will be mx p. Thus the orders of the matrices (А B) and 
A Bare equal. 

Now, (i, &)th element of (AB)=conjugate of (i, j)th element of AB 


n 
=conjugate of È aj; bj; 
yet 


п 
= Ў abix 
j==1 
n 
= У 25 bjir 
j=1 
Ў —(i, j)th element of AB 

Hence АВ=А B. 

[9] The conjugate transpose of a Matrix 

The matrix, which is the conjugate of the transpose of a matrix A is 
said to be the conjugate transpose of A and is denoted by А® or A’ 
or A7. : 

As an illustrative example if 

A=[—2+3i 3—4i i 


i —5i —5—3i 4+1 
then A'-[—243i  *-5i 
3—4i -E3| 
i 4i 
So that А? or A’=[ —2—3i Si 
3+4 EI 
=j 4i 


Jt is easy to see that A' —(A)' 
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The properties of conjugate transposed matrices 

I. The conjugate transpose of the conjugate transpose of a matrix А 
coincides with itself i.e., (A9)*—A 
we have А®=А'=(А)' 

2. (A9) ((A)')' =A since (B) =B 
во that (A9)? i.e., (A9) —(A) 

=A‘. (А)=А 
Il. The conjugate transpose of the sum of two matrices A and B 


(conformable for addition) is the sum of their conjugate transposes i.e., 
(A-4-B)* — A*--B* 
wehave — (A4-B)*—(A--B) 
—(A'-FB) 
ar +B’ 
=A®-+ B? 
Ш. 7f Беа complex number and A а matrix of any order then 
(«A)®=a А» 
we have («А)*=(хА') 
=a A’ 
=% А? 

IV. The conjugate transpose of the product of two matrices A and B 
(conformable for multiplication) is the product of their conjugate trans- 
poses in reverse order i.e. 

(AB)* —-B*A*, 
we have (AB)* —(AB)' —B'A' 
ES VM 
zz B* Аё 

[10] Hermitian and Skew-Hermitian Matrices 

A square matrix A-—[a;;] is said to be Hermitian if A coincides with 
its conjugate transpose i.e., A=A%(=A’) or if the transpose of A 


coincides with its canjugate i.e., A' =A 

Thus аӊ==йу for all integral values of i and j. 

So that a,,—2;, for i=j 

Which follows that every diagonal element of a Hermitian matrix 
is equal to its conjugate and it is only possible if all the diagonal 
elements are real. 

As an illustrative example, the matrix 

5 243i —i "is Hermitian. 
2—3i 3 

i —3-4 4i 0 


—3—4i 
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A square matrix A=[a;,] is said to be Skew-Hermitian if 


A®=—A or А'=—А i.e., 21,= — à; for all integral values of i and j. 
Thus à — —a, for i=j 
IRAM a;,d-4,;—0 
Which follows that every diagonal element of a Skew-Hermitian 
matrix is either zero or a pure imaginary number. 
As an illustrative example, the matrix 
3i —344i 4—5i] is Skew-Hermitian. 
43-46 —4i 
—4—50 —5 0 
Problem 11. Every square matrix A can be uniqualy expressed as the 
sum of a Hermitian matrix and a Skew-Hermitian таїгїх. 
We can express 
A=} (A+A°)+} (A—A®) : 
=P+Q where P=} (A+A®), Q=} (A--A®) 
"MG e 


=} (A?—A) 
——1(А-А°) 
which follows that Q is Skew-Hermitian. ; 
Hence the square matrix А is expressible as the sum of a Hermitian 
and a Skew-Hermitian matrices. 
In order to show that this representation is unique, let us assume 
if possible that there is another way of representation say 
A=R+S : 
- where R is Hermitian and S is Skew-Hermitian. 
Consider A°=(R-+S)°=R°+S° 
—R-S as Е is Hermitian and S is Skew-Hermitian. 
These give R=} (A+A°)=P 
and S=} (A—49)-Q 
which show that R is not different from P and similarly S is not 
different from Q. Hence this representation is unique. 
Problem 12. Jf À, B, C are three matrices conformable for multipli- . 
cation in the given order, then show that 
` (ABC) --C'B'A' 
We have АВС) —((AB)CY 
E by the reversal law of transposes 
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Problem 13. If A and B be symmetric matrices, then show that AB 
is symmetric if and only if Ajand B commute. 
Since A and B are symmetric matrices, therefore 
А'==А and B'—B. | 


We have (АВ)'=В'А'=ВА CUM 
But AB is symmetric if and only if (AB) —AB wea (2) 
From (1) and (2) it follows that AB is symmetric if 

AB=BA 


Le., if A and B commute. 
Conversely if А апа B commute, AB-— BA, then 
(AB)' —B'A'—BA-—AB. 
Thus if А and B commute AB is symmetric. 
Hence AB is symmetric if and only if A and B commute. 
Problem 14. If A із а m-square matrix and Р is a matrix of order 
mxn then show that B—P'AP will be symmetric or skew-symmetric 
according as A is symmetric or skew-symmetric. 
Assuming that A is symmetric, we have 
B’=(P’AP)' —(P'(AP))' —(AP)'(P^)' by reversal law of transposes 
=Р'А'Р V (AP)'=P’A’ and (P) =P 
-P'AP  ' А is symmetric so that A'—A 
Thus (P'AP)' —P'AP 
which follows that P'AP is symmetric if A is symmetric. 
Again if we assume that A is skew-symmetric i.e., A’=—A then 
B'—(P'AP)' =—P’AP (proceeding as above) 
which follows that P'AP is skew-symmetric when Ais skew-symmetric. 
Problem 15. If A and B are Hermitian, show that AB+BA is 
Hermitian and AB —BA is Skew-Hermitian. 
‘A ап! В are Hermitian 
2. A®°=A and B*—B 
Consider (АВ +ВА * —(AB)*--(BA)* 
= B*A? -- A*B* 
=BA+AB 
=AB+BA 
which follows that AB+BA is Hermitian. 
Again we have 
3 (AB—BA)? (АВ)? — (BA) 
= Вед A*B* 
= ВА АВ 
= —(AB—BA) 
which foilows that АВ — ВА is skew-Hermitian. 
Problem 16. Prove that every Hermitian matrix A can be 2x; ressed 
as B+iC where B is real and symmetric and С із real and skew 
symmetric, 


y 
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В and С are real, 
B? —B' and C?—C' vL) 
(because the conjugate of a real number is itself) 
Again since B is symmetric and C is skew-symmetric, we have 
B'—B and C’=—C 202) 
(1) and (2) yield, 
B?—B and C*— --С 
Now assume that 
A=B+iC 
A®=(B+iC)® 
=B°-—iC® 7 Conjugate of i is —i 
-B-i(—C) 
=BtiC=A 
which follows that A is Hermitian. 
Hence the result follows. 
Р; [11] Adjugate Matrix or Adjoint of 2 Matrix 
If A=[aij] be a square matrix of any order say n and Аң; represents 
the cofactor of the element a; in the determinant | A | i.e., | as, | of 
the square matrix A, then the transpose of the matrix [Ai] is called as 
the adjugate or adjoint of A and is denoted by adj A. 


Thus if A-—j[4 45... then adj A= г An 
E [ “| | ц 
Any Ange Ам Arn. 


The determinant of the adj. A i.e., | adj A | is said to be the adju- 
gate determinant of A or the adjugate of |A |. 


As an illustrative example if A=[a h g], then 
h bf 
БОЕ 


cofactor of a=] b f |-bc—f*in|A| —|a ^ g 
|у t| hb f 
ЕС, 
so һ=—|# fl=fe—ch „ 
g cl 


| 
” Ig h b =hf—be » 
ЕХ 


gf—ch. ac-g, gh—af 
Lh f—bg gh—af ab—k 
An important relation between а matrix А and its adjugate. 
If A be a Square matrix of any order say n and the unit matrix of 
the sante order then 
A (adj А)=, А | I=(adj A) A 


etc. Я 
4 Adj A-[bc-f* gf—ch sies] 
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Let A —[a;;] be the square matrix of order n, i.e., 


3t | | 
do igs odas 


Then if A;; is the cofactor of a;; for all integral values of i and j, 
we have 


adj Th Ас SAT] 


12 B 
Asn Agn- Ånn 

Since the orders of A ahd adj A are the same, therefore they are 
conformable for product. Moreover both of them being square matri- 
ces, their product is commutative. 

Now we know by the properties of a determinant that if the elements 
of a row (column) of a determinant are multiplied by their own co- 
factors then the sum of the products is the value of the determinant 
and the sum of the products of the elements of any row (column) by 
the cofactor qe the corresponding elements of another row (column? 
is zero ie., i ) 


| A |=| ац а 
аа ай: 
аа : 
and Àj, Ain are cofactors Of ауу, 018,..:61С: then 
ay Antis Ant- +a;n A177] A | etc. 
and à Antan Ani T +ам Asa —O etc. 


Applying these results, we thus have 


-A (adj A) — s dis А; 
A (adj A) [s m a b: А 
i ae er яи 


=| AII 
Similarly it may be shown that (adj A) А=| А |I 
Hence А (adj A)=| A | I=(adj A) A aec 6 6 
which follows that multiplication of A and adj A is commutative 
and that their product is a scalar matrix having every diagonal ele- 
ment as | A |. | 
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Note 1. We have shown above that 


А (adj A)=rl А 
(adj A) | DUX Š | 
@ 0...) Al 


Taking determinants of either side we get 
А (adj А) I=) | бИ] 0 


ог 0 | by the properties of deter- 
.0| minants. 
ie, |А | [ад А I-| A |" 
which gives | adj А |=|A |" : ada) 


Note 2. If the square matrix A of order л is such that | A 120, 
then А (adj A)=(adj А) A=0. 
Note 3. If A and B are two n-square matrices then 
adj AB=adj B adj A 
which may be shown as below: 
Applying the result (1) we have 
$ AB (adj AB)=| AB | I—(adj AB) AB ў di (0) 
Now AB adj B-adj A—A(B adj B) adj!A 
=A (|B | 1) dj A by (1) 
= | B | (A adj A) А 
=| ВІ (1А |0 by (1) 
=|АВ | I 
and (adj B- adj A) AB=aJj B [(adj A) A] В 
=adj В: A | -B 
=| А | {(adj B)B} 
=| АТ |BII 
=|А|В|1 3 
<. AB (adj B-adj A)=(AB) I=(adj HS AB. de 
From («) id (8) е e "t ү) e 
adj AB=adj B-adj A . (3) 
Note 4. The result of note 3 can be extended to the case of ihiree n- 
Square matrices A; B, C i.e., 
adj ABC=adj C-adj B-adj А. 
It is easy to show it as below: 
By result (3) we have 
adj A(BC)=adj BC-adj A . 
=adj B-adj C-adj A by (3) 
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[12] Singular and Non-singular Matrices 

A square matrix A=[a;,] is known as si iar matrix if its deter- ә 
minant | А !=0 ie., | ai; |=0. In case | A |520 the matrix A is 
known as non-singular matrix. - 


ILLUSTRATIVE EXAMPLES 


1. The matrix A= 21 17 7 10 is singular 
24,22 6 10 
t AAR. ar 
E Ti wees 
since | 21 17 7 10 j=0 
24 22 6 1| 
6 8:2. 8 
5 aie 2 
2. The matrix д=[Г 123-7] non-singular since 
27 7 17 [А 1-320. 
26 9 22 


[13] Reciprocal Matrix or Inverse of a Matrix 
[Agra 1970; Allahabad 65: Gorakhpur 1963, 65] 


If there exists a square matrix B of the same order as that of A such 
that AB=BA=I, I being a unit matrix of the same order then Bis 
said to be the inverse of A and is denoted by A~. Thus by definition, 
AA7=A7A=I1 аъ M) 
When tlie inverse of A exists, then A is said to be Invertible. 
Inverse of a matrix in terms of its adjugate 
According to the definition if A is an invertible matrix, then 
AA 1 АТА =1 $ QR) 
Also, we have from $2.9[11], 
A (adj A)=(adj A) A=| А |1 


Dr (ai adj A EY adj A)A=1 e. 
From (x) and (2) it is obvious that 
A= mu j ЛА = sali i 
АА 1=A(, adj A) and А A (hia) 


EY 
either of which lead to 
1 { 
Die adj aa’) 
A [A АЧА (2) 


which gives the inverse of a square matrix A in terms of its adjugate. 
THEOREM 1, The necessary and sufficient condition for a square 
matrix to be invertible is that it is non-singular. 
To prove that the condition is necessary let us assume that A is 
a given square matrix which is invertible and let B be its inverse. 
Then, AB=I (Бу definition of inverse) 
Taking determinant of either side we get, 
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| АВ | =|1| 
ог |A| 18| =1 
which is only possible if neither of А | and |B | iszero i.e, if the 
matrices A and B are non-singular or if | А | #0. 
To Prove that the condition ib sujjicient, let us assume that | А |50 
and there exists.a matrix B such that 


B= ТАТ adj А 
Then. АВА: t гай ^ 
2 ТАТ (А adj A) 
Y ТАТ [А I from 52.911] 


and similarly ВА -=-1 

ie., AB=I=AB ~ 
which shows that A has an inverse i.c., А is invertible. 

THEOREM 2. The inverse of a matrix is unique. [Agra, 1970] 

Let A be an invertible (square) matrix and if possible let us assume 
that B and C are two inverses of A, then 

AB=BA=I 
AC=CA=I 

Now CAB=C (AB)=CI=C 

Also, CAB--(CA)B—IB—B 

so that CAB=B=C 

ie. B is not different from С 
, ence the inverse of a matrix is unique i.e., there exists only опе 
inverse matrix to a given matrix. 

Properties of inverse matrices 

I. The Reversal law for inverses. Jf А and B are two n-square non- 
.singular matrices (conformable for multiplication) 

then . (AB)? =B7 AT 

Since A and B are non-singular square matrices, they are inveitible. 

Let their inverses be A“? and B^ respectively. 

va AA? —A7A-—I 

and BB-—B-B-1 

Now |А | 50, | Bl 40 imply that | AB] = [А | IBI +0, 
which shows that AB is also invertibie. 

Let us now consider a matrix C given by 

C—B^ A^. 
Then,  C(AB)-(B^' A") (AB) 
=B (А? AB 
=Вв!(1)В 
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=B В "7 IB=B 
=] 
Le, (B^ A”) (АВ)=1 
Similarly it can be shown that 
(AB) (B7! А-1) =I 
These results follow that B- A7 is the inverse of AB i.e., 
(AB) —B-! А-1 «+ (3) 
Note, The result can be extended to any number of square matrices 
which are conformable for multiplication i.e., 
(ABC...JK)"! —K-! у-!...С-! B-! A~! 
II. If A is а non-singular matrix, then the inverse of its inverse 
coincides with itself i.e., (A) =A 


We have AAt=A7A=] 
Which can be interpreted as that А is the inverse of А-2 ie., 
(A71)1— A. mE 


Ш. If A is а non-singular matrix, then the transpose (conjugate 
transpose) of an inverse is the inverse of the transpose (conjugate 
transpose) of A i.e. 

(А-2), -(A)? and (A71)9 —(A9)-1 
Since A is non-singular, it is invertible and therefore 
AAt=A7A=] ++) 
Taking transpose of either side and using I’=I, we have 
(AA7?)' = (A71A)' =I 


or (A7) A' A'(A7) =I by reversal law of transposes. 
Which follows that (A7) is the inverse of A’ i.e. 
(A?) (A7) eA 


Again taking conjugate transpose of either side of (y), we have 
(AA71)8  (A71A)8 10 
ог — (A-*A*—A*A-)9—I +: omy 
'hich shows that (A-!)* is the inverse of A* he, 


(A®)-?=(A-1)® EE) 
IV. If A is invertible then 
tr. (ACA?) tr. С [Ag a, 1923) 
If B--CA^, then 


tr. (ACA?) ir, (AB) 
tr. (BA) by Cor. of $2.5 
=tr. (САА) 
=tr. CI 
-£.C 
Problem 17. Compute the adjoint of FO 1 
[1] 
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Let A-[0 1 2 
123 
311 
then |А|=|0 1 2 
: Б 25:3 
5411 


Тһе elements of the first row of | A | are 0, 1, 2and their cofactors 
are 


2:3 | = 1 || 1 2үїйе., —1, 8, —5 respectively. 
ТЭЗ 1| : 

The elements of the second row of | A | are 1, 2, 3 and their 
cofactors are 

a 8 |5 21—10 Hie 1, —6, 3 respectively. 
УЙДЕ зә; |3 1 

The elements of the third row of [А [аге 3, 1, 1 and their 

cofactors are 


|1 1 —|0 Hn Pier eo ене. 


1:3 
2. The matrix having its elements as cofactors of |А | is 
-1 8 —5 
] —6 3 
-1 2 -1 
and therefore Adj А = transpose of [—1 8 —5 
1 —6 3 
PAESE ет 
=[Г—1 1 —1 
8 —6 2 
—5 3 —1 


Problem 18. Verify the following: 

(I) The adjoint of an identity matrix is the identity matrix. 

(ii) The adjoint of a scalar matrix is a scalar matrix. 

(iii) The adjoint of a diagonal matrix is a diagonal matrix. 

(iv) The adjoint of a symmetric matrix is a symmetric matrix. 

(v) The adjoint of the transpose of a matrix is equal to the transpose 
of the adjoint matrix. 

(i) Let $3 ..O]be an identity matrix of order n Xn. 


If Ay denotes the cofactor т (i, J)th element of | I| {for all 
integral values of f and j ranging from 1 to n, then it is clear that ` 
Ay=l for i=j 
=0 for іу] 
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So that Adj I= =I. 
0 
(ii) If pt : esci ie а scalar matrix of order тхл, then 
as in (i). 
A=" for i=j 
=0 for 1] 
Sothat Adj p ү" 0 T is a scalar matrix. 
зл). 
лз 


In other words A=AI 
<. Adj A=adj AL=A""7I which is a scalar matrix. 


(iii) Let "li ^ d be a diagonal matrix of order 3x3. We 


0 0 c 
shall verify the result for it, but the result can be verified for a dia- 
gonal matrix of any order in the similar way. 
Then D,,=5c, D,,—ac, Dys=ab 
D,:=D,3=D,,;=Dy:=D;,=Ds,=0. 
Thus, adj D—-[ 5c 0 `0 
0 cad 
0 0 ba 
which is also a diagonal matrix. 
(iv) If A is a symmetric matrix, then А'=А and so | A" Iz Al. 
Thus if Ay denotes the cofactor of (i, /)th element in | A], t 
Ay=Ay in IE 
As such the adjoint matrix of the symmetric matrix -is also 
symmetric. 


(v) Let Ё аз а^] 
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21 


1. (Adj A) 2r Au 
lk 


Алм 
Араїр, А'=[аһ 


| ам 


ап 
So that adj A’ Ts 


21 


It is clear that (adj A)'—adj A’ 
Problem 19. Jf A is a square matrix of order n, then show that 
adj (adj А)= | A [7A 
We have (adj А)А= | А | I oe (1) 

We can thus express by replacing А by adj A, as 

: {adj (adj A)} adj A= | adj A | I 

‘So that, (adj (adj A)) (adj А) A—l adj A | IA 

or ай) (adj A) | A | I=] adj A | A from (1) and since JA=A 

or | A | {adj (adj А)}= | АТТА 7 ladj A 1=[А ios 
P adj (adj A)=| А |^A 

Problem 20. Find the inverse of the matrix |; 


9 ee 
101 
IOCIS 


Let A=fO 1 1 

IO 

R 11.0 
2. |А|=|0 1 1 |=0—1(—1)+1.1 expanding about first column 

1 0 1! 

О О 


Now the matrix having its elements as the cofactors of the corres- 
ponding elements of | A | 


SP qE— T ООА E a Ea. posl 
Lua dw T D: —1_ | 
ие [9 ayy poro 
| i10 1 0 1 1j 
| p яо oaj 
t |01 ra] ta olj 


Its transpose gives the adj A i.e., 
{ adj A=[ —1 H 1 
1—1 1 

1 1—1 
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Now we have Add adj A 
-i[-1 1 пег 03 04 
Iz 1 V RUE 
1 1 —1 i to 
pm 21. If D=diag (dy, d»... dal; dy, ds... 4,50, then prove 
that 
d) [Banaras, 1960] 
Given 


=d, d,...d, 7-0 since d, САРЫ 
0 d,70 


0 0 d. 


о о 0 
ie, | D | is non-singular and therefore D is invertible 
Now adj D—[ d; ds...» d» 0...... 0 0 
| .0 d, d, 2 | 
а m zy 


«EM. Ss 


al- 
M 


Problem 22. Prove that the inverse of à 2] is eii e: 1] 


where А, C are non-singular and hence find the inverse of the matrix 


120. :0:-0 
T5500 
Der 0 
To 1 Jod 


Suppose that the inverse of the given matrix i.e., [s 2] is [к Q] 
B Cl -LR S 


where P, Q, R, S are the submatrices of the inverse matrix which has 
been partitioned so as to be conformable for premultiplication with 


the matrix [5 2 ie., 
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A ОүгР -[ o 
[в ir S] [o 1 
ог las AQ imt I O 
BP--CR BQ+CSJ LO I 
Comparison yields, 
АР =1і.е., P=A™ as A is non-singular m s) 
AQ—O i.e., Q=O as А is non-singular О), 
BP--CR-O апі BQ+CS=I 
or BA-'--CR—O and CS=I from (1) and (2) respectively 
or С ВА. C3 CR- О and S-C" as C is non-singular 
or R—-—C-!BA^ as C?CR=IR=R rent) 
and S=C* 2. 0 
Putting the values of P, Q, R, S, the inverse of the matrix [А О] is 


Р Qyie,p A? о 
[n s] 1-С BA^ ex] 
Now to find the inverse of i 0 | let us partition it as 
11 0 


1 1 0 
ENLAI 


_=_©=о© 


1 1 B Ке 
When it is compared with [а о]; we have 
B С 


jer. pomo Pah 1 
Now it is easy to compute d ng al 


FE 


As above, E g] is the inverse of G 9] when 


а: 


За | 
RCM S Га 
= gris 


- [5 o 
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219 70] 
and S-c^-[ 1 0 
И | [1 0] [5 o 
Led ems 


Le., 1 0 00 
=l 0 00 
Ore 1 0 


о 0 —1 04 


1 


Hence the inverse of | 
1 
1 


[14] Unitary Matrix and Orthogonal Matrix 
A square matrix A having its elements as complex numbers їз ‘аі to 
be unitary if 
A'—(A7) or (À)'—A^ ог АА =I 
In case А is real ie., the matrix A consists of real numbers as its 
elements, the matrix A will be unitary ıt A’A=I for, in this case 
=A’. 


As an illustrative example the matrix — 
is unitary, since 


= 1. i 


v2 


R| 
ю| 
MES 


сї сыы) | 
v2 V2 
COSAS NET 

V2 v2 
Eu 

Vz «2. 

So that ААГ 1 PP. i 
v2 V LP TCU 


ы 


42 4 2JU5V y 2. 


Hence the matrix A is unitary. 

A real unitary matrix is known as orthogonal matrix іе, а real 
matrix A is orthogonal if А'А=1= АА’ for, in this case A'—A^! 

The determinant of an orthogonal matrix is +1 or —1. 

The orthogonal matrix is said to be proper or improper according 
as its determinant is +1 or — 

Since | AA’ |=| I |=1 
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ie, | A| ТА’ 1=1 
or | A P=i as | A [=| A’ | 
ме һауе |А|=+1 
As an illusirative example the matrix 
А= [соз 0 sin 07 is orthogonal, since 
—sin 0 cos 


AA'—[cos @ sin 8 cos0 —sin 0 
—sin@ со5@) sin 8 cos 0. 


mu ЛО 
0 ! 
and |А|=|А' | =|соѕ 9 sin jus 6+sin? 06—1 


—sin 0 cos6 
[15] Norma! Matrix and Normal Form of the Matrix 
А square matrix A is said to be Normal if AA9— АЗА. 
The normal matrices include diagonal, real symmetric, real skew 
symmetric, orthogonal, Hermitian, Skew-Hermitian and unitary 
matrices. 
As an illustrative example the unitary matrix 
A= 1+i. —l-i]is Normal, since 
ioci qe x 


2 

Iti l-i 

QUO 
AA9—I—A9A 


The normal form of a matrix E al 
о о 


[16] Elementary Matrix aad Elementary Operations 

A square matrix of order n is said to be elementary matrix, if it is 
obtained from a unit matrix In by subjecting it to any of the following 
elementary operations (transformations): ; 

(i) Interchange of any two rows (columns) to be denoted by Ку 
(Ci) for the interchange of ith and jth rows (columns) aud the 
elementary matrix obtained may be denoted by Е,;. Ў 

(ii) Multiplication of elements of any row (column) by any попе 
zero scalar, to te denoted by R; (A) (C: (А). for the multiplication 0 
ith row (column) by A#0 and the clementary matrix obtained may 
be denoted by E; (). ; 

it) Addition to the elements of any row (column) the vorrespon- 
ding elements of another row (column) multiplied by any non-zero 
scalar, to be denoted by Ri; (A) {Cu Q9) for. the addition to ith row 
(column) of the jth row (column) multiplied Ьу. +0 and the clemen: 
tary matrix obtained may be denoted by E; (A) for . ow operation an 
by E’,, (A) for column operation since E’;,(A) is the transpose of E; 

It may be verified that 
| Ey | =—1 


| 
Г 
[ 
1 
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|E (А) | 2^0 
$ [Es (А) | = LE; A)| —1 
which show that no elementary matrix is singular. 
As illustrative examples, the elementary matrices obtained from 


һ=[1 07 are 
0 
0 


0 
E;,=[0 
1 
0 


1 
07, Е, (^)=Г1 0 O]and E,,(A)=[1 0 0 
0 0A 0 0 12 
1 0:0: 00 1 

An elementary operation is said to be the Row operation or Column 
operation according as it is applied to rows or columns. 

By the elementary transformations or rather say that by a series of 
elementary row and column transformations, à matrix can be redu- 
ced to the normal form. This part will be discussed in the section 
of *Rank of a matrix' in more details. 


THEOREM. Every elementary row (column) transformation of a 
matrix can be brought about by pre-multiplication (post-multiplication) 
with the corresponding elementary matrix. [Allahabad, 1966] 


Consider two matrices A and B of orders mxn and nxp respee- 
tively such that 


оо- оно 


A=R, Jand В=[С,, G,.......,C;] 
| 
Rn 
where Ri, R;...R, are the rows of A and Cy, Cay... C, are the 


columns of B. Then by the ‘row by column’ rule for multiplication 


we have 
AB= 
| RC RC 
„С, Raia Race 


which follows that if the rows of A are subjected to any elementary 
row (column) transformation, then the rows (columns) of AB are also 
subjected to the same transformation. 

Conclusively every elementary row (column) transformation of the 
product AB can be effected by subjecting the prefactor A (post factor В) 
to the same row (column) transformation, 

We shall apply this result to the required proposition. Suppose 
that A is a matrix of order тхл and I an identity matrix of order m. 
Then it is obvious that * 

A=IA. 

The above result can be applied to show that every elementary row 
transformation of the product A can be effected by subjecting the pre- 
factor I to the same transformation i.e., by pre-multiplying A by the 
corresponding elementary matrix. 
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Again taking A— АТ, it can be similarly shown that every column 
transformation of the product А can be effected by subjecting the post 
factor I to the same transformation i.e., by post-multiplying A by 
the corresponding elementary matrix. 

As an illustrative example, take 

A-[a б аз аа 
аз а» аз Ma 
азу з зз аз, 
and suppose that Ё,, operation gives 
Be[a de аз Aa 
а Cu аз ац 
азу Ag, зз 04 
Take the elementary matrix а 1 07] obtained from the 
100 
100 1 
identity matrix [1 0 0) of order 3x3. 
010 
001 
Consider E,A-[0 1 0] [arr а: а аң 
1 0 O] |а, аз» аз аң 
0 0 1 Las аз а; ам. 
=| an d» 0» C4 
Q di Ae ац 
Las %2 зз Gu 


which shows that the product B is effected by subjecting the prefactor 
_ E, to the same row operation /.e., by pre-multiplying the matrix A 

by the corresponding elementary matrix. 

Ipverses of the elementary matrices 

E; being the elementary matrix obtained by interchanging ith and 
jth rows (columns) of an ider tity matrix I, may yield back the original 
identity matrix I on interchanging ith and jth rows. But by the pre- 
ceding theorem the interchange of ith and /їп rows (columns) of Ei; 
may be effected by pre-multiplying (post-multiplying) by the corres- 
ponding elementary matrix E;; i.e. 

E;E;—l 
or д (Ey) —E; 
which shows that E;; is its own inverse. 

Again if E; (A) is a matrix obtained by multiplying the ith row 
(column) of an identity matrix I by A then I may be obtained back by 
multiplying the ith row (column) of E,(A) by A-t. But by the preceding 
theorem the multiplication of ith row (column) of E,(A) by 1/4 
(i.e., A?) may be obtained by pre-multiplying (post-multiplying) E,(A) 
by the corresponding elementary matrix E; (А-1) i.e. 

Е, (2) Е,0)=1 IE; 0) E 072-0] 
зо that (E; A} SE; (Аг!) 


| 
| 
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which follows that the inverse of E; (A) isE; (^). 

Further E;; (^) being the elementary matrix obtained by adding the 
elements of jth row multiplied by A to the elements of ith row of an 
identity matrix I, the original identity matrix і тау be obtained back 
by adding to the elements of ith row of E (A) the corresponding 
elements of jth row multiplied by —A. But the same row transfor- 
mation on E;; (A) may also be effected on pre-multiplying E;; (^) by 
ће соггеѕропаіпе elementary matrix E;; (—A) ie., 

E; (=A) Е; (\)=1 > 
or (E; QJ)? 5E; C—M9 
which shows that the inverse of E;; (A) is Ei; (—A). 

The same result may be shown to hold in case of column operation. 

Conclusively the inverse of an elementary matrix is also an elemen- 
tary matrix of the same type. 

[17] Equivalent Matrix 

A matrix B is-called the equivalent to a matrix А if B can be obtain- 
mu A by a sequence of elementary transformations and denoted 

y B--A. 
As an illustrative example if 


a6 2 дас 5 
ЗАБ 
61.29 74. —3 


then A-[0 0 0 27 by Ri; (1) 
354 5 —l 
62 4—3 
THEOREM 1. Two matrices A and B are equivalent if and only if 


` there exist non-singular matrices R and C such that 


RAC=B 
where R=R,R,......Rn and С==С,С,...... Cm; R's being operations 
affecting rows and C's those affecting columns. 

If A and B are equivalent matrices, then B can be obtained from A 
by a series of elementary operations. But the elementary row (column) 
transformation can be effected by pre-multiplying (post-multiplying) 
A by the corresponding elementary matrix, therefore if we denote the 
elementary row transformations by R;, Ra... LR, and elementary 
column transformations by C,, C;,......... Cm where R, represents the 
first elementary matrix corresponding to the first clementaty row 
transformation, etc., and similarly C, represents the first elementary 
matrix corresponding to the first elementary column transformation 


etc., then 
GM Ped R,R,) A (С,С,...... С„)=В 


„һе. RAC=B 


where R and C are non-singular matrices. 


COROLLARY. There are three fundamental properties of the relation 
RAC=B: 


» 


240 MATHEMATICAL PHYSICS 


i @ Reflexivity. Every matrix A is equivalent to itself j.e., if we take 
R=I, C=I, then ЛАІ=А 
(ii) Symmetry. If a matrix B is equivalent to another matrix A, ihen 
А is also equivalent to B, for if 
B=RAC 
then, : A=R"B Ct 
where R-! and C-! are non-singular matrices. 

(iii) Transitivity. If A is equivalent to B and B is equivalent to CZ 
then A is also equivalent to C, for if 
i A=PBQ and B=RCS 
then A=PRCSQ=(PR) С (SQ) 
where PR and SQ being the products of non-singular matrices, are 
themselves non-singular. 

THEOREM 2. If a square matrix A is reduced to an identity 
matrix Y by a series of elementary row operations, then the same series 
of row operations applied to X yields the inverse of A i.e., A^, 

Suppose that E;, E;,......E, are the elementary matrices and I the 
identity matrix, such that 

(E,......E; E) A=I 
= Then, post-multiplying both sides by A~*, we get 
(E,......E, E) А A-1—I А! 

ie, (E,.....E, Е) I-A! 
which proves the proposition. 

Note. In practice, we write, A=IA 
and perform a series of elementary row operations on À and prefactor 
I till A is reduced to I and I is reduced to B such that 

I=BA 
which follows that B ‘s inverse of A 
As an illustrative example if m 13 — | 


ph eee aT 


_ then take A I 


0 
0 
1 
0 o] by Ra (3) and Ry (—2) 
0 


1 

or 10] [— 5.0 3] by R (3) апа Ra (8) 
уер из арс 
ао 


о 
a 


o 
я 
| | 
| 
—— чо NOW 
| 
phe 
= 
| 


oor оо- оо- 


о-о | 
X 


30] [—5 0 3] by R, (0) 
с 13 3-8 
25} |-15 1 9 


ї 
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ог 10 0 1 —2 -—$ [by Ris (—2/5) and Ros (—450 
. 01 Ol|--s zt it 
оор T 9 
o [1 0 0 1 —$ —£ (by R Ge 
010|--: з X 
90 0.1 — os 0G 
This gives, A7=[ 1 —t = - а 
а + 11 
т Е 55 
wi лк зк 


rite the steps taken in this example as, 


Tn practice we m. 
write 1 3 —2]-[1 0 O]A (the form A=IA) 
ч —3 0 —5 010 


E 
< 
= 


22:5: 5.0 ET КОК тен 
o [1 3 —2]-[ 1 0 0]4 by R» (3) and Ry (72) 
0 9 —1 ЗО 
cs 2224.0: 
or f1 0 10]-[—5 0 3]A by Ris (3) and Ras (8) 
Oe UNGI | lads 
005-174 оО 
or F1 0 10]2[-5 0 3]A by Re (1) 
ОТО 130 1:98 
0.0 25] |—15 1 9 
DEDI OA e] cide ub rr A by Ris (—4) and Ras ($5) 
010 —} з dt 
0 0 25] L-15 1 9 
e [1 0 O]-[ 1 ~è —ł |^ by Rs Gir) 
010) |- x + 
0 0 1 —:o cro т 


which gives the required inverse. 
[18] Canonical Matrix 
This is a non-zero matrix in which 
(i) the first few rows have non-zero elements while the elements of 
succedding rows may be all zero, 
(ii) the first non-zero row is unity, and > 
(iii) all the other elements of a columu which contains the first non- 
zero element as unity, are zero. 
As an illustrative example, the matrix 
1 0 0 0]is Canonical. 
0000 


000 0 
Problem 23. Show that the matrix [ ran is unitary if 
; B+id  a—iy 
e! p HEY +=]. ў 
Denoting the given matrix by А, it will be unitary if 
A9A =I $ 
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Consider, mer a—iy B—i8)fatiy —8+-15 
—p—ió a+ L+ а—іү, 
=fa?+p* 5° 0 
тү! ү] 
which becomes an identíty matrix if 
a? BP y* pot 1 
Hence А 1s unitary if o?--p*-- y*--61— 1. 
Problem 24. Jf A is a unitary matrix and B—AP where P 70, then 
show that РВ! is unitary. 
Let C=PB* 
Then C=P (AP)! 
=P P^ А by reversal law of inverses. 
or C=IA=A 
which follows that C is unitary, since A is unitary. 
Problem 25. If А is real skew-symmetric matrix such that A*--1—0, 
then show that А is orthogonal. 
Given A?+I=0 «+ ()) 
"7 Ais given to be real skew-symmetric, 
" А=—А' 
Premultipiying both sides by A, we get 
A*!——AA' 
ог —A*=AA’ eQ 
Adding (1) and (2) we find, 
А A'—I 
vhich follows that the matrix A is orthogonal. 
Problem 26. Reduce the matrix A to its normal form, where 


= O m 


Я by Ra (—1) 
3 

| by Си (—2) and Cx (2) 
ЕА 

| 


* 
3 


; 1 l 1 
sot oom oom 


N=O NAO NAO NAO 
OQ а Ф ANN ut 
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9] by Rss (—2) 
i 
0 


0 
0 


0 
0 


| by Csa (—4) and C4 (—4) 


0 
0 
0 


| by partitioning 


which gives the normal form of A. 
Problem 27. Applying elementary transformations, find the inverse of. 


the matrix 


NUT 
Arar 


Зо т 


ог 


- Сә Ф. на 


о-о 


ог 


оноо о-о 
| 


e 
"* 
Й 
"ooo 
Ss 


Ommu 
о-оо Ommo 


І 
соо 
11 


———— мс 


1 1:0 


nig 


10 


о-оо о-оо 


by Ris (1), Raa (1) and Roy (1) 


1 
1 


1 A by Rss (—1) and R4 (—2) 
| 
—1 


a by Ra (1) 


—1 
—3 
3 
—1 
0 
=l 
1 
0 


A by Ru (1), Ree (4) 
and Rau (3) 


17А Будь (—1) and 
] R(-1) 


1 
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atur о о Gic] 23095 & by R (—3) and 
ото ОШ 1291 ot 0| Ra (-D 
0010 Dp wae 


Oe 04-0 ok -1 1 0 1 
which follows that А-1= г—1 —3 3 —1 
1 1 —1 0 
BS 2. —3 
—1 1 0 1 

119) Derogatory and Non-Derogatory Matrices 

a rowed matrix is said to be derogatory or non-derogatory accor- 
ding а ‘he degree of its minimal equation is less than or equal to n. 
‚Мше. If m (x) is a scalar polynomial of the lowest degree with lead- 
ing coefficient unity, such that т (А)=0 then the polynomial m (x) 
and the equation т (x)—0 are respectively known as the minima! 
polynomial and the minimal equation of the matrix A. It should be 
committed to memory (i) the minimal polynomial of a matrix is unique 
(ii) the minimal polynomial of a matrix is a divisor of every polyno- 
mial that annihilates the matrix. 

For example if A be a m-square matrix with each element unity, 
then A?=nA and the polynomial x*—nx annihilates A. Hence x?—nx 
is the minimal polynomial of A. 

THEOREM. Every unit matrix of order > 2 is derogatory. 

If I be a unit matrix of order n (> 2), then the polynomial т (x) 
=х—1 annihilates I so that x—1 is the minimal polynomial of 1, 
since degree of x—1 is 1 (<n) therefore I is derogatory. 

Asan illustration A=[ 7 4° —1] is derogatory. 

4 7 —1 
—4 —4 4 

Note. The minimal polynomial of a matrix is a divisor of every poly- 
nomial that annihilates the matrix. ; 

Let m (x) be a minimal polynomial of A and A (x) be another poly- 
nomial that annihilates A. Then Division algorithm leads 

. h (x)=m (х) а (х)-+т (x) 0 
UN r (x) is a zero polynomial or its degree is less than that of 
m (x). ; ү 

Put x—A in (1), 

h (A)=m (А) а (A)+r (A) DAO 

'" т(х) and h (x) both annihilate A, (2) gives 

О=0Од (A)+r (A) ie., г (А)=О 
showing that r (x) also annihilates A. If r (x)40, then it is a non-zero 
RANA of degree less than that of m (x) and thereby contradicting 
that m (x) is minimal polynomial and hence the only possibility is 
that r (x) is zero polynomial. 

Then (1) gives В (x)=m (x) 9 (х) 
ie, m (x) is a divisor of h (x). 
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2.1v. RANK OF A MATRIX 

While defining a matrix, we have already mentioned: that the matrix 
constituted by the array of elements which are left after deleting any 
number of rows or columns or both of a matrix is said to be its sub-_ 
matrix. A square sub-matrix of a square matrix is known as а princi- 
pal sub-matrix which may be obtained by deleting the corresponding 
rows and columns of the square matrix. If it is obtained by deleting 


- only some of the last rows and the corresponding columns of the 


square mattix, then it is called as leading sub-matrix. 

It is worth-noting that a square sub-matrix is not c!ways obtained 
from a square matrix, but it may be obtained from any matrix after 
deleting certain numbers of row апа columns such that the remaining 
matrix may have equal number of rows and columns. 

The square sub-matrices of a matrix play ап important role in 
deciding the rank of the matrix, for, the maximum order of the non- 
singular square sub-matrix of a matrix determines its rank. 

We have also mentioned that the determinant of a square sub- 
matrix of a matrix А is said to be the minor of the matrix. The minor 
is principal or leading according as the corresponding sub-matrix 13 
principal or leading. : 


As an illustrative example of А=[1 2 ‘| then 1, 2, 3, 4, 5, 6, 
45 6 
7. 89 


7, 8, 9 are the minors of order 1; 
үз E 23, [tr 2E 3h (3 of 
4 5 4 6 | | 556 Tes 7:9 8 9 
455,14 6| | 56 үз the minors of order 2. 
7 8 7279 89 
The sub-matrix [; 5] is a principal sub-matrix of A. 
8 9 
The sub-matrix [; A is the leading sub-matrix of A. 
4 5 


It is also clear that the square sub-matrices of orders 1, 2, 3 are all 
non-singular, which follows that the maxinium order of the non- 
singular square sub-matrix of A is 3 and hence the rank of A js 3. 
Definition of Rank of a Matrix 

Let A be a given matrix of order m x and p be a natural number 
such that 

e<min (m, n) 
where min (m, n)=the smaller of m and n for тёп 
=m=n for m=n ` "а 

Let us now delete апу (m—p) rows and (n—e) columns of the mat- 

rix A, so that the retained elements constitute a square sub-matrix 0! 
order р, whose determinant is a minor of the matrix A, of order р. 
Clearly there corresponds a syystem of minors of A to each admissible 
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value of o. A definite positive integral value r of 6, with the following 
two properties is known as the rank of the matrix 4: 

(i) There is at least one minor of order r, which does not vanish. 

(ii) All the minors of order (r+-1) vanish. 

Conclusively the rank r of a matrix is the largest integer for which 
the statement *'not all minors of order г are zero" is valid. 

Thus the rank of a null-matrix is zero, the rank of a non-singular 
square matrix of order n is n and the rank of a singular square matrix 
of order n is less than n. 

The rank of a matrix A is denoted by р (A) or Rank (A). 

In determining the rank of a matrix, the following statement is 
often found useful : 

“If in a given matrix a certain r-rowed determinant is not zero and 
all the (r+ 1)—rowed determinants of which this r-rowed determinant is 
a first miror are zero, then all (r+ 1)-rowed determinants of the matrix 
are zero", 


ILLUSTRATIVE EXAMPLES 
1. The rank of the matrix l i Н J is 3, for the minor of 
[2 1:258 
order 4 is obviously zero and none of the minors of order 3 are zero. 
2.Therankof [1 2 3122. 
E 4 ] 


3 6 10 
3, The rank of D 2 2) is 1. 
2 4 


2.31. SOME THEOREMS ON RANK 

THEOREM 1. Elementary operations do not change therank of a 
matrix. 

Let A=[a;,] be the matrix of order mxn and rank r and let B be 
the mairix obtained from А by elementary operations. Suppose that 
r' (zr) is the rank of B. 

Case I. Let us first assume that B is the elementary matrix obtained 
from A by interchange of a pair of rows. 3 


Suppose that B, is any (r+1)-rowed square sub-matrix of B, so 
that (r+1) rows of the sub-matrix B, of B are also the rows of some 
uniquely determined sub-matrix A, of A, with the only difference that 
the identical rows of A, and B, may or may not occur in the same 
relative positions. But we know that an interchange of a pair of rows 
of a determinant results in the change of its sign, therefore we may 


have 
| By |=] Ao | or | Bo |=— | Ael 
Now the rank оѓ ће matrix A being ғ every (r--1)-Crowed minor 


25 Р Aie ect 
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of A vanishes i.e., | А, |=0 and hence | By |—0, showing that every ` 
(r+1)-rowed minor of B also vanishes. As such r’, the rank of B can 
not exceed r, the rank of A ie., 

ESE 

Moreover A can also be obtained from B by interchange of rows 
and therefore a similar procedure will yield that 

r&r' ? 

The results r’<r and r<r’ imply that r=r’ ie, the interchange . 
of a pair-of rows does not alter the rank of a matrix. 3 

It can be similarly shown that the same result holds for column- 
operation. 

Case II. Let ùs again assume that B is the elementary matrix obtained 
from A by multiplying the elements of a row by a non-zero scalar say 
#0. 

If | B, | is any (r+1}rowed minor of B, then (r--1) rows of the 
sub-matrix B, of B are the (r+-1) rows of A, of A or one of the rows 
of (r+1) is multiplied by A the corresponding row of Ao, which 
happens when B, contains the affected row. Applying the property 
of a determinant that the multiplication of any of its row by A results 
in the multiplication of the determinant by A, we have 

| By |=] А, | or | В, |=A| А, | 

But the rank of A being ғ, every minor | А, | of order r-- 1 vanishes 
ie., | А |=0 and hence | В, |=0 showing that every (r-+1)-rowed 
minor of B also vanishes. As such г’, the rank of B cannot exceed r, 
the rank of A ie., 

r’<r 
Moreover A can be obtained from B by multiplying the row of 


В (which was assumed to be multiplied by A) by + and therefore 


a similar procedure will yield 
per 

Thus r'&r and r<r’ imply that r—r' i.e., the multiplication of the 
elements of a row of a matrix by a non-zero scalar ^, does not alter 
its rank. 

It can be similarly shown that the same result holds for column- 
operation: ES 

Case Ш. Let us further assume that B is the elementary matrix 
obtained by adding to the elements of ith row of the matrix A, the 


` products with any non-zero scalar А of the corresponding elements of 


another say jth row of the matrix. 

If | By | is any (r+-1)-rowed minor of B corresponding to the minor 
| Ay | of A, then it is apparent that if the sub-matrix A, does not 
contain the ith row of A, | By |=| A, |, also if ith and jth rows of A 
are contained in Ao, | В, |=] A, |, because by the property of a deter- 
minant, if tne elements of any row are increased by the same multiple. 


à 
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of the corresponding elements of another row, the determinant 
remains unchanged. 

But if ith row of A is contained in A, and jth row not, 
then | Bo |=] Ao IFA ГС, | 
where C, is а (r-+1)-rowed square sub-matrix of A such that all the 
rows of C, except the ith coincide with those of A, while ita row is 
obtained by replacing the elements of Ao in the ith row by ^ times 
the corresponding elements in the jth row. Clearly + | Co | isa (r-- 1) 
rowed minor of A. 

But the rank of A being г, every minor of А of order r+1 vanishes 
ie, | Ag| =0, | Co |=0 and hence | By |—0 showing that every (r4-1) 
towed minor of B also vanishes. As such r' the rank of B cannot 
cxceed r, the rank of A. i.e., 

r'«r 

Moreover A can be obtained from B by an elementary transfor- 
mation of the same type and therefore a similar procedure will yield 

гг" 

Thus r'&r and r&r' imply that r=r’ i.e., the addition to the 
elements of a row of a matrix, the products with any non-zero scalar 
^ of the corresponding elements of another row of the matrix does 
not alter its rank. 3 


Conclusively the elementary operations do not alter the rank of a 
matrix. 


COROLLARY 1. Equivalent matrices have the same rank. 

If A and B are two equivalent matrices, then by the definition of 
equivalent matrices B can be obtained from А by a series of elemen- 
tary operations and hence by the preceding theorem, the rank of 
A=the rank of B. à 


COROLLARY 2. The rank of the transpose of a matrix is the same as 
that of the original matrix. (Meerut, 1967) 

If A is a matrix then its transpose A’ is obtained from A by 
interchanging its rows and columns i.¢., if 

A — [aij] of order тхл, 

then A' — [aj] of order nx m 

Let r be the rank of A and r' that of A’. 

If P be а square sub-matrix of А of order r such that | P |0, then 
P’ will be a sub-matrix of A’ of order г. 

But | Р |=! P’| by the properties of determinants 

| P’ |= |Р | 50 cos | P | £0. 
Thus by the same argument as in the above theorem 
rr 

Again if Q be a square sub-matrix of A of order (r+1), then Q^ 

will be a corresponding sub-matrix of A’ of order r+1. 


m SRL 
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But the rank of A being r, | Q |=0 
and since | Q |-| Q | 

-. | Q |=| Q |=0 showing that every minor of A’ of order (r+1) 
is zero, therefore 

rir 

Hence r'2r and r'€r imply that r'—r i.e., the rank of the trans- 
pose of a matrix is the same as that of the original matrix. k 

THEOREM 2. Every'non-singular matrix of ordef mxn and rank 
r (20) can be reduced to one-of the following normal forms : 


L ior ] [I : O), [7] 


о 
by a series of elementary operations. 

Suppose that A —[;;] is the given non-zero matrix of order mxn 
and rank r. So A being non-zero will have at least one non-zero ele- 
ment say ам =А50. If we interchange the kth row with the first row 
and the /th column with the first column, we find a matrix B with 
its leading element as A i.e., 


B= à ba. bs by... bin 
ч ba ba ӧз. | 
Dt MI бср. Dee 


If we divide the elements of the first row of B by A, we get another 
matrix C with its leading element unity, let it be given by 


C=r 1 
E 
Ст Cmo Cm: 


If we now subtract the suitable multiples of the first column of С 
from the remaining columns and the suitable multiples of the first 
row of C from the remaining rows, then we get a matrix D with 
leading element unity and all the other elements of the first row and 
first column as zero i.e., of the form 


which may be expressed as 


D=rl 0 0......07orrI 
| | i 
DA. 


where A, is a matrix of the type (m— 1) x (n— 1). 
If А, 50, then proceeding as above, we can find an elementary 
matrix from A, with leading element unity and all other elements of 


O7] by partitioning 
А, 


© 
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the first row and tbe first column as zero. Continuing this process 7 
times, we shall get an elementary matrix of either of the forms. 


(i) E i v r«m,n 
o o 


(ii) 5] when m—r, r<n 
о 


(ш) T, | O] when rm, n—7 
(iv) U] when т=п=/. 
THEOREM 3. If А is a matrix of rank r, then there exist поп: 
singular matrices P and Q such that 
кыш E^ о 
о 0 


Suppose that А is a matrix of order mx n and rank r. Then às 
given in the preceding theorem, ifr<m, п, A can be reduced to the 
normal form (6 о by elementary operations. But by theorem 1 of 
§2.9, the elementary TOW (column) operation is effected by pre- 
multiplying (post-multiplying) the corresponding elementary matrix o 
suitable size, therefore corresponding to А the matrix of order mX n 
and rank г, there exist elementary matrices Pi Posee P, each of order 
m and О, Qz- Q; each of order n such that 


P, Р... Р.А О, Өз -9=[5 о] 


Here each of the elementary matrices Py, Po,--.---et> and Q» Qs. 
etc, being non-singular, their products are also non-singular an so 


if we take 
P=P,P,...... 
- then PAQ-[L о 
о о 


where Р is of order m xm and Qi.e., of order nx. 
THEOREM 4. If Ais a matrix of order m Хп and rank r, 
exists a non-singular matrix 
(i) Р such that PA-[G] : 
О. 


then there 


where G is a matrix of order rx" and rank r and O is the null 


matrix of order (т—г)хп. 


(ii) Q such rhat AQ=|[HOF · 
where Н is a matrix о, order mx r and rank т and О is the null-matrix 


of order m x(n—r). 
By the preceding theorem there exist non-singular matrices P, Q 


such that PAQ it о] 


(i) If Q=Q Q;.....Q, where О, Qro Q, are elementary 
matrices, then : 


| 
| 


| 
| 
| 
| 
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РА О, О....... Ге ©] Е г) 
О 0. 


Post-multiplying the left hand side of (1) in succession by the 
elementary matrices Qr, Qir 3,......Q; 7, Qr, and effecting the 
corresponding column operation in the right hand side of (1) while no 
column operation would affect the last (m—r) zero rows, we shall 


find a relation of the form 


To] 


But we know that the elementary operations, do not alter the rank 
си hence the rank of PA and so of G will Бег, which is the rank 
of A. 


(ii) Take P=P,P,...... P.; where P,, Р,,......Р, are elementary 
matrices, then we have as in case (i), А 
P, P, Р,......Р, зате 9] waited 
о о 


Pre-multiplying the left hand side of (2) in succession by the elemen- 
tary matrices P,*, Pj 5...... Р, and effecting the corresponding row 
operation in the right hand side of (2) while no row operation would 
affect the last (n—r) zero columns, we shall find a relation of the form 
AQ=IH О] 

where the rank of AQ and also of H will be r, since the elementary 
operations do not alter the rank and the rank of A is r. 

THEOREM 5. The rank of a product of two matrices A and B whose 
ranks are гү, ту respectively cannot exceed the rank of either matrix 


ie., if r be the rank of product AB, then 


rsr and г<. (Agra, 1968) 

Let A be the matrix of order m x and B the matrix of order nX p, 
so that the product AB is conformable and has order m Xp. 

By the preceding theorem, A being the matrix of order mxn and 
rank r,, there exists a non-singular matrix P which is the product of 
elementary matriees, such that : 

PA-[G «x 5X1) 
[о] 


where G is a matrix of order ғ, хп and rank r, and О is the null 
matrix of order (m— r;) хл. 
. Post-multiplying either side of (1) by В, we get 
PAB=fG] B i3 (2 
[о] 


But P being the product of elemerrtmfy matrices, we have 

rank of (PAB)—rank.of (AB)=r : o) 
For, the elementary operations do not alter the rank. 
From (2) and (3) it follows that 


rank of ISI ; : ... @ 
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» 


But [S] B has at most r, non-zero rows which arise by the multi- 


plication of r, non-zero rows of G with the columns of B, therefore 
rank of [6] Bir, 9 
о 


Thus from (4) and (5) it is apparent that 
r&r, i.e,, the rank of (AB) < the rank of the prefactor A ... (6) 
Again r—rank of (AB) 
—rank of (AB)' by corollary 2 of Theorem 1. 
=rank of (B'A') |" (АВ)'=(В'А’) by reversal law 
of transpose 
«rank of the prefactor B' by (6) 
«rank of (B) 
<p 
i.e., the rank of (AB)< the rank of the post-factor B. 
THEOREM 6. The rank of a matrix does not alter by pre-multi- 
plication (or post-multiplication) with any non-singular matrix. 
Let А be any matrix and P a non-singular matrix such that the 
product PA is conformable and let 


B—PA ... (0) 
Then by the preceding theorem, 
rank of (B)=rank of (PA)<rank of (A) s» (2) 
(1) may also be written as 
A=P"B 
-. rank of (A)=rank of (P-!B)« rank of (B) 0) 


From (2) and (3) it follows that 
rank of (A)=rank of (B). 
Problem 28. Find the rank of the matrix [1.3 «4 3 
3095123 
[43 1. 
(Agra, 1970) 
Denoting the given matrix by А we have 


A-[1 3.4 3 
3091712713 
ОП o4 


The matrix A is of the order 3x4 and eyit can have minors of 
order 1, 2 and 3. The minors of order 3 are 


ТТА Аа ЭМ 43 13 4:3 
зра: 9:3 4 12:31:19:-32-3]* 
ІЗ а Зе А 
ie; 1240 ЕЕЗ 10010093) 012] H1 3 
E 3. 3| 3 23-9 E 3.93 383.3 
1-d3-15 1 d EP bp 


all of which vanish as they consist of at least two columns identica 


MATRICES , 253 


The minors of order 2 are 


|; 5L alls 3 

Ir SL LU ah 

sil “abla i 
all of which do adi vanish E 


1 3|23—9—— 6:70. 
E | 


Hence the rank of A is 2 
Problem 29. Find the rank of the matrix 


ОК Е Gorakhpur, 1965 
| PERR 9 боа 
—1—3 - 4-3 


We know that the elementary operations do not alter the rank or ip 
otherwords the equivalent matrices have the same rank, thus since 


Ae-[1 3 4 3]by Ra (D) 
39129 
0 0 0 


0 

-[1 3 4 3]by А, ($) 
1343 
0000 
-[13 4 3]by Ry (-1 
IEEE 2 (—1) 
0000 


therefore the rank of A is clearly 1, for, the minors of equivalent 
matrix of orders 3 and 2, vanish. 


Problem 30. Reduce the matrix А to the normal form and hence 
find its rank, where 


d J 2 || (Delhi, 1960) 


1 а ee i and C,,(—3) 
1 0 0 0. 


a DES Jj Ra (—1), Rs (—1) and Ra (—1) 


We have i 00 4 by Ce: (—1), C (—2) 


B 70.0.0 
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6 
0. 


; by Cs, (1) and C, (2) 


ЕЛ 
© 07 by A. (Ð and 4—1) 
o | 
0 


1 


оо-о ошно 


9 
0 
8 
0 0 
15:070 А by С, (—3) апа С; (4) 
“lo 1 0 
00 1 1 
~I 0 0 0jbyCa(—D 
0100 
0010 
0000 
ew E 9] which is the required normal form and its rank is 3. 


Problem 31. Find the non-singular matrices Р and О such that РАО 
із in the normal form, where 


A=[3 2 =I 
5 1 4 -2 
1 —4 He —19 


The matrix А being of order 4x we may write, 


Ay es ESI) 10 0 0 0 0 
2:4 24/34 | [0:140 0100] 
1 24000 Цоо 0, t4 10 0. 1.50 
0.0 0 14 
or [1 —4 и —19]=[0 0 1]Аг1 0 0 07by Rs 
SEA Wee wee 010| 0100 
За 1:00] |0 051.0 
š ; 0001 
Ger eA Jao 0- ljATI о 0 о 
0 21 —5 —9| 101 — 0 i 00] 
0 4 —34 62) |1 0 - 0010 
0 0 0 1J 


by Ra (—5) and Ra (=3) 


or [1 0 0 o=o 0 HATI 
0.21. —51::93 0 17-5 0 


0 14 —34 62] LI 0 — i 
0 


ось 
| 
он-он 
ma 
-00m 
© 
“Ёсе ёз! 


by Cn (4), ae 11) and Caas 


er [1.0 o]-[o 0 l]A[1 
eer (US CS 0 
0227 Price оо 


0 0 


че» 
is 
ks 
(3 
5 


ed. оу 


by С, (4), C; (— зт) and С, Gr) 
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or [10 0 0] =f0 0 ЦА 
DES S 60. П — 
0 1e oisi 


0 зт 

by R, (9) and А, (3) 

o [1 0 0 O]J-[0 0 ЦАГ + ziv thy 
0100 031 —i Ор —t 
0100 i 0 —} 00 — 0 

00 0 Y 
by Cae (—1) and Cys (-0 

or [10 0 0]-2[0 0 1]Аг1 + ziv sir 
о100||о ai [ok -b -} 
0000 i-i E 00 № 0 

00 0 + 

by Rsa (—1) + 

which gives the required normal form i.e., 

[5 У 
О 0. 
=| = + ? U 
where P ч } "1 and : H ES P 
T5 E 00 —4 0 
0 0 0 vr 


Problem 32. Find the rank of the product matrix AB when 


A=[1 1 —lj]adB-[—-] —2 ~! 

2-3 4 б ЖАД O 

з —-2 3 Bi EON ШӘ, 
We have AB-[ 1 1 —1][—1 -2 —1 
2-3 4 6 12 6 
3-2 3 5 10.755 


-[0 0 0 
000 
000] 
Hence rank of (AB)=0, since the rank of a null-matrix is zero. 


2.12. SOLUTIONS OF LINEAR EQUATIONS 

In this section we shall make an attempt to apply the concepts and 
consequences of matrices discussed in the previous sections, to find 
the solution of any system of linear equations, homogeneous or 
non-homogeneous. : 

It should be clearly noted that a system of n linear equations in п 
unknown variables has not always a solution, e.g. the system of 
equations í 

G) £d has a single solution namely x—2, y=1 
4x—Sy=3 а 
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(ii) 2х—3у=1\ has no solution 

—4х+6у=2 

and (iii) 3x+2y=5 } has an infinite number of solutions. 

6x+4y=10 
Homogeneous lineér equations 
Let there be a set of m homogeneous linear equations in 7 varir 
ables xi, Хз, Xs.--«.. Xn; 

031X13- aX  ......... 


азуху-ЕауәХу+.. 


amXı t amx + -0 F amnXn=0 
In contracted form this set of equations may be expressed as 


dis зү? Qn) [xı )-[0 
аз 22 -Aan | | X2 9 | 
бы ауылды Ех» fal 


Am2 
Writing, 
, A-[ün dee s X-rxjOo-2r0 
аз 02e i Xa :| 
Чы бы | oci UD 


where А, X, О are the matrices of orders mxn, nx1 and mx? 
respectively, the given set of equations is equivalent to a single 
matrix equation 

AX—-O AIL V) 

Let us assume that r is the rank of the matrix А of order тхл. 
As regards the solution of the set of homogeneous linear equations, 
the following results can bc summarised: 

1, A system of homogeneous linear equations always have one or 
more solutions. . 

Since r cannot be greater than л, therefore, 
either г=п or r<n. 

In the first case the equation (7) will have no linearly independent 
solutions, for in that case trival (zero) solution is the only solution, 
while in the second case there will be (n—r) independent solutions 
and therefore the equation (1) will have more than one solution. 

II. The number of linearly independent solutions of AX=O is (п—г) 
i.e. if we assign arbitrary values to (n—r) of the variables, then the 
values of the others can be uniquely determined. 

Since the rank of A is г, it has 7 linearly independent columns. 
There is no ioss of generality if we suppose that the first r columns to 
the left are linearly independent for, it amounts only to renaming the 


variable components of X. 


: 
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Taking С, C;,...... Cu. C, as column vectors of А, we can 


write 
A=[C,, C,....... Si ere etl C,,] of order 1x» 
so that the equation AX=O is equivalent to 
x, С Cyt cas: Ag sse +x, С,=0 «sin (2) 


Each of the column vectors C,4;, C.4;..., C, being linear com- 
bination of C;, С,,...С,, we have the relations of the form 


С,ы==Куу Ci this Ci. 


Cr 4k, Ci tke: Ci. .. (3) 
| Сок. Ci ka Cet. 
| Where I-n—r 
Now the relations (3) can be rewritten as 
| ku С.а Co... tkir C1. Cr +0. ] 
| С,+... +0. С„=О 
| Keay Cy Ky Co... Hkar C 4-0. С —1. 
| +... +0, С„=О oO (4) 
X= f ku x= ku) 5s XH ku 
kis kaz Kn 
E. Ker | kie 
me 0 0 | (5) 
| 9 et 0 | 
NOUS EUN ж 


which are (л—г) solutions of АХ=О. 
These (n—7) solutions constitute a linearly independent set of 
lutions, for if we have 
KX ++... +kq-1Xn-=O ...(6) 
Then a comparison of (r+1)th, (r4-2)th,......nth components on 
either side of (6) will give 


Я k,=0, К,=0,......, K. =O 
In order to show that every solution of AX=O is some suitable 
linear combination of these (n—r) solutions X,, X,,...... » Xn-r let us 
construct a vestor : 
KA Xr XS Xr Ket... 9.60 Mee cod 


Which is also a solution of AX=O, as it is the linear combina- 
tion of its solutions. Obviously the last (п —r) components of (7) are 
all zero. Let its first ғ components be у, уу,......у,. Then the vecter 
with components Vas Jn --.--Jr 0, 0, ... 000 0, 
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is a solution of AX=0 and hence from (2), we have 
yi С +С... Бу, С,=О 
But the set of vectors C,, C,,..-...C, is linearly independent, therefore 
уу=0, у„=0,......‚ Y= 
which shows that (7) is a zero vector and thus 


Х=—х,ь Xi Xr Ж,......... X Жо 
Hence every solution X is a linear combination of the n—r linearly 
independent solutions X;, X;,...... y em 


Note 1. In case nr, there is only one solution x,—x,—... 
=x,=0 and when n>r, there is a unique solution other than х= xs 
=...=х„==0,‚ provided that the rank of the matrix of the coefficients 
of the (n—r) arbitrary chosen values is r. 

Note 2. 1f X, Xs, Xs,......Xa-, be a set of (n—r) arbitrary indepen- 
dent solutions of the equation AX=O, then its general solution is 

X=A,X, +h Xt... + knr Xn-r 
where ki, K;,...... К. is a set of (n—r) arbitrary values. 

III. If the number of equations is less than the number of variables, 
then the solution is always other than . 

j XpmXQ—...-—2X4—0 

IV. If the number of equations is equal to the number of variables, a 
necessary and sufficient condition for solutions other than хү=х;=... 
=x,=0 is that the determinant of the coefficients must be zero. 

Non-Homogeneous Linear Equations ' 

Let there be m non-homogeneous linear equations in variables, 
Spied К Xn, Such as 

d3X1- d33X34- ...... 
3131 dos X4 - 


Ў Ь, 
^ тпа bp, 
The system of given equatio»s is equivalent to a matrix equation 


Un y. da] xı =b 
а а, | B E 
1 Oma. iw Xn bm 


Denoting by 
A=[4n аһ X= x, and B=}, 
5 z | E | E | 
ns Xs bn Ј 
we have the matrix equation © ‚ 
- AX=B 


This equation is said to be consistent Ze. the equaticn possesses а 
solution if the matrices A and [A, B] awe of the same rank, where 
[A, B] denotes the matrix : ч 


а беадаби нё даб MOTA 


| 
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11 (de Ayn OY 
ау eee b, 
ату Amo аһы Dm 


Here the matrix A is called Coefficient Matrix and the matrix. 
[A, B] is called Augmented Matrix. 

THEOREM. The system of non-homogeneous equations AX=B 
possesses a solution if ] 

Rank of (A) Rank of [A, B] 

Le., if т and о be the ranks of the matrices A and [A, B] respectively, 
then the given equations are consistent when r—9 and inconsistent when 
r«. E 

Supposing that Cı, C»... C, are the column vectors of the matrix 
A, the equation АХ=В ЖЕП) 
is equivalent to 


ICi, €,......Cl Ё ү 
Xa 
. xl 


Le., xyCidxiCet +х„С„=В : ЖД) 
The rank of the matrix A being г, it has r linearly independent 
columns and so there is no loss of generality if we assume that the 
first r columns form a linearly independent set such that each of the 
remaining n—r columns is а linear combination of these r columns. 

Case I. If the given set of equations is consistent, then there must 

exist n. numbers say ky, Kar: ky such that 
ў k,Ci EC ee Fk. Cs B ARE 

But each of the (n—7) columns Юда Crave nes C, being a linear 
combination of first r columns C,, C;....-. C,, it follows from (3) that 
B is also a linear combination of Ci, С,,...... , Cr. As such the greatest 
number of linearly independent columns of [A, B] is also 7 showing 
that r is also the rank of [A, B]. Conclusively the system of equations 
AX=B is consistent if rank of (A)=rank of [A, B]. 

Conversely if. the ranks of A and [A, B] are the same say r, then the 
greatest number of linearly independent:columns of [A,.B] will be r. 
And since the first r columns Cys С»... С, of [A, B] form a linearly 
independent set, therefore the column B is expressible as a linear com- 
bination of the columas C Cien С,. As such there exist r_scalars 
kis Ке such that 

k,Ci C eee +k,C,=B 
ie, СС, e CHO Coa Cota EO С.В 258709 
Comparison of (2) and (4) leads to` 
xy kp Xmas Xr An Xem, X70 x40 


which constitute a-solutien of AX=B. 
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Hence the given system of equations is consistent if and only if the 
ranks of the coefficient matrix and the augmented matrix are the 
same. $ : 

Case II. If rank of (A) < rank of ([А, B]), then the equations AB 
=B are inconsistent as is obvious from the Case I and hence the 
given system of equations has no solution. 

Note 3. The most general solution of AX=B is 

Xp X T aX. +kn-r Xn-r=Xot¥ 
where Х,, X,......X4-, is a set of (n—7) solutions of AX=O and X, is 
any fixed solution of AX=B, also kj, kg,...... k«-, is any set of (n—r) 
constants. 

Here А (X)+¥)=AX)+AY 

=B+0=B 
So that X,+Y is a solution of the given equation i.e., AX=B. 
Conversely if Z be any solution of the given equations, then 
А (Z—X))=AZ—AXy 


—B—-B—-O 
showing that Z— X, is a solution of AX=O. 
If we write Z-X,(Z—X,) 


then it follows that every solution Z of AX=B may be expressed as 
the sum of a fixed solution X, thereof and some solution Z—X, of 
the auxiliary equation AX=O. 

Note 4. If A be a n-rowed non-singular matrix, X be an nxl 
matrix, and B be an лх1 matrix, then the system of equations 
АХ=В has a unique solution. 

A being n-rowed non-singular matrix and B being a matrix of order 
пх 1, the ranks of both А and [A, B] will be л and so the system of 
equations AX=B is consistent i.e., possesses a solution. : 

If we pre-multiply either side of AX=B by А-!, we have 


A7AX=A"'B 
or IX—A^7B 
Le. X--A^CB 
is a solution of AX=B 


In order to show that this solution is unique, let us assume if possi- 
ble that X,, X, are two solutions of AX=B, then we have 


ў АХ, =В and АХ, =В 
which follow that AX,=AX, 


or А AX,—A^ AX, 
or IX, —IX, 
ie, X,—X, 


which shows that the solution is unique. 


r 


———Á E el is 
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2.13. CRAMER'S КЛЕ 
If a matrix equation is of the form 
AX=B ... (1) 


where A is a non-singular square matrix i.e., | А |50, then pre- 
multiplying either side of (1) by AW, we have à 


A7tAX=A"B 
ie, ІХ=А-В 
ог X=A"B 


A^ being unique, these аге the only solutions. 
As a particular case if we consider a set of three non-homogencous 
linear equations 


ау Ху +X t+ 0153 В, 
азух, азу Hax =b 
4313 - 0533 + 43X3 Ds 
the system is equivalent to the matrix equation 


ау 42 A x]-[5 
аа аз аз Xs b, 
ds; зз 33, хз]. Lbs 


Denoting by A—[a1 а аз | X=[ s B-[5, 
аз 33 dos Xa b, 
зі As, 0331, хз}, b, 


we have AX=B. 
Premultiplying by Аг, we get as above 
X=A7B ; e]0 


But we know that 


1 : 
ES UR 
A TAT adj A 
Here [А |=|ац 4n 75 
ад Aga a3 
азі ls hss 


and adj A=[An An Аз | 
Aas Ags 
Аз Ass Аз 
where Ау etc. are the cofactors of the elements а, etc. in the deter- 
minant ] Al. i 
Here (2) may be expressed as 


x]. 1 [An An As] [5 
х. |ТА | Аз Аз As b, 
Xs, Аз Ass As] Lbs 
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“Tat | аа е] 
| аһ @ | а аз I а аз | ? 
аз Q33 азі 55 а аз 
[ОКЕ 
f b, | dr аз | b, | а а IM | аз ауз | 
5 аз зз аза 455 аз аз 
P SEM —b,|4u аз ш | а аз [s | а аз | | 
[А] айу Azs аз аз pn. A23 | 
b, | Se = | b, | у аз [th | їп аз | 
2 1 32 21 22 


ап diy di 
ар йв аз 
аз 0 аз}! 


аһ а b; 


ја bi а; | 
ал D; аз 
ası bs аз 
|an -iz 13 


b, 

ba аз dus 

аң а asl 

ац а а аз Q23 Grz а Az аз 

ау йз» ss аз 03, аз; аз аз: зз 
This result may be extended to the general case and thus gives the 

rulegiven by Cramer. 


*For a given set of n non-homogeneous linear equations in n variables 
Xis Ха›......Х„ each x; (i=1, 2,..... n) is a quotient, the denominator 0. 
Which js the determinant | А | of the coefficient matrix А and the 
numerator of which is a determinant obtained from | A | by substituting 
the column vector [: | for the ith column of | A |. 


аһ d» b, 
азу з: bs 


а: ds an| 


В айз ais 


а Ge 3 


, 


х= 


b, 


Proble.a 33. Solve : 2x+3y—z=0 
x—y—2z=0 
4x+y—5z=0 


The given system of equations is equivalent to the matrix equation | 


Se aa a Ылай 


‘or 42 1 
00 ¢ 
i 
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2 3 x ]=O where o= 
1 —1 y 0 
4 1 2 0 
ог 0 5 х ]=0 by Rı: (—2) and А,, (—4) 
1 —1 y 
0 D 2 
ог 0 5 x |=0 by R3, (—1)` 
IL y 
0 0 g 


which is Loaded to 
5у+32=0 
x—y—2z=0 > 
giving х=,у=—{ 
which give the solution for arbitrary values of 2. 
The general solution is given by 


xJ=f 221-1 i]-M 7 7] where 2=5 k is an arbi- 
y —32 — —3 trary parameter. 
2 2 1 9 


Problem 34. Solve 4x+-2y+z+3u=0 


6x+3y+4z+7u=0 
2x+y+u=0 (Meerut, 1968) 


The given system of equations is equivalent to the matrix equation 

4 2 1 3]гх7=0, where O=[0 

6053704. T Д 0 

251-0 f 2 0 
и 
3 x 1-0 by Ra (9 and Ry (-) 
АТ; 

0 0 —$ —4]| z . 


ог 4 2 
0 0 
00 
which is equivalent to 


4x+2y+z+3u=0 
z+u=0 


ytu 
2 


u 


1 | хгү=О Бу Rs (—$) and R, (х) 
1 1 y 
0 0 E > 


и 


giving, z=—u, x=— 
The rank of $ 2.1 1 is 2 and number of unknown variables 
63-4 7 


о ОУ: 
is 4. 


264 ` MATHEMATICAL PHYSICS 


~... Number of independent solutions =4-2=2 
If we choose u=k, and х= 
then, y=—2k,—k, and z=—k, 
which give an infinite number of non-trivial solutions, 
Problem 35. Solve x+2y+3z=0 
: 3х+4у+4:=0 
7x4- 10y--122—0 
The given system of equations is equivalent to the matrix equation: 


1 2 3][x]-0,where O=[ 0 +; 
СЯ ry 0 A 
2x10 PEs 0 

2 


ог [ 3 к a 
Оа 


y 
or [1.2 3][3x]-0O by А, (—4) and then Ros (4) 
0 ill» 
1 2 


T 


0 
which is equivalent to 
x+2y+3z=0 
y+9z=0, z=0 


giving x=0, y=0, z=0. 3s 
Moreover the rank of the coefficient matrix l A 2 is 3 which 
7 10 12 
is the number of unknown variables and hence the system has only 
Zero solution. 
Problem 36. State the conditions under which a system of non-homo- 
geneous linear equations will have 5c 1 
p 53 5 Я "mi infinity of sole А 
A" solution, (ii) a unique solution, and (iii) an een 1967) 
‘Let the system of non-homogeneous linear equations be equiva- 
lent to the matrix equation AX=B E 
where A is of order mxn, X be of order nx1 and B be of order 
mxi 
(i) The equation AX—B has no solution if 
rank of (А)-# rank of ((A. В) 
(i) The equation AX—B has a unique solution if ce 
rank of (A)=rank of КА, B)] number of unknown variables. 
In particular if А is a square matrix, then AX=B wil have à 
unique solution if | A | #0. : 
(ii) The equations AX—B will have an infinite number of. solutions 
if rank of (A)=rank of ([A, B])< number of unknown variables. 
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Problem 37. Solve the equations by using matrix methods s 
x+y+z=6 
x—y+z=2 
2x+y—z=1 (Agra, 1970) 
The given system of equations is equivalent to the matrix equation 


B= ETE] 


or [ 1 1 Hil | by Ro: (—1) and Rs: (1) 
e о —2 O}] » 5: 
3 0 ojLz J. 3 


which is equivalent to 
х+у+2=6 
—2у=—4 
. 3x=3 
‚ giving x=1, y=2, z=3. 
Problem 38. Show that the equations 
x+2y—z=3 
3x—y+2z=1 
* 2x—2y4 32-2 
х—у+2=—1 
` аге consistent and solve them. 
The given system of equations is equivalent to the matrix equation 


1 2 -1 x] 3 "o (d) 
3-—t 2/17 1 
2-2 3|L* 2 
1521 1 el : 
Denoting the coefficient matrix by А and augmented matrix by С 
" ^ 


we have 
А=Г1 2 --17, C=f1 2 -1 3 
Bi 2 3 --1 2171 
2 —2.. 3 2 —2 312 
1 —1 1 1 —1 1—1 


Here fourth order minor of A vanishes but none of the third order 
of A vanishes, therefore the rank of A is 3. 


Again fourth order minor of C is 


1 2 -1 3 )=/4 —1 2.- 3|by adding the 4th 
Rp oU T4231 
2592 3 2| 4 —4.5 2 
j-—31 4 —11)0 0 0 1 


column to Ist and 3rd and subtracting 4th column form 2nd 
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2,4 —1 2 by expanding along 4th row. 
|4 —2 3 
ls —4 5 | 
=4(1-1 2 
12053 
14 5 
=4 | 11:2 | by subtracting Ist row from others. 
0 1 1 
053-53 
=4 | 1 1 | by expanding along 1st column. 
3 
=0 


ie, 4th order minor of С vanishes, but none of 3rd order vanish: 
as may be seen easily. So the rank of C is also 3 


rank of (A)= rank of (C) 
i.e., rank of coefficient matrix=rank of augmented matrix. 
Hence the given system of equations is consistent. 


Now in order to solve the given system by performing . Ra (—3), 3 


Rs; (—2) and Ry (—1) on (1) we have 


ШЇ 


0 —3 T 
or " 3 Tl у = fee by Raa (—7). Raz (—7) 
ен | HRS 2. bo 
ocu -i 
er ri 2 —195[x]=r 3 95у Ras ($) 
2 о 
pio o 0 9. 
which is equivalent to 
x+2y—z=3 
—7у+52=— 
Pi 


giving х=—1,у=4,2=4. 
Problem 39, Solve by Cramer's rule the system of equations 


x4-2)4-3z— 10 
2x—3y+z=1 
3x+y—22=9 
Here A-[1 2 3], sothat [AJ =(1 2 3 |=52- 
$ —3 | [2 са 
3- P 3d —2 
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10 2 3 
1 —3 3 
9 1. = 
" 156 
By Cramer's rule x ГАТ See 3 
1 10 3 
| 2 i 1 
qnc ИВ 
TN p 5 
1 2 10 
2 —3 1 
3 1 
| EADE 
and z= ГАІ =” 
Hence x=3, y=2, z=1. } 
Aliter we have [Al | 1 2 : wr 
3 1 —2 


Алт P. at ea An=-] 2v 3 P gn 


Ae]: bet Aun} PE 


pue: 


Au7| 1 [3 [р An=—| З : [rm 


Anej 1 


Thus Adj A=[ 5 7 11 
7 -1 5| 


fee) SAPE 1 hoes 
^ che 21 д 
ГАТ Б 5 
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ae [eae 


Hence the solution of the given system of equation is given by 


x 1 5 7 11 10 
yl-i|7-n- 4]|| 1] 
z | 52111 5 — 9 


504-7-- 99 1 
= 70—11-+45 |=} ii|, 
110+4—63 | 52] 52 
which gives x=3, ve 2=1. 
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2.14. CHARACTERISTIC MATRIX AND CHARACTERISTIC 
EQUATION OF A MATRIX 
Matrix polynomials. An expression of the type 
F(x) 2 A, HAXH Agx H. An", 
where Ao, Aj, A, ...А„ are all square matrices of the same order, 
is known as matrix polynomial of degree т provided А,,520. The 
matrix polynomial is said to be n-rowed where Ao, Ai, As, ...А„ аге 
each of order л. f 
The non-zero coefficient A,, of the highest power of x is called the 
leading coefficient. 
The degree of the sum of two matrix polynomials cannot exceed 
the degree of either polynomial. 
The degree of the product of two matrix polynomials is less than 
or equal to the sum of the degrees of the two polynomials. 
Characteristic matrix. If A be any n-rowed matrix and I be an 
n-rowed unit matrix, then the matrix polynomial A—xI of the first 
degree is said to be the characteristic matrix of A. 
“Characteristic polynomial. The determinant | A—xI | is known as 
characteristic polynomial of the matrix A. 
Characteristic equation. The equation | A—xI | =0 is said to be 
the characteristic equation of the matrix A. 
Cayley-Hamilton Theorem 
Every square matrix satisfies its own characteristic equation, 
ie. if | A-xI | —a,4-a,x4- ajx*4- ...--a4,x^-—0 
be the characteristic equation of a square matrix A, then 
a,L 1-2À 3- a A* 4... +a, A^ —O, 
where every x has been replaced by А and so ay-asx*— ag A^ — aol. 
Adj (А —xI) is a matrix polynomial, since the adjoint of (А —х1) is 
a matrix having its elements as ordinary polynomials in x. 
By the property of adjugate polynomials, we have 
(A—21) adj (A—xD= | (А—х1) | t xs 
The relation (1) stands between three matrix polynomials namely 
(А —хї), adj (А —x1) and | A—xI | I of which the last one is a scalar 
matrix polynomial. The relation (1) also shows that (А —х1) is a left 
factor of the scalar polynomial | А—х1 | , so that its left functional 
value is O for x=A. Thus : 
| A—xI | IS 9 —(2,--a,X - dx" -..--anx*) Y 
=al +a, Ix 4- a, i4 :.. ах". 
For x=A, it gives al +m A 4+а,А?+...-{-а„А®—= О. 
Aliter. Since | adj С | = | C | "2", we may suppose that 
~ adj (А —1)  B,--B,x--B,x? 4L... -- Bs x77, 
then (A—xI) adj (A—xD- | (A—xf | 1 gives - 
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(A —xI) (Bi Bye By? +. Beat?) + 
(atatt ax H. Hax") I 
=А1+а1х+а,1х?+...+@1х^. 

Comparing the coefficients of like powers of x, 


AB )=aol 
AB,—B)=ail, 
AB,—B,==a,I, 
—B,-1= nl. 
Pre-multiplying these by I, A, A®,...A” in order and adding, 
we get al +a A +a A? +.. a, A^ —O. 
COROLLARY. Cayley-Hamilton equation is 
agl-ta,A-+a,A?+...+anA°"=O Rea (i) 
In characteristic polynomial | А—хї | it is obvious that when 
n=0, a= | A | #9. 
Thus premultiplying (1), by A73, we get 
сат нА адад 
а % o а 


0 

Note. The right and left functional values of an n-rowed matrix. 

polynomial G(x) for any n-rowed matrix C are defined as 
G(C)=Aot AC +AsC? +... РАС”, 
G (CHA, СА, СА, +... +CAn 

when С(х)=Ао+А;х+Азх2+... +А ух’. 

If G,(C)=Q, then C— xl is called а right factor of G(x) апа con- 
versely and if Gi(C)—O, then C—xl is called left factor of G(x) and 
conversely. 

Problem 40. Find the characteristic equation of the matrix 


1 20221 
2 —1 4 
3 cor 


and verify Cayley-Hamilton theorem for it. 


Since А=[1 25:3 
2 -1 4 
3 1*1 
Eu d. 3-9 Os * 3 
2-14 01 0 2 —1l—x 4 
з Т1: 1 901 3 үсүе 
so that |А—хї|=| 1—х 2 3 |2—334-x*--18x4-30. 
8 2 =1-—x 4 
3 1 1—x 


Hence the characteristic equatian is 
—x8+x?-+4+18x+4+30=0. 3 
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Now in order to verify Cayley-Hamilton's theorem, we have to show 
that 301+18A+A?—A*=O, te (1) 


Here I-[1 0 0] А=[Г1 2 ied 
1010 27-1 ' 4 
З 0 0 14, 3 MEET 

A*-[1 2 Saft 2 3]|-[14 3 14 

2.—1 4||2 —1.4[].[12 9 6 

3 ERNES taa 8 6 14 


and AS=A°A=[14 3 14][1 2 3]-[62 39 68 
12.9 .6||12 .—1.4 48 21 78 
8 6 14113 px 62 24 62], 


so that 30I-- 18A J-A?— A? 


-3 [1 0 0] +18 [1 2 3|-[14 3 14]—[62 39 68 
° 010 2 ed cs 12.9 .6 48 21 78 
0 0 1 3 2 f 8 6 14 62 24 62 


=[30+18+14—62  0--36--3—39 0+54+14—68 
04-36--12—48 30—18+9—21 0+72+ 6—78 
0--54-- 8—62  0-F124-6—24 30--18--14— 62 


Hence Cayley-Hamilton theorem is verified. 


2.15. SUB-SPACES AND NULL SPACES ? 
Sub-space of an n-vector Va. A set 5 of vectors of Vn is said to be a 
sub-space of V, if it is closed with regard to the operations of addition 
> > 3 
and scalar multiplication, i.e., is 5,, 5, be any two members of S, then 
> > — — 
E, -5, is also a member of S and when & be any member of S, КЁ is 
also a member of S, k being a scalar. : 
Every sub-space of Va, being the scalar product of any vector with 
the scalar Zero, contains the zero vector. 
Any sub-space arising as a set of all linear combinataions of any 
given set of vectors, is said to be spanned by the given set of vectors. 
A set of vectors is called the Basis of a sub-space if the sub-space is 
spanned by the set provided the set is lineary independent. 


> — 
For example if Е, E,, Es... E, be a set of vectors defined as 
> э. > 


GS 
& [1 0 0...0], £ ^[0 1 0...0],...£, —[0 0 0...0 1], 
then this Set is а basis of the vector space V, if 
> 


S > 
à kkr SE, t+... EE, ES 0, 
which is satisfied, when k,=0, k,=0, k,—0,..., k„=0, so that the set is 
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E p 
linearly independent and that any vector E=[a,, 2,,...a4] of Va may 
> > 


> > 
be expressed as £—a; E, Fas +... + anba. 

Dimension of a sub-space. The number of vectors in any basis of a 
sub-space is said to be the dimension of the sub-space, e.g. dimension 
of V, is n. 

If we have a matrix A of order mx, then each of the m rows of 
A consisting of n elements is an z-vector and each of the n columns, 
consisting of m elements is elements is an m-vector. 

The row space of A is one which is spanned by the m-rows which is 
a sub-space of V, and the column space of A is the space spanned by 
the n-columns which is sub-space of Vm. 

The dimensions of row and column spaces are respectively known 
as row rank and column rank of the matrix. 

Premultiplication by a non-singular matrix does not alter the row 
rank-of a matrix. 

The row rank of a matrix is the same as its rank. 

The column rank of a matrix is the same as its rank. 

Null space and nullity of a matrix. The sub-space generated by the 
vectors X, such that AX=O і said to be the column null space of 
matrix A of order m xn and rank гапа its dimension n —r is said to 
be the column nullity of matrix A, i.e., 
rank of A-+column nullity of A=number of columns in the 

matrix A. 

Similarly the sub-space of the solution of YA —O is said to be the 
row null space and its dimension m—r is said to be the row nullity of 
the matrix A, ie., 

rank of A+row nullity of A=number of rows in A. 

In case of a square matrix the row nullity ^nd the column nullity are 
equal. Thus if (А) denotes the rank of A, (A) the nullity of square 
tmatrix А and л the number of rows of columns of A, then 

&(A) - wA) —n. 
Sylvester's theorem i.e., Law of nullity. 
If A and B be two n-rowed square matrices, then 
max. {У(А), (B)) &vAB)«wv(A)-v(B), 
where v(A), У(В), (AB) stand for the nullities of А, B and AB. 
If e(A), e(B), e(AB) denote the ranks cf the matrices А, B, AB, 


then we have 
e(A)n—wv(A) 
o(B)—n—w(B) 20) 
o(AB)=n—v(AB) 
Now we know that corresponding to the matrix A of rank e(A)—7 
(say), there exist non-singular matrices P and Q such that 
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PAQ-[L 9r : MC ; 


[Note. Here if A be an mxn matrix, then P and Q are mxm and 
пхп matrices respectively and then the form (2) is said to be normal - 
form of A while every non-zero matrix of rank r can be reduced t 
the normal form by a sequence of elementary transformations.] 


*Premultiplying by P and postmultiplying by Q-*, (2) gives 


A=P> [i o]e* e... (3) 
оо 
Consider another matrix С given by Ё 
mp LÍ о Je г. Ө 
о Onr y 
so that A+C=P> [E о ] Q3 — P-Q^. 
i О Onr! 
It follows that A+C is a non-singular matrix. 
Now : e(C)=n—p(A) 
and (АС) = л. 


But А and С being non-singular, we have 
e((A-- C) В} = (В), 


ie, e(B)=p(AB+ CB) 
<p(AB)+e(CB). co 
Also e(CB) «e(C) —n—e(A). E 
Thus (5) and (6) yield 


&(B)e(AB)--n—e(A) 
or p(AB)>p(A)-++e(B)—2, 
ie., if A, B be two n-rowed square matrices, then 
e(A)+e(B)—n<p(AB)<min. [p(A), e(B)] 
or n—v(A)-++-2—“(B)—n<n—vAB)<min. {n—v(A), n—v(B)} from (0 
or Y(A)-- B) 2 AB)2 max. (v(4), v(B)}. 
This proves the theorem. ^ 
Problem 41. Find the basis cf the row and column null spaces of the 
matrix [1 I —1 1 
1—1 2ТЕ 
3 I 01 
For the column null space, let us consider the matrix equation 


[1 1 —1 I] x1-0 MEO 
1 —1 2 —1] y 
3 1 0 1] z : E 


w Р 
x on subtracting the first row from 
—о 2nd and 3 times the first row from 

3rd and then subtracting the new 

-second row from the third new 

row in the first matrix. 


y 
2 
LÀ 
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This is equivalent to 
x+y—z+w=0, 
—2y+3z—2w=0, 
which yield y=iz—w, x=— $z, 
so that the general solution of (1) is 


х Ld [1 04 where z and w may be trea- 
Уатара T —] | ted as two parameters. i 
z y | 1 0 
w w 0 1 


Hence the two solutions m ‚Г 07 constitute the basis of the 
t —1 
0. 1 
eolumn null space of the given matrix whose nullity thus із 2 (two). 
Now for the row null space, let us consider the matrix equation 


papi 1-1 1]=0 v0): 
1—1 2.-1 
3 1 0 
ог [yz [1 0 0 20]-O on substracting the first column 
1-23 —2 from 2nd and fourth and adding 
3 —2 3 to the third column in the seeond 
matrix. й 


гог [xyz] [1 0 0 01-0 on adding 4 times the second column 
1 —2 0 0 to the third and subtracting the 
s. 3-200 second column from the fourth. 
which is'equivalent to 
. х+у+3:=0, 


—2у—22=0, 

giving =—z,x=—22, i 
so that the general solution of (2) is 
[xy 2]=[—22, —2,2=2 [72 —!, 1}, 
where 2 may be treated аз a parameter. 

Hence the solution [—2, —1, 1]constitutes the basis of the row 
null space of the given matrix whose row nullity is thus 1 (one). 

The required basis of the row and null spaces of the given matrix 


are respectively 
P —1 [Пп 1-1 1]=0 
а ЕД 1 
aviar з 


and 1 poer rYr-i 01-0 
3 =1 got RI 
5 1 1 0 1 2:109 
* 1 
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2.16. TRANSFORMATIONS 


DIM 
Linear forms. An expression of the form = ах; said to be linear 
J= 
form of the variable х;. 


Transformation. If a;; be the given constants and x; the variables 
then the set of equations 


n 
Xi= X ax, (for i=1, 2...n), sret) 
j=l 
is called a linear transformation connecting the variables x, and the 
variables Xj. 


The square matrix A=[a;]= a Qy9.-++.-Gjn] is said to be the 
Е : 3 
ам. UE acs 


matrix of transformations. 
The determinant of the matrix 


ГА |=|а=а, 


is said to be the determinant or the modulus of the transformation. 

For the sake of convenience and brevity (1) is written as 

X=Ax, share (2) 

when | А |—0, the transformation is called singular and when 
1 A |50, the transformasion is said to be non-singular. ` 

In case of non-singular matrix the transformation may be expressed 
as X—A^'X (on premultiplying (2) by A). ` 

In particular the linear transformation 

X, ox, X —x,...X,—x, 

2 | =l is said to be the identical trans- 


1 f. а 
whose matrix is | 


0000 
formation and its determinant is unity. 

Resultant of two linear transformations. If the two successive 
transformations be Y—PX and Z—QY, then the resultant transfor- 
mation is determined by Z=QPX which shows that the matrix of 
the resultant of two linear transformations, is the product of the 
matrices of the transformation, due regard being paid to the order 
of multiplication. 

Evidently the rank of the product of iwo matrices cannot exceed 
the rank of either factor and ifa татіх of rank r is multiplied (in 
any order) by a non-singular matrix, the rank of the product is 
also r. 
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Orthogonal transformation. Any transformation x—AX that 


transforms Хх? into ZX* is said to be an orthogonal transformation 
and the matrix А is known as orthogonal matrix. 


If A-[ ац 
| а 
ат 


and its transpose a 


ан discs 


then AA’=I which is the necessary and sufficient 
A condition for a square matrix X to be 
orthogonal, 
since if x,—a, Xi Fan Xo arn Xo, 


n n n 
then Z X,^— У x= Z (a X,-- a5 Xo4d-...a4 X). gives 
г=1 г=1 r=] 


Ay P+ a5; H.. Han =l 
and 2 ayia + 03,3; - ...- 450540 
for i21, 2...n, j=1, 2. ...n and 15. 
Now AA’=I gives LAJIA’ [=1, 


where | А |==|А” | as interchange of rows and columns does not alter 
the value of the determinant. | . 
| А [2=1, ie., | А [=+1. 

Evidently the product of two orthogonal transformations is an 
orthogonal transformation. For if x—AX and X=BY be two ortho- 
gonal transformations then AA’=I, BB'—I. 

[AB] [АВ] = ABB'A' by the law of reversal transpose 
—AIA' 
: —AA'-—I. 

Orthonormal Set. A set of vectors is paid to be an orthonormal set 
of vectors if 

(i) each vector of the set is a normal vector 

(ti) any two vectors of the set are orthogonal 

While a complex n-vector X is said to be orthogonal to another 
complex n-vector у if (X, Y)=0 ie., if X*Y=O. 

The relation of orthogonality in the set of all complex : -vectors 
is Symmetric. The positive square root of X*X is known as the 
length of X. 


In other words using the Kronecker delta symbol 5,;=0 fori#j 
=1 fori=j, 
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a set S of complex n-vectors Xi, X,,...... X, is termed as an ortho- 
normal set if (X;, X;)=6,,, i=1, 2,...k, j-- 1, 2,...k. 

THEOREM 1. Every orthonormal set of vectors is linearly in 
dependent. 

Suppo»e that the vectors Xi, X;,...X, form an orthonormai set of 
vectors. 

Thus (i) X; is a normal vector for every i i.e. X*X,—I 

(ii) X;, X, are orthogonal vectors for every i, j such that ij 
i.e., X*X,—0 for every i and j, ij 

Consider a relation a, X, - a; X,+...+a, X,=O t: 09 
where а, а,,...ау are scalars. 

Feemnltiplying (1) by X;* and applying А condition (1) and 
(ii), we find а, I=O or a,=0 as 1-20. 


Similarly рышып (1) by X,°, XS, NL. successively, we 
may get 4,0, ay=0......, ак=0. 
As such all the scalars. dica tases а, being zero, the relation (1) 


follows that X;, Х,,...... X, form an orthonormal set of linearly 
independent vectors. 


THEOREM 2. Show that a real matrix is wnitary if and only if it 
is orthogonal. 


If A is a real matrix, then A9—A" 

"7 Ais unitary if A*A—I or if A'A—I i.e., A is orthogonal. 
Conversely if A is orthogonal then A'A—I 

le., A*A—I, i.e. A is unitary. 


2.17. HERMITIAN IMS 
Any expression of the forms i 5 fe хех 
ЖИЛЕТ 


where а,,=ау; is said to be a Hermitian form in n-variables. 


It is easy to see that B i а X, Xj—X'AX where A —[a;] 
=] {= 


=X°A X 
Where X is a Column vector with components Xj Хз, Xp. x, and 
X* is а row vector with components x E» LETS %,. Also the matrix 


A is Hermitian as a;,—a;,. 
THEOREM 3. A Hermitian form assumes only real values. 
We have (X*AX)—X*AX, 
where X°AX being a single element matrix coincides with its 
aoe 
TARA -ANT 
=(Х'А X), ` X°=X’ 
—(X)' A’ (X"/ —X*AX, с (X)'—X*. A'-A and (X) =X 
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so that (Х#АХ)=Х°АХ, 
ie., X*AX coincides with its conjugate and therefore it is real. 
Linear Transformation of a Hermitian form. Consider a Hermitian 
form X*AX. i 
„Апу non-singular linear transformation say X PY, i.e., хХ*=ү*Р* 
ives 
: X°AX=Y°P°APY=Y°BY (say) 
where В=Р®АР is the matrix of the transformation. 
Now B*—(P*AP)* — PeA* (P*)® 
=P*AP=B, Ў 
ie., B is also Hermitian if A is Hermitian, since for a Hermitian 
matrix A9—A. 


2.18. CHARACTERISTIC ROOTS AND VECTORS OF А MATRIX 
(EIGEN VALUES AND EIGEN VECTORS) 
A non-zero vector X is called a characteristic vector of a matrix А, 
if there isa number A such that AX—AX. 
Here А is called a characteristic root of A corresponding to the 
characteristic vector X and vice versa. ү 
Characteristic roots are often known as Proper, Latent ot Eigen 
values and characteristic vectors are known as Proper, Latent'or Eigen 
vectors or in variant vectors. 
We have AX 2AX —AIX, I being a unit matrix 
or (А-А) X=0. 
Since Х520, the matrix (А —ЛІ) is singular, so that 
| (A—AD |=0. 
which follows that every characteristic root ^ of a matrix А is a root 
» of its characteristic equation | A—M |=0. 
Conversely if A be a root of the characteristic equation | А-А] 
6 =0, then the matrix equation (A—Al) X—0 possesses а non-trivial 
ie., non-zero solution for X, so that there exists а Vector х0 such 
that AX=AIX=AX. 

It follows that evey root of the chat: 
is a characteristic root of the matrix. 
Thus if А=[а0] be an mrowed square matrix. 

minate, then the characteristic equation 
| a—AI|]=0 gives аһ 
а 


acteristic equation of а matrix 


and A an indeter- 


wee ushers m зз x 20) 


which is an ordinary polynomial in A of degree л and hence will give 
n values of À on simplification. These п values of A are n eigen values 
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of this equation. To every eigen value there corresponds an eigen 
vector. 


Аз an illustrative example if _ 


ASSERIT ACTA 
а? 
Е e 


then its charactristic equation | A—AI |=0 is 


1-А .1 3 =0 
Spa y n *:6 
—2 =l —3-^ 


which yields on expansion A?=0 
giving А, =0=A,=A, če., all the three eigen roots are zero. 


Nature of the eigen values and eigen vectors of special types of 
matrices. 


THEOREM, 1 The eigen values of a Hermitian matrix are all real. 
(Rohilkhand; 1977'Agra, 1970; Vikram, 1969) 


Let A be an eigen value of a Hermitian matrix A. Then by 
definition there exists a vectos X40; such that 


` АХ=АХ. 
Premultiplying by X* we get 
P*AX—X9*ÀX 
—AX*X—AXSIX 0) 
X°AX 
so that Ae ү e Q) 
Also by §2.17, we have X*AX —X9*AX, 


So that X*AX is a real number and therefore in particular X°IX is 
also a real number. Ў 


Hence frcm (2) it follows that А is a real number, i.e., all the eigen 
values of a Hermitian matrix are real. 

THLOREM 2. The e 
purely imaginary or zero 


igen values of a skew-Hermitian matrix are 


If A be a skew-Hermitian matrix and AX—2AX, then 
(iA) X—-(2) X. 
But iA is Hermitian and therefore its eigen values id arc real. : 
follows that A is either zero or purely imaginary number. 
Note. In this case XXAX— —X*AX. 


THEOREM 3. The modulus of each eigen value ofa unitary mans 


is unity, i.e., the eigen values of a unitary form hx- the absulule 
value 1. 
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Let U be the unitary matrix, ^ an eigen value of U and X а 
corresponding eigen vector; then 


UX=AX. «+ (0 
Taking conjugate transpose of either side, we get 
X*U9*—2AX*. «++ (2) 


Post-multiplying (2) by (1), we get 
X*U*UX —AX*X, 
Х being complex conjugate of А 

or X*X —AAX*X as U*U—I, U being unitary 
or (1—4A) X*X —0. 

Since X40, therefore X*X40 and hence 

-1—™=0, Le, ЖА= | [*—1, 

i.e., the modulus of A is unity. 


Note. The above three theorems when particularised, give that 
(i) the eigen values of a symmetric matrix are real, 


(i) the eigen values of a skew-symmetric matrix are zero or purely 
imaginary, an 

(iii) the eigen values of an orthogonal matrix have the absolute 
unity and are real, or complex conjugate in pairs. 


Thus taking А as an eigen value of the matrix А and X the corres- 
ponding eigen vector, we have 


==AX, 
A*X=AAX=)*X, 
А?Х ЛАХ = АХ. 
Therefore 


[Ат ln A"7 -1A*7—... E ( — 1)" 11] X 
А =P Ty AHH „+(—1) 19] X, @) 
since pow 
If the characteristic equation be taken as 
| A—A |=(—1)" D^ TA" 4-197774... H(— 1)" Be) = 0, 


` then (1) reduces to 


A"— Ii A7 - 1A" ?— ... +(— I" E] 0, vx (2) 
which is Cayley-Hamilton Theorem. 


THEOREM 4. Every matrix equation satisfies its own к ^ 
equation. ( Cayley-Hamilton Theorem). 


It is easy to show that the theorem that every square matrix 
satisfies its own characteristic equation also holds for singular 
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matrices as well as for matrices that have repeated eigen values. Its - 
proof has already been given in $2.14. 

If A is non-singular matrix, then multiplying the result (2) above 
by A=}, we get 


к= 0" CC аа qan Ant «FCD? Nev), 
which e a fad of finding the inverse of a matrix. 


THEOREM 5. Any two given vectors corresponding to two distin 
eigen values of a Hermitian matrix are orthogonal. 


Let X, and X, be two eigen vectors corresponding to two distin 
eigen values A, ^, of a Hermitian matrix A; then 


AX,—ÀXX;, E 
AX, —XX;, . ;. Oe 
where from theorem (1) the numbers Aj, А, are real. 
Шашу (1) and (2) by X;? and X,° respectively 
X,°AX,=A,X.°X), 
X,°AX, =A. XX, 
But (X,9AX;)* — X; *AX,, 
* for a Hermitian matrix AS=A and also (X,°)°= 
. therefore we have from (3) and (4), 
(Х.Х) —A, X;?X, 
or AyX,°X.=A_X,°X, 
or (\—,) X,?X,—0. í 
Since ^, —^, 520, otherwise the roots will not be distinct; therefore 
the only possibility i is that X,*X,—0. 
It follows that X,, X, are orthogonal. 
COROLLARY. Any two eigen vectors corresponding to two distinct 
eigen values of a real symmetric matrix are orthogonal. (Agra, 1974) 
THEOREM б. Any two eigen vectors corresponding to two distinct 
eigen values of a unitary matrix are orthogonal. 


Let X,, X, be two eigen vectors corresponding to two distinct eigen 
values A,, ^ of unitary matrix U; then 


€ 


| UX,—AX,. 2 (0 
3 UX,=A,X,. PES Q) 2 
Taking conjugate transpose of (2), we get 
X.°U®=A,X,° EC 
From- «D and (3), we find 
X,°U°UX,=A,A,X,"X- 4 
or XX, =A XX, since U'U=1 
or (1—XA) X;*X, —0. RS) 


But U being a unitary matrix, the modulus of each of Ив eigen 
values is unity, i.e., A,A,=1. 
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So tnat (1 XX) 2, АА, Az Q4 —A)) #0 +++ (5) 
From (4) and (5) it follows that X,°X,=0 ie, X, and X, are 
orthogonal. 


THEOREM 7 The eigen vectors corresponding to distinct charac- 
teristic roots of a matrix are linearly independent. 

Assuming that X,, X,,......, X4 are ep vectors of a matrix A 
corresponding to distinct eigen valves Л, A,,...... , ^, such that 
AX, —À, X, i21, 2......m, we have to show that X, Х,......Ж„ are 
linearly independent. 

Suppose that X,, Х,......Х„ are not linearly independent but they 
are linearly dependent, then we can choose r such that l<r<m and 

TE АСЗ X, are linearly independent, but Х,, Х,...... Xr, X are 
linearly dependent so that there exist scalars di, а,,...... 4,44 not al) 
zero, satisfying 

а, Xi a Х,+...... + аы X0 ++. (1) 
or А (а, Xia, Х,+...... + аы Х.)=АО 
Or а; АХ; а, AX, -e +a АХ = О 
or a (Ay Х,)+а, (Ay Х,)+...... + аы Qna Xr) =O 5*0) 

Multiplying (1) again by A,,, and subtracting from (2), we find, 

а (№) Xia; (№ Аы) Xi + а, (Аы) Х,=0 Q 

But X; X,...... X, are linearly independent by hypothesis and 

EE Arş are distinct, it therefore follows from (3) that 
0, 20a, ...... d, 
and then (1) gives а. X,,,—0 

So that a,,,=0 as Xn, #0 

Hence a, 02a, 7 ...... 0, dp 
which contradicts the assumption that a;, а,,...... 4,4, are not all zero. 

It follows from this contradiction that our initial assumption is 
wrong and the only possibility is that X,, Х,,...... Xm are linearly 
independent. 

THEOREM 8. The minimal polynomial of a matrix is a divisor of 
the characteristic polynomial of that matrix. 

If fix) be the characteristic polynomial of a matrix A, then by 
Cayley-Hamilton theorem, /(А) =0 so that f(x) annihilates A. Thus if 
"Ty minimal polynomial of A, then m(x) is divisor of f(x) by 

THEOREM 9. Every root of the minimal equation of a matrix ls 
also a characteristic root of that matrix. 

If f(x) be the characteristic polynomial of a matrix А and m(x) be - 
its minimal polynomial, then by preceding theorem m(x) is a divisor 
of f(x) and so there exists a polynomial q(x) such that 

f(x) - m(x) а(х) sies (1), 

If ^ be a root of m(x)=0, then m(A)=0 (9) 
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Putting x=A in (1) we get, ДА) =т() q(0)—0 by (2) 
which follows that А is also a root of f(x)=0 

Hence А is also a characteristic root of A. 

THEOREM 10. The characteristic polynomial and hence the eigen 
values of similar matrices are-the same. Also if X be an eigen vector of 
A corresponding to the eigen value ^, then P^! X is an eigen vector of 
B corresponding to the eigen value à where B—P^ AP. 

Let А and B be two similar matrices, Then there exists an invertible 

,matrix P such that 
B=P AP. 
Consider B—A 1=Р-! AP—A I 
=P АР—Р-Ф(М)Р `` Р! (AI) P= P> PIM 
=P! (А-А)Р 
[ВА |=| P? |. | AXE]. | P | 

—|P-! || P |.| А-А |“. scalar quantities commute 
—2|P23 P|.]A-M| “| CD/=/C||D| 
=|A—AE| "| P> P| = |E]—1 

which follows that A and B have same characteristic polynomial and 

so they have the same eigen values. 

For the second part, taking А as one of the eigen values of A and 
X corresponding eigen vector, we have AX—AX A EE) 

B (P?X)—(P-! AP) P! X—P-* AX `; PP—Ietc. 
=P"? (AX) by (1) 
=A (P? X) $ 
which follows that P-! X is an eigen vector of B corresponding to its 
eigen value А. 


COROLLARY. Jf X is similar to a diagonal matrix D then diagonal 
elements of D are the eigen values of A: 

Since D has its diagonal elements as its eigen values and D is similar 
b x it therefore follows that diagonal element of D are eigen values 
of A. 

. Problem 42 If Xis a characteristic vector of a matrix A correspond- 
ing to eigen value ^, then show that k X, k being a non-zero scalar, 
is also an eigen vector of A corresponding to ^. s 

As given, X40, and AX=AX „ж (M 
! к20 and X40 give k X40 
Now, А (k X)=k (AX)=k AX by (1) 
=A (k X) 
which follows that К X is an eigen vector of A corresponding to the 

eigen value A. 

Problem 43. If X is an eigen vector of a matrix A, then prove that X 
cannot correspond to more than one characteristic values of A. 
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If possible let us suppose that X is an eigen vector corresponding 

to two eigen values Л,, A, of A. Then, we have 
AX=A, X and AX=A, X 

These give, А, X=A, X ie., (, —4,) Х=О 

4&0 MMNasS X40. 

i.e., ^, and A, cannot be different. 

Problem 44. Determine the eigen values and eigen vectors of the 
matrix yim 4 1 ‹ 

1.2 
The characteristic equation of A is given by | ACA I | =0 ie., 
| 5—^ 4 m ie., 9. —7A-- 6-0 or |A—1) (A—6)=0 
1 2—\ 


2. М=1,‚ 2„==6 are the eigen values of A, 


Now the eigen vector X, of A corresponding to the eigen value ^, —1 
is given by the non-zero soiutions of the equation (A—1 I) Х,=О 


ie., — = =f0 
@ Г mI" 57] 

The coefficient matrix here is of rank 1 and therefore these 
equations have 2—1 i.e., 1 linear independent solution. А 

These are equivalent to 

4x,+4x,=0 and x,+x,=0 

which yield, x, — —x, 

If we take x, —1, then x,— — 1 so that the eigen vector of A 

aH | i corresponding to the eigen value 1. 


In fact every non-zero multiple of the vector X, is an eigen vector of 
A corresponding to the eigen value 1. 


. Again the eigen vector X of A corresponding to the eigen value A,=6 
is given by the non-zero solution of the equation (A—61) X,=O 


ie, [— = 
TaT 

Here also the coefficient matrix being of rank 1, these equations 
have 2—1 i.e., 1 linear independent solution. 

They are equivalent to 

—%,+4x,=0 and x,--4 x,—0 

which are the same and satisfied by x,—4, x,—1 

4 с 1 ] is an eigen vector of A corresponding to the eigen 


value 6. In general it may be represented by CX, ie., C [t where C 
ll, 


is any non-zero scalar. 
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Problem 45. Determine the eigen values and eigen vectors of the 


0 05 
The charactezistic equation of A is | A—M |=0 i.e., 
BIDS 4 |=0i.e., (A—2) (0—3) à —5—0 

0 2—^ 0 |. А;=2,А,=3, 4-5 

055959 0:5 .5—X] 
which are the eigen values of A. š 

Te determine eigen vectors let us consider the eigen values one 
by one. 
(i) When 2,22 the eigen vector X, is given by (A—2I) X,=O 


ie, f [: 1 s| МЕН 
0 0 6|]х, 0 
0 0 3]Lx, 0 
The rank of coefficient matrix being 2, the equation will have only 
3—2 Le., 1 linearly independent solution. 
These are equivalent to м+х«+4х=0 
6х=0 
3x,—0 
The last two give x,—0 and then first one gives х1 +x,=0. 
Take  x,=1, then x,— —1 and x,=0. 
Hence Х,=С, | i C, being a scalar 


0, 
(if) When ^, —3, the eigen vector X, is given by (A—3)X,—0 


he. 0 1 4][x)]-[0 
0 -1 6|[x| |0 
o 0 2115.1 Lo 


which are equivalent to x3+4x,=0 
, —X6x70 
2x,70 

giving x,—0, x,--0 and x, is arbitrary say xı=1, then 


XC, [o] C, being a scala: 

0 
0 „ 

(lii) When А„=5, the eigen vector X, is given by (A —5D X,—O 


Le. —2 1 4iFx,]-[0 
0 —3.6||x 0 
о oO Ojix 0 


which are equivalent to —2x; -- X4 -- 4x, —0 
—3x,+6x,=0 


aa <er 


е (25-39 (sA). (0,42) 0 
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giving X172X,— $n Le.2x,—3x,—6x 
Take x,—1, so that x,—2 and x, —3 
Hence X,=C, H C; being а scalar. 
2 


1 


Problem 46. Show that the eigen values of a diagonal matrix are 
given by its diagonal elements. 


Let D—diag [a4, a5,.a4]-ra; 0 .... ‚0 
i | аза eee 0 | 
vac da 


Its characteristic equation is 


| D -AI | =0 Ze. 24 


giving A—a,,, 455,...a,, Which are eigen values of D ‘and these are 
clearly the diagonal elements of D. д 


Problem 47, Prove that any square matrix A and its transpose A‘ 
hove the same eigen values, е 


IfA-[a;]o«» then А’ [а] 

The characteristic equations of A and A’ are 
| A—IA | «0 and | A'-AM | =0 

а-л ag: =Oand Каң—А ag... 

а а 


be: Am [20 


i COPPA 


d. E 
both the determinants have the same values as interchange of rows 
and columns does not alter the value of the determinant. 
wd, | A-M | = | A’—AE | =0 
which follows that characteristic equations of A and A’ are the same 
and hence they have the same eigen values. 
48. If A be a non-singular matrix then prove that the eigen 
values of A^? are the reciprocals of the eigen values of A. 


If A be an eigen value of A and X the corresponding eigen vector, 
then we have 


AX-—AX oval) 
Pre-multiplying both sides by A-! and using A-1A—I and IX-X, 
we get f 


X=A7 QX)-XA7X) ог АХ + X which їй view of (1) 
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follows that + is an eigen value of A“? and X is the corresponding 


eigen vector. 
Conversely if k is an eigen value of A~}, then A being non singular 
gives its inverse А1 to be non-singular and (A~) "=A, so that тіз 
an eigen value of A, 
As such each eigen value of À~ is equal to the reciprocal of some 
eigen value of A 
Problem 49. if A is a square matrix of order n and has № 
as its eigen values then show that eigen values of k A will be Ur i 
KS k being a non-zero scalar. 
If A=[4¢;Jaxn then its characteristic equationis | A—AI | =0 : 
he. (№) 0А). (А-А,)=0 . 0) 
The characteristic equation of k А is | KA—M | =0 
Le. 


or 


аһ адаа. dane 
E eA 
or | ASTI =0 


ie. G -X) G -M) ents G =M )=0 by (1) on putting + for A. 


Hence the eigen values of KA are КА;, АЛ,,...КА,. k 
Problem 50. If eigen values of A аге №, \,,...А„ then prove that 
those of A? will be M, M^, At. 
ux X be the eigen vector of A corresponding to a eigen value А of A 
еп 


AXK=)X set 
or | © A(AX)--AQX) 
or _ | AX =A(AX)=A(AX) by (1) 
or AK=NX 


which follows that A? FE eigen value of A* corresponding to the 
eigen vector X. 


| 
y 
1 
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Hence if A, Ag,...A, are the eigen values of A, then A,%, A,2,...A%, 
are the eigen values of А?. 

Problem 51. If A and B are two square matrices, then show that AB 
and BA have the same eigen values. Also show that А-1В and BA have · 


the same eigen values when | A | 50. 
We have ВА =(А-1А) ВА –А-! (AB) A 
So that BA and AB are similar and hence have same eigen values 
since similar matrices have the same eigen values. 


Similarly BA-'=(AA~) BA^—A(A-!B)A-! 
i.e. BA“ and А-!В are similar and hence etc. 


Problem 52. Show that the eigen roots of A® are the conjugate of the 
eigen roots of A. 


The characteristic equations of A and A® are as given 
| A—M | —0 and | A*-XI| —0 
But | A* — XI] = | (А-А | = [АА | 
~ ГА? [= [АА] 
jA*— AE] 20. ГАА |0 
ог |A* — AL |-0 or iff [А-А | =0 since if z bea 
complex number then z—0 iff Z =0, 
Thus X isan eigen value of A* iff A is an eigen value of A. 


e 


Problem 53. Show that the matrix A=| 1- 0 0 |is derogatory. 
1—1 0 
I 0—1 
The characteristic equation of A is | А-А | =0 
i.e. 1—\ 0 0|=0 ог (A—1) (A+1)?=0 
1 —1—А 0 
1 0 —1—^ 


giving A=1, —1, —1, so that by theorem 9, the factors x—1 and 
x+1 both must be divisor of the minimal polynomial of A. 

We have to see whether h(x)—(x—1) (x+1)=x?—1 
annihilates А or not. 

Consider Л 0 jr 

010 
001 

^ A*—I=0 

Which shows that A(x) annihilates A and as such h(x) is the mini- 
mal polynomial of A. Also degree of A(x) is less than 3 and hence A 
is derogatory. 

Problem 54. If X be an eigen vector of B=P-14 P corresponding to 
an eigen value ^, then show that Y=PX is an eigen vector of А corres- 
ponding to the same eigen value. 

We have BX=AX 
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or PBX=PAX or P(P3JAP)X-PAX 
or A(PX)=A(PX) Y PPs] and ІА =А etc, 
which follows that PX is an eigen vector of A corresponding to the 


eigen value A. : 
Such eigen vectors are often called as the invariant eigen vectors. 


Diagonalization of matrices. Let A;, Àz; Аз...А, be n distinct eigen 
values of a matrix А and X,, Х,, X;...X, be the n corresponding eigen 
vectors. Also let X, be the column vector given by 


Xy 2 
ui m 
хы. CE) 


Consider a matrix E whose column vectors are the п eigen vectors 


such that 
Хи Xig.....-Kin 
ж Xare Xon |[=[Х,1 (say) (2) 


XXX 
| amas pes Dus, ..43) 
0 On... An 
Then ED-[AXu AX... = EN 
n E i М d DX _ (4) 
(no summation over /) 
=(AX,, AX,,......AX,) (expressing matrix as vectors) 
=А (X. X,,...X,) 
If E bea non-singular matrix, then premultiplying by E-!, we get 
E“AE=D. 


Thus premultiplying AE“ by А and post-multiplying by E, we get 
diagonal matrix whose diagonal elements are the eigen values. This 
process is called the diagonalization of the matrix A. 


A method of diagonalization in practice. Writing the characterisitic 


equation for given matrix, the characteristic roots can be determined. 
If A be a n-square matrix and its characteristic roots are A,, A,,...A,, 
then the diagonal matrix of 


АЗ 
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eg., if A=[cos@ —sin8 0 

sin @ cos@ 0 
0 0 1 
then | A—AI |= Гсоѕ 08—?  —sin 6 0 7=0 
sin 0 cosó—A 0 
0 0 1—4 
Le., (1—2) (1—2A cos 64-37) -0 

; Feos bLA 

Characteristic roots are 1, сыр d cos 90 
te, ` 1, cos 6+? sin 6 
fes 13 eT" 

A CR ue, yee BEN 

Hence the diagonal matrix is e 0 0 

su è o 
0 0 1 
Note. Besides this method we can diagonalize a square matrix 
(i) by orthogonally similar matrices 
(ii) by unitarily similar matrices 
but the above method is rather convenient in practice. 

THEO REM. The necessary and sufficient condition for an n-rowed 
matrix A to be similar to a diagonal matrix is that the set of eigen 
vectors of A includes a set of n linearly independent vectors. 

To prove that the condition is necessary. There exists non-singular 
matrix E, such that 

EAE -— D diag. (Aj, As... ...A.). 
Pre-multiplying by E, we get 
А AE=ED, since ЕЕ-!=1. 
Suppose that E-[X,X,...X,] . 
no А[Х,Х,......Х„]=[Х,Х,......Х„] diag. (Ay, \,,......А„) 
or [AX, АХ,...АХ,] = [Xi Xs...A X,]. 
This is equivalent to 
AX; —A,X;, AX, —AX,,..., АХ, A X4. 
so that Ху, X,,.... X, are n eigen vectors of A whose corresponding 
eigen values аге Aj, À,,..., А». As these vectors constitute the columa 
of a non-singular matrix, there exists a linearly independent set of n 
eigen vectors. 

To prove that the condition is sufficient. Let Х,, X, Xs,..., X, bea 
linearly independent set of л eigen vectors of the matrix A and let 
Ajs As... An be the corresponding eigen values. Then 

АХ, =\Х;, АХ,=\,Х,,..., AX, =A,Xq- ena (1) 

If we write E=[X,, X;,...Xal. à 
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the system (1) is then equivalent to 

[AX, AX,...AX,]=[A,X,, А,Х,...А,Х,] 
ог А [Х,Х,...Х,]=[Х,Х,...Х,] diag. (A, А,,..., An). 

ie., AE=ED. 

But the m-rowed matrix E is non-singular for its columns form a 
linearly independent system. Thus E^? exists and hence we have 

E^? AE-D, 
which follows that A is similar to a diagonal matix. 

Problem 55. Show that th» diagonalized matrix of a real symmetric 
matrix is orthogonal. 

If A be a real symmetric matrix and D its oa matrix, 
then D~ AD=diag [A,, As,......An], .f) 
where A,, А,,...Л, are eigen valves of A. 

(DAD) —diag Ds. А... А] 

or D'A’ (D) =diag [,, А,...А,]=р-! AD 

which follows that D'=D~ i.c., D is an orthogonal matrix. 
roblem. 56. Show that diagonalized matrix of a Hermitian matrix 
is a unitary matrix. 

1f A be a Hermitian matrix and D its diagonalized matrix, thes * 

97 AD=diag [A,, А,.. An] and А Ast OY) 
where A,, А,,...А, are the eigen values of A. | 

2. (D? AD)®=(diag [A,, 2,,...A,]9 › 
or D*A*D-3j—diag[M,A,..M] | 
or D®A (D) —D" AD by (1) | 
which follows that D°=D~ or DD°=DD>=I j.e., D is unitary. | 

Problem 57. If a n-rowed square matrix A has n- linearly independent 
invarient vectors then it is similar to a diagonal matrix. 

If X;, Х,,...Х, be linearly Popp adent, invariant sigen vectors of A 
corresponding to eigen values Àj, A ,...A,, then АХ; = AX; 

forevery i. ...(1) 
Consider a square matrix B with its columns as vectors X: such 


that 
B-[X;, X,,...X,] 
4 AB=A[X, X:,...X,]=[AX,, AX,...AX,] 
=[ХХ,, XX... AnKa] by (1) 


—[X, X4... Xn] rA, 0.......0 
5 А 2i 


=B diag [A,, A... ' 
«B^! AB=diag [A,, А,...А,] 
which follows that A is similar to diagonal matrix. 


eee ARRA —À 
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2.19. QUADRATIC FORMS AND THEIR REDUCTIONS 
Quadratic Forms. A homogeneous polynomial of the second degree in 
any number of variables is said to be a quadratic form, e.g., ax°+ 
2hxy--by*, ax*--by?-Fez?E2fyz--2gzx--2hxy are respectively the 
quadratic forms in 2 and 3 variables. 
n n 
The general quadratic form is 2 = aj; x, x; in n variables ху, 
Ј=14=1 
ха...Х» Where i=1, 2, 3...n and j=1, 2, 3...” but ij. 

The coefficient of each product term is а;;-а;;, for it arises as x; 
as well as ху. In case i=j, the coefficients of square terms, i.e., x,*, 
Xa,- Xa аге а, 035, ... dna. 

If we now define another set of scalars, such that 

by=a;; and b;—b,,73 (ài +s) for і]. 


n n n n 
then (OE Хах 2 У buxo, 
j=1i=1 j=1i=1 


which follows that every quadratic form can.be so adjusted that the 
matrix of its coefficients is symmetric. 


} Quadratic form as a product of matrices. If we have a quadratic 
orm 


n n . non 
X È agxx,wherea;—a, then У У ajxx,-X' AX. 
j=1i=1 j=ti=1 
where A is the symmetric matrix of the given quadratic form. 


We have A= а dia 5 dis 
E аз -. ад |. s 
gi Cages Лү, io 
x 
Let X=| x, |; then X'—(x;, x;,...xa]. 
Xn 
n n n 
Now 2 2 ajxx= a (ах, - dis t... -dinXo) ч. 
j=1 i=l =1 á 
From which it is obvious that the form appears as а matrix 
obtained as the product of the pre-factor row matrix with components 


41131- Xt- анха 
aX Hir Xo+. Hann 


апух, Наа. ... алпа 
and the post-factor column matrix with components 
; Xis Xs... X2. 


Ф 
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Also it is apparent that the pre-factor row matrix is the product of 
the pre-fector row matrix with components ху, х,,..., Xn and the post- 
factor mairix A. Hence 


n n 
У У ацџхіх; =Х'АХ. 
j=1 i=1 
For example, 
ax’ +2hxy+by*=[xy] Га h] fx]. 
pu) 


Congrüence of quadratic forms and matrices. An. n-rowed square 
matrix B is said to be congruent to another n-rowed square matrix 
А, if there exists a non-singular matrix P, such that 

B=P’AP. 
Properties of congruence of matrices 
(i) Reftectivity. Every matrix A is congruent to itself as 
A-—IAI-I' AL 
(i) Symmetry. If A is congruent to B, then В is also congruent to А. 
If А=Р'ВР, then 
B—(P')? AP! (P) AP“. 

(iii) Trsnsidvity. Jf A is congruent to B and B to С then A is also 
congruent to C. 

If A--P'BP, B=Q’CQ, then 

A=P’Q’CQP=(QP)’ C (QP). 

(iv) The ganges of values of two congruent quadratic forms are the 
same. 

If the two congruent quadratic forms be X'AX and Y'BY, then 
there exists a non-singular matrix P, such that 

B=P’AP. 
To show that the sets of values assumed by the two formis are the 


same when the vectors X and Y range over a field, let us write X=PY 
so that Y—P-1 X. 
Suppose that X,'AX, is a value of the first form for any vector X; 
and that PX, —Y, ; then 
Y;'BY, —(P-! X;)' P’ АР(Р-!Х,) 
—X,'(P) Р’ APP2X, 
=X,'AX,, since PP-!—I etc. 

Congruent transformations. А pair of elementary transformations, 
one row and the other column, such that each of the corresponding 
elementary matrices is the transpose of the other, may be called an 
elementary congruent transformation. It may be of the following 
types : У 

(i) Interchange of the ith and jth rows as well as of the ith and jth 
columns as E,,AE;, for E';j— E; c7 

* 


кышла еа 


| 
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- (ii) Proauct of the rth row as well as the ith column bya non-zero 
scalar c as E,(c) АЕ, (с) for Е, (с) =Е;(с). 

(iii) Addition of k times the jth row to the ith row and also the 
addition of К times of the jth columa to the ith column as Е,ХК) 
АСЮ) for Е; (0)=Е,(Ю). 

EXAMPLE. Reduce the following symmetric matrix to а diagonal 
form and interpret the result in terms of quadratic forms 


Ае 3-2. —1]. 
22 3 
—I 3 1 


Let us write A—I'AL : 


ie, 3 2 —1]=[1 0 0]А[1 0 0 
2.2 3 010 0 1 0| 
—1 3 -1 001 001 


In order to perform the elementary congruent transformations the 
pes and the postfactors of A by the row and column parts can 

subjected in two steps: : 

(i) adding } times the first row to the third and ( —3) times the first 
row to the second row in L.H.S. matrix as well as in the prefactor of 
A; and then 

(ii) adding } times of the first column to the third and (—}) times 
the first column to the second column in L.H.S. matrix as well as in 
the postfactor of A. 

We thus have 


3/0450 10 0 1.—$ 4 
0 2 2121-1-21 O}A}O 1 0j 
а 309] БОКУ ОУ] » 


Again performing the elementary congruent transformations by 
adding (—44-) times the second row to the third row in L.H.S. matrix 
as well as in the pre-factor of A and then adding (57) times the 
second column to the third column in L.H.S. matrix as well as in 
post-factor of A, we have 


30200 ТУО) ПОНИ dE 
02 0 [1-2 1 оАо E 0) 
оа ао ОИ 


Thus we get the diagonal matrix 
B=diag (3, 3, — 17) К READ) 
which is congruent to the given symmetric matrix. 
From (1), we nave 


куа! 
Palo 15 
[0-075 1 


.$0 that X=PY gives 
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which is equivalent to 
х1=у1—39214у3 


х= Ууз, 43) 
Хз= Js 


This follows that the linear transformation (3) transfoms the 
quadratic form 


3 2 х, 
XAX-Daxwa]] 2 2 3 X, 
о PE 


3x42x— x, 
= [xxx] 2x) -2x,--3x; 
—хі+3х,4 xg 
— (3x; 3-21, x) -x, Qx 42x, 3x3) 
+х, 725 3242-3) 
3xj"2x,* xs Axyxy J-63,3— 2x3 
to the diagonal form 
ҮР'АРҮ=3у,2-3у,2—117у,2 by (2). 
Note. Corresponding to every quadratic form X'AX there exists a 
non-singular linear transformation X=PY, such that the form trans- 
Ң forms to a sum of r square terms : 
dy; + dy? + i +d, S г 
where d,, d,...d, are scalars in the diagonal matrix and r is the rank 
of the matrix А. 
Index and signature. X'AX be any real quadratic form of rank г, 
then there exists а real non-singular linear transformation say K=PY 
Which transforms X'AX to 


Y P'APY—y; Ey; Li Ey! aa Yes 

ie., a real quadratic form is expressed as a sum and difference of the 
Squares of the new variables, then the number of positive squares i.e., 
s is called the index of the form and the difference s—(r—s)=2s—r 
is known as the signature of the form (canonical). 

Definite, Semi-definite and Indefinite-real quadratic forms $ 

If X'AX be a real quadratic form in n variables of rank r and index 
5, then 

If r—n, s—n, the form is said to be positive definite as 

xeu S 

ээ negative definite as 


Jy... = Ja" 5 


if r=n, s=0, » 


t£ 
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if r<n, s=r, » » positive semi-definite as 
xen 
and if r<n, s=0, „ , negative semi-definite as 
e ce 


In any other case the form is called /ndefinite. 

‚ А real symmetric matrix A is said to be definite, semi-definite or 
indefinite according as the corresponding real quadratic form X'AX is ` 
definite, semi-definite or indefinite. 

For a definite n-rowed matrix A, there exists a real non-singular 
matrix P such that P/AP—I, or —L, according as A is positive or 
negative definite. 

For a semi-definite m-rowed matrix A, there exists а real non- 


{ -I, О 
singular matrix P such that P'AP— о el «| x о 


according as A is positive or negative definite. 

EXAMPLE. Determine the following form as definite, semi-definite 
or indefinite. ; 
2x2 + 2x,24- 3x, — 4x4, —4xaxi H 2152. 

Let А be the real symmetric matrix corresponding to the given real 
quadratic form, i.e., 

X'AX —2x,?4-2x,! 4-33! —4x,x3— AXX - 2XiXs 


=X, Qx,4-x,—2x4) -x; (X1 +2%2—2%5) 
1 317 Xe з, 2 V 2 en (—2x,— 22+ 323) 


2 1-2][» 
={[х,х»хз] 1 2-2 || х | 
—2 —2 3JL% 


2 1 —2 
Itis clear that A=| 1 2 —2] 
—2 —2 3 


We write ¢ A=IAl, 


2 t -2 10 0]A[1 0 0 
Le; 1 2 —2|=|0 1 0 01:0]. 
1—2 —2 3 00 1 0 0-1 


Performing the elementary congruent transformations R,(—3)-- Rs ; 
REFER; C(—D4- C» С,+Сз, we get s 


2070 1.0 0 үс Set 

0 ¿—iļ=|—} r OFAJO 10 

0 —i 1 1.0 I 0 0 1 
Again performing the elementary congruent transformations, 


Ret Rri —1С,+ Ca, 


* 
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200 1 00 l1-—i $ 
0 $ Oj=|-} 1 OjA[0 l —3 |. 
00 $ his 1 0 0 1 


so that the linear transformation X=PY, i.e., 


EHE IB) 


ie. X1=)i— Wat $) 
y= Vi—as 
х= з 
transforms the given form to the diagonal form 
2y riy +s, 
so that the rank is 3 and also the index is 3. 
Hence the form is positive definite. 


2.20. DIFFERENTIATION AND INTEGRATION OF MATRICES 


Limit of a matrix. The limit of a matrix А (r) (each element of 
matrix being taken as function of 1.) as t—f, is a matrix A (fo) ie., 
Lim A(t)=A (tj. 
tly 
The sequence {A (t)} converges to A if each element of A (t) 
converges as /—> 0% to the corresponding element of A. 


Derivative of a matrix. The derivative of a square matrix A (t) of, 
order n with respect to an independent variable / is denoted by 


WA (t) or by A’ and is defined by 
Td fd 
A =a A (= | quan 


a 


Lar 


provided all the elements &;; (t) are differentiable. 
In general the nth derivative of A(t) is defined by 
аА (H) [d^ (t) 
NE [529 ] 
It " easy to show that 


ЦА ов (01А () BO SPs ар Мв w- 


=A (t) Bt) АО) в) 
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n 
and £z (ГА => | A; (t) | where A; (t) is obtained from А (t) 
i=1 
by differentiating ith row of | A (r) | and л is the order of A. 
Integral of a matrix. If A (/) = [а,; (t)], then 


f A a-|], a; (t) a] 


Power series. If there is a square matrix with all eigen values less 
than 1 in absolute value, then the series а, I+a, А-а; A*-F... is 
convergent. The sum of tne series is denoted by f(A). Following are 
few convergent series for every A. 


eM— VEA AS trict 


cos ee АА? PW 


iu A-A- 5 AME At "oe 


and (I—A)? —I4-A 3- A? ...... converges only for all eigen values of 
А which are less than 1 in absolute value. 
Problem 58. For a matrix А prove that if 


2 3 
eI— ERA Ar ANE Ts , then 
etm Aen, 


We have | £e]; | Wut! Mut Au. | 
—[(A)u t (А?) 4- ...... J=[A +t A*4- ...... li 


Problem 59. Show that e^—e* Ea $ x sin ; | when хе: х 
sin h x cos h x Ea s d 


esee Joe pete АНИГЕ zr d 
Again ezita At Ape. “| 4 [i 1 
+ 2x? [i ile 
die eE iha G ih 


Е i Li 11 sm. 
=[1+х+42+ а Е 1]=^ Е i 


Hence the proposition. 
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2.21. SOLUTION OF A SYSTEM OF LINEAR DIFFERENTIAL 
EQUATIONS USING DIFFERENTIATION OF MATRICES 
[A] Linear differential equations of first order 
Let the system be 


== Xy Hl Xati Han Xn bi (Q) } 

| 
V Fs ae 

| 
which are equivalent to АХ Ахав оН) 
М substitution X (t) - PY (r), (2) yields nate (3) 


РҮ l= рҮ — APy-HB (0 2 Ф o 


But i is similar to P if P- AP—D, D being Diagonal matrix 


3 ‚О рад PY--P-! B ()=DY+P7B (0) e (4) 
which is equivalent y 
dy, 
n. Sh LA yore, D —N YaF c (4),...... CS TM Vaten (t) 
.(5) 


Their solution being given by 


[» (Q) a MOT -f e (De Nid 2 (0, 


ог y Qe uos |, e; (t) "pum ] for j=1, 2, 3,......п. 
2. Y(t) and hence X(t) can be determined. 


[B] Linear differential equations of nth order 
Regarding a linear differential equation of nth order-as equivalent 
to n linear eng ape each of order one, and writing 


dex (+a a x (D)... tan x (DHS i on) 


we have on making substitutions x, (=x (7), x; (0-3 a. 


х, (0 Ds x @ 
Dx; (б=х» (t), Dxs (0), (0...... ‚ Dx, (r)— x4 (1) and 
DX» (= —a, Xn (1) а, Xn- (0)... —а„ Xn (t)+b (t) where D= 
the system is equivalent to Matrix-equation 


dt 
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DX()ü-rDx,()1-r 0 
Dx; (t) 0 
Рх, (d La, —a 
=AX (t)+B (1). 


where we have nsed the concept of diagonalization. 
ADDITIONAL MISCELLANEOUS PROBLEMS 


Problem 60, Write short note on Hermitian Matrices. (Vikram 1967) 
See 82.9. [10]. 
Problem 61, What is a reciprocal matrix? Show that a non-singular matrix 
A=[ajj] always possesses a reciprocal, у 
Solve by the method of matrix theory, the linear equations, 
ху+-2х;==1 
3хү—х›+х,=2 
4х»-Е5ху= —1 (Vikram 1967) 
See 2.9 [13] Theorem 1 on it for the first part. 
Now, Matrix form of the given system is AX ES i.e., where 


Е JET Li m Bou 
ОО EE 
В ЕТУ: 


which are boe to ху+2х,=1 


—X23—5x4-—1 
^ 3x»——2 
Giving Xi ii and n-. 


Problem 62, (a) Explain mith examples what you understand by a unitary 
matrix and a Hermitian matrix, 
(b) Find the eigen values and the eigen vectors of the matrix 


> Bs Ge d 
TO 
13 16. (Agra,1969) 
For (a) see $2.9 [14] and 32.9 [10] 
(Б) Denoting the given matrix by A, its characteristic equation is 
| A-AL |=. Le, | 1—5 1 i |-0 or 33—91*-91—1-—0 
1,522233: 3 .or (2—1) (22—81) =0 
1 у 6—K1 


Giving л=1, 42 V/I5. 
New proceeding just like in problem 45, eigen vectors can be determined. 


: ky SEVIS Л 
An ns 10+3уї5 
02 


E etc. 
= WISI 
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Problem 63, Find the characteristic equation of the matrix 1 Я ү 
Е 1 1] 
and verify Cayley Hamilton equation for it, (Vikram,1969) 


Denoting the given matrix by A, its characteristic equation is 
| A—al |=0 i.e., | 1-2 2 :3 [=Oie., 8-22-15 1—15=0 
2 -—1— 1 
3 1 1-2 
and verify that A9—A7—15A—15 I—0, 
Problem 64, (a) Define Hermitian and orthogonal matrices, Give one example of 
each type. 
(b) Find the matrices C and C^! required to reduce the matrix 
es 1 24 to the diagonal form by the transformation C^! AC, 
-1 1 


2 (Agra,197!) 
Problem 65, Show that the six matrices 


e [5 r] a[o 1] ве 


iT RT P aigu eo T pe rag 
Эс ES ] -:vs zi ] 
satisfy the relations 

A?=B?=C2=E 

AB=D and AC=BA=E. 


Problem 66. Define eigen values and eigen vectors of a matrix, Prove that the 
eigen values of an orthogonal matrix are unimodular, 


Obtain the eigen values and eigen vectors of the matrix A=- 8 —12 5 
15 —25 i1] 
24 —42 19. 
(Аеға,1972) 
Problem 67. If the Hermitian matrices a,— [р al o= n -i E 0 
1 0], i ^ 0 25] 


satisfy the equations 
012 =032—0;2—1, 103—103, соз —101, 635; — i05 
9193 —9399, 72/05, 01092+0201 —Ü. 
then find the eigen values of the matrices 03,53, су. s 
Problem 68. Define the trace of a matrix. Prove that two matrices A and B have 
the same trace if B—T * AT where Lis a non-singular matrix, 
The eigen values of a 3X3 matrix Н are equal to the three cube roots of unity. 
Prove that H3=I, where 1 is a unit matrix of order 3, ( Agra,1973) 
Problem 69. Show thai all the matrices of Problem 65 are unitary. 


Problem 70. Find the reciprocal of each of the matrices of Problem 65 and verify 
that D-1—B-1A-1, 
Problem 71. Find the eigen values and normalised eigen vectors of the matrix 


100 
[? 1 1] $ 
011 (Agra,1974) 


Problem 72, [4 Significant property of diagonal Matrices] z 


Prove that in case of diagonal Matrices, the commutative law for multiplication 
holds good. 


If A and B be two diagonal (square) metrices of the same order, then we have 
to prove that ro 
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Since a diagonal matrix is such that its all the elements except those in the 
principal diagonal are zero, we сап take 
A=[a;; 8:3] and B=[bis 84] 


where 34-0 for ij 
=1 for i=j 
se DB]Ia-2[As Bl ai; 3i Бук Bn 
i j 
=аң bix ix for j—i and no summation over г 
=bii аң Six 


=[BA];: and zero for ki 
which follows that AB is also a diagonai matrix and AB—BA. 
Problem 73. Jf M— (а b), find M^1, transpose of M, Hermit.an Conjugate of 
c d 
M and the eigen values of M. (Agra,1975) 
Problem 74. (a) Find eigen value and corresponding orthonormal vector of the 
following matrix : 


(b) Diagonalize the following matrix : 


doce cJ 
a-[-i 5 -1] 
heel .3. 
(Rohilk hard,1976) 


Problem 75. Show that eigen values of a Hermitian matrix are all real and its 
eigen vectors corresponding to two distinct eigen values are orthogonal. 

What do you mean by diagonalization of a matrix? Show that the necessary and 
sufficient condition for the reduction of two. matrices to the diagonal form by the 
same transformation is that they commute. (Rohilkhand, 1977) 


See theorems 1 and 5 of § 2.18. Я 
See § 2.18 after Problem 54 and also see Problem 72. 


CHAPTER 3 


TENSORS 


3.1. INTRODUCTION 
It is an established fact that a natural law gives a relation between 
different physical entities and its mathematical formulation is nothing 
but a relation between the sets of numbers representing those entities. 
Tensor Analysis forms that part of study which is rather suitable for 
the mathematical formulation of natural laws in forms which are in- 
variant with respect to underlying frames of reference. In brief tensors 
are quantities obeying certain transformation laws. In wider sense a 
tensor formulation is very compact and good deal of clarity in its use. 
The tensor formulation was originated by G. Ricci and it became 
rather popular when Albert Einstein used it as a natural tool for the 
description of his general theory of relativity. 

Actually tensor analysis is the generalization of vector analysis as is 
evident by considering a vector function f(r) of a vector г. This vector 
function is continuous at r=r if, 


Lim f(r) fir) 


fo 
and it is linear, if 

frs) —fir)--f(s) va) 
and q fr) -Af(r) 02) 


for arbitrary values of r, s, А, 


Now we know that as linear vector function f(r) is completely de- 
fined only if f(a,), Даз) and f(a;) are given for any three non-coplanar 
vectors 41, 8, Az. In terms of a,, аз, аз as basis if we assume that 


г= ха, ха-ха; APR 
then we have from (1) and (2), 
f(r) x; far) + xo faz) +x f (a5) - (4) 
As such equation (3) yields 


Xac—I:34, c=), 2, 3 ++ (5) 
Let us.put Гаа) —b«. 
So that f(r) — (ba, - ba, 2- ba): r i 
= =ġ-r (say) ... (6) 


where the operator ¢=a,b, +-a,b,++a3b, consists of nine components 
in three dimensional coordinate geometry and heuce it is neither 
scalar nor vector quantity but is a new mathematical symbol called 
as the dyadic. 


„м 
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Suppose that there are two vectors u and v such that compoucuts 
of vector v are linear functions of the components of vector u 
defined as 

Vz= zz UztAry Hy ay ү 3 
Vy= yz И ауу Uyt dys Uy Xd Qu 
Ya 4:5 Hz rry Uy o И.) 

In this way the vector v is placed in one-to-one correspondence with 
the vector u. The scheme of coefficient ааз has thus an independent 
meaning if the correspondence is such that the passage from u to v is 
independent of the particular coordinate system in which the vectors 
are resolved into components. We call the coefficients ахз in this case 
as the coefficients of a tensor. 

It is observed that the nine components as теппопеа above 
characterise the transformation of the components of one vector into 
those of other. The coefficients ахз in general transform ug into one 
of three. parts of va, 

The equations (7) are equivalent to a single vector equation, 

y—óu (8). 
where the operator $ turns u into v. It is rather graphically known as 
Tensor. 
The essential part of a tensor operation is the array of coefficients 
like ааз, written in the form of a matrix such as 
d$-—[4 а аы 
ауз ауу ау oe (9) 
Asz ау Ags 
As such the dyadic operator turns a vector г into the vector func- 
tion f(r) and is expressed as the sum of dyads ab i.e. 
ф=Ў аа ba 
. 8 
In а similar way а triadic is expressed as the sum of the triads 


У ax ba са, 
[1 


Considering it as an operator that converts vector r into the dyadic 
ф, we may write — d-r—Z (аа ba ca ):r 

Similarly a tetradic is the sum of tetrads, X ах ba ca do and etc. 

All such physical quantities as scalars, vectors, dyadics, triadics 
tetradics etc. are collectively knowns as tensors of rank 1, 2, 3, 4 etc. 
and as such the tensors can be regarded as generalized extended form 
of vectors. 

The examples of dyadic i.e. tensor of rank two are : an operator 
relating dielectric displacement vector with the electric vector of an 
electro-magnetic wave in anisotropic medium; a stress tensor relating 
stress and strain in anisotropic medium in which casc a component 
of stress T is a function of every component of strain S 


3 
i.e. Ta = Z aap Sp or Т==ф$ ‚..(10) 
B=1- : 
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where |) is a nine coefficient operator in three dimensional space. 


Note. The dyadic or tensor of rank two is also known as Stress 
Tensor. 


An Explanatory Note on Dyads and Dyadics 
We know that the gradient of a vector f such as 
Уг, jf, - kf. e.t 
is meaningless as it consists of sum cf three ordered pairs of vectors, 
but we sometimes take it to define as dyadic and the ordered vector 
pairs as dyads. In (11) we regard Yf as an operator setting up а one- 
one correspondence between directions є at г point and its directional 


derivative zi Le. A ee Vt 02 


Actually the dyadic Vf replaces an infinite number of vectors 
as’ °° that any sum of dyads is called as dyadic e.g. the dyadic 


D=a, b,+-a, b;--...... +a, b, «»« (13) 
is a general dyadic in which the vectors a, are known as antecedents 
and b. as Consequents, while the dyadic 

D,—b, 2,-- b; aj-+-...... +0, an ... (14) 
is said to be the conjugate of D, such that D is symmetric if D=D, 
and skew if D= —D,. 

In (11) if f is replaced by r=xi+yj+zk 
such that 4 

T,—i, r,—], г, = К, then 

Vr—ii4 jj--kk—I N15) 
where the dyadic I is termrd as Idemfactor as it transforms any 
vector V into itself i.e., 

V-I=I-V=V for every V- 


3.2. TRANSFORMATION OF COORDINATES 
If we focus our attention on some point of Minkowski's four dimen- 
sional world and cousider the transformation from one system of 
coordinates (x1, хз, xs, x4) to another system (x,', x,', Xs’, X4'), such 
that ху'=/ (ху, ху, Xs, Xa) etc. 
then we can solve ху, Xa, Xa, x, in terms of ху’, x,', x,', x4’ such that 
X—4, Q5, х,', x, х) etc. 
and the differentials dx,, dxs, ахз, dx, a e then transformed as 
DEC 2M ex, 2x, ox, 

dx,'— ex, dxı+ ax dx,4- Эх, dx,4- x dx, etc. 

or symbolically 


4 ў 
de, = S. EE dxa ; (u=1, 2, 3, 4) ек. (0 
^ a Xe 
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3.3. THE. SUMMATION CONVENTION AND KRONECKER 
DELTA SYMBOL 

Let (ху, хь, Xa, ха) and. (35 - ds, х4, Xs dors, х.х) be the 

coordinates of two neighbouring events considered in Minkowski's 

four dimensional space. Then the interval ds between these two 

neighbouring events in any coordinate system, is given by 

ds! —g, dx, gus забо? + guid 4-28 dx dx) 2g1:dxidxg 

2g, dxdx,--2g;,dx,dx,-- 28:4dxsdx4-2g5,dx5dx, See (T) 
where the coefficients gu» (u, v=1, 2, 3, 4) are functions of X1, Xs, Хз, 
ха. This follows that ds? is some quadratic function of the difference 
of coordinates. 

Adopting the conventioa that whenever a literal suffix appears 
twice in a term that term is to be summed for values of the suffix 1, 
2, 3, 4; the equation (1) can be written as 

ds*=guy хы dxy (v,v=1, 2,3, 4 and guv—gw) . (2) 

Since u and v each appear twice, the right hand side of (2) indicates 

4 4 


the summation > 2. 
u-1 v-l 
Any literal suffix appearing twice in a term is said to be a dummy 
suffix and it may be changed freely to any other letter not already 
used in that term. Also two or more dummy suffixes can be inter- 


changed e.g. 
O xe axe @?хв__ ха 

f ay. Oxy OXA =a Эу дуу ФА 

(by interchanging the dummy suffixes х and B and using g8«==g«8) 
Illustration. To prove that 
dre Oxa — OXe pi 
дх'« oxy OXv pce 
=l ifu=v where«—l, 2, 3, 4. 
хы Oxy! 0Xp axe’ , дхи x's , OXu Фу, 


Неге, R.H.$.— 57 ауу t gx, Oxy | Oxa Oxy | ONY ӧлә 


24m. 
~ дху 
xy and xy being the coordinates of the same system, their varia- 
tions are independent and so 
ахь =0 when p#v 
and ахы =dxy when u—v 
dip Dx. ха 
dx. ix. Әх =0 when pv 
=] when p=v 
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Here the multiplier Охе дун acts as an substitutioi operator. 
OX'a дхь 
If is rather convenient to write 
ыы y Or 5, which is known as Kronecker delta. 
Xy 
As such the above results can be expressed as 
(a ; 
UE =0 if pry i5, (8) 
LIS ey 
Thus if А(и) be an expression involving the suffix v, then 
xu OX'a ў 
Эх ex, СУАС) + <- (4) 


for; the summation on the left, with respect to p gives four terms 
corresponding to u=1, 2, 3, 4; one of which will agree with v. 
Denoting the other three values by c, т, р, the left hand side of (4) is 


—1:4(5)4-0. A(c)2-0. А(т)--0. Alẹ) by (3) 


=A(v) 
ie. 2 А(и)= AQ) ЕЕ) 
e CO a 
Evidently Bs 5, E . (6) 
and 5 —4 AUR 
5 0) 


10r, in the latter case, 8% —5, +6,2+8,°+8,! 
=1+1+1+1=4. Бу (3) 


‚3.4. ORO AS CLASSIFICATION OF TRANSFORMATION 
AWS 


We have already mentioned in $3.2 that if we consider the transforma- 
tion cp ar system of coordinates (xj, Xə, ха, x4) to another 
system (x,', хг", X3', x,'), then the differentials dx., dx, dx 
transformed as gee us 
ex," 8x, Өх’ 
САТ ERAS IS TN, 
mam ox; dx,4- 2x, dx,+ 


ex, 


dX, == 1 ^ 
TER dx, etc 


or in short аз 


Se 
p DX 431,2, 3,4 


PRAT SAA SE Ды; 
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Any set of four quantities transformed in accordance with this law 
is said to be a Contravariant Vector. Thus if a coordinate system 
(41, А?, A5, А*) transforms to the new coordinate system (АЗ АЗ 
А", A) where 


Ou ge d) 


a=] 

Then (A!, А°, 43, A*) or briefly A^ isa contravariant vector. Hence 
the upper position of the suffix (which is definitely, not an exponent) 
is reserved to indicate contravariant vectors. 

Now, if we consider an operator such that it is an invariant 
function of position i.e., it has a fixed value at each point indepen- 
dent of the coordinate system used, then the four quantities 


ap 0$ a$ 2% 

Эх аху Ox, OX, are transformed as 
$9 ax, 0 | Ox, 96 | 0x. 06 Әх 08 oq 
Ox," Cox, OX, ' Gx,” Ox, ' OXI ONG ORT рауы 


o ы ав 
orinshort = =D ay ax. (p, 2, 3, 4). 
x-l 


Any set of four quantities transformed in accordance with this 
Jaw is said to be a Covariant Vector. 


Thus if Ан be a covarient vector, its transformation law is 


4 
ШИЕ дха : 
А „=> Аа 0) 
a=] 


wnere tne lower position of the suffix indicates covariance. 

Hence the relations (1) and (2) give the laws of transformation of 
vectors. If we de;ote by Auv a quantity with 16 components by 
assigning '* and v che values 1.2, 3, 4 independently, then a genera- 
lization of there laws yields quantities classified as 


Contravariant Tensors ато 0 в XY дав (3), 
ха дхв 


‚_ Xa дхв 
A = axi ax'y Acs ... (4) 


Mixed Tensors aire E Aa? ENS) 


Covariant Tensors 


There are the tensors of second rank. 
Similarly A,.ve has 64 components and Aver has 256 components. 
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Thus г tensor of higher rank is of the type 
т Xa хь дху_ дх'т 3 (6 
ue X'y CX'v Ox's 0х8 apy bri 


Neve. A vector is a tensor of first rank and an invariant or scalar 
isa tensor of zero rank. 


Rank of a Tensor. The rank of a tensor is determined by the 
number of suffixes or indices attached to it. As a matter of fact the 
rank of a tensor when raised as power to the number of dimensions, 
yields the number of components of the tensor and hence the compo- 
nents of the matrix that represents the tensor. As such a tensor of 
rank n in four dimensional space has 4^ component. Consequently the 
rank of a tensor gives the number of the mode of changes of a 
physical quantity when passing from one system to another system 
which is in rotation relative to the first. It is clear from this discussion 
that a quantity that does not change when the axes arerotated is a 
tensor of zero rank, since the number of mode of changes is then 
zero. These quantities named as tensor of zero rank are scalars while 
the tensors of rank one are vectors. 


Problem 1. Explain what is meant by the rank of a tensor. 
(Agra, 1972) 


A’ 


See the note on §3.4. 
Problem 2. What is a tensor? (Vikram, 1967) 


ee as discussed in above articles or see ‘Problem 6 discussed 
after, 


Problem 3. Define contravariant and covariant tensors. (Agra, 1967) 


Contravarient tensor. If п quantities A* (2=1, 2,...п) in a coordi- 
nate system (ху, хз,...х,) are related to n other quantities A’* 
(17-1, 2,...п) in another coordinate system (x,', x,',...x4') by the 
transformation laws 


Ara 2% 


Ë Аа (Contravariant law) 
Oxa 

on charge of the coordinate x8 to x'a according to summation con- 
vention, then A® are termed as the components of а contravariant 
vector or a contravariant tensor of the first rank. 


Covariant tensor. If n quantities А (2=i, 2,...2) in a coordinate 
system (X, %3....%n) are related to п other quantities A’a (x—1, 2,...n) 
b "a a coordinate system (x;', x;",..., Xn’) by the transformation 


exa 

Ay = LM 

* = буе 

according to summation convention, then Аз are termed as the 


pes of a covariant vector or à covariant tensor of the first 
rank, 


Ag (Covariant law) 


DCENEDU Oa e S SEINE —————MÓ—MAÁ—9 9 
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Problem 4. Show that the velocity of a ftua at any point is a contra- 
variant vector of rank one. 


Assuming that x« (t) is the coordinate of a moving particle with 
the time /, we have 

ах 
та 
as the velocity of the particle. 

In transformed coordinates the components оѓ velocity are 


y* 


yu 4 d 
Ce luem x'a dxe дха | 
A A T a NI 
which follows that velocity is a contravariant vector of rank one. 


Problem 5. Show that the law of transformation for a contravariant 
vector is transitive. 


But v = 


ox 


We have Albss 'u Aw 
ЕЛ 
Let Ath = OX дт 
дх'« 
d ax" дх"ь дх'в дх"и 
DO "PES B= — A ——— = —— At 
4 Ox'B дх'в Oxa v OX 


which shows that contravariant law is transitive. 


Problem 6. Find the components of a vector in polar coordinates 
whose components in cartesian co-ordinates are x, y and X, y. 


As given, suppose that 
XQ—X, х=}, 
х=; x, =0 
and (0 41=#, ?=у, 
(ii) Al=z, A*= y. 
Then, we nave to find С”, A”. 
We have the transformations 
x=r cos 0, у= sin 6, 


giving P=x*+y? and 6—tan? Ł 
ВИЛИ ED OS 
so that ET ra B and ME 
Also re =хё+уў and 3-0 02%. 
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(0) Trausformation law as already defined gives 
Aiea ды да (a=1, 2) 
дха 
_ Ox'p 
mr 


Buoxu рах ШО as Al=z and 4*—y . 


Be py E ya 


or er 
=k Au ду y as Ау=х, х«=уапй хү'=г 


and gn дхи V 2 


“Ox 
of. 
QUY, 
А 


Gi) 42 ar x т yas in part (i) 


But x&--yy =r ; gives on differentiation, 
xe +yy + y rir, 
hess xetyy =r + #—#— 
=ri+}?—(7 cos 0—r sin 96 )* 
—( sin 6-+r cos 96 )? 

2p 14—52° 6 

=rï—r $. 
ri—-n* 

r 
=fr? 


Thus A"n- 
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d 00 ., 00.. 
a А х бу” 
xy +y% 
г? 
But xy —y&-r8? gives on differentiation 
a) -Fxy—y &—yx—r! 8 +2750 5 
or xy у= +2rr ð 
в 16 +2 6 
а= Set 
91270 
r 


3.5. SYMMETRIC AND ANTI-SYMMETRIC TENSORS 
Let a tensor be such that two contravariant or covariant indices of it 


* can be interchanged without altering the value of the tensor, then the 


tensor is termed as symetrical or symmetric in these indices, 
-. If АРУ and A"* be two contravariant tensors in a certain system of 
co-ordinates such that 
Arv Ave 
Then if At’ and Ак become A'^" and A’ in another system of 
coordinates, the symmetry will be maintained in this system also ii 
A’Pv= AP, 
To show it, let us consider 
7 Qx'u. дх'у 
А'*»”=-С—— LL AB 
OXu XB 
дх'у Ox'y. б У ANUS, 
= -СХ в две (on interchanging the indices 
E AU АВ* (on int ging ) 
= A'Y" as Abe — Д°В 
which shows the symmetry in the other system also. 
Similarly if we consider two covariant tensors, Аһу and Ay, such 


that Auv-- Аун in one system 
Then if they become A’yy and А'›н in another system, we have 
Е Әдха xB 
A'uv Әх Bx’ ap 
axe дха 


= ex axa A (on interchanging the indices) 

|, = A'b as Aap = Ав. $ 

In case one index is contravariant and other covariant, the 

symmetry cannot be easily defined. But it is notabe that Kronecker 

delle which is a mixed tensor is symmetrical with respect to its 
indices. 
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When A*" is symmetrical, we have 
An — 40, A72— А?” ete. 
In all, there are. *C,4-4—*C, components. 


As an example the components of the angular momentum of a 
rigid body B, are connected with the components of its angular velocity 


3 
Aa by the relations Bu= X Tuzda, where Tua is the inertia tensor. 
res 
This tensor is symmetric, because 
Tus — Tuy. SGA] 
Now it has been already mentioned that a tensor can be expressed 
as a matrix and the columns and rows of a matrix when interchanged, 
the resulting tensor is the conjugate tensor. As such the conjugate of 
the tensor defined in §3.1 (а) may be written as 


Grz ауз Ase 
Ф=|а„ ау ау 
Ozz ау Qus 


Thus the tensor ¢, is the conjugate of ¢, when 
zy — ys, 4..=а,, and dy,—4:y ++ (2) 
li a single tensor satisfies this condition, it is called a symmetric 
tensor. It means that condition (1) is essential for a tensor to be 
symmetric. It has only six independent elements in three dimensional 
space and may be written as 


[S ILE 
Aye Ayy Ays 
Giz ау ад, 


The relations (2) between the components of tensors follow that 
any symmetrical tensor corresponds with a transformation from the 
principal axes to another rectangular system of axes. To express the 
symmetrica! linear functions by graphical function, let us suppose 
that we have two vectors u and v such that : 


m— icta) 
Project u upon v so that we calculate ў 
uv uud yy ys «++ (4) 


where Us, uy, и, and Yz, vy, v. are the components of u and ў res- 
pectively along the principal axes. 
Multiplving both sides of (3) scalarly by u we get 
uy—u:$.v,. U 
=u,v.tuyy+u.r. from (4) 
Us (аиа + Azyly 05:5) + (ysl - Quy - ay Mz) Uy 
Hus (azzuz-T- a,ytty ац) 
Say $=а ts? av, uy - 05, 5-2 (а„ иг и,--а„, Uy и, Ба, и, и.) 
where S is a scaiar point function. е 
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From (5), we get Hast) 
25 2 ass tet dey ad Ya by $3.1 (7) 
oP as 
or u.— 3 Qus 
ee 1.88 1 сә 
Similarly VW——y ou, and Yam $us 


So that у=», it+v,j+v, k; f; j, k being unit vectors along principal 
axes 


1[@$., 3S., as 
2 Ex EE I ] 
=} grad S. 

Which shows that v isa 
vector perpendicular to the 
surface S=const. in the 
direction of the outward 
normal. But S=const. is an 
equation of the second degree 
in the rectangular compo- 
nents of и regarding these 
as coordinates defining the 
extremity P of the vector u 
the locus of P is a conicoid. 


Аз а particular case if S=1, 
the surface defined under Fig. 2.1 
certain conditions is the rensor ellipsoid as shown in Fig. 3.1. 
Also u-v— $—1— resolute ol u in the direction of v. 


px 
Few other examples of symmetric tensor may be given as below 
Aa — Ав 
and Акейу== A, Buy Даву A Bap y = AcBuy=ARpay 

Here the first tensor is symmetric in its first two indices and the 
second one is symmetric in first three indices. 

Jf a tensor is such that two contravariant or covariant indices of it 
when interchange, the components of the tensor alter in sign but not 
in magnitude, the tensor is said to be anti-symmetric or skew-symmetric. 

Hence if 4*"— — Av^ 


UA, 
then, A.LE gx y 
: Qxa @хв 


In the direction of grad S, this resolute becomes 


=—A'* as ABH Aba : 
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Similarly if 4,v— — Ауь, then A',y— —A'v, " 
Here A’?= — А?! etc. and 411—0— 4? —4* 
As such number of arithmatic components is *C, only. 


Evidently the components ofan antisymmetric tensor satisfy the 
relations 


ApvtAvp=0 ог Ay — Ayp ...(6) 
which follows that the tensor changes its sign when indices are inter- 
changed. If u=v, then (6) yields. 

Appt App=0 OF 2 А„„:==0 or 4,,—0 SHE) 5 

So in terms of coefficients, drz=dyy=a,,=0 

` and а= — 02, dz, — lss, Ay: — — diy 

Bive the conditions for a tensor to be anti or skew-symmetric. 
Thus ф expressed by $3.1 (9) will be antisymmetric if 


a=. 0 Asy Az: 
Ty 0 a. 
az, —а,; 0 
The matrix has only three components. The property of having 
only three components is possessed by vectors. This leads to the 
conclusion that an operation of é. ор the vector u, is exactly equi- | 
valent to the vector product of two vectors, since the final result is | 
itself a vector v. For example consider the product of the coordinates 
of two points 
Ayy=Xp t—5. Ху ...(8) 
in 3-dimensional space, suffixes can have only 3 values (1, 2, 3) 
and so any pair of suffixes can be replaced by a single one which is 
not present in the pair ie., 


ee а ee T INS Oe 


n7 — 435—441 i 2 (9) 
Ay=—An=Ay 
Ay =—Ay3=As ` 


Thus the anti-symmetric system may be replaced by 
Ewve=+1 if (p, v, с) i$ an even permutation of (1, 2, 3 
кыш оу a odd 2 RU 
=0 if any of the suffixes are equal. 
Now equations (9) yield, 
A\=t [2 433], A=} {2 Аза), A;=} (2 4,3] 


3 
te, Ay=t X Eae Ау .. (10) 
m v=1 


There being only two terms in sum (10). 2 
Few other examples of antisymmetric tensors are 
Аьче=— Ауһе 
and — Apvep=—Avepe=Acpve= — Ape = —Avucr= — А vpe. 


Hd а еайын: 


————— 


x meer cee GE SES 
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3.6. INVARIANT TENSORS ; 1 

It not known about апу vector which has the same components in 
different systems of co-ordinates, but there exist tensors of higher 
ranks which have the same components in all the frames of reference. 
These tensors are called to have thé invariant components or invariant 
tensors in general. One of the examples of such a tensor is Kronecker 
symbol defined as follows : 

With respect to the old frame of reference (i.e., before rotation) 


охь =} ОША» since x, is independent of ху. 


Эху llif ams 
ри Aon ES 3 
Hence Я jme дж e pry ves) 
"ме a огол 


The symbol Meus] ^ т [у is called as Kronecker delta 
symbol. In terms of new frame of reference (ї.е., after the rotation), 
we may write 
57%и 9x," a дхь' Xa f 1 if p=v 
0 if uxv 
ӧхь xe дха 
axa IXY IXa 
OX» Xa 8 
=a xy 5 


since бе - ра 0) 
« 

(In summation convention). 

Hence èy” is invariant and transforms as mixed tensor of rank 
two. Similarly 5,y transforms as the components of covariant tensor 
of rank two while 5"" transforms as a contravariant tensor of rank - 
two. 

Kronecker symbol can be used as substitution multiplier. 


Since ar OA. дха yy (in summation convention) 
дха’ дхь 
=by" AY (by substitution of index). 
oe Oke Og 
Similarly, Ay= Bee x Ay р 
=)" A, 
ув дхь Oxy _дхь _ 
дө eM Du n ИЕ 
while 5*,—5,1--5,--5,* (summation convention) 


7-3 (in three dimensional geometry) 
=4 (in four dimensional geometry). 
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Secondly, we. define the generalised Kronecker delta symbol, 5» 
by 
1 if u—8 v=y and pv (as 512—1 ) 


—1 if =, у=В and uses (as s=), ' 
0 for all other combinations of indices. 


Similarly we can define 5 P as an absolute (invariant) tensor of 


m] 
E 


rank six. 

Conclusively if both upper and lower indices ofa generalised delta 
consist of the same distinct numbers chosen from 1, 2, 3, the delta is 
1 or —1 according as the upper indices form an even or odd permu- 
tation of the lower, in all other permutations the delta is zero. We 
have for example 


812—1, n=l, 8—5 1=0; 


BRB 1-1, 6-8 01-1, 83-0, 


Evaluation of the various possible combinations of indices shows 
that 
Г] 
Spy =—5=2 ès 6) 
У У y rial 
бра бр 5: 5: 5р 
Alternating ог Permutation epsilon tensor. This tensor is also 


invariant component tensor of third rank and anti-symmetric in every 
pair of indices. Let €,ve be such a tensor ; then 


Epve=— € vua = Ea py — — Epov=Evep= — Corp m (6) 
But if р==у then €,y = — yuo gives Eppo = —Eppe 
or Epua =0 iod) 


It is clear that whenever two indices are equal, the component is 
zero. Moreover a tensor of third rank in three dimensional geometry 
has 27 components. But in case of the tensor €,v« only 6 components 
afe non-vanishing. All of them have the same absolute value, 3 being 
positive and the rest three are negative. 

So s €123= €;,,—1— €45— €: { e .(8) 
and Ezr = Ese =E= l s 
while all other components are zero. 

Thus all the even permutations of 1, 2 and $ correspond to the 
components with value +1, while all the odd permutations corres- 
pond to. --1. д 

. The transformation law for this type of tensor in three dimen- 
sional space is given by 
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3 
Єһе=, c аһа AvB азу EuB y= Cuyo 
ie, €,yo is invariant. 
Consequently 
f 1 when u, у, с are an even permutation 
€'pve=Epve= 4 —1 when p, v,c are an odd permutation, 
! 0 when #, у, с contain two or more repeated 
| indices. zu) 
Similarly the contravariant components can also be discussed, 
HH єзїз eln], ql. єгїз єзї __], 
Є: 62336110. +++ 00) 
ыи tensor. Let there Бе a tensor Epere of rank 4, defined such 
that 
(+1 if uere is an even permutation of C, 1, 2, 3 
sinh Er if ,erp is an odd permutation of 0, 1, 2, 3 
0 if two or more indices are equal. +». (110) 
These are termed as components of pseudo tensor of rank four. 
In case ¢ is a scalar, the quantities ФЄ,ег are called as pseudo 
scalars since they have only one component. | 
From every antisymmetric tensor Aye of the second rank a pseudo 
tensor А*„ of the same rank can be obtained by multiplying the 
former with a pseudo-tensor of rank 4, 


i.e. at=} H e*t Aun ... (02) 


Thus the product of a tensor with a pseudo-tensor isa pseudo tensor. 
It is called dual of a given tensor. 
A useful property of € tensor. 


€-tensor can be used to write the cross product of two vectors 
A and B. 


Let D=AxB, 
then D,=A,B,—A3B,=€1234 2Bs+ €1324 2B; А, 4, As, Bi, 
В,, В, being components of A and В. 
=€,veApBe 
Similarly D,—=€,veAyBe (in summation convention) 
and D;=€3ve AvBe 
or Р. Є AvBo Э ++ (13) 


Evaluating various possible combinations we may have 
E Eean=5" p= dt 5р —5р B, 


Thus, if r=C-{A x B)=C-D for D=AxB. 
then, r—C,D* (in summation convention) 
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or r— C Aydos 
=€°°C, AvBe 
Similarly vector triple product of three vectors can be given as 
E=Cx(AXB)=CxD 
Le; E*—e"*CyD, | 
—€""*Cy (Esan 4° BP) 
=E" €, Cy A В? 


=5у сие ( Bh БУ —55) een 
Since б^ A* =A" etc., we get 
Е,=5р A"CyB9—5) B*CvA* 


j =А* (Ca BP)— Be (С. A*) 
As such E—A (C-B)—B (C-A). 
Evaluation of V x (V x W) using €-tensor. 
Suppose, V x (Vx W)-V xZ, 
then — (Vx2),—€""* VyZ,—€"* 7, (€c«pV* WP?) 


€ Cou V yV* W= St (V8 VvW?9-- WEY yV9) 
-(x Sp 55 8t ) (y+ IV vy) 
= ику ви? Ууу We руу уук We Иа 
So VXZ-Y x(VxW) А 
=V(V (№) —(У. V) WK(W- V) V—W (V-V). 
Similarly all the vector relationships сап be derived by using 
€-tensor. 
Krutkov's tensor. Let us consider a tensor A4^"'8* of fourth rank 
having following properties: : 
(1) Antisymmetric with respect to the first pair of indices 
AbyBe — Aym Bo 
(2) Antisymmetric in second pair of indices 
Ак*?'В=.—_. дьу'еВ 


(3) Symmetric in cyclic order 

Ў Акве ДЕВ'еУ 4 ДетҢур (у 

Then in terms of second derivatives of 4*"'8* we can form a new 
tensor given by i 

pe. $ (4t 

ү'в-о дхудхв 

This tensor is called as Krutkov’s tensor. If i i 
equation (14) with respect to x, we have Tridento 


«++ (04) 


П Д. аниа 


Y 
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з дв” 
=, ÜXe 
This is an important property of Krutkov's tensor. 


Problem 6. Define a tensor. Prove that the Kronecker symbol 5 isa 


=0. acea ALS) 


tensor where components are the same in every coordinate system. 
; (Agra 1966, 70) 

We know that the tensors are quantities obeying certain trans- 
formation laws so that tensor analysis may be regarded as an 
indispensable part of study which is rather suitable for the mathe- 
matical formulation of natural laws which remain invariant when 
one coordinate system is changed to another. The rank of a tensor 
measures the number of the mode of changes of a physical quantity 
when passing from one system to another which is in rotation relative 
to the first. As such tensor of zero rank is a scalar quantity and the 
tensor of rank one is a vector quantity. 

The laws of transformation of vector being defined by 


4 Ox,’ А 
A't= E zy, 4 (contravariant vector) 4 
«=1°^* 


4 
and ^ 4'„= > xa. Аһ (covariant vector) 
к=] Xa 
in Minkowski’s four dimensional space, we define the tensors of rank 
two as follows : ч р 


; 7 Ox»! OXv 
: ву. Лай 
Contravariant tensor :4 STE A e (1) 
j кб? ‚_ дха дхв 
Covariant tensor :. A woe axi AaB wut (2) 
Mixed tensor : а" -6 ы Аав RG EY 


Each one having 4? i.e., 16 compopents. 

Similarly we can define the tensors of higher ranks. 

Now the Kronecker delta symbol 5,* is defined as 
дхь — Oxy OX'; 


which is easily deduced from (3) by choosing 4.8 to be the Kronecker 
delta & so that 


A" LX дху Q8 xe дху дхв. 
FT E дхв = AX,’ дха Xa 
- xv 
Tx. -M 
and now replacing & by i, v by j this gives 
: Sola хь дхь В _ OXu бхь „В 


* 9x, exa a Oxy длр O> 
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From the definition of mixed tensor, it follows that 5;* is a mixed 
tensor of order two with 16 components in 4-dimensional space. 

In order to show that the components of the tensor 5, are the same 
in every coordinate system, let us define the symbol ё; as 


b,-lifi-k 
0 if izk 
which is evidght from t= Dk. буре ік 


Әх: —] when i=k 
In terms $f new frame of reference (or new coordinate system), we 
may have , 3 
: m дхи дхи Ox p ig 
ERAT nc» 


ac вэ ста дм Pn дхи ды, 
if Ox, Ox; Ox, X, Oxi 
From which it is clear that 5,* is invariant and transforms as 
mixed tensor of rank two. 
Problem 7. Prove that Kronecker delta is a mixed tensor of rank twò. · 
Its solution has been given in Problem 6. (Agra 1968) 
Problem 8. Show that symmetry properties of a tensor are invariant. 
If Ауу Алу then we have to show that A’ipy=A'pav 
The definition follows : 


: 9x: 
5, since 5;——— 
ds ELT 


; 3 Axa дхв Oxy 
{зыт г, 
AN дхв бхь Oxy . 
pp но 


The given tensor having symmetrical in first two indices, we have 
Альу= 42у and AaBy— Á Bay 
Using this relation and comparing the two equations for A’a,y and 
А' „эу we find that both the equations are identical i.e., A’apv=A’'pav- 
. Which follows that the tensor in other system is also symmetrical 
in first. og indices. Hence the properties of symmetric tensors are 
invariant. 


3.7. RULES WHICH GOVERN TENSOR ANALYSIS 

Rule I. The sum and difference of two tensors of the same rank result 

P a third oM of the x Tank Moreover, if F1,... and Grp...are 

the tensors of the same rank, then pFA,...-- qGa,...is als 7 

the same rank (p, q being numbers). S Кеи alsa v fener af 

ыр there are two tensors Aa, and Ba p, then it will be shown 
At Bie Ci, where Сл is another tensor of the same rank. 


Wer 
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Expressing the tensor 43, in the form of a matrix, we have 
ап du аз bu bu bu 
Аль=| аа а A ne | Бъз | 
аз аз: 033] s D. bas 
ine Cis 6 
м о 5 | 
£31 Сзз Cas. 
Ber аз, Der 
so that 43, -Ba,—| Gib а-ә азз бәз 
Gs, +b3, daecbs aub] 
If the relations between the coefficients a's and b's be such that * 
аль РБАь=САь 


Cn Ci Сіз 
then Adp+Brp=| Cn Coe з |=Сль 
Сар ©з; C8 


which is a tensor of the same rank. 


А dı ds ds 
Similarly 43,—B3,—|dn ds d|—-D3. 
31 2 зз 
where аль —b3,—dà, 
Here Da, is again a tensor of the same rank. 
Further, 


еп ёз € 
пов [21] eb 
©з €s2 ёзз à 
where раль - qbA, — eA, 
Showing that Ea, is also a tensor of the same rank. 
The rule of addition may be generalized for any number of tensors 
of any rank. i : Р 
Suppose there are two mixed tensors T and S of rank N, having 
their r indices (from A, to A,) contravariant and s indices (from t, to 
р.) covariant, then laws of their transformation may be written аз 
"et Bren .. хы [0х бєз etn s.m 


Bre di 


T ax id [2 t 
2 рв, | Ox | Lax’: дхв,Ј xu Xar 


Т” ЫЗ Ox I". OXp1 =a OXps Qx'ai Ox'er E 0) 
Be 10x хв,  Ox&lLOxa ÔXar d um. 
Jisa Me : 
If the sum of two tensors T` i: and $^ y be a third tensor 
Mas Ha Bas Hu 
ed Eo С Dye 
pcc uer. quor. ын 2) 
Я козу шш ш. 
Mel м... л... 
So that p т?к ү ger 


urote оше Bitte 
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| nf дхь ё ][ axar $m] [£^ gr 


mr Ox'B, хв, axa, xi. lids o T A 
oe om кз e p" wg -.,,u) 


tex]. 0x81 Ox, .0XM COXA, ш: 


Which is transformation equation for a tensor of rank N having r 
contravariant and s covariant indices and follows that the sum of 
two tensors of the same rank is a new tensor of the same rank. 

Rule ЇЇ. The direct product of two tensors gives a new tensor of 
rank equal to the sum of ranks of these tensors. 


* А... 91-05 $ 
Consider two tensors T of rank NV and 5, of rank N'. 
йз ера 
Their transformation may be given as, 


з Dax |N ETA хь хь OX ay MM 
8148. |0х | OxB, бхв,ОХуу .OXA, ц... 


Quem | 3x ү Xe Әхв Ox "u^ OX guo 


ENEIT 10x 


Ox'&, Ox OXe1 — OXep (др 


2 OX ar OX ar. Әх [EO Я 
Xa;  дхА, OX à Ox t 


Ў ax'n Are et 
fer ee Ln JE] 


Or prese mpm» ex N+N' дхь( х. 9 0х'а1 Oxo, 
Breepe no Be | Ox’ Я дх'э\, ax’, axa дт 
дут хв , Ox'ny ~ Ox'ay x UM sees (5) 
Ox's Ox @хе, `` Әхе» Se No [ENS 
д Азаке 6 pP eee tes. 
where Uia ео OTT RO БАМСЫ 


the equation (5) transforms a tensor of rank N--N'. 
Rule Ш Contraction. The algebraic operation by which the rank of 
a tensor may be lowered by 2 (or by any even number) is known as 
contrection. (Agra 1969) 
The contraction of a tensor may be affected by adding up all the 
components which have equal indices in а given pair. Any two indi- 
ces are converted into a pair of dummy indices. 
Consider a tensor of rank 3 with one contravariant index « and two 
Covariant indices B and y. Then we have 
AXE = дха axy ax'a 
Repiacing v by A, we have ў 


^ 
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A^ n # ge 9x9 xy Bra 
„у=0 BY Ox, OXA Xa 
e axa Oxy 
wBy-0 °” дхьдха 
Ox: 0 if y#a 
But Y m y 
x axe 1 if see 
Choosing the second condition i.e., if y=«, e =1, above rela- 
tion becomes Е 


3 
А а дхв 
Au- 2 oe 
PÀ , 8-0 Аа ЕРК 
е 3 дха 
ie., A, = 2 7 Ap 
a 8-0 OX. 


Which denotes the law of transformation of tensors of rank one, 
ie., vectors, As a general rule we equate a certain covariant index to 
а contravariant index, sum on repeated indices, and obtain. a new 
tensor of lower rank. This process is termed as contraction. The con- 
traction of a tensor of rank 2 yields a scalar i.e., tensor of rank 
zero. 

Illustration. We know. that the scalar product of two vectors isa 
scalar quantity. It follows that the scalar product of two tensors of 
rank опе is a tensor of rank zero. As such the rank is lowered by two. 

Rule IV. Extension of the rank. The differentiation of each compo- 
nents of a tensor of rank n with respect to x, y, 2, gives a new tensor 
of rank (n+ 1), e.g., 


xv = By py ...(6) 
This rule may be proved for a simple сазе, where the original 
tensor is of rank zero, i.e., a scalar say 5(х1, хг, хз, t) where deriva- 
\ tives relative to the axes K are z, 25 02. 
In system К’, the scalar is S'(x'yy х" X's» 1), such that 
S(xy, Xo Xs = S Go X 5 X's» 1) 
aS’ 3S Әх , д$дх | 0S 9m | 
ax’, 0x, ax", | 0xi0X, Әх 8X 
BS Som | 95 0m | OS 0X 
Ox’, Әх, 0X, | 0X, ӘХ. OX Ox's 
aS’ 95 Әх, , OS 6x. | OS Ixa 
axs Ox ахз! OX, X's" 0xyOXs 
which may be written as a single equation 


*0S' Ox. 0S у 
avare mh» 


So 
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This shows that 25. tansforms like the components of a tensor of 
rank one, ie. vector. Thus the differentiation of the tensor of rank 
zero, yields a tensor of rank one. The rank of a tensor can also be 
extended when a tensor depends on another tensor and a differentia- 
tion is performed. For example, consider a scalar, i.e., tensor of rank 
zero, say S depending on tensor Аль, so that 


25 — 
à dur 
S also a tensor of rank two. Thus the rank of the tensor is extended 
у two. 
Rule V. The Quotient Law. If АХВ, is a tensor for all contravariant 
tensors Ax then B,v is also a tensor. 
дәр Ox, ox’ )x'A 
"AB „= Oxy 
We have А'^В' „з= A* Bay = WX, Oxy ахь 
Üxp дху 
дх'„дх'у 
аз Аде ах 
Xa 


Т у : x. 9. 
or A'À [ғ Вы бх? кз | 20 


But 4'^ being arbitrary, 4'^3-0 so that 


=A’ Bay 


which shows that B,y is a covariant tensor. 

Problem 9. Show that there exists no distinction tetween contra- 
variant and covariant vectors if we restrict ourselves to transformation 
of the type 

Ха'=аў хло" 
where b* are n constants which do not necessarily from the components 
of a contravariant vector and aj are constant (not necessarily forming 


a tensor) such that ag ay = 8% 
Given x,'— a$ xa4-b* ... (1) 
Le, a xa =xa'—b* ... (2) 


Multiplying (2) throughout by at „ and summing over the index a 
from 1 to n, we find 


х„=а; х'—ак be -.-(@) 
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Now а) and 6) yield, 


so that с=з ,=@ 
This follows that the кышы laws 
бх 
uf oes в 
А Е and A',— a 


define the same a of entity without any distinction between 
contravariant and covariant vectors. 


Probleni 10. Show that 24 is not a tensor although A) is а covariant 
tensor of rank one. 7 р 


д. 
Differentiating w.r.t. x'a we get 
9А„' _дху 04A | xA ОЗА 4x 
- DXB ^ xe. AXB 'OXe XR 

ахл 04a 0x. axa 

Cx. Ox, дхв Xa Ox'B 
_дху дхь JAA, OXA 
Cx. аха 0x, ^ OX X 


We have As =? Aa (by covariant law) 
а 


Ax 


А) 


9 
The presence of the second term on the right shows that Ma does 
» 


not transform as a tensor. 

Problem 11. Jf xy, 2y—z* and xz are the components of a covarient 
tensor in rectangular coordinates, then find its covariant components in 
spherical coordinates. 

Suppose that x=x,, y—xs Z=Xs 

Then the covariant components of a tensor 42 are 

A —Xy—3X; Xs 
A,—2y—2!—2x,— X; 
Ag=xZ=X, Xs 
Let A’, be the covariant components in spherical coordinates. Then 
x; =T, X, —0, x —$ 
and Дес Ay ae 
дхь 
Now the transformation equations are 
x=r sin 0 cos 9, y=r sin Ө sin $, z—r cos 0 
which in existing case become 
x,—3, sin Хз COS х3, хах sin х, sin хз’, Xy—3X;' COS Xg» 
From (1) we have 
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DUDEN TAL 
4, Tex, At ax, Ar 0s, n 


=(sin x’, cos х) хха зіп x’, sin x's (2x,—257) 3- cos x^. x1x 
=(sin 0 cos $) (r? sin? 9 sin ¢ cos $)--сіп 0 sin $ (2r sin 0 sin ф 
—r* cos*0)4- cos 0 (r? sin 0 cos 0 cos $) 
Similarly A,’ and A,‘ can be determined. 
Problem 12. Jf Ax, is a skew-symmetric tensor, show that 


BY В, +BY BY) Ape=0 


< Apy is skew-symmetric 
©. Ay=Ay=,..=0 and A,,=—A;, etc. S (1 


Now left hand expression = BY B; + BY B; 


= (M BY + Be BY) Ae +(By? BY + Br? BY )Age+... 


=(Bv B+B: Ву) A4, (B В,?-ЕВ,? Ву) Ant... 
+(By' B By By) Aj (By? BA+ Вт By!) Ant... 
=0+0...+(By' BP +B By) {A+ 451) - ... by (1) 
xs Be By Ву?) (0) by (1) 

Problem 13. Show that every tensor can be expressed as the sum of 
two tensors, one of which is symmetric and other skew-symmetric in a 
Pair of covariant or contravariant indices. 

Since Ayv=4 [Ayv+Ay,]+4 [Ayy— Av] 

= ByvtCyy (say) 
where Byy=4 [A v+ Ау„]== Bv, is symmetric 
and Cyuv=4 [А„›—А»„]= —Cyp is anti-simretri 
Hence the proposition. 
Problem 14. Show that A',ey is a tensor (Agra, 1967) 
. r хз, ахь Oxe Oxv + 

We h ive Ау Tax. Зх. бв ахо Aet 
which follows that 4" су according to transformation law, is a mixed 
tensor of rank 4, contravariant of order 1 and covariant of order 3. 

Problem 15. Jf. A^ and В" are the components of a contravariant 


and covariant tensors of rank one, then show that с} = АХВ, are the 


components of a mixed tensor of rank two. 


Facer ss | to OR 

We have A Sacer: and B= Baa 
Re Gio age дх'у dxa _ Ox’) дха 
So that C', = АВ, =A B ae, 4 Pus 3x, 


which shows that сї transforms as a mixed tensor of rank two. 
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Problem 16. Show that the contracted tensor Aye is a mixed tensor. 


we have ч 
„En Әх! AX'E Әхт дху дхь OXV ие, 
apy Qxr @х„ дх, Xa IXP Oxy” АР” 
Setting = and summing we get 
Sm xb! Oxe' dxa дхь дху тев 
apy Oxe бхе OX’ дх'адх‹, Аё” 
22E ОХУ ОХА DX» gv дер 
"Xe OXp Ox. Oxg ' А" 
ӘхЁ' Ox'n IXA дХь „чөе 
=9х„ дх, Ox дхв APY 
If we compare it with the transformation law 
Am _дхЁ Әхи! XA Ox, or) 
aB “Ixe OXp ха Ox. ^^ 


then we conclude that Аў; is a tensor of rank four, contravariant of 


rank 2 and covariant of rank 2. 

Problem 17. Jf the components of a tensor are zero in one co-ordi- 
nate system, then prove that the components are zero in all co-ordinate 
systems. 

Consider the components of a tensor in the form 

Ais Аз»... Ar 
T.i p2’. pe 
where the indices А, Аз,...№,, ш, шз... run through the integers 


ҮҮ АНУ. 
"The components then transform according to tho rule 


Toner [ox N Qxx, 0xa, Әх, OxBi OXB» IXA: par azar 
БИДЕ om lax! Эха xe, axar OXpi. х,а" Әхи gr p2---pe 


where E represents a Jacobian and N is the weight of a tensor 


field. 


In this equation pir AM are the components of a tensor in K' 


system of reference while Ti E E are those in the system of 


reference К. Hence if Th» $5, are zero then 7^1 ws are also 


zero. . 
Similarly its components are zero in all the other coordinate 
systems. 
Problem 18. A quantity A (u, v, o, т) function of coordinates x, trans- 
forms to another system of coordinates as 


‚ 0x» #ха' Oxy’ Axa’ 
AG; B, Y, ®=9 © зу, бу, dx, A n 0 
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Is it a tensor ? If so give its order and rank. 

Yes it is a tensor as it transforms according to the transformation 
‘Jaw of mixed tensors of rank 4 having a contravariant order 3 and 
covariant order 1. ў 


3.8. THE FUNDAMENTAL TENSORS 


In $3.3, we have already shown that the interval ds between the two 
neighbouring events (ху, Xs. Хз, ху) and (x,--dx,, x,--dx,, xj4d-dxs, 
x,-Fdx,) considered in Minkowski's four dimensional space, is given 
by 
ds! 2 g,y dx, dxy (ы, v=1, 2, 3, 4) 
(in summation convention by $3.3 (2) 


and gpv—8v» 
А convenient way of writing it, is adopted as 
ds*—g,y (dx)* (dx)". ‚..(1) 


Now 25° being independent of the coordinate system, is an invariant 
or tensor of zero rank and therefore the equation (1) shows that guy 
(dx)* multiplied by an arbitrary contravariant vector (dx)! always 
gives a tensor of zero rank; hence „у (dx)" is а vector since the dot 
product of two vectors gives a scalar i.e. a tensor of zero rank. Again 
g,» multiplied by an arbitrary contravariant vector (dx)" always 
gives a vector and hence g,v is covariant tensor (by quotient law). 

To show that g,y is a covariant tensor, let us assume that gev 
becomes g'.y when the coordinate system becomes (x^) from (x). 
Then, ds* being invariant, we have 

ds*=g' xy (ах) (ах) (2) 

From (1) and (2), it follows that 

&' pv (dx')* (dx') —g,v (dx)* (dx) 


,. Ox. Oxy’ 
Me, #' gae pay dra dxa gs (dx)" (d) 
= Вав dX« dxe since dy, =e dxa 
& 
and p, v are dummy suffixes on the К.Н.5. 
"The equation is true if 
‘ Ox,' Oxy’ 
EEY бы бла EP 0) 
Interchanging the primed and unprimed letters we get 
‚ „_@хь Cxy > 
ЕГ Ыы @ 


Let us further assume that g stands for the determinant 


$£—|8u u з Su 
821 Ezz f: Sea sage) 
Ex Eas Яза Eu 
8 Sa йз $a 


MU a E TOO 
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and g* is defined as the cofactor of g,y in determinant (5), divided by 
& he, с 
giv cofactor £ gwing, 
Considering the inner product g,«g'* we have, 
Epa E — Epi 8" + Sys E" - Eo E" F 87 
which with the help of assumption (6), becomes 
Spe g= Евы, cofactor of gv, іп 24-2. or cofactor gy, in g 
+Е&ьз. cofactor of gv; in g4-g,4 cofactor of gw, in g}. 


era X0 i.e. 0 when pv 


...(6) 


-i xgie.,.1 when p=v. S 
For, when py, we get a determinant with two rows indential and 
when реу, we reproduce the determinant g divided by itself. 
We write 


=0 if py Me i 
=] ifp=y 


It is therefore clear in view of $3:3, that g," has not the same 
Ў property as the substitution operator or the Kronecker delta 9,". 


Thus, 


8p" =Spe 8" | 


Ee” А*= А*-Е0--0--0 by (7) 
v 


... (8) 

The equation (8) shows that g," multiplied by a contravariant 
vector yields a vector and hence by quotient law, g," is a tensor such 
that its components are the same in all.coordinate system, because 
if g," becomes g'," in another system of coordinates then 


дха дху ga? 


ga 7 xa 'e 
Я 
дху' @хь o длу ух” 
xw Or since хы ga Oxa 
=0 if pv 
=1if pov } by C) 


Hence g','—g," (и, v=, 2, 3, 4) 
Again gy’ has the same meaning as g," with p=v and we have 
sv = Fe re ral 
=1+1+1+1 by (7) ў 
24. .. . (10) 
Further, we shall show that g"* is a tensor when g,« 27° is a tensor. 
Multiplying the covariant vector g,« A" by the vector g"*, we have 
Spe £ А*=в„” А? by (7) 
=A" by (8) 
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which shows that the product is always a vector. 
The tensor character of g*" may also be shown by denoting the 
covariant vector guv AY by B,. Then we have 
£141 - £354? 3- £154? - 1 4 — B, 
with similar three equations for B,, B, and By. 
Solving these four equations by the method of determinants we 


can easily find 
A1 —g!TB,--g'? B, -g13 B,- Eg! B, 
with similar expressions for 4?, A? and A‘. 
So that A* --g** By 
which follows by quotient law that g*y is a tensor. 
Hence we have defined in this article, the three fundamental tensors Е 
‚ Ego Bp", g^" 
of covariant, mixed and contravariant characters, respectively. 


Problem 19. Transform ds? = dx? + dy*+ dz! into polar and cylindrical 
coordinates. Д 


The transformation equation from cartesian to polar coordinates - 
are 


x=r sin 0 cos ф, y=r cos @ sin $, z=r cos 8, 


If a point (ху, x2, ху) in cartesian becomes (x,', х’, x,') in polar 
system of coordinates, then 


XQ—X, X=}, Xy=Z 


and Xj' =r, x,' —0, x, =$. 

So that 8u=822=833=1 
and 812=81s=823=0. 

Now, from equation (4) of §3.8, we have 

дхь Oxy ? 
ge OX. Эха 
j ‚ __дхь Oxy 
lt L4 п huy Epy 
8x) Ox Әх, 0x, xs 


dx, 
Tx ox, E gut xy 9х En Tox Ox, 8 
ex ду д2 
-(2 ) (2 y +(@) 
as x, —x etc. and 2;1—2:3—821,—1 
—sin* 0 cos’+sin? 0 зіп? ¢-+cos* 0 
—sin* 04-cos* 06— 1. 
amy ‚ (9x Y (0v Y огуз 
Similarly e'n= (55) 4) +(@) =” 
ы GEEA 
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9 
Also d Epy 
Om ex, әх, д. 
Tx, xy But ay TOR. 
Ox Ox | Oy ay , Oz 02 
=o 00 tar 28 1 20 
=sin 0 cos ¢ (т cos 0 ccs $)--sin 0 sin $. A cos Ө sin ф 
3-cos 0 (—r sin 6) 
= r sin 0 cos @ (cos? ¢-+sin? ф) —г sin @ соз 0 
—r sin 0 cos 0—r sin 0 cos 8=0. 
Similarly, 2';5—0— 3s 
Hence ds'?=g' „y (dx')* (dx'" gives 
ds? =g' 1, (ху Jg 3s (dxs' 839 (ах) 
=dr?--r* 40°4-г° sin? 0 24°. 
Again the cylindrical transformations are 
x-r cos 0, yr sin 6, z—z, 
so that XQjmX,X,—, X42 
' and Xi =r, X, =b, xy =Z: 
Giving, £u7—8»-—83-1. 
Also as above and since gı2=813=8:=0, we have 
#'эу=1,& з=, g5,71 
8'12=0=8'19=8' 25 
Hence ds'*=g'1, (as +8’ 22 (9х) TE эз (dx 
: —dr*--r* do*+-dz*. 
Problem 20. Show that в „у is a covariant tensor of the second order. 
Let ds be the distance between two neighbouring points P(ya) and 
О («--dys), then. ; 


n 
d= X dyadys 
В=1 


за gust ES йз 


дув 
But dys — e ахь 


e ed (им) е) 
=«ү dX dxp 
where = E дув дув _ дув дув 
eem в=1 xa Oxy Xa Oxy 
Hence in new coordinates, 


дув dye 
sea PEPZM 
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__був Ox, дув дху 

“0X, OXE Oxy OX 
dte (0. дуз дур 
Ox" OX n Әх. xy 


which follows that g,y is covariant tensor of second order. 
Problem 21. Show that gua dxa dxe is an invariant 
Фар dx«' dx'a—gen хь аха. 
Ox'. Ox'a 
e =е'„р 9 
We һауе guy=g'an B b. 
E due a 
or (ғ m E =v) =0 
1 8. f 
or (ro oes (Se -ғ) dx, dxy—0, 
P 
since dx; is arbitrary 
or & «В 0x ху ахь 4ху= рь» ахь dxy 
P 


or £'«8 dXa' dx'a- gue dx, dxy Бу (1) of $3.2 
which shows that ges dx dxa is an invariant. 


3.9, ASSOCIATED TENSORS: RAISING AND LOWERING OF 
SUFFIXES 


The process of raising and lowering of the suffices of a tensor is 
employed to obtain the new tensors associated with the given tensors. 
In fact this process of raising and lowering the suffixes of a tensor 
` changes a covariant suffix into a contravariant suffix and vice versa. 
These operations merely depend on the inner product of the given 
tensor with a fundamental tansor. 

DS define the raising of the suffix of a vector (i.e., a tensor of rank 
one) by 


A^ gu Ay oe (1) 
and the lowering of the suffix of a vector, by 
Аһу АЎ. Sea) 
In general for a tensor like as the operation of raising t is defin- 
n Yè 
ed 8 4 mg А, : 224 (3) 
and that of lowering » as 
yv Зу 
4! =Eny A", 1. (4) 


apy $ 


| 
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The definitions are quite consistent; for, if we first raise a suffix 
and then lower it, the original tensor is reproduced, e.g., multipli- 
cation of (3) by g,« in order to lower the suffix on the left, yields 


ay. Yè 
Bred, =fye gh’ an 


=” nA by (7) of $3.8 


is 
=A by (9 38 


which verifies (4). 

It is however worth notable that the raising of a suffix v by means 
of g*" is accompanied by the substitution of р for v and the operation 
of plain substitution of џ for v is carried by g," ; conclusively, 

multiplication by g*" yields substitution with raising, 

multiplication by g," yields plain substitution, and 

multiplication by g,v yields substitution with lowering. 

The operation of raising and lowerirg of suffixes is applicabe to a 
tensor of any type. For example if 4°? is a contravariant tensor of 
rank, two, then ; 

A,*=gpv B®’ so that second has been lowered 

Aya=gyv A"P so that first has been lowered 

Ару= 2х Sve A*P so that both have been lowered. 

Similarly if Bue is a covariant tensor of rank two, then 

B," —g"" Bay so that second has been raised, 
Ba’=g*’ B« so that first has been raised, 
B*v—g** руй В.в so that both have been raised. 

If two tensors are such that either of them can be obtained from the 
other by any combination of the operation of raising and lowering the 
Suffixes, then these tensors are known as associated tensors, Я 

Problem 22. Show that for a rectangular system of co-ordinates the 
raising and lowering of a suffix leaves the components unaltered in 
three-dimensional space. 

We have in ordinary three-dimensional space. 


ds dx, +dx; - dx! 
where хх, Xy, Хз=2 
so that £1u—82725—1 
and £11—813—2:15—O. 
£u #18 £s 100 
^ 087|£nu 822 8En|— 1 0|-t. 
. 18s. зв £m 01 
We thus have 


|! 0 
_ cofactor of gu ing '0 1j: 


1, 
Ly f 1 
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Similarly g-g"—l, 

which follows that 
Byv—g' — g," 

so that all three tensors are merely substitution operators. Hence the 
proposition, 

Problem 23. To show that dummy suffixes have а certain freedom of 
movement between the tensor-factors of an expression, prove that 

(i) 4«9B*9— A*PB,p, 

(ti) Apu BY — A,* By". 

{i) Since we have 


Apv=8pagvn As? 
and Вт" Bap. 
Therefore А,В" —g agv Асару Bap 
or A,yB**— g^" g ag" gyp A99 Bop =A? В.р 


So that Asp. D*8— A9BB,g. 
(ii) Since g^* B." — Ву”. 


^ gp" 2" * B," —g,* BY = B» 
and similarly ду 4,* =A, y gives 
Sa gva A, — ga Apy = An. 
Aga BY — ga! уы Au. gpg” Ba” 
=A," Ba”. 


3.10. LENGTH OF A VECTOR (i.e. A TENSOR OF RANK ONE), 
ANGLE BETWEEN TWO VECTORS AND ORTHOGO- 
NALITY OF VECTCRS : 

We deal in elemantary vector algebra that the square of the length of 

the vector is its scalar-product into itself and the two vectors are 

mutually perpendicular if their scalar product is zero. Thus if Ay, B, 

be two vectors, then condition of their orthogonality is 


A,B*=0. -.- (I) 
Also if / is the length-of the vector 4, (or A”), then 

A, AP — P, S <... 02) 
In case a vector is self-perpendicular, its length will be zero, i.e. 

A, A^ —0, 2e) 


Now we have 
ds!—g,y (dx). (dx)¥ 
=(gpv dx*) (dx) 
=dxy dx’, 
2. the diplacement is self perpendicular if 
аху dx*—-0, 
ie. ds 0. 
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It shows that a displacement is self-perpendicular when it is along 
a light track ds—0. 
Now, if 0 is the angle between the two vectors A, and B,, then 
cos g= scalar product of the two vectors 
y (length of A,) (length of В„) 
d А.В" is A,B* 5 
= AA") (BBY) — (s 4) (BaB) i) 


3.11. METRIC TENSOR, RIEMANNIAN SPACES 

We have ds*=dxa dx*, by $ 3.10(4) Suae ry 
ен dx* with the help of transformation (1) of § 3.2 can be expres- 
sed as 


dx= 02%, dxe 
Ox, 


дхь 


Similarly аха = Ox. dx* as dxy=(dx)’. 
» : 
With the help of these transformations (1) can be written as 
Oxe дха 
54 pen 
а= ax! xy ах" dx* ...0) 
But ds! —g,y dx* dx". «+. (3) 
Comparison of (2) and (3) yields 
_ дха дха c.) 


Spv= ox’, oxy 


which transforms as a tensor when a coordinate system changes from 


x’ to х". Therefore 


axe” Oxy” Ox, axe” Oxy’ Oxy 
5 ax, дху -+ (5) 
ог Е Ву sv ox, 4n" 


Here яу i$ a covariant symmetric tensor of rank two. It is called 
the metric tensor. 

There are ‘spaces’ where we cannot introduce a cartesian coordi- 
nate system, e.g. two dimensional 'spaces' of that kind which include 
the surface of a sphere. Introduction of a coordinate system with 
latitude ф and longitude 9, makes it possible to express the distance 
between two neighbouring points on the spherical surface, in terms of 
their coordinate differentials, like : 

ds*— К (d$*4-cos?* ф 402). 
x 


(on assuming equator as 0—0, north pole as 0= 2* south pole as 


e) 
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Whenever we define a ‘squared infinitesimal distance’ which is an 
homogenous quadratic function of the coordinate differentials, the 
manifoid is called a metric space or a Riemannian space. In case it 
is possible to introduce in a Riemannian space a coordinate system 
with respect to which the components of the metric tensor take the 
values 3,4 at every point, the coordinate system is a cartesian one and 
the space is called a Euclidean Space. In fact Euclidean spaces are the 
particular cases of Riemannian Spaces. i 

In all cases where the infinitesimal distance is expressed by equation 
(3), ds? being an invariant, g,v is always a covariant tensor. 

Problem 24. A hyper surface in a Riemannian space is given by 

хех: (и, ш): 
then prove that the coordinate curve of the surface 1з given by 
ds*=h,y ди" du” 


дхь дхв 
where hyy=8u8 Qu, Du 
We have 
ds* —fgaR dx? 
оте BXm дхв 
= ix, > LPS du* 
gu 22 22 aye 
= «В x. xv du* du* 
=hyy du* du". 
Problem 25. Surface of a sphere is a two-dimensional Riemannian 
space. Find its fundamental metric tensor. (Agra, 1974) 
If a be the fixed radius of a sphere, then its surface is given by 


т 


ds?—a? 40-а? sin? 0 2°, with equator as 0— 3 north pole as 
6=0 and south pole as #=7 


so that 21174*, ga —a* sin? 0 
` 812=0=8n1- ў 
oe 8=| £u. Sis Fl а? я 0 
81 Zes 0 а?ѕіп? 0 
—a* sin? 9 
pue cofactor of gu  a*sinO — 1 
g ~ asn 24 
E cofactor of з: _ at: 
x g =a sin? @ —a* sin? @ 
gu—0- gh. 


3.12. CHRISTOFFEL'S 3-INDEX SYMBOLS 

Here we introduce two expressions (not tensors) known as Christo- 
ffel’s symbols of the first and second kind. These will be found of 
great utility throughout our subsequent work. 
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Christoffel symbol of the first kind 
T, ezln d= L( ee 4 Boe бв iom 


Oxy | OXp Әдхе 


Christoffel symbol of the aces kind 
Og» , 08v — дЁһ» 
alga 
Геб, о) pars (28. SBA 0) ... m 
It is obvious from these vibes that 
[ыу, o]=[w, о] ie. Ty, e— Iw, © » (3) 


and бы, в}ф={ в} te D, TI 1 @ 


showing that they are symmetrical with respect to р and v, 
We also observe that 


(v, ө}=°% (wv, А] £e ТУ ра Ta...) 


and [bw =g (и, a} he. Ton em EA ГА, 2) 
To prove the result (5), we have from (1), on replacing с by A, 
_ 1 [д&ь)_ вуд _ деву з). 
[i =a xy Т 0x, Ox, дх, 
Multiplying both sides by g*^, this becomes 
1 дву двух _ gey 
«А ek A| EEA CEVA. REY 
Б" es A] 2 8" Oxy ` Ox, axa ) 
z (pv, c) from (2). 
This proves the result (5). 
Again to prove the result (6), interchanging A and о in (2), 


we have 
дує OZpv 


a (Bre 
(uo, у= ze Cae tern d] 
s ћу, с], from (1). 
Multiplying both sides by gea, this becomes 
Bea (uv, № вела" lev; с] 
==, o), 
which proves the result (6). 
Now we have from (1), 


дЕве , Вус — te») 
les 9» w= IR ахо 


TEG dre | Ogev Zey -ER) 
0g» ' дхе 


zd. gpa pee TE [ gey _ Ogve 
2\ oxy Tx, A E Ox. OXp, 


Ae UT 
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їе. To», et fev, „=“. 
Problem 26. Find the Christoffel's symbols corresponding to 
Usa. 1974) 
(а) ds—a* d0*-ra* sin? 0 dg?. 


(b) ds*=dr*+-r? d0*+-r? зіп? 0 24°. 
(a) We have ds*—a* d6*+-a? sin? 0 d’, 


so that £11 —4*, g44—4' sin? 0, g,,—0—84 
D —| $1 fnu|. 0 одао 
RS g | n Rl 0 ae a* зіп? 6, 


eS 1,,COfactor of gi  a*sin*0 1 
giving й z =a sin? 0^ а? 
Similarly, #2 2-р and 90-4". 
Thus Christoffel symbols of first kind are 
ды y ?£n. 9g ) 
22, 1 AM. 2)» whi =ô, x,—9 еіс. 
Q2, 1]= +(e us 2x) а з= 
=} {0+ +02, (а? зіп? oi 
= —а? sin 0 cos 0. 
imi log; 19 з 0) 
Similarly, [12, 2]= 29x 72 д (а^ sin DL а? sin @ соз 0. 
The rest of all are zero, and the Christdffel symbols of second kind 
are 


(22, 1)— ^ [22, А] 
=g" [2, 1]-g* [22, 1] - 


=, (~a sin 0 cos 0)+0=—sin 0 cos & 
Similarly, (12, 2}=g? 112,3] 
=g" [12, 2e [12, 2] 


=0+ zor (а? sin 6 соз 0)== сої 6 
and the rest of all are zero. 
(b) We have ds?=dt?-+-r* d@*+-r* sin? 0 d d^, 
where X=, X420, X479 
and £17 1L, Фаг, g3—r* sin 0, 
Si 072: —...etc. 
$u £n uj. 
—|8nu Zn 533 
8n 832 ££» 
10 0 
-]0or 0 
10 © r'sin*6 


=r sin! 6, 
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0 
cofactor оба |3 r? sin? 8| r*sin?6 E 


ivi А 
giving z Zz resin? @  r*sin'6 
TE ?sinO0 1 
S az... cofactor of gj, 7^ sin 1 
imilarly g - i =sante P 
Eom cofactor of зу _ phos ge 
E: g =A sing rsin* 0 


and the rest all are.zero. 
Now the Christoffel's symbols of the first kind are 
lf?gi | dgu дет 
Similarly [11, 2]=0=[11, 3]. 
In a similar manner, it is easy to show that 
(22, 1]=—r, 122, 21-0—(22, 3] 
[33, 1]= —7 sin*6, [33, 2]— — r? sin 6 cos 9, [33, 3]=0 
[12, 1]==0=[21, 1), [13, 1]=0=[31, 1] 
[12, 2]=0=[21, 2], (12, 3]=0=[21, 3] 
[13, 1]=0=[31, 1], [13, 2]=0=[31, 2] 
[13, 3] —7 sin* 0==[31, 3], [23, 1]=0=[32, 1] 
(23, 2]=0=[32, 2], [23, 3]—7? sin 0 cos 0—[32, 3] 
and the Christoffel symbols of the second kind are 
(22, 1) —2'^ [22, A] 
ж [22, 1]--#2° (22, 21+8" [22, 3] 
=—г+0+0=—/. 
Similarly {3,3,1}=—” sin* 0, (11, 1) —0, 
(33, 2)— — sin 0 cos 6, (13, 3}=4, (23, 3) —cot 0 


and the rest all are zero. 


3.13. EQUATIONS OF A GEODESIC (Agra, 1963, 65, 66) 
We sometimes define a geodesic as the path of shortest distance on 


the surface between two q de on it. Here our aim is to deter- 
mine the equations. of a lesic or path between two points for 


which 
x А ds is stationary. 
Assuming that the initiai and terminal points of the path are fixed, 


let the path be deformed by giving every intermediate point an arbi- 
trary infinitesimal displacement Bxe, so that the expression 


ds*=gyv dx, dxy yields, 
2ds 8(ds)=6 (гь) ахь dxv--gev 5(4хь) dxy+ gav dxy (ху) 
=dx, day Se 8x, gpv ху Sldxp)+8gpy dx, 5(4ху) 


a 
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The stationary condition is s , 

J 5 (ds)=0. j ...0) 

Substituting the value of 8(ds) йош ee in (2), we get 


ij {< Sin Ф Ofen SEP едь D. ix) 


Herm ain) | dsm 
On changing the dummy suffixes in the last two terms, this 
Becomes 


ij PE dre diy 2 pani Bxet ( Sev LI Jato} ds=0 


« @ PE afanan E) вә ane 
Integrating the second terms by parts, we have 


i[ Ge 2 дв E 5х. ds+} IC T gre ju) Bx] 


(о) n) domo, 
where the integrated part vanishes as Зх vanishes at both the limits. 
We are, therefore left with 


E dxy dora, ( dx A) ека m 
Ж ху s d аху a) ] 
er af [Be doe 4 Bev Get Bee ae) | B(x) ао, 
This will hold for all values of a кышы displacement (5x«) at 
all points if 


dxo dxy gev _ 4 St) | 
і "di ds Mos pav ds ~ +Spe—* ) |-0 


2 aes 
а ee go i de fh ea ae 


ds dxe ds 
But we have 
дву хех Ti and e 2 Ogre дху_ 
"ds Tx, ds day d 
30 that the last relation becomes 
dx, dxy деу _ 1 ey dx, dxy Ogre Ixy dx, dx 
bards tx, Lux а e а ge ee a 
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E CR RING 


Oxe OX» Xv 
ES the dummy suffixes » and v by є in the last term, 


we get, 
SE t (iei n 
T (im e yen nn 
Multiplying throughout by —8**, this becomes 
1 dsg ху gaa (m nos к=) tee е Ka 


or 


2 ds ds Oxy 7 ds 
or se e Se r dus, а}—0,- 20 
as Pri 
dix, 
or "de +{и», od d —0 
which may also be written as since De =g" Ax woe (0 


d'xe ахь dxy 
dst 4-5) 
which corresponding to == 1, 2; 3, 4 gives four equations determining 


a geodesic. 
3.14. LAW OF TRANSFORMATION FOR CHRISTOFFEL'S 
SYMBOL: (Agra, 1966, 
Considering the two coordinate systems Ха and x'a in a Riemannian 
space the equation of geodesic line can be written as 
iato «Ос. ES 
where гу, ={ү, а} 
and кее v9 
where Ty ={ay, а}. 
Now we have 
| du! Pu ба. ы, 
ds oxy ds 
Dd da. d (5-3 Axe! ахх 
"d$ ds\ ds )- а (хл de 
ч E dxa ху 
axa} ds '0xA 


Ox. dx. dx | дхь' хл 
xp axa d: ds tox, dé 


342 = MATHEMATICAL PHYSICS 


La! dix, diy дла! ху 
“Oxy Oxy ds ds ‘axa ds* 
(replacing А by v in the first term). 
Substituting these values in (2), we get 
Ove dry, 00а! х, diy pt дв xy’ dre die, o 
ix, de © Ox, dx, ds ds By OX, Oxy ds ds ` 
Multiplying by BL. this equation becomes 
£u (ge reborn, ee эе б» deno 
ds* By Xp Qxv OX'e Xp QXv Oxa/ d$ ds Ч 
Interchanging о, B, ү, with А, Ы, v respectively, this becomes 
aXe „À Ox. Ox vOXe , хл Oxe NdxBdxy _ 
Rheuma embed то 
Comparison of (1) and (3) yields 
pt =r дх'ь Ox'y дха xa xe 
By" EY oxp oxy ОХА OXB OXy XA 
This may also be written as 4 
дх'ь дх'у дха , 0х'А  Oxe 


{В у.а) (ыу, NT x, BRAT ха Oxy 0X 


(Agra, 1968} 
This gives the law of transformation for ГЁ, Le. (gy, a}. It is 


clear from this transformation that ГЕ. are not the components of & 
By po 


tensor, so that T$, may be zero in one coordinate system, but not in 


all coordinate systems. 


We may also arrive at the Christoffel symbols and their law of 
transformation by another method. We have by $3.8 (4) 


OXA дхь 
Differentiating it with respect to х'у, we have 
Әк һр Od» дху xa OXr Qs (29 хь _  Әхь _дху ) 
Мх Ox, 0xB QXBOXYy TEA 


g'«R— v 


(xa OXy OX y X. OX'B 


The other two equations may be obtained from it by cyclic 
Permutations of the indices о, В, y, and these are 

ü&'ar gie Xv дху Oxe | (Oxa хь. axe xA \ 

Qx.  Oxv OX. EXD Oxy S {охра Oy Tox. 0x. ЭХА) 

‚..(6) 

OE y« OR an Xy OXA Ox хх xe _ дх„ xa “ 

and 9x'g дху OX B OX удха Be! Ox'y 0X'p Ox. дхта Ox'p Ox, 
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. Subtracting (5) from the sum of (6) and (7) after changing dummy 
suffixes in their first terms and then dividing by 2, we get 
ym Og'ye Og'up OxA Эхь Oxv ie 408r Ehe 
Ox. ^ xg Oxy) дхж=дх'вдх'у OA OX, ©ху 


dxa хь xa ёх dxa Sp 
Tene \ Axe’ Oxy’ Т Oxy Ox. Exp’ 1 дху ёха'дхь' 


Ox, xa axa 8x. Ox, Oxa ) 
Ox. ӧхв ху 0хь' ӧхү OXP’ ӧхв дху Oxe. 
In the last term of right hand side, interchanging the dummy 
suffixes A, ш wherever necessary in order to make all the second 
differentials of x, only, we get 
2 axa дхь дху дхл хь xx 
Paso Ган o Ay any tH Baa" ine s Bey 
Ox, Ox» 0x, Oxi | 0x, dxa @хь 
хе Oxa taxa бха' ox ха’ Ox’ Oxy Xa Oxy OXA 


Ox Oe 
Oxa’ Oxy' Oxe' 
dxa Ox, Oxy Әх xe | (8) 


=D des vx. буу Ixy Or Oxy! Oxa дхВ' 
Also we have the transformation law for the contravariant funda- 
mental tensor as 
Oxy’ дхи 
Page ue vv . (9) 
Multiplying together the corresponding sides of (8) and ,9), we get 
ў dxa Ox, Xy дху Ox 
үү’ =por) „Мы А a Дед шй 
#?"Г'һа, у=8'"Гль›уду зор Ox, Oxe Xe 
Oxx Ox, Xy дхи 
Poan OARE AMA АҢЫР 
Е 7 Oxa Oy дхи Oe 


g'g" 


Ox Ox, [LS Oxy’ 
= ka ax'a хо xy dx, m У 
axe Oxe дхл Oxy 
DL дхь' дх'в OXe дху Oxe 
ёха дхь дхи и oOx. "дхи 
= ха! дх'в Ох» Гава ахта 8 axel 
Lim Оль Pune | Pe ge Dal 
дхи’ дхр' дхе APT дхи OXR” "Xe 
ос pere бка Pme Ore’, блк дм, 
ар ARX. Oxp’ Охе | OXe Oxp’ OX, 
Replacing x by B, B by y, = by a, A by. p, # by v and c by А, this 
becomes 3 


gi, 


peer’ 2e блу дла. Dv ue 
ау ev Axa’ Oxy’ xA 1. Oxp’ Oxy’ Oxy 
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Again replacing v by ^ in the last term, 


ре ГА 9.8 iur зА ды 

ву mv xp’ Oxy Axa ^ OXB Oxy’ OXA (10) 

i үг Oss, бта шш у 

кы, (By, a} tuv. Мах" Oxy xa @хв CXy 0х й 
Interchanging primed and unprimed letters, this yields 


D ах, дхи длы. Ou Oe 
А (вт, e) (en А ss Oxy бхр Т Oxp Oxy ОХА 
which is the same transformation as obtained in (4). 
In the given Euclidean space such as 
ds — (dx? (dx +. -+(dxn)*, 
ra= 0. 


The equation (10), yields 
xi  Îxa' 


„а 
T'ay- axa Oxy’ хл 


If this new system is also cartesian, then gaa =constant 


or m y=0 
axa 
or я DICE ES ned 


and then the symbols transform like tensor. (Agra, 1965, 66, 67) 
Integrating (11) twice, we get 
xia! +54, 
where да^ and bà are the constants of integration. 
"This follows that the co-ordinate transformation between ‘wo 
cartesian co-ordinate systems is linear. 2 


- Now inner multiplication of (10) by 229, gives 
5 


«Ox, Ox, pa дхь Oxy бх", Oxe xy 0X0! 
Box, "Ox, MY oxa’ Oxy OXA | OXe OX! CXy' Ox, 
“tng азу xp eaa P DA, PA 

Oxp’ Oxy’ Oxy’ Oxi "" Qx. Әх OXP @ху' 


r 


OM defe exe 
9587 oxy "V7 exp’ Oxy" 
Ке 9x, PE ре Qx& Өх» Ies a2) 


xa oxy В) Оха  ""OXB'Oxy 


3.15. PARALLEL DISPLACEMENT OF VECTORS . 
Consider an absolute contravariant vector A” (ху, х2, ха-ха) iN é 
cartesian, co-ordinate system. Then, we have 


А'Р=А+*?®® and АР Axe 
дха 8x 


; AP quo xe OxB тз 
re dA'*=A* блв Ox. бху ›йху жо IAr: 
If we now assume that the пае их i A* are constants, ie. 
dA* —0, then the above relation becomes 
Ә?х'ь дхв 
Ae A xa ах, xg дхь xy Y 


2 dxa 
дедха, xn дха д, as деде, 


2х." дхв дха Oxy’ axe" 
УЙ Ә?х,’ xa Xs ` 
=A s exco, Oxy" аху’. “Ар. 
From the preceding section we have the law ОЁ transformation 
às re xe’ Ox'* | no OxB Xy Ox» 


Te— xy Xe ха | BY Oxy OX, ie 
But in the cartesian co-ordinate system, we have T$,—0. 
: JU бе 
RUN. Oxy’ 0Xe' дха 
x Oxp' Xa 
Now Эх, axe =6.". 
Differentiating this equation partially with respect to xy’, we obtain 
Ox, дхв_ OXe Xa  дхь". хь’ 
дхв IXa Bikes Охх Oxy’ дхе' 
ў „ Qux," дха 
ет re  QXB дхь QXy 
With the substitution of these values in (1), we have 


dA'*— — AT o dxy' EEUU PA 
or interchanging the primed and unprimed letters, 
dA* — —A*T5, dx. 


Thus if AP is parallely displaced with respect to any йїєшашїай 
V, along any curve, we have 


dA” 


. Now we write 
34^ dA” ».dxy 


Ss. sd 4 € wis (3) 
: Nu i 


=0 


346 MATHEMATICAL PHYSICS 


which represents а parallel displacement of a vector 4" along the 
Li 
curve. Неге -5p is known as the intrinsic derivative of A* w.r.t. 3. 
But the equation of geodesic is 
dx, dxa dx$ 
“at tv gs ds —° 
4 (dry) , pe (уба, 
or а) нге) NT) 
So the equation (4) represents the parallel displacement of unit 


tangent vector ©. along the geodesic. 


3.16. COVARIANT DERIVATIVE OF A VECTOR (Ата, 1959,70) 
We have already introduced the transformation law of covariant 
vector as 
дф 0xe 9$ 
dx, T Ux, Ox" y $3.4) 
where ¢ is an invariant function of position. 

This relation follows that the derivative of an invariant is а 
covariant vector, but we should carefully note that the derivative of a 
vector is not a tensor. We shall now find certain tensors to be 
employed in place of ordinary derivatives of vectors. 


Now consider ze when dx, is contravariant and ds invariant. 
It is a contravariant vector and represents velocity. Thus if Ap is а 


covariant vector, then the inner prodnct Ade is invariant. As such, 


the rate of change of 4, Dre. per unit interval along any assigned 
curve must be independent of the co-ordinate system 


be aC or) is invariant. б (п). 


This leads to an assumption that we keep to the same absolute 
curve however the co-ordinate system is varied. This result being of 
no practical importance is now applied to a geodesic. 

The expression (1) on performing differentiation yields 

0A, Oxy dx, dix, ss у è 
ad atta is invariant along a geodesic 0 


The equation of a geodesic is 


Le. аъла site ex 
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Its substitution in (2) gives 


Фа ФА AT.) is invariant. 
Since 5 and P both are contravariant vectors, their cofactor 
іе., ee Aa is a covariant tensor of rank two. (Agra, 1964) 
We write 
Ap, v (or simply Ap) et — oue NC) 


and call the tensor Ap, у the contravariant derivative of Ap W.T.t. Xv. 
The result (3) may be arrived at by another method as follows: 
We have 
„ дж» OU, OXe_ Әх pw 
r Py xe ox, Oxy OX. FEE 20 


and the transformation law of covariant vectors gives 


дх» 
A’',=7— A 
Pox poe 
which on differentiation with respect to x’y yields 
дА', xa Фх, Oxg OAs 


Ox, ox, Ox V ахь Ox v Ox 
Applying (4) and changing the dummy suffixes in the last term, we 
d'r (per, One _ дла дзэ qe) 
Ry = P ox, ax’, Ixy Top As 
@хь @хв O4. 
tox, бу Эха er 


Again we have from law of transformation of covariant vectors 


p , 
A, =A’, 
so that (5) becomes 
A'm pu gr 0X8 дхв (5 " ) 
aV „4 tay", Эх Эха rapá 2 (9 


Showing that Mer, А, obeys the law of transformation of & 
id 


covariant tensor. We thus approach the result (3). 
From (3), by raising a suffix we get an important associated tensor 


А", as follows: 
We have Ae-£gnÁ*, 
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so that from (3) we have 


9. 
4», Uis -r$ y Аа 


= = (gesd*) T, (gas A") 
se 
= stis Seres EAs by $3.11(6) 
gei ET usu] by §3.11(7) 
Xv 
Multiplying throughout by g"*, this becomes 


0A* 
&*° As, v= arts a | d «А* 


or. дув" & E ЕГ, Ы 
QA" 
= DA iom 


(Agra, 1970) 
-which is called the covariant derivative of 4”. 


Similarly the tensors A”, and A** obtained from (3) and (7) by 
raising the Suffixes are known as contravariant derivatives of A, ап and 
A*, but they are of no practical importance. 


3.17. “COVARIANT DERIVATIVE OF A TENSOR (Agra, 1963) 
The covariant derivatives of a tensor of rank two are formed as 


Ayn = ET A«y— Te nn id 


At, (or d. ГА Hae 2.@ 


AB (or А®», о) = Ht. A9 TELA" 2 (3) 
and a general rule for giving covariant differentiation with respect to 
Xe may be illustrated as follows: ў 
ПЕЕ Th Е Tro Ain 

ATLAS E 
In order to show that the quantities on the right are actually tensors, 


we proceed as follows: 
In place of (1) of $ 3.16 we may use to say that 


£4 du Фу. is invariant 
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dAyy хе Se dxy аху BX, dx, d*xy 
па алаа (^n Gs de 
is invariant ieee a ae 
But along a geodesic, we have 


Les 


! Ae a to Eoque. we &‹ 
"no wer 
7 (m Ti, Азу Гу, Le) Si Dt d oe is invariant, 
ie., Apy ae E ir is invariant 


which shows that Аус is a covariant tensor of rank three, 


The results (2) and (3) may be obtained by raising the suffixes v and 
p as follows: 


Since Apy=8y A. , therefore, 


A 
Anis en Pere 


— y Ab) Thur IS Bondy 


AT EM ia Аа — T yo, 


p et n CE Ja 


d —Г%4«у+ Гө, ҮА, by (7) of $3.12. (Agra, 1959) 
Multiplying throughout by g”, this becomes 
gne m tgp t — eT, КЕ” Ты, AL 


А, ў 
іе, А. =e г? я" Ay Tu A, by (5) of 53.12. 
[M А 
mage The Ay TS 
which is the result (2). 


Again, since Ау =gys А9, we have 


1 A 
Alem ai Tye de +Г 45 
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HF, 47) T5, Bera Tz, 47 


Lim parit —T yes 4* VEIT. Ay 


by (6) of $3.12. 


9A" 


ё 
ог 4, =, +4 zer — Dye, Jer. Ay 


QXe 
A Am Fiort Tl. Ау by (7) of $3.12. 
Multiplying throughout by g*’, this becomes 
gt! Ay, fere, gray Daey teh! TAS 


le., AS = т" гегу Ан 
"A ert As TY Ава 
~ which is the result (3). 
Problem 27. Prove that g«B,y —0 i.e., covariant derivative of. fundamen- 
tal tensor vanishes identically. (Agra, 1963, 65, 68) 
We have by кү 
Eaa, y= x. Phy Bet -r7 Jem 20) 
ir 
a @ 2 
» ronal 28аВ © зу _ 3e) 
But r^, —jg"l (n ху m om aui 


2 [/ ° 
sothat яг" EC uh Че. der) 


=+( us Zay 
oxy ^x, OXA 


Similarly гь T5, —1 (2 m ager), 


Adding the last two pr we get 
Eea Toy teen ГО = Ox, 
Substituting this value in x we get 


) since g,pg"P—1 


SaB,y—848 Г®, 5а Гру— Гу Togo 
=0. 
Problem 28. By starting with A’ap=Apy 22, 2 ES , verify the first 
result of §3.17. 
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Given that 
А'ав=4 „ке 
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oxy 
axe” Ses) 


Differentiating with regard to х'у, we have 


@А'ьв дАьу IXe дхь 023.54 


Тү" e n дж блр 


Xe IXa OXA OXy 
'«_дху 


Ot. xy | хь бл» 
Máx, Qx, xn." Qxa' OXp' дхү 
p exi х^ Xy 


‚ GApy Ox, Oxy OX 0% 
Меле Fe + And Pay ар Tiri y e 


aY дхг’ 


v ока EE by (12) $3.14. 
Хе 


FAS CA E 


дА'ев — s 0X» 
gr xy. Ap Ter аха 


Anv дхь 0Xv IXe Apy T 


= 6x. 0x. дхв OXy 


Xa 4 а 0ху xe 
üxp t^ BY axe’ Ох 
p OX& OXn 0X» 
Inxa Oxy OX. 
у дхұ Xa дхь 


А,» Fg, x axy хе! 
or using (1), this becomes 
24.8. 4. p* ru pas Mm p as Г" дхь Oxy Xe 
mes eT. A'm Tah Fran Tn don Jaan ng 
А дхь Axy дХ« 
i.e. A'«B, y=Apw * 357 OXP Oxy! 


showing that Apv, e is a tensor of rank three and is the covariant 
derivative of Apy with respect to Xe. 

This verifies the first result of §3.17. 

Problem 29. Show that the distributive law of ordinary differentia- 
tion holds good in case of covariant differentiation of a product, i.e. to 
show that (Agra, 1959, 63) 

(i) (В, Cy), „=В„, «Су+В,СУ, LO 

(ii) (B^ C), «B, CFB" Cre, 

() R.HS.=B,, «Cv By Coe 
OB, acy . 
= (rien) ora, (BET) 
9 
р (B,C9 Tz. (BaCy) Гэ, (В,Са) 
=(B,Cy), e 
(и) RHS.=BY, C'--B*Cj, 


ав" ei ге 
(Er) +в (28 ert.) 
d. Grec) ert, UPC) T, BO) 
=(В"С),. 
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Problem 30. Prove that 
(а) gh=0. (Agra, 1259, 65) 
(0) 87, —0 (Agra, 1965) 
(а) We have : 
gen 29-55 


=00г1.: 
Differentiating with respect to xa, this gives 


Ager 0g** 
APER 
8 i8 gel =0 


Multiplying aes by g"*, we m 
gt gue get gence 213 =0 


or gt gt (Tg, a Tan, UR ae ro by (7) of $3.11 


or g Ute" r+ =0 by (5) of 53.11 A) 
кү ore, gem ann 
= 0 by (1). 


5, 
O) B= er re gt TY, 8, 


Now у= 


LAM. 
=0 ; es тг 
Problem 31. Show that the covariant derivative of an invariant is the 
same us its ordinary derivative. ` 
Let J be an invariant, so that 7A, is a covariant vector. 
Now the covariant derivative of JA, is 


2040 re, (TAa) 


9I дА, 
Tn e =T" py IMa 


-AL ET (de reus) 


(145), v=; 


ol 
= Ape tlm у. 


But from Problem 29. 
(ТА), v=], vAp+TAg, у 
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n Lv As IA, v=Ap HA т 
he, I, Aem Ape е 
Er 
pE I, Oxy 


which shows that the covariant derivative of an invariant is the same 
as its ordinary derivative. 


3,18, THE CURVATURE TENSOR (RIEMANN CHRISTOFFEL 
TENSOR) 


Consider an absolute contravariant vector 4*. Its covariant derivative 
gives the mixed tensor. 


дд» 
AY, ema t AP I, by (7) of §3.16. 
If this is again differentiated covariantly, then we have 


Ane Gat At, г, * At, T^, by (2) of §3.17 


дА” 
eon). 


OXe 
д4* 
iu + Ae = iv 


(E+ a г, 2..@) 


Similarly, 


aA! 3A" 
CXp ex. axe 


oe е 
ma ga LATE, Te 


Az Г +А* 
дА* ^ 
(Era г) ге 


Sabtracting (2) from (1), after changing the dummy suffixes 
wherever needed, we get 


DI OU dius ig в 1 
At Alege (т, Гре Гь n) 
(Agra, 1958) 


The quotient rule follows that the cofactor of A* must be a tensor 
of rank four, so that we may write 


АЎ. Aver =A" B, 


ete 
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A Ob as ага. е ` 
ag Br у, dap thet Ue Up Гак 
This tensor is kno wn as curvature tensor. On contraction this tensor 
yields two new tensors as follows : 


РЕ 0508-27 
uo uo B a s 
Brey Fx, ~ Tae thre Dp Tos гр, 
= Къу (say). ...0) 
This tensor is known as Ricci tensor. 
ars, ar’, 
(ii) Ben Tay бу, 7 Ero, ly ге. Tj. 
cyst ors, 
“Oxy Ox, 


(the last two terms cancel when џ and у are interchanged 
in either of them) 


==S,v (say). 5) 
s TUIS кога: 
So S= eT. TA 
ага, OUS 
-a 
=— Spy зо (0) 


тыз Шо that the tensor S,y is anti-symmetric. 
Again, we have from (4), 


ar, Га, ^ 
Rm Ге, Te Ге, Гр, 
are, ar’, 


” B. 
AC s+ Tee TS DÀ, Гу, 
(interchanging с and y in second term) 
=SwtP, De TS, TR. 
* Similarly, 


Ry. — Sva TS To, Io, Гр, 


= = Svet he ISI Г, 
(interchanging р and v in second term) 
Ry — Руь= Spy + Svp. 
—S,— S,» from (6) 


=0 
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Le. Ryy— Ryp. mer 
This shows that R,y is symmetric. 


3.19. RIEMANN—CHRISTOFFEL TENSOR OR COVARIANT 


CURVATURE TENSO. 
The tensor Вуле 8B, is known as Riemann Christoffel or covari- 
ant curvature tensor. (Agra, 1963, 64, 65) 
We have 
Byvee 7 Er B, ye 
аги, агь, 
=: Гг fusi Mets Oxy Rx, E) 


from (3) of $ 3.18 


HP (gl, P ene) or (кг) 
дху 
à 
ri dn d gu.) Tro 
OD V _r ge 
Oxy *°дху А 
| OD pase ‚ Bes 
p +Tax, 


-Dt, Tav, Г», Tee, e+ 


IS. Tav e— 


" дат a Bea 
my rS Dev axe 
(replacing є by А Г the last two terms) 


= A Гау, e— =) ist Tee, e— же 


02 (же дру» — er) 
cox, 2 Vx, Ox, Oxe 
BUNT CNN A 


Oxy 2 \dxy | OX, Xp 
а ье UR 
= — I$, Dey, TS, Гея, eL ox, tan Baw Do 
iW gye €*gpv ) 
Ox, дх„ | OXe Xe 
(since Гоч, e= =—Tpy, а ete.) 
= lf фе | gev 
=—Г,, Tw, VH, Ге, ty Tx, Oxy хе аха 
E ge 1 
—jPx dx, xx. . (0) 
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Interchanging р and р, this gives 
OD Vf Res gy” 
Веуер= — Vs, Гьу, а tT pT pes «+ 2\дх„дху_ Ox, Oxe 
gre Ж guy ) 
Ox, дху Oxp 2х 


so that 
Byvoet t Веер -In. Ге, e+ I lec, WT IET. at TS Tien 


mg Tus, Agaa ГА, HRA Tos, ager, 
ГА ГГА Tye, a 


me APS FT a Te ГАГА ad ГА Thee à 


0, 

i.e. В.лар — Brvep. <.: (2) 
This shows that Buver is anti-symmetric in indices р and р. 
Similarly, Byvyee— — Веч, Pis) 


Le. Byvep is anti-symmetric in indices v and с. 
Also, it is easy to show that 


Byuver= Breve; wee (4) 
ie. Buyer is symmetric in index pair (и, v) and (p, о). 
because Bpver=—Bevep by (2) 
(00 = —(— Brava) by (3) 
=Brovp 


Thus B,vee is skew-symmetric in the first indices, skew-symmetric 
in the last two indices and symmetric in two pairs of indices. 
ne (Agra, 1969) 
Further, it has the cyclic property i.e. 
Byves-F- Веру Byeve=0. 205) 
; . (Agra, 1968) ` 

Writing the values of all three tensors by (1), and adding them 
altogether, the result follows. 

We have already mentioned that a general tensor of rank four has 
(4)* i.e. 256 components. In the existing case the double anti-symmetry 
reduces the number to *C, x *C, i.e. 36 of which 30 are paired because 
#, e can be interchanged with v, с, but the remaining 6 having uU, e 
as the same pair of numbers as v, с are without partners. As such we 
have 21 different components (30 paired components are equivalent 
to 15 different components 4-6) with one further relation given by (5). 

.Conclusively the Reimann-Christoffel tensor has 20 independent com- 
penents. 'The scheme may be shown as: А 


asi hes аы Aca das : 


аа АВЕ ЕРА 


TENSORS | R 337 


Writing the suffixes in the order ресу, the different 21 components 
are E 
Biziz Binza Bisis Вуз Bias Bois Buw: 
Bizia Взза Вуз Вуз Braza Воз Виза» 
Bizia Brose Pisos Bisa Biasa Bossa Виз. 
With the relation Bisi t+ Ваза Вэз=0, 
which reduces the number by 1. 
Independent number —21 —1 —20. (Agra, 1963, 65, 76) 


Problem 32. Prove that if В, „=0, then space is Euclidean. 
We have 


er* ert 


[n po ж гере ре 
нут = Oxy "PEDE. ESSI 
But in Euclidean space with cartesian coordinates, we have 
T5 (х)=0. 
So, B',,,—0 in this coordinate system. 


But if Be —0 in one coordinate system, the components are zero 
in all coordinate systems. 
Hence if В“ —0, the space is Euclidean. 


bye 
Problem 33. If Ruv=Kgpv, then show that R=K where R is called 
the scalar curvature. 
Given that R,y—Kg.v. 


We have Reg'*Ryy 
=g" “Кя, 
Непсе R=Kas g*’g,v=1. 


Problem 34. Prove the Bianchi’s Identity 
VS MET pus «=0. 
(Азта, 1964, 70) 
We know that 
ory, 


Mee eke 
в Ox, Oxy TIS pet ay 2 
If we differentiate this equation and evaluate at the origin of а 


geodesic co-ordinate system, then we have 
zr I d 
(wt Ox, @х дхь Oxy . 
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(since the Christoffel's symbols referred to the geodesic co-ordinate 
system vanish at O, the origin, by $3.3.) 


Similarly, 
ph etek gage 
pee v Oxy OXp Oxy хе 
E s * 
at p. [1 n, Tiy 


Mev’ © "Bx, Oxy xs Ox. 
Adding all these three equations, we get 
s LI $ 
Bei Bep Ве =O: 
Problem 35. Show that the construction of a uniform vector field is 
only possible when the curvature tensor vanishes. 
Or 
Prove that when the Riemann-Christoffel tensor vanishes, the differ- 


ential-equations PRIUS —(uv, а) 44 = 0 are integrable. 


Oxy 
(Agra, 1966) 
Consider the differential equation 
Ам 04—75, Aa=0. EO 
This gives 94. =De Aa: (2) 
ie Гь, ed 


Consider the integral of L.H.S. of (2). 


даль, (гәд, 
[еа E ах +... 
-[ draig 
This follows that the left hand side of (2) multiplied by xy isa 
perfect differential and as such the right hand side of (2) multiplied 
by аху must be a perfect differential. i.e., 


Г, Aa ху is a perfect differential, 


ie. Tp, Ау dxyTÀ, А, dxv+... + 1%, Aa dx; ТЗ, du dy... 
is a perfect differential 
ie. Thy Aw dxy-- Tz, An dxe - is a perfect differential 


which is of the form M dx-- N dy —O0 and this is perfect differential if 
9M әм i әм ?N 
Оў дх “© yw 


TENSORS iC rds 


As such Гу, Áa ху Г", du dxe (i.e, Га, du dxv) is perfect differ- 
ential if 


9 
АГ, 40) Ee Aa) =0. 


ey c) v e) У СВАИ А 
or if Ast ax, TN, ахо ES TF =0. 
With the help.of (2), this yields 
у „аг, аг". 
(aum FULL TTL) 4-0. 
Changing the dummy suffix a to є in the first term, we get 
Әг" Qr? Р 
^ ae тн ЕВЕ, I Te г, 
he. AB. y=0. 


Since As is arbitrary, therefore BY, =0. 


Hence when В vanishes the differential dA, determined by (1) 


will be a perfect differential and as such [4А „ between any two points 
will be independent of the path of integration. Then the vector 4, can 
be parallely displaced to any point thereby giving a unique result 
independent of the path of transfer. Displacement of such a vector 
gives a uniform vector field. Conclusively the construction of a uni- 
form vector field is only possible where the curvature tensor vanishes. 


3.20. SOME IMPORTANT RESULTS 
We have geg" = gy — or 1. 
Its differentiation gives 
8'* dg,y-- g,v dg** —0 
or g'* dg,y— —g,v dg"*. 
Multiplying throughout by 2%, we get 
g**g^ dg,y— —g,vg'? dg" 


=. —2,9 dg** 
7 ; =—dg*, 2s (D 
Similarly, авав = — 8.98 dg"". EIAS 3) 


(Agra, 1963) 
Multiplying (2) throughout by A*P, we get 
4*9 выр == —(guagyn A*P). dg*" 
=—(Sp2A*y) dg" 
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=—А„ йг" 
= — Аав der? (replacing р, v Бу «, 8 
оу 
іе. A*Bdg.g = — Aap dg*8. 


(Agra, 1 $6) 
But for any other tensor Bag, we have 
A9? 4Вьв= A«B dB. 
Now consider dg formed by taking the differential of each of „у 
and multiplying by its cofactor g*" in the determinant g- 
di 
PS ag deny 
=— guv dg"" by (3) 9) 
But we have PN t OX 


е Q&A ,0geX Ogre 1 
re cun {+ б-т; 


=F два „other two terms cancel, by 
interchange of с and A 


1 dg 
ELA eG) 
= 1ову(—8). : ... (6) 


(Agra. 1959, 64, 68) 
= a g is always negative for real coordinates, we therefore use 
—g). 
2 У дА” 
Again, An = x, 
QA* 1 Og 
tay 78 Ox, 
04% 1 ж. 
E EC Oxy 
v 
or A, A m. (v gA”) O 
(taking the absolute value of g). 
Further, let hycz kde rXuXo; 


+P, 4" 


BY 


Ar by (5) 


AY on replacing & by v 


where a,v denotes constant coefficients. 
Then pu a, ( хк 9xe 
uw —— ега, x) 
Ayer (ge  Xo-- ga? x) by $3.3. 
Repeating the process, @ 
Phy, 


ase ox =A plar (gage -- fu gn") 


= Qs y0p 7r Aylar. 
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Here changing dummy suffixes, we have 
2 


Эу, буу (Ur dere) = Quern --- 
Similarly if a,ve is symmetrical in its suffixes, we have 
HE. rer pi 


3.21. TENSOR FORMS OF OPERATORS 
[A] Gradient. If $ be an invariant quantity then 


V$-grad $—4, ‚= 


where ф, v is the covariant derivative of $ w,r.t. xv. ч 
[B] Divergence. Divergence of A" is defined as the contraction of its 


covariant derivative w.r.t. x, i.e. the contraction of A, , o that by (7) 
of $ 3.20 we have $ 
Nan co Pop. 
div A7, ENE ax, V84") 
[C] Curl. The curl of A, is defined as 
As vd» „= Ap 04v. 
т» У У, p Oxy 

Also curl Ap, у= —€"* Apy А 

[D] Laplacian. The Laplacian of ¢ is divergence of gradient $ i.e. 
V'$—div $, v. 

But Viet а covariant tensor of rank one defined as cova- 
riant derivative of $, written as ¢,,. The contravariant tensor of 
rank one associated with ¢, , is 


дв" 6. 
Непсе V'$— div (e 55) 
Ven (true) 


when g, /z must be replaced by у; while the cases g>0 and 
g<0 are included in 4/| g | instead of 4/g. 


ADDITIONAL MISCELLANEOUS PROBLEMS 
Preblem 36, Write the law of transformation for the tensors 
G) А p (H) AB” , (ut) BY, (iv) BEB , (V) Civ, (и) CO, (vii) Dp, ОШ) D". 
pye 


We have, 
5 9x'L axe axy 
0 tp, dixe 


с 
Avy 
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(ua, Эха! xa, Oxo 
w) ms Tx. Oxy Ox's 4 
yè 3x'y Bx e хь axy 9x. „аф 


(Ш) Вк к=з Әхр Rx'üxe X pvo 
Eng $x'p$x'a xL xa 9X8 

iv) В 

(iv) гам 


Y T 9x, Oxy Oxo Ox’ s хб 
г Oxp Oxy Т 
(v) C'sB— 3x ахы” 
,aB, 2ха’ 9xp' 
m С. 152 uU 


P 


, Xp ax’ 
(vit) = D'a= arr and (viii) AE 
31. If the tensors a antisymmetric in every pair of 
dx, аса, URL p 1966) 


Problem are 
indices, find their independent components in four dimensions. 
If aj, is а skew-symmetric set, then a(y—— Ges for every pair of values і, k. 
particular 


dy —411, 022 = — аэ, d377 — die, а= — Gea giving 41177023 797 214 —0. 
L.e., the components arising for equal values of the suffixes are all separately zero. 
number is four. 
In all there are 4? i.e., 16 components of which 4 are zero. The remaining (16—4) 
Le., 12 components divide themselves into pairs such that the two members of any 
ars equal and opposite as атз==—а etc. Thus (he total number of indepen- 
components of an anti-symmetric tensor а of order 2 and dimension 4 is 6. 


Similar arguments will give the independent component of аљз and aii. 
Problem 38. Show that the number of distinct non-vanishing components of the 
covariant Reimann Christoffel curvature tensor does not exceed on (л#%—1). 


Since Вьус, is skew-symmetric in u, e and v, а therefore the numberof non- 
vanishing components contributed by u, e is "Cy .e.,~ 4" also tho secontributed 
by vw dis d n(n—1). Thus the number of non-vanishing components of Riemann 
tensor does not exceed ru xen he, t (л—1)# 

But the number of relations in Bianchi's identity Le, 

Bovey t Brop Brp 70 ian C, fe, SA OD 

1. The number of distinct non-vanishing components does not exceed 

È qe Pen 0-2. P^ (a—1) (30-1) 20D] 


T 
5-0-0 (ED 0-1) 


Problem 39, Establish the result 
(4p)ve— (Ap) ву= A* Bove 


амі prove that Ве has only twenty algebraically independent components. 
(Agra, 1958, 65,67) 
. Fog first part see (3) of 53.18. ў 
For second part see $3.19. _ 
Problem 40. Explain what is meant by covariant, contravariant and mixed 
tensors, If Bva із an arbitrary covariant tensor and A (ү, v) Bye — Cpu Where Сре ії 
a етедг, then prove that A (и, v) is a mixed tensor, Р 


oy 
he, 3 A'(B, v) 
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Define the Christoffel three-index symbol of the second kind. Prove that it is not 
a tensor. Verify that guy behaves as a constant in covariant differentiation. 
(Agra, 1958, 63, 65) 
For definition see $3.4. 7 
Suppose that A (p, v) Вус = Сье іп the coordinate system Xa. 
Then in the transformed coordinate хо’, we have 
A’ (B, ү) В'уь=С'в& 


| Consider, 4’ (8, YR pie in Bay" Ke 
EI A (иу) Bye 
vx [ое 400i 40 | Boo euo 
Multiplying d we have, MR { = са so that 7 Bye — Вуч 


Л. (1) becomes 
ex, , ахь gk 
m A’ (B, Шут А(и, у) ] Byn=0 


Xy |, xp 2 5 
or эх, A' (B, X) — n A (и, v) —0, Bva being arbitrary. 


Eus axe’ Oxy axa’ 5, _ xp dxa’ 
Multiplying by Oxy. we get dx, TI А'(В, ү) хр xy A (y, у) 
ize axa 

хр’ xy 
" хь axa’ 
or A' (B, л) xp" ху A (u, ») 
which follows that А (и, v) is a mixed tensor. 

Now in 53.12, the Christoffel's 3-index symbol of the second kind has been 
defined as 


A (ы, у) 


s EE SS CHE 
п-б dui? (E A 


and in 53.14, we have derived the transformation law for it in equation (4) as 


(bv €) (ov, ay LE. 92 Oe ‚д?ху' Axe 


which clearly shows that {ey a} or us are not the components of a tensor 


unless the second terms on the right are zero. 2 
Since the covariant derivative of guy is zero as is shown below, the tensor £; 
may be treated as constant in covariant differentiation. 
Covariant derivative of gpy i$ given by (1) of $3.17, 
92у 


Lj a 
Pen e EE Ге Bav- TS, rn 


Ll ау (m 9gev po 
эи Dl niin) 
a_l av (880v , 9£ev ме) 

So that Zav P FLOTA (m ахы зу, 
21 (Eev , Loy _ 8ps 


mv. 
2 \dxe 9x. Oxy asgavg Al 
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aie « 1 fe 3 a, 
Sois, se Vo (nr e) 


А Li “ _ 8gev 
TN -[ T Sav Vs, SPa F- Sx. 


dary OE 
ә e ——— = 
Hence һу, е Эх; Ax. 0. 


Problem 41, State the law of transformation of а mixed tensor. Show how the 
transformation is affected when the tensor is subjected to a Contraction. 


Calculate the Christoffel 3-index symbol of the second kind (uo, e) 
Verify that ihe covariant derivative of the tensor 87% vanishes. (Agra, 1959, 65) 
For first part see (5) and (6) of 53.4 and III of эл. 
Now we have 

fi» 3-i p 
But v=o, so that 


l Qe (28) Mex. Mn) 
(ьо, о 2 8" Эх ахь XA 


а БА 
m EA log 4/ — by (8) of $3.20. 


For the last part to show that 2”, 3—0 see Problem 30 (a). 
Problem 42, Define geodesics and obtain their equations with the help of a varia- 


Sena, fv gv 
axy xp Ox) 


tional principle. (Agra, 1963, 65, 68) 
See 13.13. 
Problem 43, Prove that 
dg p —fre vp df" (Agra, 1963) 
‘We have | fre 8" =8a =D or l. 
Из differentiation gives 
Epa dg" АК. 


C MN 07 dgra ьо de" 
Multiplying throughout by gva, we get 
£^" ба dena — Ern гур di" 


y 
or 8p ra= -Epa Eva ag 


or dfeg7 вка Зур da" 
Problem 44, Show with the usual notation 


€) Feats EK) 

ш) { i } з 1963, 65, 69) 
ТЕ ix, PE VE (Agra, 1963, 63, 

(1) Using (1) of $3.12, we have 


= l (Әя Әка din 
E зно зем _ за) EO) 


m 1 (288 | Eri Әл -L (e Элу Ias 
and UE i (EE e - (ма ме мм) NN) 


Adding (1) and (2) we get [J, i k ] +1 „ы-и 


(ш) From (4) of $3,20 we bave = =g de^" и) 
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sothat [^ l-(,; gel gir (ea, Pr Pees 
ik 2 ax; 5x, Әх 


- т.2040 other two terms cancel by interchange of / and à 


a 33 
"ds log Vg if g is positive. 


Problem 45 (a) Define the Kronecker and alternating tensors. 
(b) Prove the following identities 
(i) 84-3 
(ii) Bik Ciem=O 
(itl) Eiks етра Bim Зар bip Sim =O (Agra, 1969) 
(a) Kronecker delta is a notation defined by 
5, or 84=0 if Aj 
==) 


: It is a mixed tensor of rank 2 as it transforms like a mixed tensor of rank 
wo. 


Alternating Tensor (or permutation tensor ст Epsilon tensor) is an abstract 
entity of order (rank) 3 and dimension 3 such that its compouents are invariant 
for any coordinate system. It is denoted by tijg and defined as 


0, if any two of i, / К arc equal 
“-] 1, if i, j, К is а cyclic (/.e., even) permutation of 1, 2, 3 
—1, if 7, j, k is an anticyclic (де, odd) — ,, F4 
i.e., for unequal values of the suffixes, we have 
1237618176512] 
1317623753117 —1 
(b) (i) In three dimensions, we have 
Bimbi +8528 
=1+1+1 2584521 fori=/ 
=3 
(it) We have 
к= О for ik 
=1 for i=k 
and tim tl Гог m 
70 Гог зт or [km or kim 
Hence in either case 
Bik tim 70 
(iii) We have to show that 
Cika етра Sim Зар bip ат 0 
Consider, с» стри 7 Pim Sk 809 Sem 20 
Either side of (1) is a tensor of order 4. In 3-dimensional space this result can 
be written as 
Ciki Empit tik? бира tiks Стра Sim Зар Bip Sem 
when i=k, we have 
m1 =ч =ч 70 so that L.H.S. of (1) =0 
and then 3im=8:n=8ip=3:m~=0 so that R.H.S. of (1) =0 
The same result holds when instead of i=k, m=p 
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Again when ik and when mp and if the pair of unequal values of i, К is 
different from the pair of unequal values of m, p then also 
L.H.S.—0—R.H S. 
As such we are left to consider the possibilities when i, k and m, p have the 
pairs of values L2;,3:23;21;3;1;5,2 
Taking the first case we find 
' j=1,k=2, m=1, p=2, i=1,k=2, m=2, p=1 
i=2,k=1, m=1, p=2, i=2, k=1, m=2, p=1 
which give L.H.S.—1— R.H.S. ; L.H.S.— —1—R.H.S. 
<< LH.S.=—1=R.H.S. ; L.H.S.—1— R.H.S. respectively. ` 
Jn other cases also we can show similarly that 
L.H.S, of (1) =К.Н.5. of (1) 
Problem 46. Show 94* 
Xy 


rank one, but the addition of a suitable quantity to 348 causes the result to be а 
» 
ten. or. (Agra, 1969) 


Wehave Aa c $35. Ap by 834 (2). 
- 

Differentiating both sides w.r.t. xp’ we get 
BAu' Әхь ӘАһ 91x» 
xp "Ox, Dp t Oxp’ Әләг 

Әхь Ap Әх» 2x, 
Cx'Q Oxy Әх а ON X. 
xp Әху дА» x, 
Ox", Ox'p oxy xg axe 


is not a tensor even though Ap is a covariant tensor of 


Ap 
Ap 
a ud 


Unless the second term on the right is zero, ze does not transform as а tensor. 
Using (12) of $3.14, we have 


Brp _ mY Әх г” axe Ixy 
9x'g хь pa Ox’, Сот 9x'g Ox’g 


Substituting in (1), we find 


94a! 9x& ӘАу дАһ ахь axe Oxr 


afm Ste 94у 0/4» (Y -rË 1 
Oxp’ ax,’ xg’ try tT pe ox,’ Акт axp’ x'a de 


вт 
хь bxy IAr mY A,'—8x» xv 
Saxa Oxp’ mth Ba ^Y аха? TELA Ar 
b. (by interchanging the suffixes т, a by u, v and p by e in the last term) 
д. L3 


RODRIGO LEES ) 
OF xg! аву Әх” Oxy 3x, T^ е9 
Whe LES г? A : 

rS Ap being a covariant tensor of second rank is known to be the 
covariant derivative of Ар w.r.t. xy and is written as 


А 3 
Ap, y ie Ар =e, Ms 


The result (2) follows that addition of a quantity in ede renders it to be 
a tensor, а 

_Preblem 47. If 44“ and Bz'are tensors; then prove that their sum and difference 
erà also tensors. 


А 
1 
р 
| 


| 
| 
| 
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tater 
We have Aah Oa Элә, Dr ane 


Oxp Oxy x^ с оч), 
aB xa’ дхав' dxo uv 
and Ey € Әхь Oxy Ixy с +++ (2) 


Adding (1) and (2). we get 


aß 8 Әха’ xp’ dxo ( uy uv 
Ату +В'у ахь Эх, ax,’ 4, +B, ) 
which follows that AP EB" "is a tensor of the same rank and type as aw and 
v 
p", 
Subtracting (2) from (1) the second result follows. 
Problem 48. What is a tensor ? Distinguish between a symmetrical and an anti- 
symmetrical tensor. 
If Su is symmetric and Aq; anti-symmetric in the indices, evaluate Аду Sgt 
See $3.5 for the first part. (Vikram, 1967; Rohilkhand, 1976) 
Problem 49. Distinguish between symmetric and anti-symmetric tensors. Show 
that the symmetry properties of a tensor are invariant. 
If АЎ and Аң are reciprocal symmetric tensors and if и; are components of a 
covariant tensor of rank one, then show that (Vikram, оа 
Аа u$ ul — AS шщ иу where и*= Ai ua 
Problem 50. Discuss the application of tensor analysis to the dynamics of a 
particle, (Agra, 1971) 
Problem 51. Explain what is meant by the rank of a tensor. Show that multi- 


plication of tensors results in addition of their ranks and contraction reduces the 
rank by two. 


Given T=} Мет» x" x" prove that 


wot e" (27). Emn being the metric tensor. (Agra, 1972) 


Problem 52. Define the intrinsic and covariant derivatives of а contravariant 
vector, Use the expression for the intrinsic derivative to obtain the components of 
the acceleration vector for the metric ds? —dr*-- r*ds, (Agra, 1973) 

Problem 53. The length ds of a line element in a two dimensional surface 9-ф із 
given by ds*=R®d®+ К? sin? 04%, where К is а constant, Find all. components of 
the metric tensor gab and the Christoffel symbols of first kind for this earn 


See Problem 25 and 26 (а). 

Problem 54, Show why the introduction of an affine connection is necessary in 
curved space. Find Expression for the affine connection in terms of the metric 
tensor? (Agra, 1975) 

Hint. We should note that in case of cartesian coordinates, both kinds of 
Christoffel 3-index symbols vanish. Also the concept of parallel displacement being 
independent of the existence of a metric tensor, a space with a law of parallel dis- 


placement is known as an affinely connected space and r А, ihe components of ап 
affine connection. 

Problem 55. //:4;; is an anti-symmetric tensor and Si; is symmetric, find whether 
or not any one of the following tensors is anti-symmetric, or symmetric : 

(i) Ag Asr, (ii) Au Six (iii) Si Ate (iv) Sis Six (v) Au SactSu Aa 
(vi) Au 5ь—5 Aix (УЙ) Aim Amn Any (Vii) Aim Smn Anx (ix) Sim Amn Sar 
(х) Sim Sun бад. (Agra, 1976) 


CHAPTER 4 


GROUP THEORY 


4.1. INTRODUCTION TO SETS, MAPPINGS AND BINARY 
OPERATIONS 

Set. A set is a collection of objects of any sort, having some proper- 

ties in common, e.g. the set of all natural numbers. 

The objects comprising the set are known as its elements or members. 

А set is finite or infinite according as the number of its elements is 
finite or infinite. 

The elements of a set must be distinct and distinguishable. Here 
distinct means that no element of the set is repeated and distinguish- 
able means that given any obiect whatsoever, it is either in the set or 
not in the set. 

The sets are denoted by braces like { 4}, eg. (1,2) and (1, 1,2} 
which represent the same set. 

Defining property of a set. Using any of the notation :, 1, Э, s.t. 
for such that. the defining property of a set is ( x : P(x)), e.g. a set of 
even numbers from 2 to 20 may be expressed as 

{x :x=2n, n=1, 2,...10) 

Singleton set. A set having a single element is called as singleton set 
e.g. {a}={x : x=a}. As another example {0} is a singleton set having 
0 as the single element. 

Null set or void set or empty set. A set having no element is called 
an empty set and denoted by ¢, such as $—(x : x zx) 

Subset. Using the notation € for ‘belong to’ and >for ‘implies’, if 
there are two sets A and B such that every element of A belongsto B, 


ie. acA-acB 
then А is called a subset of B or said to be contained in B and denot- 
ed by ACB or BDA (i.e. B contains A). 


Here A is subset of B and Bis superset of A. e.g. (1, 3} is subset of 
(1, 2, 3} but (1, 2, 3} is superset of (1, 3). 

Equal sets. Two sets A and B are said to be equal if 

AC B and BC A 

e.g. A={a, b, c, d) and B—(b, c, a, d) are equal. 

The Negations a€ A, AC B and A=B are a & A, ad: B and A+B 
respectively. 

Axiom of extension. Two sets А and B are equal if and only if they 
have the same number of elements. 
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Axiom of specification. If A is a set aud S(x) is a condition or state- 
ment, then there corresponds a set B whose elements are exactly those 
elements x of A for which S(x) is true ie. 

В={хЄ А: S(x)} 

Axiom of pairing. If а and b are two objects (sets), then there 
exists a set A such that a€ А and b€A i.e. {xE A : х=а or х=} 

Normal and abnormal sets. If a set contains itself as one of its 
elements, it is said to be an abnormal set, otherwise it is a normal 
set. 

Equivalent set. Two sets A and B are said to be equivalent and 
denoted by A~B if the number of elements of A is equal to the 
number of elements of B. Evidently two equal sets are equivalent but 


АВ e.g.(1, 3, 5} is a subset of (1, 3, 5) but it is not its proper subset 
while (1, 3, 5) is a proper subset of (1, 3, 5, 7). 

Axiom of power set. The power set of a set A is the family or class 
of all the subsets of 4 and denoted by P(A) e.g. if A={1, 2, 3} then 

P(A)— (d, (1), {2}, {3}, (1, 2), (1, 3), {2, 3), {1, 2; 3} ) 

Obviously when A consists of 3 elements, P(A) consists of 2* elements. 
In general if A consists of m elements, P(A) will consist of 2” elements. 
The power set of A is also denoted by 24. ; 
Operations on Sets. ` 

Union. The union of two sets А and B denoted by AUB and read 
as “А union B' is the set of all objects 
which are members of А or B (or both) 
ie. AUB={x | x€A or x€ B) 

The word ‘or’ used here gives the inclusive 
sense and/or. 
eg. if A—(1 2, 3, В={4, 5, 6}, then 
AUB-(1, 2, 3, 4, 5, 6) 

"The union of п sets An Ag,..-da is Успп diagram 
defined as Fig. 4.1 


n 
A,U AU... n= UA =i :x€A, for 


some i in the range i—1 to i=n} 
Int . The intersection of two sets 
A and B denoted by ANB and read as ‘A 
Fiz. 4.2 intersection B’ is the set of all objects 
which are members of both A and of B i.e. 
АПВ (x | хЄА and хЄ А} 
e.g. if A={1, 2, 3, 4}, B={2, 4, 6, 8}, then AN B=({2, 4} 


> 
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The intersection of л sets A,, А,,...А» is defined as 
n 

аа-а E ptr e x€ A, for 1<i<n} 
i= 


Family or class or collection of sets. If a set consists of elements 
which are sets themselves, then such a set is cålled as ‘family or class’ 
of sets e.g. a set A*={ {1}, (1, 2), (1, 2, 3) ). 

Indexed f2mily of sets; For a given index set A, a collection of sets 
Such that to each member of A there corresponds a member of the 
collection of the sets, is known as indexed family of sets and 
written as 

A*—(4« : «€ A) 
where «€A is an index and Aq denote the indexed sets. 

The arbitrary union of sets {Aa : «€ A) is given by U(A4« : «€ A} 
={x : xE Áa for at least one «€ A} 

if A=¢, then U(As : «€ 4) —4. 

The arbitrary Intersection of sets (44: «€ A} is given by 

N {4a : «€A)—(x:x€AsYa€A), міз the notation for ‘for 
every. 

If A=¢ then {4 : 68-0. 

Mutually exclusive or disjoint sets. If there are two sets A and B 
such that 4(1B—4, then A and B are said to be disjoint e.g., if 
A={1, 2}, B={5, 6} then ANB=¢. 

Universal set. All the sets under consideration are assumed to be 
е ee of some fixed set called as the universal set and denoted 

y U. 

_ Complementary set. The complement of a set А is denoted by A’ and 
is defined by the set of all members of the universal set U, which are 
not members of А i.e. A’={x : x€ U and xg 4) 

e.g. if A—(x: x<3} then 4'—(x: x23) 

uy p notable that AUA’=U’; U'—$: ¢’=U; АПА'=ф and 


Important properties of operations on sets 

(1) Difference operation. If A and B are two sets, then the set 
Consisting of elements which belong to A but not to B is said to be 
the difference of sets A and B and is denoted by A—B, i.e. 

3 A—B={x | x€ A and xg B). 
For example, if 4—(1, 2, 3, 4} and B— (1, 4, 7), then 
A—B={2, 3) and B—A={7}. 

It is to be noted that 4—B4 B—4 ; 4—4- —ф== 
ee = $, А—ф=А аш. 

It.may also be shown that A—B-—A(B'; (A— В) = 
{A—B) U4— A. у d rs 

The symmetric difference of А and B denoted Бу А is defined 
AAB-(A—B) UB—A). овие 


————-——— 
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(2) Commutative laws 
(i) AUB=BUA, 
(ii) ANB=BNA. 
These can be proved as follows : 
We have xE AUB>xEA or EB 
-x€Borx€A 
-2xC€BUA. 
Consequently AU BC BUA and also BU ACAUB 


(in a similar manner). 


on AUB=BUA. 

Similarly, if xc ANB>xEA and xEB 
2x€B and xEA 
>xEBNA, 

so that AN BC BNA and similarly BNACANB. 

c AN B=BNA. 

It is easy to verify that ANBCA and ANBCB. 

(3) Associative laws 

(i AU(BUC)=(AUB)UC, 

(й) AM(BNC)=(A NB)NC. 

We have x€(AUB)NC+xE(AUB) or xEC 
2x€A or x€ B or XEC 
xE A or xE(BUC) 
3xE€AU(BUC), 

sothat  (AUB)UCCAU(BUC) 
and similarly AU(BUC)C(AUB)UC 

т: AU(BUC)=(AUB)UC. 

Again xE(ANB)NC2xEANB and xe C 
(хє A and x€ B) and xec 
-x€A and (x€ B and xEC) 
3xEA and xEBNC 
>xEAMBNC), 
so that (ANB)NECANLNO) 
and similarly “AN(BNC)C(A NBNC. 

Ji An(3nc)-(4 NBNC. 


(4) Idempotent laws 
(i) AUA=A, 
(i) ANA=A. 
Here x€ AUA>xEA or x€A. 
-x€4. 
AUACA and similarly AC AUA, so that 
AUA=A,. 


t 
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Ina similar way it may be shown that ANA =A. 
It is easy to verify that ANd=¢ and 4 UU=A 
(5) Distributive laws . | 
(0 An(Guc)-a4nB)u(4nc), | 
(ii) AU(BNC)=(AUB)N(AUC). 1 
We have, xCAQ(BUC)2 x€ А and x€(BUC) | 
эхЄА and (x€ B or xEC) 
2(x€4A and x€ B) 
and (x€ А or x€ C) 
>xE ANB or xe АГ\С 
=x€(ANB)U(ANC). 
Consequently AM(BUC)C(ANB)U(ANC) 
and similarly (AN B)U(ANC)CAN(BNC), 
so that AM(BUC)=(ANB)U(ANC). 
Again, хЄ AU(BO C) ?x€ A or xe Bac Е 
эхЄА or (x€ B and хЄС) 
2(x€4A or x€ B) 
and (x€ A or xEC) 
-x€AUB and xx AUC 
-x€(A4UB)'Y4UC). 


Consequently AU(BNC)C(AUB)N(AUC) 
and similarly (4U.B) (4 UO C АО(ВГ\С), 
so that AU(BNC)=(ANB)MANC) 

(6) De Morgan laws 

(i) A—(BUC)=(A—B)M(A—O), 

(ii) A—(BNC)=(A—B)U(A—©). 

We have A—(BUC)={x | x€ A and x@ BUC} 
={x | xE 4 and (хєВ and х@С)} 
={x | (xEA and xg B) 

and (x€A and xe C)) 
={х | x€(4— B) and x € (4—C)) 
^ ={x | xE(A—B)N(A—C)} 

Ве A—(BUC)C(A - B)YA —C). 

Similarly it may be shown that (A—B)N(4—C)CA—BUC 

Thus, A—BNC=(A—B)U(A—C). 

De Morgan Laws are sometimes expressed as 

(AUB)'=A4’'NB’ and (AN BY — A'U B". 
These may be shown as follows : 
(AUBy)—(x: x&AUB) 

={x:x@A and xg B) 
={x : x€ A' and x€ B') 


| 
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={x:xE AB}. 
> (AU BY СА'С\В' 
Similarly A’) B «(x : x€ А' and x€ B') 
—í(x : x£ A and xg B) 
—(x:x€(4UB)) 

^ A'OB’C(AUB)’ 

Hence (AUB)—A'nB'. : 

Similar prccedure will show that (А Г\В)' —4' U B' 

Cartesian product of two sets. The product of two sets A and B is 
the set of all distinct ordered pairs (а, ^) where aE А, and РЄ B and 
- denoted by A x B (read as A cross B) i.e. 

Ax B—((a, b): a€A, bE B) 
e.g. if A—(1, 2) and B— (p, q, r}, then 

AX B—((1, p), (1, 4), (1, г), (2, р), (2, а), (2.2) 
апа Bx A—fp, 1). (p, 2), (9, 1), (g, 2), (r, 1), (r, 2) 

It is clear that Ax В5- Вх A 

If either А or B is a null set, then 4X B—4. 

If the set A has т elements and B has л: elements, then AXB or 
Bx A has mn elements (ordered pairs). 

The product of n sets A,, 4... A, is the set of all distinct ordered 
n-tuples (a, @2,...d,) where a, € А,, 4, € As,...a, € Ay and is defined as 
AX Ах... х„А„=={(а, а,,...а„) : 44€ Ai aE Ma nE Аһ} 

Function or mapping 

Let there be two non-empty sets Х and Y and there is some rule or 
correspondence which assigns to each element xE Х, a unique element 
YEY, then this гше or correspondence is said to be a mapping or a 
function and denoted by f i.e. f : ХУ 
and read as ‘f is a function of X to Y' or fis a mapping of X to Y’. 

The set X is called the domain of the given function f and the set Y 
of all the values assumed by it is called its Range or Image set. Also 
Y is called the co-domain of f. 

y is sometimes known as image of x and written as у=/(х). Here 
fix) is read as ‘image of x under the rule f’ or simply ‘fof x’. The rule 
f is also known as mapping or transformation or operator and x is 
also known as preimage of y. 


Fig. 43 
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A function whose range has a single element is said to be constant 


function. 
of y» with a rule f defined 
erp DA rcu yw fix) a rule f by 


If yx", then the rule f is x->x* 
which is shown in Fig. 4.4 for positive integral values of x. 


| 


Pig. 4.4 
Functions defined as sews of ordered pairs. Given two sets 
X and Y, a function f from X to Y is a subset of Yx Y 
@ »x€Xx, (x, Ef for some y€ Y Le. 3 (there exists) а rule f so 
that every element of X has image. 


In case AC X then the set ( "Vor Par rr 

Also if BC Y, then 

eor is known as the inverse image of В under f and denoted by 
two 


E 
1 
T, 
M 
M 


: +Y, one-one Fu X ia 
* re ME evi 12 VLC 008/101 


Fg 41 
meo oo T Canan o ha to Y ie f [y] Y. 


et ДГА acd uf. JT. en tn Taverne mapping 
175. 3-2 Y дебе s 
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ЖУЄҮ, if we find the unique element x€ X s.t. f(x)=y then x is 
defined to be f-*(y) ie. f-(y)—-(x : x€ Y, f(x)—y) which follows 
that f(y) is always a subset of XY. 

Diagrammetical representation of am inverse mapping is shown in 
Fig. 4.9. 

One-ore onto mapping is oftén called as one to one correspondence. 
Thus if f is а one to one correspondence between X and Y, then f~ is 
а one to one correspondence between Y and X. 


Fig. 4.9 
Identity mapping. Given а non-empty set X, the identity mapping 
Ix on X is the mapping of Y onto itself i.e. Ix : YX and defined as 
Іх(х)=х *x€ X 
Equal mappings. Let there be two functions f and g defined as 
f: X-Yand g: ХУ 
then the functions fand g are equal iff f(x)—g(x) YxE X- | 
Product or Composite mapping of two mappings f: ХУ and g: 
Y+Z ıs defined to be a mapping, gof: X—>Z and given by 
(го/)=&1Дх)] ¥xEX 


Fig. 4.10 


Diagrammetical representation is shown in Fig. 4.10. 

Binary operation. Binary operation over a set X isa mapping from 
Xx XX, i.e. if f denotes a binary operation over a set X, then f: 
XxXx. 

Binary relation or simply relation Ў 

A binary relation in a set S із a mathematical symbol denoted by 
R s.t. for each ordered pair (x, y) € S, the statement „Ry is true or 
false in the sense that „А, asserts that x is related by К to у and 
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eR, the negation of it i.e. х is not related by R to y, e.g. if S be the set 
of all integers and R be a relation <(less than) defined on S, then 
5<8 is true for (5,.8) € S ie. „Ё is true while sR; is false as 8+5 
which is denoted by в. " 

In other words if S is a set s.t. the Cartesian product Sx S involves 
the same set, then it is called a relation R on S. In fact the relation R 
on the set Sis a subset of Sx S ie. RCSXS. 

Thus if (x, y) ER, (x, yE S) then we have «Ку. 

In general a relation R from A to B between two sets A and Bisa 
subset of Ax B i.e. КСА x B. 

If there-are m elements in A, л in В then there will be mn element 
in A x B and so there will be different vn relations from 4 to B. 

Domain and range of a relation. If A and B are two sets and R is a 
relation from A to B, thea the domain of R denoted by Dom (R) is 
the Set of first coordinates of all the ordered pairs in R and the range 
of R denoted Ran (R) is the set of second coordinates of all the 
ordered pairs in R. Thus 

Dom (R)={x : (x, y) € К for some yE В} 

Ran (R)={y : (x, у) ER for some xE А} 

e.g. if R be a relation in Z the set of natural numbers s.t. 
R={(x, y)E€ ZXZ : x+2y=10} 
then Dom (R)={2, 4, 6, 8} `2 2--2.4—10—4 4-2.3—64-2.2—8--2.1 

Ran (A) —(4, 3, 2, 1) 

Identity or diagonal relation. A relation A on a set A is known as 
identity relation or diagonal relation iff „Ау x—) v x, VE A. 

Composite relation. If А be a re'ation from A to B and S a relation 
from B to C, then composite relation from A to C is denoted by SoR 
and is defined as the set of al! ordered pairs (x, z)€ 50А iff3 a y 
Є B s.t. «Ву and „S: ie, (x, y) € Rand (y, z) € S. 

In other words SoRC Dom (А) X Ran (А) д 

Universal relation in a set. If А is any set and Л is the set AXA 
then R is said to be the universal relation on А. 

Empty or void relation. If A is a set, then every subset of Ax A isa 
relation оп A. Since the null set ф is the subset of all the sets and so 
is of the set A X A, therefore ¢ is also a relation on A. Sucha relation 
is said to be the Empty or Void relation on 4: i 

Inverse relation. If R be a relation from a set A to another set B, 
then the inverse relation of R denoted by R~ is defined as the inverse 
relatlon i.e. R-! from B to A iff 

R3—y, x) : (x,y) ER} 
clearly Dom (R7!) - Каш (А) 
Ran (К°) Рот (К) 

‘So that ,Rye,R; 1 
_ If A=B, Капа R^! both are the relations on A. 

It is easy to verify that (R7)! —R. 
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Types of Relations 
I. Reflexive. A relation R on a set A is reflexive iff each member of 
А is R-related to itself i.e. „К. v x€ A cr in other-words (x, х)Є Км 
x€ A. Evidently a relation Ron A is reflexive iff ЛАСК, Aa being 
identity relation. e.g. if A be the set of lines in a plane and Ra relation 
‘parallel to’ then any line x€A is parallel to itself e. «Ra vx€ А 
and so R is reflexive. ) 
П. Symmetric. A relation К on a set А із symmetric iff „А, >, Ка; 
x, YEA 
ie. (x, )ЄК=(у, NER 
Evidently a relation R on A is symmetric iff R-!-—R. 
eg. £R,—'(x—y) is even numbers’ is symmetric since y—x is 
also even, when (x—y) is even. 
Ш. Transitive. A relation К on a set A is transitive iff 
oR, and ,R,2R,; x, y, ZEA 
Le. (x, 2)Є R and (y, 2€ R2 (x, 2€ R 
Evidently a relation R on A is transitive iff RARCR 
e.g. the relation x<y is transitive since if x «y and y «z then x<z. 
IV. Anti-symmetric. A relation R оп a set A is anti-symmetric ‘iff 
we never have „К, and „Rs both; x, yE А except when x=y 
ie. «К, and ,R,2x—y; x, YEA 
or (x, YER and (у, X) € R>x=y; x, YEA 
Evidently a relation R on A is anti-symmetric iff ROR C Aa, 
Aa being identity relation or in other words RN R“=¢. 
eg. oRy=‘x divides y’ in Z (set of natural numbers) is anti-sym- 
metric since ‘x divides у’ and ‘y divides x' 9x-y; x, y€ Z 
ie. aR, and ,R,2x—y; x, VEZ 
Equivalence relation. A relation R over a set $ is said to be an 
equivalence relation if it satisfies the following properties: 
(i) Reflexivity, i.e. ¥xES, „К. or xex x (~ called wiggle) 
(ii) Symmetry, i.e. Ry ,R, or x~y>y~x 
(iil) Transitivity, i.e. «Ry and yR,=>eRs or x~y and y~z>x~z, 
Equivalence set (or class). Let R bean equivalence relation in a non- 
empty set 5 and let x be an element of S i.e. x€ S; then the elements 
YES satisfying ,R, constitute 2 subset of S, known as equivalence set 
of x w.r.t. В, i.e. 
Ss or x or [x]={y : уЄ S and ,R;) 
The equivalence set has the following properties. 
(i) If zE [x] then [zj=[x] 
(ii) [x] - [2] iff R, 
(iti) If [x] iz], then [x]--z] 
Partition set. Given a noz-empty set 5а set P={X, Y, Z...) of non- 
empty subsets of 5 is called a partition of S, тй | 
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(i) The intersection of every pair of distinct subsets of SC P is the 
null set e.g. if X, YEP then either X=Y ог XNY=¢. 

e.g. if S—(1, 2, 3, 4, 5) then (1, 3, 5), (2, 4), апа (1, 2, 3), (4, 5) 
are two different partitions of 5. 

Quotient set. If R be an equivalence relation defined on a non- 
empty set S, then the set of mutually exclusive sets in which S is 
partitioned w.r.t. the equivalence relation A, is called as quotient set 
of S for the equivalence relation R and is denoted by § or S/R. 

e.g. the set I of all integers for the equivalence relation modulo 5 
is the set I/R— ([0], [1], [2], [3], [4]. 

Note. Two integers p and q aresaid to be congruent modulo m 
denoted by p=g (mod m) if p —q is exactly divisible by m i.e. (p—4) 
is an integral multiple of m. 

А note on binary operations. А binary operation (or simply compo- 
sition)-usually denoted by о (or sometimes by -, *, Ф etc.) is used to 
combine two elements of a set in order to produce another element 
of the set- In other words a binary operation іп a set S is a function 
f:SxS—5. e.g. the binary operation ‘addition’ on any two elements 
of I (set of integers) gives another integer belonging to I. 

(i) Such an operation is commutative if xoy=yox¥ x, y€ S 

(ii) It is associative if xo(yoz)=(xoy)oz¥ x, y, ZE S 

(ii) It is distributive w.r.t. another binary operation Ф if 
x0(y@z)==(xoy)@ (хог) (left distributive) 

and (у@2)ох=(уох)@ (гох) (right distributive) мх, y, ZES. 

(iv) It is said to have identity element if 3 e€ S s.t. xoe—eox 

=x¥xES 

(v) It is invertible if corresponding to an xE $ 3 a y€ S s.t. 

хоу=е=уох. 
i.e, у is the inverse of x w.r.t. ʻo’ and vice versa. 

(vi) It satisfies cancellation law if № x, y, ze S 
xoy=xoz>y=z (left cancellation law) 
yox-zox-y-z (right cancellation law) 

e.g. consider two binary operations o and - defined on I (set of all 
integers) such that А 
xoy=x+2y and xy—2xy жх, yEI. 

Then we can verify the above laws on operations ‘o’ and ‘+’ as 

follows: 


(0 We have xoy=x+2y ¥x, yEl 
=2y+x 
=yox 
and х‹у=2ху=2ух мх, YET 
=у:х 


t.e. commutative law holds for the operation o and 
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(ii) xo(yoz)—-xo 9-22). wx, y, ZEI- 


=x4+2(y-+2z)=x+2y+4z 
and (хоу) oz —(x--2y) oz * x, y, z€ 1 
=x-+2y+2z 
So that xo(yoz)+(xoy) oz i.e. associative law does not hold forso’. 
Also х-(у-т)=х:(2у2) жх, у,2Є1 
33 =2x 2yz—4xyz 
and (х-у)-2=(2ху)-:=4ху2 si 
So that x:(y-z) (x*y):z i.e. ‘+’ is associative. 
(iii) хо (y+z)=xo (2yz) ¥x,y, ZEI 
à =x+4yz 
(xoy): (хо2)=(х--2у):(х-+-22)=2(х4-2у) (x+2z) 
=2nx?+-4x24-4xy+8yz. 
So that xo (y+z)4(xoy):(xoz) i.e. *o' is not left distributive w.r.t. fet 
Also x:(Quoz)-x-«(Qrb22) жх, у,2Є1 - 
—2x (у+22) 3 » 
=2xy+4xz 
and (x: y)o(x+z)=(2xy)o(2xz) 
=2xyt+4xz 
So that x+(yoz)=(x v)o(xoz) ie. *°* is left distributive 


w.r.t. 0° 
(iv) Assuming that 3 ап identity e, we have 
| xoe=eox=x ¥xXEI 
So xoe=x>x4-2e=x 


=e=0 
and eox=X=>e+2x=x 
эе=—Х 


These imply that е is not unique and hence 'o' has no identity 
element. ; 


Again if х'е=е+х=х wx€l, then 
х+е=х=2хе=х 
? эе=} 
and e-x=x>2ex=x 
эе} 


ie. eis unique and hence “-’ has an identity element which is 4. 
(у) Since “о” has no identity element, it is not invertible. 
Assuming that *-' has an inverse p, we must have 

х+-р=е=р-х ¥xEl 
Now -~ x p=e>2xp=e=ł 


and р-хтеэдрхеђәр= uc 
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Hence ‘+’ is invertible and inverse of x is ac 


(vi) We have- xoy=x+2y and xoz—x42z Yx,y,z€l 

So that хоу=хо2%х+2у=х+22%у—1 i.e. left cancellation law 
hofds for *o' 
апа“ x:y2xy,x:z—2xz жх, у,1Є1 
n So that Xx-yex:z-2xy—2xz-y—z i.e. left cancellation law holds 
ог; 


us * yox=y+2x and zox=z+2x жх,у,2ЄЇ 
уох=20х%у+2х=2+2х%у=1 i.e. right cancellation law 
holds for ‘o’. 
and y:x-—2yz,z:x—2zx ЖХ, y, ZEI 
So y:x—z:x22yz-2zx 
=>y=z i.e. right cancellation law holds for ‘-’ 
Hence cancellation law holds for o and both the binary operations. 


4.2. GROUPS« 
A group is the simplest algebraic structure found in nature wherever 
symmetry exists. 

A group (С, о) is a system consisting of a non-empty set G such as 
G-1a, b, с,...} and a binary operation ‘o’ satisfying the following 
axioms: 

G,—(Closure). If аЄ С, ЬЄ С then p or in MT words if 
4€G. b€G then aob=c (closure) where c€ С. 

G,—(Associativity). If a, b, cEG then ао(босу= (аођ)ос. 

G,— (Existence of an identity) If a€G, then 3 an identity element 
e€G s.t. еоа=а маєб 

G,—(Existence of an inverse) If аЄ G, 3 an inverse a? € G s.t. 

aoa=e 
where eEG, being an identity element. | 

In addition to these four axioms if a fifth axiom of commutativity 
namely 5; is also satisfied, i.e. 

G,—(Cormmutation). If a, bE С then aob—baa so that С, and б, 
take the forms G : eoa—aoe—a 

- Gi : eoa =a oa =e 

then the group is said to be an Abelian group. 
e.g. the set I (of all integers) with the binary operation ‘o’ taken as 
additive (4-) is a group, for it satisfies al! the four axioms 

G,—if a, bC I, then a--b€T 

Eo а, b, cC then a+(b+c)=(a+b)+e 

—if a€ I then 3 an integer zero (0) such that 0--a—a 

E —if a€ I, then 3. an inverse (—a) et. —a+a=0 (identity 

clement). 


` 
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This group is also abelian or commutative as G; is also satisfied 
і.е. G, —a, bET; a+b=b-+a. 

Finite and Infinite groups. A group (G, o) consisting of a finite 
number of elements is said to be a finite group, e.g. the set $={1, о, 
©?) where «=I, is a finite group under multiplication composition. 

A group (G, o) consisting of an infinite number of elements is said 
to be an infinite group e.g. the set I (of all integers) is an ipfinite group 
under the addition composition. 

Order of a group. The number of elements in a finite group is known 
as the order of the group. The infinite set is said to be of infinite 
order. As an example the set {1,—1} under multiplication composi- 
tion is a group of order 2. 


4.3. ELEMENTARY PROPERTIES OF A GROUP 
пораи of identity i.e. the identity element of a group (С, 0) is 
ique. 


If possible let us assume that e and e' are two identity elements of 


the group (G, o), then 
eoa—aoe—a*v.a€ G REIES] 
and e'oa=a0e'=a 44EG ...0) 
Putting a—e' in (1), we have 
eoe' =e'oe=e' С) 
Also putting a—e in (2), we have 
&'oe —eoe' =e .. (4) 


From (3) and (4) it follows that e'—e i.e. there cannot be two iden- 
tity elements for (G, o) and hence the identity element of a group is 
unique. Я 

П. Uniqueness of Inverse ie. in a group (С, o) every element 
possesses a unique inverse. 

If possible let us assume that a’ and a! are two inverses of a. 

kt a€ G and e be the identity element of G. Then we have 


4 0a—aoad—e e (D 
4'0a—aoa' =e veis Aap 
Post- multiplying (1) by a’ we get 
' — (eoa) oa' —(aoa7) oa' —eoa' —a' ... 3) 
and premultiplying (2) by a-! we get 
: 470 (a'oa)-—a-'o (aoa) =a0e= a 2. (4 


But group-postulate G, gives 
(aoa) oa' —a-o (aoa’) 
vs Эу and (4) follow that a'=a i.e. the inverse of an element 
in a group is unique. 
Aliter. Taking a^! and a’ two inverses of аєб, we have ` 
а00' —a'0a—e and a-9a— aoa-1—e 
4 @t=aoexqo (a0a') — (aoa) оа —eoa' =a’ 
which follows the uniqueness of inverse of aC С. 
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Ш. Cancellation laws i.e, for any group (С, о), and a, b, cEG, the 
following laws hold M PT m 
(i) aob--aoc-»b—c (left cancellation law) 
(ii) boa=coab=c (right cancellation law) 
(i) Taking а-!Є С as the inverse of aC С, we have 
a0b-auc-»q^!0 (a0b)—a^!o (aoc) on premultiplying by a 
=>(a~10a) ob—(a-!oc) oc, the composition being asso- 
ciative by G, an 
=eob=eoc, since 3 an indentity element eC G for “о” 
2b-—c. 
(fi) Again taking а ЄС as the inverse of аЄ С, we have 
boa=coa=(boa)ox*=(coa)oa~* on postmultiplying by a7 
=>bo (aoa~*)=co (aoa) by С, 
-boe—coe ° З ап identity element eC С for ‘o’ 
2b—c. 
Note. coc=cob;5a=b unless the group is abelian. 
IV. Uniqueness of solutions, i.e. if a, bE С, then the equations aox= 
b and yoa=:b have unique solutions in С. 
If аі be the inverse of a€ С, then a?€ С and aoa—e (identity 
element). 
Now 271Є С and ЬЄ G>a0bEG 
Putting x=a "ob in the equation aox—b we get 


ao (a~*ob) =b 
or (aoa)ob=b by Сб, 
or eob-b i.e. b=b 


which follows that x—2a"!ob is a solution of aox=b. 

To show that this solution is unique, let us assume that y is an 
еш different from a7!ob in G s.. itt satisfies the equation аох= В. 

en, 

aoy=b=e0h=(aoa™) ob—ao (atob) by G,. 

So that left canceliation law yields y=a ob. 

Assuch x=y ie. the solution is unique. 

Again bEG and a*€G>boatEG 

Putting у= Роа! in yoa—b, we get 

(boa) oa=b or bo (a0a)=b by б, 
or boe=b ie b=b 
which follows that у=6027! is a solution of yoa—b. 

To show that this solution is unique, let us assume that z is an 
element different from boa" in С s.t. it satisfies the equation уоа ==}. 
Then — zoa—b—boe—bo (а !оа)-=(Ьоа-) оа Уу G,. 

The right cancellation law gives z—boa! 

So that  v--z and hence the solution is unique. 
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Note. The unique solution of xox— x is x=e in group (G, o) 
V. Inverse of the inverse is itself e. if a€ С then (a!) 1—a. 
Inverse law gives (а72)-:0471—е, e being identity element in С. 
Postmultiplying by a, we get Е 

А [(a7)-*0a-!]oa — eoa 


or (a3)7o(ao2)—G by G, 
or | (ау ое=а by Gi 
or (a4?)!—a by С, 


- which proves the proposition. 
VI. Reversal law i.e. if a, bEG then (aob)*=b7 0a". 
Let e be the identity element in G. 
Now a€G>a"€G andb€Gb!cG 
(6720471) o(aob)— bo [a-o(aob)) by G, 
—b7!o (470a) oL] by G, 
=5- 0 [eob] by С, 
—bob by G; 
į =е; 
Hence by definition of inverse element of.a group 2720071 is the 
inverse of aob i.e. (aob)-! — boat. 
Note. The result may be generalized for any number of clements 
ау, d», d3,...d, € S, where we have 
(2,0a,0...0a5) "=a 10 a, 0.:.0а; 0a," 


4.4. SOME DEFINITIONS 
Semi-group. A set S with a binary operation ‘o’ is said to be а semi- 
group if it satisfies the following two axioms, 
Sg,—(Closure). aE $, bE S>aobE S. 
Sa,—(Associativity). If a, b, cE S then (aob) oc—ao (boc). 
THEOREM. A semi-group (G, o) satisfying the following postulates 
is a group. 5 P 
(1) С has a left identity e s.t. eoa—a va€G, 
(2) Every element a in G has а loft inverse a~ in G s.t. apase. 
Since (G, о) is a semi-group, therefore by definition it follows that 
(i) (G, o) satisfies the closure law. x 
(ii) (С, о) satisfies the associative: law. 
(їй) a^? being the left inverse of a and e the left identity we have 
ao (а0е)=(а7о0а) oe by (ii) 
=eoe by postulate (2) 
=е by postulate (1) 
=а-оа by postulate (2) 
So that by left cancellation law, aoe—a 
which follows that e is also a right identity. 


Y 
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Hence the indentity element exists for the composition. 

(iv) We have a'o (aoa?)-(a-oa) oa by (ii) 
or ao (aoa)=eoa by (2) 

=a" by (I) 
А =а70е, since identity element exists for ‘o’, 

Dus aoa*=e Бу left-cancellation law. 

Which shows that a~! is also a right inverse of a. 

Hence every element of G has an inverse. 

Since all the four group axioms are satisfied, therefore a semi- 
group with the given two postulates is a group. 

Sub-group. A sub-group of a group (C, o) is any collection of ele- 
ments of G satisfying the axioms of G. In other words a non-empty 
subset say Н of a group G is said to be the sub-group of G, if the 
binary operation *o' in G induces a binary operation іп Н and the 
elements of H obey the group axioms. 

In other words 2 non-empty subset 77 of a group С is said to be а 
sub-group of G if it satisfies the following two axioms: 

(i) a, bE H5aobC€ H, 

Yi) aE Ha EH 
e.g., the set of even integers is a sub-group of the additive group of 
integers. 

Proper sub-group. A subgroup of a group (С, о) other.than G itself 
and the group consisting of the identity element alone is termed as а 
proper sub-group of G. e.g. the additive group of integers is a proper 
sub-group of the additive group of rational numbers. 

Improper or trivial subgroups. The group (G, o) itself and the group 
consisting of identity alone i.e. ((e), o) are known as trivial or im- 
proper subgroups of (G, o). 

Order of an element of a group. Let a be an element of a group 
(G, о) i.e..a€ C. Then the order of a is thé least positive integer 1 s.t. 
a"=e, 4 

In case 9 such integer, the order of a is said to be zero or infinite. 
e.g. the order of the element —1 in the muitiplicative group. (1, 


—l, i, —ijis 2 since (—1)*— i, the identity element. The order of i 
is 4 since i*—1. 

Addition modulo m. (m being an integer). If a and b ave ‘wo inte- 
gers and m a positive integer, then ‘addition modulo m' is denoted by 
a+,,b and defined as a+mb=r, o<r<m where r is the least posi- 
tive remainder obtained on dividing the sum of a and b by m. 


eg. 12+,5=2 since 124+5=3 (5)+2 
and —S5+,10=1 since —5+10=4(1)+1 

Multiplication modulo p. (p being a prime). If a and b are two 
integers and p, a positive integer, then ‘multiplication modulo pis 
denoted by a x „b and defined as ў 
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ux br, or- pwhere г is the remainder obtained on dividing 
the ordinary product ab by p. 
un $13 since 9» 75-06) 1043 
and --7x,8-:4 since —7 > 8--(5) (-- 12): 4 
Group table or composition table, It is commonly observed that а 
"table" is a convenient way of either defining a binary operation in a 
finite set S or tabulating the effect of a binary operation in a set S. 
In forming a table or say a eroup table we arrange the elements of a 
group in rows and columns of a square array. such that each element 
of the group cccurs unce and only once in each row or column. The 
composition element сор occurs at the intersection of row and column 
of the elements а and > of the group after the binary operation has 
been performed. For exan:ple consider a set 
S- (1, 2, 3} and let *-' be the binary operation in S defined by 
* (1, Dd, (1, 21-22; (1, 5553, (2, D-2, (2, 1, (2, 3-52, 
(3, 1)--3, (3, 2)->2, (3, 3)-+1 
then these operations can be arranged in a table as follows : 


It is clear that (ї, juh square (i, j 1,2, 3) is the as 
intersection of ith row (ie. row fabelied ог faced by i) 1| q | 
and jth column (i.e. column labelled or faced by j) and ога ра 
in this square we have put the clement obtained by the EH 


binary operation *-* on (i, j) such as, + : (1, 2)->2 313 


ole 
As an other example if a, hEG and e be an identity e 
clement of the group (G, о), such that aoa=b and ^ 


aoh=e ete., then the group table is as shown here. 


e 


Problem 1. Show that three cube + | 1 роса? 
roots of unity forin an abelian aUa su 
finite group under Multiplication, ~=- * «3-1 
We have the set G-={1, o, o°), 
where o*— 1. 


The composition table under raultiplication is as shown here. 

The set G forms an abelian finite group, since it satisfies all the 
five axioms 2 

G,~ since all the clements in group table belong to С, hence closure 
axiom is true, 

С, since multiplication of complex numbers is associative, there- 
fore О. is satisfied. 

C;,- since 3 an identity element LEG, С, is satisfied. 

G,- since the inverses of 1, o, o* -are respectively 1, o?, o€ С, 
C, is satisfied. 

G,--commulative property is apparently satisfied since 1-a—w-1 
z=% etc. 
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Morcover the set consists of finite number of elements aad hence 
G, is an abelian finite group. 


Problem 2. Show that the set of all nth roots of unity form a 
finite abelian group G of order n under ordinary multiplication as 
composition. Y 

By De Movre's theorem, nth roots of unity are given by 

(1) /^—(cos 2 rm+i sin 2rz)!in 


=со 2 pi gin - where r=0, 1, 2,..., n—1 
So n, nth roots of unity are 
1, cos 2 +isin z, cos 2 2 + isin ce cos D'25 
+i sin 1:2 


Le 1, c2 тїп, А eain, e ^ —1)2ni[n 


Now, С; is satisfied since the product.of any two elements of the 
set is the element of the set such as if c=e?-27!/", p—e42ni/ne G, 
where 0<p<n—1, 0c q«n--1, then a.h=e274/"(P+4) will belong to 
Gif p+q<n—}. Let us assume the contrary i.e. р+@>п—1 so that 
p+q=n-+m where m<n—2 since the maximum value of p+q can be 
2 (n—1) i.e. 2n—2. 


a:b-— erilnin-- m) ett elminin e2rimin 


VO e2*™cos 2n-+i sin 21—1 
which follows that a.5€ С since т<п—2. 
G, is satisfied since multiplication of complex numbers is associative. 
С; is satisfied since there exists an identity element е?лїюЇп | 
С, is satisfied since 3 inverse of e2"/r/^ as 25i (n—=r)n since 
е2тіг]п g2ni(n—r)[n.—. e2nin|n — p2ri —1 


G; is also satisfied since the multiplication of complex numbers is 
commutative. 

Moreover the set consists of finite number of elements. Hence 
(Сб, o) is a finite abelian group. 


Problem 3. Show that the set of matrices Аъ = [s a—sin x Ü 
sina cosa], where 


« is real, forms a group under multiplication. 


Let G be the set of matrices given by 4«— [5 a—sin s Ts 
sina cosaj,a being 


real and Aa, Ав, 4,€ С. Then, 
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'G, is satisfied since the product of any two matrices of the set 
belongs to the set, as 
Ax’ Ав= [сов «—sin «][ cos £—sin Hg cos (x-4-B)—sin («+-B) 
Y PR ® cos “| B cos [ (x--B) cos etd 
=Aaip, +8 being real. 
* a, Bare теа! andsoisa+f, .. Аь+вЄС 
G, is satisfied since Аһ (Ар: Ау) = Аа" Ав+у= Каву A87 Ay 
e(Aa*AB)* Ау i.e. the operation is associative. 
G, is satisfied since 3 an identity element 40€ С, o being real such 
that 
Ad: Аа = Ао А Y A. О. 
С, is satisfied since 3 an inverse An ЄС ¥ А„Є C,—« being real 
as а is real, such that $ 
Au t An — А-аа = 40 (the identity element) 
G; is also satisfied since 4s: Ав = 4:8 == 48-а =AB" Au ; %, В being 
real i.e. the operation is commutative. 
Hence the given set of matrices forms an abelian group. 
Problem 4. If OX, OY be tke two rectangular axes іп the cartesian 
plane and Tx denotes the rotation of the axes through an angle х s.t. 
Т, : (X, y)-»(x cos a+y sin «,—x sin «+y cos а) 
‘hen show that the set of these rotations w.r.t. the operation 'o* s.t. 
TaoTs is the resultant of two such operations, forms a group. 
Let G={Te : (x, Y)-7x cos 4+ sin a, —x sin «+y cos a)} 
С, is satisfied since if Т=Є С, TREG then TaoT« C G as 
ТпоТ (х, у)= Та [Te (х, у)] 
=x соз (040) +y sin (8-8), —x sin («d-)--y cos (а- 8): ... (1) 
=T,0Tp (x, у) for any (x, у) in the plane 
Gz is satisfied since if Tx, Ta, Ty EG, then 
Туо(ТвоТь)= Ту [x cos (a--2)--y sin (24-8), —x sin (#+8)+y 
; ; cos («--8)] by (1) 
=x cos (2+6+)+y sin (a+B+y), —x sin («--B--y)H-y 


c 
= Tao (TaoTy) etc. Os (ret) 


Gs is satisfied since 3 an identity To EG s.t, ToeT,— T. ¥ T, G 

G, is satisfied since 3 an inverse Tn €G s.t, T oT, + 
REVO E t T. т, 

Gs is satisfied by (1) а0Ја= Го v1xCG 

Hence the set of rotations form an abelian ойр 


Problem 5. Prove that residue 


classes m 
‚ addition of residue classes. odulo m form a group w.r.1, 


TTE mnm 


Tp vos 


GROUP THEORY 


If S be the set of residue classes modulo т, then we have 
S={[0], [1], E21, ...[m— 1) 

G, is satisfied since if [гу], [r4]€ S and r,+r,=mk-+r where r is the 
ice positive remainder when (r,+r,) is divided by m and o<r<m, 
then 

[rd--Ird mir ndr] € 5. Vo тута (mod m) 
i.e. closure axiom is satisfied. ог гг 

G, is satisfied since if [rj], [ra], [rs], ES and r,+r,—mk-+r so that 
rythtrs=rtmk+r=mk+(r,+r)=mk+r' (say), r’ being least 
positive remainder when (mk-+-r,+r) ie. ryt+retr, ie. rir is 
divided by m, 

then Ird3H- (r5] ГАТА fr. +75) 


ЕЕ АЕ] VO тата (mod т) 
=[r-+r]=[r'] трт" (mod m) 
=[n+re+ra) 

[nr 

—(rid--IrsD +r] 


i.e. addition of residue classes is associative. 
G, is satisfied since 3 an additive identity [o] € S s.t. fo] +=) 


v[r]es 
G+ is satisfied since 3 an additive inverse [m—r] € S s.t. 


[r]-- pi—r]- [m]- [o] v [7] € S as т=о (mod m). 

Hence the set of residue classes modulo m form a group, w.r.t. 
addition. ` 

Problem 6. Prove that the non-zero residue classes modulo m (a 
prime integer) w.r.t. multiplication form a group. 

If S be the set of non-zero residue classes modulo m, then we have 

$={[1], D2] [3]... [7]... Im— 10), 0<г<т—1. 

Defining the multiplication of classes [r,], [r2], [ra] € S by [^1 [rs] 
—[rs]-where о<гу, rz, ryzm— 1, we observe that 

G, is satisfied since 74, г, are prime to т and division of r, r, by m 
renders a non-zero remainder and so if [гу], [г] € S then 

Iri] [re] е. [ra] ES. 

С, is satisfied since if [ri], [72], [rs] ES then taking г, r,—mk-tr we 
have (rrj) r3=(mk-+r) rs=mkrst+rrz=p+r’ (say) where r' is the 
least positive remainder when (г, rs) 7з or rr, is divided by m. 

So that 

(021-150) Ero] 9 rs re) rad] [rs] Von nmr (mod m 

P =[r r3]=I[r'] гта" (mod т 

But л ra га” (mod т) -. [71171 га п] rs тә]= |] (ral rs? 

i.e. (Eri Ers -[rs]Y Ur] (re) (730). 
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thereby showing that the associative law is satisfied. 
Су i5 satisfied since 3 an identity [1] ES s.t. (1 [1-0] » [res 
G, is satisfied since 3 inverse of each element, as is shown below: 
Multiplying each element of S by an element [r], we find 
(1) [г], 23 (r]........[m— 1] fr] СЗО 
Ву G, (closure ахіст) all these (m— 1) elements must belong to S. 
Also all of them should be distinct otherwise if 
Ir [r1 [r2 [r}, Ir), [ro] ES 


then left cancellation law gives [n]-[r]. which contradicts the 
hypothesis that [r;], [r.] are distinct. Hence all the (m—1) elements 
of (1) must be distinct and they must also be the same elements of 5 
as already defined except that their order may be different. Conclu- 
sively in (1) there is one element which is the identity [1]. Suppose 
this identity element is Ind [^]= [1]. 


Which shows that [r,] is the inverse of [r]. 


But r; being arbitrary, the inverse of each element exists, Hence the 


non-zero residue classes modulo m w.r.t. multiplication. form a 
group. | е 


Problem 7. if €very elcment of a group (G, o) is its own inverse then 
. Show that (С, o) is abelian, 
Given that (С, o) is a group. 
> if a, bEG then a>, 53 EG 
also if aobEG theh (aob)? EG 
But we have a—a7! and b=ġ-1 
As such (aob) — (a0b)3 —b-3og71 — (Bg) 
i.e. (G, о) is commutative. Hencc (G, o) is abelian, 


Problem. 8. If (G, о) be a group and a*=e (identity) #аЄ С, then 
show that the group must be commutative. 


Given that (G, o) is a group and а? 
` аоа=е==аоа^1. 
So that left cancellation law gives aq 


i.e., every element of the group is its own i 
Problem 7 it follows that the group (С, o) is со 
Problem 9. Show that 


elian. 


We prove the propo 
adopted for other two. 


Suppose that G— fe. a, b, €) is a set forming the group (G; о} where 
t 2 


=а0а=е also aoa! —e 


inverse and hence by 
mmutative. 


ifa group has 3, 4 or 5 elements, then it is 


sition for 4 elements, similar procedure can be 


€ is the identity element. 


In case every element of G is its own inverse, the problem reduces 
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to the problem 7 which has been already discussed. Consider the 
other case, 


Let a=b. Then the only alternative is that c™=c, so that 


aob=boa=e and сос=е vos OU Yori ry Ui SESS 
Now int | 
aoc#e as с5а S 
аос:#а as cHe 2 
aoc casae £s А 
So the only alternative is that aoc—b. elovbes ale 
Similar argument will give that coa— 5 
аос=соа : 15612 
Alsó. 
boce as b zc 
boc#b ascze 
boc-*c as be 
leading that boc=a and similarly cob--a 
Nets boc= cob RUD) 


(1), (2) and (3) follow that the group (С, o) is commutative and 
hence it is abelian. The group table is as shown here. 


. Problem 10. Show thet any non-commutative group has at least six 
elements. 


Let (G, o) be a non-commutative group. It will beso if it has at 
least one pair of non-commuting elements a and Р (say). 


We shall first show that a set (e, a, b, aob. boa} having a, b non- 
commuting elements ie. aobz-boa, consists of distinct clements. 
Taking two at a time, there are ten possibilities leading to a contra- 
diction of aobz boa : 


(i) e=a>a0b=cob=b=boe=boa. 
(ii) e=b>a0b=aoc=a=coa=boa 
(iii) e--aob-aoe— eoa—(aob)oa—ao(boa) 
Le.  e-boa or aob—boa 
(iv) е=®оа->еоа=аое==ао (boa)=(a0) ои i.c, e—a0^ cr baaczuob 
(у) ac bz» aob—a0a— boa 
(vi) a—aob-*e— b thereby reducing to (ii) 
(vii) a—boa-*e- b thereby reducing to (ii) 
(viii) b—aob-*e-a thereby reducing to (i) 
(ix) b=boae=a thereby reducing to (i) 
‚ (x) aob=boa 


Hence the elements of the set (e, a, b, aob, boa} having (a, b) non- 
commuting, are all distinct. 
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We shall now show that at least one of tne group elements aoa or 
ao boa is distinct from these five namely e, a, b, aob, boa. 
T show that aoa is different from each element a, b, aob, Бос, we 
see that 
(xi) aoa—a-*a—e thereby reducing to (i) 
(xii) aoa—b-*aob—ao (aoa) —(aoa) oa— boa 
(xiii) aoa--aob-»a—b thereby reducing to (у) 
(xiv) aoa—boa-»a—b thereby reducing to (у) 
These possibilities lead that either aoae in which case aoa is the 
sixth distinct element of G or else aoa—e 
Again we shall show that ao boa is different from each element e, a, 
b, aob, boa so that it will be the sixth distinct element of G. 
Obvisously ao (ao boa) —(aoa) o (Боа) eo (boa) boa. 
Now consider the case 
(xv) ao boa—e-»boa—ao (ао boa)=aoe=o thereby reducing to (уй) 
(xvi) ao boa=a=aob=e thereby reducing to (iii) 
(xvii) ао boa —b-»aob--ao (ao boa)=boa when aoe—e 
(xviii) ао boa—aob-»a--e thereby reducing to (i) 
(xix) ао boa—boa-»a—e thereby reducing to (i) 
:Conclusively a group with upto 5 elements is essentially abelian 
but for it to be non-abelian there should be at least six elements. 


Problem 11. Show that non-empty semi-group (c, 0) forms a group 
if the equatiors ax— b and ya=b have unique solutions in G № pair of 
Четепіѕ a, bEG. 

Since ya b is solvable for any РЄ С, therefore by taking b=a, we 
find that ya--a has a solution in G. Call this solution as €, so that 
€, а=а where a is a fixed element of G. 

Let сЄ С, then ax=c has a solution in С. 

Thus e; c—e, (ax) = (e, a) x=ax=c 
which follows that e, с=с v c€G i.e. е, is the left identity in G. 

As e; exists in G, so. уа =e, has a solution іп С. Call this solution 
as a7. This follows that every element in С has a left inverse relative 
to the left identity. Hence by the theorem on $4.4, it follows that 
(С, о) is a group. 

Problem 12. Show that a finite-non-:mpty semi-group (G, o) forms 
a group if ub=ac>b=c and ba=ca>b=c ҹа, b, c ЄС. 

Consider a set G={a, а,,...а„...а„} consisting of p distinct 
elements. Take an element а„ and multiply it to all the elements of 
this group. 

Am O1, а 05,... do, Gr, de, айу. 

АП these elements will be distinct save possibly arranged in 

different order. 1f possible let us assume that o 
Um а, =Am 0573 0,—d, 
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е contradicts the hypothesis that а, and a, аге distinct elements 
Thus 

Ga, а, Am а,,.. -.dm a5) consists of. p distinct elements 

EMT C MP US er aya o ke 
а» а,=а„=»ах=Ь has a unique solution in G 

Similarly we can show that 
i > ам, 23 Ams...» Ar а....0,1}әуа=Ь has a unique solution 
in G. Y 

Hence by Problem 11, the semi-group (G, o) under given conditions 
forms a group. 

Problem 13. Show that the set of subsets of a set with the union 
composition is a semi-group. 

If S,={A, B, C,...} be the set of subsets of a set S, then 
‘So, is satisfied since; A, BES, and ACS, BCS2 AUBCS and А, 
BES, i.e. the closure law is satisfied. 2AUBES, 

Sa, is satisfied since if A, B, CES, then associative property of 
union yields, (AUB)UC=AU (BUC) 

Hence S, is a semi-group (by def. $ in 4.4). 

Problem 14. Show that the identity of a subgroup of @ group is the 
same as that of the group. 

Let (H, 0) be a subgroup of the group (G, o) and let e, e' be the 
identities of (G, o) and (H, o) respectively. Then 

аое=а жає Н 
This equality will also hold in (С, o) as a€ H>aEG. 
Now if b be the inverse of a€ С, then we have 
aoe' —a-»bo(aoe") 
=> (boa) oe' =boa by G, for G 
эеое'=е boa=e 
>e'=e. 

Problem 15. Show that the inverse of an element of a subgroup of @ 
group is the same as the inverse of the same element regarded as an 
element of the group. 

Let (H, 0) be a subgroup of the group (G, o) and let b, and b, be the 


-inverses of an element a as member of Н and С respectively. Also let 


е ias €' be the identities of С and H respectively. Then by Problem 
14, e-e, 


Now aob, —e' =e>b,0 (aob,) —b,oe 
=>(b,0a) ob, —b; by G,, С; for G. 
-eob,— b, Voc base 
-b-—b, 


Problem 16. Show that the necessary and sufficient conditions for ё . 
complex Н to be a subgroup (Н, o) of а group (G, о) are 
(i) a, bE H5aobc H ма, b; and (ii) a€ H-»a!€ H. va 
(Rohilkhand, 1976) 
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The conditions are necessary, since (Н, 0) being a subgroup of 
(С, o) the composition in 4 (being also the composition in G) satisfies 
the closure law 
ie. a, bE Haob€ Н жа, b 
which proves the first condition. 

' — Also by Problem 14, the identity of H being the same as that of 
С and by Problem 15, the inverse of any element of H being the same 
as its inverse in G, we have 

a€ H>=a*EH жа 
which proves the second condition. 

The conditions are also sufficient, sincc if the conditions (i) and (ii) 
hold then 

G, is satisfied, for a, bE H>aobE H by condition (i) 

G, is satisfied, for a, bE H-*aob€ Н by (i) leads to 
aob, cE Н and a, bocE Н а, b, cC H 

>the same elcment.aoboc€ Н i.e. associative law is satisfied. 

Gs is satisfied since aE H=a € Н by (ii) leads to 

Ё `аЄ Н and a^€ H-»aoa ! € H by (i) 

But ..aoa-.— e, (identity of С) 

-. e€H is ап identity in H, which is also identity in G, thereby 
showing the cxistence of an identity element in H. 

С; is satisfied since from G; and condition (ii), every element of H 
has an inverse. 

Hence (Н, o) which is a subgroup of the group (С, o) satisfies all 
the four cxioms of group. 

sione Sor fha a necessary and sufficient condition for a 
complex о be a subgro: , 0 , 0) i: , 
EEEE pis group (Н, o) of a group (С, о) is that a€ Н, 

The condition is necessary, since when (Н, о) is a subgroup of (6,0) 
then by condition (ii) of Problem 16, we have bC H2b3€H 

Also by condition (i) of the Problem 16, а, b! € H-aob^€ Н. 

Combining these two conditions we have a€ Н, bE H-aob? € Н. 

The condition is sufficient, since ifa, bE H-»aob?€ Н, then we can 
show as below that (H, o) is a subgroup of (G, o). 

The given condition yields, 

a€ H, a€ H ^aoa-! —eC Н, e being identity of G. 

This follows that 45, is satisfied ze. 3 an identity eC H. 

Also e€ H, a€ Heoa?—a?€ H А 
ie. G,issatisfied or in other words every element їп Н is invertible. 

As such any bc H3b7°€H 

So that a€ H, b! € H5ao (b*)? —-aobc Н 
pres follows that = satisfies closure law under ‘o’ i.e. С, is satisfied. 

low associativity of G w.r.t *o* i ia i 
dupotM mit s ied REM a аай 
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Hence (H, о) is a group. 
But (H, o) is à subset of (G, o). 
Therefore (H, о) is a subgroup of (G, o). 
Problem 18. Show that the intersection of two subgroups of a group 
(G, 0) is a subgroup of (G, o). р 
. Let (Ну, о) and (Hp, о) be the two subgroups of (G, o). Then 
ї H,H.CG. 
Now a, bE H(YH, a, LE Ну, a, bE Н, 
=> MbEH,, aob€ Н, since H, Н. being 
\ subgroups, satisfy group axioms. 
-aob€ Н.Н, ма, РЄ Н\Г\Н, 
Also aE H,(MT,-a€ H, and a€ H, 
7a^€ Н, and a^ € Н, since Н,, Н, being 
subgroups, satisfy group axioms. 
2aT€ H,Og.. 
Hence by Problem 16, H,(1H. isa subgroup of G. 
Problem 19. Show that the union of two subgroups of a group 
(С, о) may not be subgroup of С. 
Let (H,, о) and (H,, о) be the two subgroups of (G, o) and let 
a€ Hy, bEH,, so that. a, bE H UH}. 


Now a, bE H,UH,>a€ H,, bE H, 3» cobE H,UH, for b may 
not belong to H,. 


Hence the union of two subgroups ofa group may not be sub- 
group of the group. ; 

Problem 20. Show that the set S—(1, i, —1, —Ё} is a subgroup of a 
multiplicative group of non-zero complex numbers. 


Let (G, -) be a multiplicative group of non-zero complex numbers. 
Then (S, •) will be a subgroup of (С, -) if it satisfies both the 
conditions for a subgroup. 


The condition (i) is satisfied since 1-i—iC S, 1-(—1)=—1€S, 

1-(—)=—i€ 5, i-(—1)=—i€S, ( —i)-1€$,4—1)-(—))— ie S. 

The condition (ii) is satisfied since the inverse of I is 1€, the 
inverse of i is —i€ S, the inverse of —1 is —1 €S and the inverse of 
—iis ic S. 

Hence (S,-) is a subgroup of (G,-). < 

Probiem 21. Show that the order of every element ofa group (G, o) 
of finite order is finite. 

If a be an element of (G, o) of finite order, then the positive 
integral powers of a viz. a, а?, aè, a*...will all be the members of G. 


But the order of G is finite, therefore all these elements of G can 
not be different. 


Suppose that — a'—a', rs. 
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Then, a^——a'oa-—a'oa*—a" *—a*-e, e being the identity in G. 

If r—s=m, then a'*—e-a"—e, m being a positive integer as 
(s. 

This follows that 3 a positive integer m s.t. a"—e. 

As every set of positive integers essentially possesses a least member 
во the set of all those positive integers s.t. a^—e has a least member 
known as the order of a. But a is arbitrary and hence the order of 
every element of G is finite. 

Problem 22. Show that the order of any power of any element a of 
a group is atmost equal to the order of the element. Y 

Assuming that order of а=т and order of (2")—7, pE I (set of 
integers), we have order of a=m=a™=e, e being identity element. 

z»(a")? =e? 

»›а"?=е 

=(а?у"=е 

>order of (a?) m 
which proves the proposition. 

Problem 23. Show that the order of any element of a group is always 
equal to the order of its inverse. 

Taking the orders of aand a? as т and п respectively, we have 

a™=e and (a-1)^—e 

Now a^ being an exponent power of a, the Problem 22 leads to 
order of (a *)< order of a i e. nm. 

Also since a—(a-)? i.e. a is an exponent power of a^, so by 
Problem 22, we have order of a< order of (a7) i.e. m&n. 

Hence т<п and n<m=>m=n. у 

Problem 24. /f a, b be two elements of a group (б, о) and Ба=а"Ь" 

a, bEG then prove that the elements ab", a™*b" and ab^ have 
the same order. 
We have (ab) —b71(a1y3 =b4 
Since ba is the inverse of atb, therefore by Problem 2?. the 
order of b'a and a^! is the same. 
Now a™b"?=a™b"b-*=(ba) b^? VO ba=a™b” 
=b (ab) b с b?—b!b3 

But b (ab-!) b~ has the same order as that of ab since 

[b (a5) Б —[b (ab) 57] [b (ab) 57] 
=[b (ab7)] (^5) [ (ab7) 57] 
=b (ab?) (e) (ab) b7 
=b (ab? b+ 
or in general [b (abt) b?]^— b (ab+)” b-! =beb™ if order of ab^? be n 

zbb e, 

These results follows that order of ab~ is the same as that of a™b""* 
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Again a"-!p"—a-* (a™b")=a—* (ba) —a^ (ab) а 
i.e. as above, the order of a~*d is the same as that of a"-*b", 
Problem 25. If the elements a, b and aob of a group (G, o) are each 
of ordei 2, then show that the group is abelian. 
The order of aob being 2, we have (aob)* =e, e is the identity in С. 
-. (aob) o (aob) ez ao (aob) o (aob) —aoe 
P =ao (aob) o (aob) ob—ao eob 
=>(aoa) o (boa) o (bob) —ao eob by associative law. 
-»a*o (boa) ob*—ao eob 
= eo (boa) oe—ao eob since the order of а and b 
is 2. 
=boa=aob х 
which proves that a and b commute and hence the group is abelian. 


4.5. THE CENTRE OF A GROUP 
If (С, о) be a group and Н be the set of those elements x€& G, which 
commute with each element in G i.e. the set 
H={x : x€G and аох=хоа м a€G) 
then the set Н is known as the centre of С. 
THEOREM. The centre of G is a subgroup of (G, o). 
If H be the centre of G, then we have by, definition 
H-—(x: x€G and aox=xoa жаЄ С} 
"o Xp Xy € Н»аоху=хүоа and aox,=x,0a Y a€ С. 
But  aox,—x,0a—2x,0 (x,?0x,)oa, since x,ox,—e, the identity 
іп Н and x,ceoa=x,0a 
=(%,0 x77) o (x,0a) 
—(x,0xj3)o(aox,) `7 аох,=х,0а. 
400 @0X,=(x,0 X71) o (аох,) » (aox)) ox, —(x,o x^?) oa 
3 20 (хүо x41) (x,0 xz?) oa 
=>x,0 xj! commutes with a€ G 
-x,0x,!€H 
Conclusively x, € Н, Є H>x,0x,1 € H 
Which follows by the definition of a subgroup that (H, o) is a 
subgroup of (G, o). 


4.6. COSETS OR COSETS OF A SUBGROUP 
Let (С, о) be a group, (Н, o) be a subgroup of (С, о) and ‘a’ be an. 
element in G i.e: a € G. Then the set 
aH={ah : h€ H) (not using the binary operation) 
Le. the collection, E ; 
20H = (aoh,, aoh,..., aoh;,...}, ЄН 
={aox : x€ H and aE G} 
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is said to be the Left Coset of H in G ; 

and the set Ha={ha: hE H} 

i.e. the collection, Hoa={h,oa, h,oa,..., hioa,...} ҺЄН 
={xoa : x€ H and a€ G} 

is said to be the Right Сове! of H in G. 

Since eH —H = He, therefore Н is itself a coset. 

If the cosets aH and БН are such that aH (15H 74, then aH=bH, 
hence the cosets have no element in common with Н i.e. two cosets 
contain either the same elements or have no elements in common. 
Also the cosets do not form a group. 

The number of left (or right) cosets of H in С is said to be the 
Index of H in G and denoted by (G : H). 

THEOREM I. If (H. o) or simply H bea subgroup of (G, o) or 
simply G, then H is both a left coset and a right coset. 

If e be the identity in С, then Не=еН= Н, which follows that H 
is both a left coset as well as a right coset of H in G. 

THEOREM 2. If Н be a subgroup of G, then aH— H«»a€ H. 

If e be the identity in С and so is in Н, then 


aH—H-aec€H _. 
i.e. aH—H-2acH sel) 
Again, ifa€ H and AEH then 
a€H-ah€ H« hk H 
А aHCH 


Аво a€ H^a^€ H, Н being a subgroup of the group G, satisfies 
group axioms. 
=а?ҺЄ Н ¥hEH by closure law in Н 
-a(a?h)€ Н ¥hEH by closure law in Н 
—h€aH «hc€H $ 


4 НСан 

So aHCH and HCaH>aH=H 

Ultimately a€H>aH=H s. (2) 
Hence ан=НФаєн бу (1) and (2). 


THEOREM 3. If a, ЬЄС and аз then aH—bH«»sa?b€ Н where 
H is a subgroup of the group G. 
We have, 
aH-—bH-a?aH-—a?bH 
>(aa)H=(a*b)H 
=-eH=(a-'b)H, e being the identity in G апак soin H. 
2 H-—(a3b)H 
2. aH-—bH-a?b€H by theorem 1. 2. 
Also, if ab € Н, then 
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bH=e (bH)=(aa~) (bH)=a(ab}H=aH by theorem 1. ...(2) 
(1) and (2) follow that aH=bHea“bEH. in 

THEOREM 4. The two left cosets aH and bH of a subgroup Н of a 
group G are either identical or disjoint. 

There arise two cases : 

‚ Case I. If анн, then we have to show that aH and bH are dis- 
joint. 

Let us assume if possible that x€aH and x€ bH. 

Then х=ау, уЄ Н and x—bz, ZEH 

c ay-bz-ayzd-—bzz-a(yz?)-—b(zz)—be-—b 

2» (a^a) (yz?) —a^b 
=>e(yz)=a 1b 
-»yz-ajb 

Thus, yz!|€H-2ab€H. 

So that by theorem 3, it follows that aH=bH, which contradicts 
the hypothesis and hence two unequal cosets cannot have any element 
in common i.e. aH and bH are: disjoint. 

Case Il. If aH and bH are not disjoint, then we have to show that 
aH —bH. 

aH and ЬН are not disjoint-3 an element common to aH and bH 
ACT 3h, h; s.t. ah, —bh; 

sa (hy hi) b h; hy 
=>a=bh; hi? 
>ch=b (h; hi? h) ¥hEH 
>ahEbh ¥hEH 
=aHCbH me) 
Similarly it can be shown that 
ah;=bh;=>bHCaH AEQ (2) 
(1) and (2) follow that aH=bH i.e. aH and ЬН are identical. 

THEOREM 5. If Н be a subgroup of the group С and a€G ош a 
ЄН then 3 one-one mapping of H onto aH. 

Taking f : H—aH defincd by f (h)=ah, hE H, we have to show 
that the map f is onto. 

Every ciement of the left coset aH being of the form ah, ЛЄ Н, and 


' so being the f-image of h in Н, the mapping f is onto. 


Again to show that f is one-one, let /;, А,Є Н s.t. ah;—ah;. 
Then ah;=ah,>h;=h; by left cancellation law. 

So f is one-one. : 
Conclusively f is a one-one mapping of H onto aH. 


Note. This theorem follows that if Н Бе a finite subgroup, the 
number of elements in each of its left cosets is the same as the num- 
ber of elements іп H i.e. equal to the order of H. 
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THEOREM б. (Lagrange's theorem). The order of every subgroup of 
a finite group is a divisor of the order of the group. 

Let H be a subgroup of a-finite group С. So С being finite, Н is 
- also finite. 

Let m and n be the order of H and G respectively. 

Since the order of H is т; therefore Н consists of exactly m ele- 
ments or in other words every coset aH has exactly m elements, for if 
hy, hz, EH, ah,—ah, iff h,=h,, hence aH has the same number of 
elements as H. à 

Now if т=п, the theorem is self-evident. 

But if n>m, then С being of finite order, there are only a finite 
number say k, of different cosets of H in G. 

Taking H={h,, hy...,4m}, if аЄС but a & H and binary operation 
of G being denoted multiplicatively, the distinct m elements 

аһ,, ah;,...,ah, & Н but belong to С by closure axiom. 
Denoting the set formed by these m elements by Н' i.e. 
Н'={аћ,, ah;..., ahm} 

We observe that if HUH’ is a proper subset of G then there is an 
element say DEG s.t. b& HUH’. We thus have again a set of m dis- 
tinct elements 

bh,, bh;...bh,, which beiong to С but not to HUH’ 
Denoting the set of these m elements by H” ѓе. 
H"={bhy, bhy,..., bhm} 
and continuing this process, we see that G can be divided into k sub- 
sets each consisting of m elements. 

-. Order of G=number of elements in G 

i.e. n=k x order of H 
=km 
which follows that the order of H is.a divisor of the order of G. 


COROLLARY 1. The order of an elemen i i 
a divisor of the order of the uie етен 
Let т be the order of the group С and аЄС. Then by definition, 
a"—e, m being least positive integer and e being identity in G. 
Evidently the elements a, a*, а?,...а"-!, a" € С, are all distinct and 
form a subgroup of order т. Also by definition. m is the order of a. 
*. The order m of a is a divisor of the order of the group. 


COROLLARY 2.A finite group of prime order kas no proper subgroup. 
Let G be a finite group of order p, where p is a prime. Then by 
Lagrange's theorem, the order of any subgroup of G is divisor of p. 


But p being prime has no divisor and hence there i 
о ае еге is no proper sub- 
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COROLLARY 2. Fermats’ theorem. If p be a prime and ‘a’ a natural 
number not divisible by p, then 


а?-1—1 (mod p) 
. Taking the multiplicative group of non-zero residue classes modulo · 
р, ge a not divisible by p, we have the equivalence class a#0 i.e. 
But the order of the group being p— 1, it follows from Cor. 1, that 
[a*7]-11] 
which yields а>-1=і (mod р). 

Problem 26. If Н be a subgroup of a group G and m, n are the 
«фе of m and n respectively then prove that a^—e, е being identity 
Lagrange's theorem gives n—km, k being some positive integer 

= а"==а*"==(а")%=е*=е. 
Problem 27. Find the cosets of the additive subgroup (21,+) of the 
additive group (1, +), I being set of all integers. 
We have 
I-(...—3, —2, —1, 0, 1, 2, 3...) 
and say Н=(21, +)={...—6, —4,.—2, 0, 2, 4, 6...) 
If аЄЇ then the coset of H in I corresponding to а is 21+а since 
the group being abelian, 1+а=0+1 
` 2+0={.... —6, —4, —2, 0, 2, 4, 6,...} 
21412(.., —5, 3, —1, 1, 3, 5, 7,..) 
214-22 (..., —4, —2, 0, 2, 4, 6, 8,...) —2I 
21-3—4..., —3, —1,1, 3, 5, 7, 9,...] —2L-1 
21--4—(..., —2, 0, 2, 4, 6, 8, 10,...}=21 
2ї++5={...› —1,1, 3, 5, 7, 9, 11,...)=214-1 and so on. 
Thus the distinct cosets of H in I are 21 and 212-1. 
Clearly 210 (21+1)=1. 


4.7. CYCLIC GROUPS i 
If a group H contains an element a s.t. it is capable of being gene- 
rated by the single element a i.e. every element of H is of the form а" 
for some integer n, then Н is said to be a cyclic group and а is known 
as the generator of H. We also denote H={a}. i; 
Hence if H is a cyclic group, then 3 аЄН, bEH s.t. a^—b (in 
multiplicative form) or b=na (in additive form) for some integer л. 
Thus H-—(a":n€l), a€ H, I being set of integers. 3 
e.g. the unit circle {z : | z |=1} in the complex plane is a cyclic 
group. 
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Characteristies of Cyclic Group 
( Every cyclic group is abelian. 
lf H be a cyclic group and a is its generator, then 
a". "ЄН ¥m,n El 

Л а" о gqn—gmh qn mo gg ат 
which proves the commutative property and hence every cyclic group 
is abelian. 

(i) The order of a cyclic is the same as that of its generator. 

Let H be a cyclie group, a its generator and e the identity element 
in H. Also let n be the order of a, so that а"=е 

Evidently, m Є land m < n э а"зёе. 

In case m>n, then if д be the quotient and r the least positive 
remainder when т is divided by n, 

m=nq+r 

So that a™=a"t#"—a™ о ar—(a*y o ае o a’ =a" 

where r=0, 1, 2,...(n—1). 
`  Byclosure axiom since a"? € H, therefore n distinct elements 
belonging to H are a", a}, a, a?,...a" where a°=e=a". 

As such there are only n elements in H and hence the order of 
the cyclic group H is also л which is the order of its generator. 

(ii) The generators of a cyclic group of order n аге the generators 
а? wherep is prime to n and 0<p < n. 

Vo oa"—e, C. (a?)"=(a")? =e? =e 
which shows that order of л7<п. 

Taking sE I s.t. o<s<n, we have Ps prime to и sincen is neither 
a factor of p, nor of s. 

Let ps—nq-t-r, q being quotient and r the least positive remainder 
when ps is divided by п and о<г<п—1. 

Thus (a?) =a?! =a" gna g 4' —(a"J 0 =e o аео ата" 
where r=0, 1, 2,..., n- -1. $ ` 

l is clear that ate 

Hence the order of a? is n and a? is the generator of the group. 

(v) A subgroup H' of a cyclic group Н is also cyclic, 

Let a be the generator of Н. Given that АД” is a subgroup of H. 
Therefore every element of H and so of Н” will be of the form a^, п 
being an integer. 

Let m be the least positive integer s.t. ancH'. 

1f m does not divide n then 3 integers 4 (quotient) and r (remain- 
der) s.t. n=mq +r, o<r<m 

S. a"—g"t a” о а" giving a? — (a4) 19gn -. (D) 

Buta"€ H' .. by closure law 2"* € H' and so (a™)-1€ gj since 
-H' satisfies group axioms. 

' Now а"Є H' (by hypothesis) 


ӨНҮҮ A 


^ 
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(1) yields, a'€ H' which contradicts the assumption that m is 
the least positive integer s.t. а"Є Н’ 


Thus the only possibility is that r—0 and then n=mq so that 
qn— qn — (a). 

Which follows that every element а" of H’ is of the form (2")* 
showing that а" is the generator of Н’ and hence Н' is cyclic. 

Finite cyclic groups. Jf H is a cyclic group generated by a s.t. all 
the powers of a are not different then H —(a) is a finite cyclic group. 

If n (70) be the order of a, then a^—e 

Given any integer s 3 two integers q and r s.t. s=ng+r, o&r«n. 

DS а®=а"®#т=а@'“ о =h) oa" =e00" =e oat —a* 

Which follows that there аге at most п distinct elements а!, a а?, 
erry 071, "=e 

. To show that по two of these л elements are equal, let из assume 
if possible that a^—a", о<у<х<п 

s -—2'oq?*—q'-—e 

But o<m—y<n and order of a being n, a*-* e i.e. а-а”. 

Thus H contains exactly z (finite) distinct elements 

dj'agh.., a, а". 

Hence Н is a finite cyclic group of order n. 

Infinite cyclic groups. Jf Н be a cyclic group generated by а s.t. all 
the powers of a are distinct, then H={a} is an infinite cyclic group. 

Let a be the generator of H. Then all the powers of a being different 
the order of a is zero. 

Let us assume, if possibie that a'—a' where s>r. — 

Then a*-*—a* o a*=a’=e which contradicts the assumption that 
the order of a is zero. 

a аза" 
ie. H contains an infinite number of elements and hence H is an 
infinite cyclic group. 

THEOREM I. In aninfinite cyclic group, there are exactly two 
distinct generators namely one generator and the other its inverse. 

Let Н be an infinite cyclic group and a, one of its generator, Then 
since a, —(a 1)”, therefore a~ is the other generator. 

Also а-а, otherwise a—a aa^ —a*—e—a finite cyclic group 
of order 2 which contradicts the hypothesis that the cyclic group is 
infinite. 

To show that ДЭ third generator, if possible suppose that b is the 
third generator of Н, so that a and 5 being both generators of Н, 
a—b" and b=a', 

2. a=(a"}=a™ э (1) 
~ But Н being infinite cyclic group, rz5n-a' za", е 

<. the relation (1) is satisfied if m/=1, m, l being both integers. 

It follows that either m=+1 or m=—1 


4 _ 7 MATHEMATICAL PHYSICS 


Le. either b=a or b—a. 

So that ДЭ third generator of Н other that a and a7. 

THEOREM 2. Every subgroup of an infinite cyclic group is infinite. 

Let H' be a subgroup of an infinite cyclic group Н whose generator 
is a. Then by characteristic (iv) of groups, we have H’={a™}, m 
being ‘east positive integer s.t. a” € H’ 

Assume, if possible that H’ is finite, then (a™)"=e for some n>o 
which follows that a is of finite order and so H is finite which contra- 
dicts the hypothesis. 

Hence H' must be an infinite cyclic subgroup of H. 

Problem 28. Show that the group formed by the set (1, w, o°}, œ 
being cube root of unity i.e. w*=I, is a cyclic group of order 3 with 
respect to multiplication. 

Here w*=1 is the identity and œ is the generator as its 
powers generate the elements 1, о, в? as 
tabulated : BARRES 

The group axioms are satisfied, since if |1} 7 
Ge(1, o, œ} w.r.t. *-' then 
G;—1, o, о? EG, 1:c, 1-o?, ww? EG as ө? 
G,—(1:0)-6?—1.(0:02) = о 02= 062—1 
G,—1 is the identity elements as o-1—o etc. 
G,—Inverses of 1, о, o? are respectively 1, о?, о as 

1-1—0o-:o*—o*-o—] (the identity element) 

Hence (1, o, o*) is a cyclic group of order 3 with generator o. 

Problem 29. Find all the generator. c ‚ 2, a?, 

а“, aè, а, a’, a*—e) of order Н 3 of He CICHE pope, us 

Let Н= (a, aè, a’, a*, a5, а, a’, ае} 

Since it contains all powers of a, so a is a generator. 

Now (2? —a*, (a9)! —a*, (a9) —2*— aoai <eoa=a, 

(a) =a —a*oa* —eoa'—a*, (а?)5== 215 доа — eoa! =a" 
(a?) -- a5. (a5)?00* — e!0a? — eog* — a* 

(a3) =a"  —(a5)*025— еоа5—а5 

(22 =a (a9 — ee 

Since powers of а? are the is aj 
Similarly d^ and a’ are fin up of. К пни H. 


4.8. PERMUTATION OR TRANSFORMATION 

If С be a set then a one-one onto :G 

transformation or in case G is finite, f. Pes ае qe 

ee [е сиве is а rearrangement of the elements of the 
rmutation grou Soci i 

introduced obit later. ee JM nT groups 


Consider a set (1, 2, 3,} with three ele ymmetry 
ог permutations may bc written B — КОР 


=1 [alus |өз=1 
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7703) 7-02) "7611 

If we multiply P, and P,, we have 

^^-013 627032" СЕЗ 
325351 


. =P, 
=) 6137 0127^ 
It is clear that P, Р,52Р; P, 


Le. the permutation multiplication is not commutative, but it can 
be shown that permutation multiplication is associative, since 


пога (03) 613] 
7(23 (237 (23 
= шт) 63] 012 
. 76396137 (23 
^ P, (Р, P) (P, Ps) Ps ДАЧА 
ешмше» (|1 (say) let us assume that its inverse 


is 359, Each of the two. permutations whose product is the 
хут, 
‘Identity Permutation. dut 2 3\ i.e. Pre-image of every element is 
123, 
the same element), being called Inverse to each other, we have 
Сс =[12 
1 хут 123, 
ie. 123\=/1 23 
Cz) (135) 
Comparison gives 2—1, x=2, y=3 
Bae и вум 15 "(0 
312 31 
Thus if P~ be the inverse of a permutation P, then we can easily 
show that : 
@ PP? =I=P"P 
(il) P> is unique 
Gi) (P3)! -—P 
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(9) (PO)! — Q7 P^ (Reversal law) 
The set of all permutations of n elements. =i 

The | п permutations on n elements (objects) form a group with 
respect to permutation multiplication. Such a group of all permutations 
of n elements is denoted by S, and called the Symmetric group of 
degree n as it satisfies all the four group axioms. 

Note 1. The number of elements in the finite set permutated is 
known as the degree of permutation, 

т e 2. The number of elements in а permutation on л elements 
is| n. 4 

A permutation which replaces п elements cyclically is said to be a 

cyclic permutation of degree n e.g., (1 2 3...n — 1, nN is cyclic and may 
. 234. n, oo, x i 
be denoted by (1, 2, 3,...n) 

The number of elements permutated by a cycle is said.to be its 
length and the disjoint cycles are those which have no common 
elements. | 

Every cycle сап be uniquely expressed as product of disjoint cycles 
THER 45674-(1457) (2 3) (9 

432 5761 
=(2 3) (1 4 5 7) (6) 


where (14 57)>f1 4 5 7 2 3 6\ etc, 
G 571236 ' 
A cyclic permutation such as (a, b) which interchanges the symbols 
leaving all other unchanged is called a Trans ion. 

In other words Transposition is cycle of length two of the form 
(а, b) i.e. it is a mapping which maps each object onto itself 
excepting two, each of which is mapped on the other, e.g. (1, 2) is a 
transposition. à 

Note 3. А cycle of length one is invariant. 

Note 4. Transposition is its own inverse, since, if (a, b) be the 
transposition /1 2 3) then (a 5) (a дд 2:3 (1 23 

2d 3 21 3) 1 з) 
=/1 2 зү-/. 
123 

Note 5. Any permutation can be resolved as the product of trans- 
positions in infinitely many ways since every permutation can be 
expressed as а product of disjoint cycles and every cycle сап be 
expressed as the product of transpositions in an infinite way, 
therefore the proposition follows. i 

Note 6. The order of transposition cannot Ье changed, since they 
may not be disjoint. 

Even and odd permutations. A permuation is said 10 be eyen or odd: 


07) 
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according as it is expressed as a product of an even or odd number of 
transpositions e.g. the permutation 
12345678 1) is an odd permutation as it can be 
348527961 
expressed as the product of seven transpositions such as 
(1 3) (1 8) (1 6) (1 7) (1 9) (2 4) (2 5) 
and the permutation (1 2 3 4 5 6) is even since it can be expressed 
645213 
as the product of four transpositions such as (1 6) (1 3) (1 5) (2 4) 
Note 7. For any manner of expressing a given permutation &s a 
product of transpositions, the number of transpositions is either 
necessarily odd or even. 
Note 8. The product of two even or two odd permutations is even 
while the product of an even and an odd permutation is odd. 


n 
Note 9. Of the |n permutations on л elements, “> are even and 


Іл 
з are odd 

Alternating set or р. The set of all even permutations of degree 
п is known as an |alternating set or group and is denoted by A, and 
symbolized as 


As (x : а is an even permutation on a set containing n elements). 

e.g. if E,, Ej, Es,..., E, be the even permutations of n symbols then 

G, is satisfied, since the product of two even permutations is even 
and so A, is closed. 

G, is satisfied, since permutation composition is associative. 

G, is satisfied, since the identity permutation considered as even 
permutation is also identity for even permutations. 

б, is satisfied, since an f€ An 3 f! € A, for, f "of fof =I and f 
and Г are even permutations so that f^! is also an even permutation. 

But the composition in 4, is not commutative since permutation 
composition is not commutative. 

Hence A, is a group which is non-abelian. 


n 
Also the set А„ contains E elements, hence (4,,0) is a non abelian 


group of order e 

Permutation group. Any group whose elements are permutations is 
said to be a permutation group. 

Any subgroup of S, (symmetric group of degree л) is essentially a 
permutation group. 

eg, if P,—/12 3V, Р,=ү1 2 3), koi 0:8 Ment 2 Di 

(124 (13: 218) 231 

12 4 P (; 2 3\ be the six permutations on the 


Pom (312 321 
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ІРР, Ри Ру Ра Pe\Ps| Тһе elements Pi, P,, P, constitute опе of 
the several subgroups of S, and this is a 
EIS PEEL permutation group on three symbols. 
Pi) Pi Po Ру Pil PalP2| Problem 30. Show that the cycle (123 35) 
d Pj Pj Р\Рз\Р\\ may be expressed as а product of 3 cycles. 


We have 


(123 4 5)=(1 5) (1 4) (1 3) (1 2 
=(1 4 50 3) (1 2) 
Problem 31, Express (1 23 45 6) as the product of disjoint 
4 364 125, Й 
cycles. 
Denoting the given permutation by f, which is the permutation of 


6 positive numbers, let us determine the set of images of 1 under the 
successive powers of f i.e. 


Д1Ї)=3 as 153 i 
fif Lf If )—4 as 34 
f'-f Uf (H= as 41 
which follows that the first cycle is (1.3 4). 
It is clear that 2 does not belong to this cycle. 
We have, 
f (2)=6 as 2-6 
f(6)55 and f §)=2 


{е. another cycle is (2 6 5). 
Since all the six elements are exhausted in two cycles, we have 
i DAD CUM ‹ 
364 125, 
Problem 32. Find all the permutations of four letters a, b,c,d 
which leave the expression ab--cd invariant. 
Ка, b, c, d are distinct letters then the three functions 
yimab-Fcd, y:=ac+bd, ys=ad+be 


are distinct and there are the only functions of the given four. This 
follows that each of ihe 24 permutations on а, b, с, d replaces y, by 
yy Ya OT Js, 50 that 1x24 Le. 8 of them leave y, invarient which 
may be verified by showing that Z, (a, b), (cd), (ab) (cd), (ac) (bd), (ad) 


(bc), (a d b с), (a cb d) leave ab--ed invariest. — ~ 
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We have I=fa bc where 


a b c d, 
(a, ү be a where 
bacd 


IRE bc 
abdc 


(a b) (c heal Gy b E |) where 
; b a d c, 


(a c) (b d)—fa c b d where 
cadb 


(a d) (b c)=fa d b cN where 
d a c b, 

(a d b c)-fa d b cv where 
dbca, 

where 


and (a c "d LH 
~ cbda, 


where’ 


aa 
bb 

cc so that ab+cd=ab+cd 
dod 2 


ab: 

b-a 

cc 

d—d 
so that ab+-cd=ba+cd=ab+ed 

ауа 

bb 

cd 

dc Ў 
so.that ab-+-cd=ab+de=ab+ced 


ab 
boa 
cod 
d>c 


so that ab-+-cd=ba+dc=ab+ced 
q->c 


db! 
so that ab+cd=cd+ab=ab+cd 


ad 
а-а 
b-c 
cb 

so that ab+-cd=de+ba=ub+cd 


ad 
d—b 
bc 
ca 
so that ab+-cd=dc+ab=ab+cd 


аус 


cb 
bd 
4-а 


so that ab+cd=cd+ba=ab+ed 


Conclusively y, remains invariant by the 8 permutations mentioned 


above. е 
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4.9. HOMOMORPHISM AND ISOMORPHISM OF GROUPS 
Homomorphism of groups. Zf (G, о) and (С°, o") be two groups, then 
a mapping f: G—G' which retains the structure and is папу one is 
-called Homomorphism of the group С with the group G' s.t. 
f (aob) —f (а) o f (b), жа, beG. 

We sometimes use to say that С is homomorphic to G’ and denote 

it by GG’ if 3 a mapping f : G—G' s.t. f (aob) —f (a) о f (b) 
жа, 

Properties of homomorphism 

(I) The group (G', о') is a homomorphic image of the group (G, о) 

(2) The relation of homomorphism is not symmetric i.e. 

GzG'356'eG 

(3) The homomorphic image of the identity of the group (G 0) is 
the identity of the group (G' o") i.e. if e, e' be the identities in G G' 
respectively then f (e) —e'. 

Wehave | a€G^f(a)€G' 3 
and f (aoe) =f (a) o' f (e) має С by definition of homomorphism. 
“1. f(a o e'=f (a)=f (aoe) —f (a) o' f (e) since aoe—a 
and f (a) o' e'—f (a) * 

So left cancellation law gives e'—f (e) 

(4) The homomorphic image of the inverse of any element a of a 
group (G, o) is the inverse of the image of a i.e. f (a7) --[.f (а) * 

жа 


Wehav а, a€G f(a), f (a)€G' 
z^ Да?) о f (a)—f (aoa), by definition of homomorphism 
=f (e)=e’ by property (3) 
But f (a7) o f@=e'> f (a?) -L f(r 
v ғо), f (EC. 
Jsomorphism of groups. If (С, о) and (G', о”) are two groups and 
. mapped that 
3 a one-one onto mapping ў: G—G' s.t. aob — a'ob' where 
а-а", b>b', ¥abEG and a’, "ЄС", then the mapping f is called as 
Isomorphism and we Say that С is isomorphic to G' and write G&G’. 
e.g. if С is an additive group of all integers i.e. _ 
G={..., —4, —3, —2, 1, 0, 1, 2, 3, 4,...} 
aud G' is a multiplicative group of all positive and negative powers 
of an integer 2 i.e. G’=(2™ : m=0, +1, 2...) 
| ={...тє› b b Ъ 1,2,4, 8, 16,...} 
Then we һауе f (т) =2", m being an integer 
and f(m+n)=2""=2"-2"=f (m)- f (n), m,.n being integers. 
This shows that f is one-one onto and retains the group structure 
and hence G=G' 
Properties of isomorphism 
(0) The order of G=the order of С" 
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(ii) For isomorphic groups (G, o) and (G', o') the identity e' of G' is 
the image of identity e of G i.e. f (ej—e'. 
If a€G and a' € G' then a'—f (a) 
f: G—G' is one-one onto f(a)€ G^ ¥aEG. 
2f()€G' © eEG 
Now aoe—a —»f (aoc) —f (a) 
>f (a) o' f (e) —f (a) o' г' by definition of 
isomorphism 
-»a'o' Қе)=а'о'е' 
=f (e)=e' by left cancellation law. 
(iii) For isomorphic groups (G, o) and (С', о”) the image of inverse of 
any element a of G is the inverse of the image of a, i.e. 
f= far 
If e, e are identities of G, G’ respectively then by property 
Qi) /(е)=е' ; 
Also we have  а-1оа=е=ада-! va€G 
But a7?0a—e2f (a-0a)—f (е) ¥aEG 
>f (a7!) o' f (2) — e' by definition of isomorphism 
=f (a)—[ f (a) by definition of inverse 
of an element in G^ 
(iv) For isomorphic groups (С, о) and (G', о"), the order of an 
element a€G is the same as the order of its image a’ EG". 
f£: GG" is one-one and onto, 
If e, e' be identities in G, С” respectively, then 
f (e) e' and f (aob)=f (a) o' f (b) жс, BEG. 
If ^ be the order of an element аЄ С then а"—е 
Also if m be the order of f (a) then [ f (a)]" —e' 
But a^—e-*f (a^) —f (e) 
=f (aoaoa...n times) —e' 
=f (a) о” f (a) o' ...n times—e' by definition 
of isomorphism 
>If (Ol —e' 


>order of f (a) zn 
nsn. 
Also, [f (а) —e' f (a) o' f (a) o' ...m times=f (e) 

= f (aoaoa...m times)--f (e) by definition 
of isomorphism 

2f(a")—f (e) 

>a "=e “fis one-one 

=order of axm E 

эп<т 
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So that m<n and л<тэл=т 

= order of a=order of a’. 
(у) If f is isomorphic mapping of G—G', then f ~ ts also isomorphic. 
If f is one-one and onto then f~ exists and is also one-one onto. 
Atso if x=f (a), y=f(b) for a, BEG and x, yEG", then 


ac f(x), b=f> (у) 


But f (xo'y)-- Ха) o KON 
=f [f (aob)] *- fis isomorphic mapping 
-aob Vf fpe. 


fx) of?0) : 

which follows that f^! retains the group structure and hence f із ` 
isomorphic. 

© Automorphism of groups. An isomorphism of a group onio itself is 
said to be an automorphism of the group e.g. f: G-»G' given by 
f (a)—a^, a€G is an automorphism iff С is an abelian group. 

„Аз another example the identity mapping i: G—G is an auto- 
morphism of group G. 

In otherwords an automorphism f of G is a one-one transformation 
of G onto itself s.t. (xy) f=(xf) (yf) жх, ЄС 
he, Joy) fe) Ду) ; 

Product of Automorphisms. If xe»xf—x' be an automorphism. of А 
where x’ is the element of A in some order, then the mapping 18 
automorphism and so (xy) f=(xf) Gf) -x'y'. . 

Take х«әу another automorphism and denote z' by z$, 
so that (xy) f$ =[(ху)/1ф=[(х/) O=] (ОРФ 

=A O A] жх, »€4 
which shows that f? is an automorphism of А and the mapping f$ is 
termed as product of automorphisms of f and ¢. 

The automorphism of a mathematical system forms a group. 

The mapping x++x is said to be the Identity automorphism in the 
identity elemert of the automorphism group. So axiom Gs is satisfied. 

G, is satisfied since product of two automorphisms is a auto- 
morphism. 

G, is satisfied since if we arrange the mappings 

f: xex', d: xax, фіхех" 
as f:ixex,$:x' ex, фі хех"! 
then x'—(x)f $} corresponding to x under the automorphism fy 
is uniquely determined whether it is obtained as ((x)f] фў from the 
automorphism /(ф}) or as [(х)ф]ф from ( f $)y. Ultimately xe»xf is an 
automorphism and so (xy) F =A) OF “I 
=F) DNS =A OF) 


showing that / ıs an automorphism and hence С, is satisfied. 
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Conclusively the automorphisms of a mathematical system form а . 
group. 

Endomorp&ism of groups. 4 homomorphism of a group onto itself is 
said to be an endomorphism of the group. 

Regular permutation group. A permutation group to which a group 
G is isomorphic is said to be a regular permutation group. 

THEOREM 1. Transference of group structures. 

If (G, o) is a group and G' is a set with the multiplicative composition 
‘o’ and if 3 a one-one onto mapping f : G—G" s.t. f (aob)=f (a)o’ 
f (b) жа, bEG then G' is also a group isomorphic to С for the given 
composition. 

We have to show that С” is a group and G'exG. 

Let a'—f(a), b'—f(b), c'—f(c) ; a, b, c€ G and a’, b’, e'€ G' then 
a'o'b' —f(a) o' f(b) —f(aob) is given. 2 2 

С, is satisfied since а, b'€ G'2f(a), f(b)EG' 

>a, bEG 
-abcG 
э/(аоЬ)Є G' 
Ла) f(b)e G' 
74'o'b'€G' «a'b'eG' 
©, is satisfied, since (a'o'b')o'c' —[f(a) о' f(b)] o' fic) 
zf[ao(boc)] *.' ‘o’ is associative 
=Да) o' f(boc) 
=f(a) o' f(b) o' fe) 
=а' o' (b' o' c') 
С, is satisfied, since if e be the identity in G then 
Де) о a' —[f(e) о' fia) 


=Деоа)=Да) ** еоа=а 
=a 


and a’ o' f(e) —f(a) o' f(e) —f(aoe) —f(a) —a' 
SN Де) o' a'—a' o' f(e)--a' 
С, is satisfied, since if аЄ С then a! EG so that aoat=e=a10a 
and aoe*=e=f(aoa")=f(e) 
z»f(a) o' (а) —f(e) 
зао f(a*)=fle) 
also f (a-?oa)— fte) Лаг) o' Ја) е) 
=fla) о а = е) 
2 a'o Дат) = ат) o' a' — f(e). 
Thus f (a?) is the inverse of a^ €G' i.e. f(aà)--(a')-1—[ (аі 
These axioms show that G' is a group. 
Again G&G’ and the relation of isomorphism is symmetric 
4o Gag 
THEOREM 2. The relation. of isomorphism in the set of all groups i$ 
an equivalence relation. 
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If G be a group belonging to the set of all groups and хЄ С, then 
consider a one-one onto mapping f : G—G defined by f(x) —x ¥xEG. 

The relation 2x is reflective, since f(x) —f(y)2 x—y i.e. f is one-one 
and f(xy) xy —f(x). f(y), operation being multiplicative. 

^. The group structure is retained and so G=G¥ GES,-S being 
the set of all groups. 

The relation = is symmetric, since if f is isomorphism of G to G’, 
then fis one-one onto and so f~ exists s.t. f 3:6'2G 

2. By property (v) of isomorphism, f-* is isomorphic 

Thus, GeG' >G'=G 

The relation = is transitive, since if f : G—G' and g : G'—G"' be 
two isomorphic mappings, then composite mapping gof is also one- 
one onto when gof: СС" 

Now x, уЄ Gf(x), fo) €G' ^st 0] ЄС" 

So that (gof ) (xy) 2L f(x») 

gl f(x) Лу)], f being isomorphic. 
=g f(x) g f(y), g being isomorphic. 

i.e gof retains the group compositions and also it is one-one onto, 

so gof is isomorphism and maps GG" ie. 
GezG', G'exG' =G=G" 

Hence = is an equivalence relation. ' 

THEOREM 3. Cayley's Theorem. 

Every finite group G of order n (say) is isomorphic with а sub-group 
of symmetric group Sn 

or 

Every finite group G of order n is isomorphic to a permutation 
group (or transformation group). 

Let С (a а,...йһ} be a finite group of order m, with multipli- 
cative composition and аЄС. Then л products 

а а, айу, --., A й are all distinct elements of G, for if possible let 
us assume that 4 a,—a а; 

Let cancellation law give, a;=a; 
‘But азёд .. ааж#а а; зо that а ay, 445.., а a, are all distinct 
elements of G in some order. 

<. The mapping fs: GG s.t. fa(x)=ax, a€ С, xEG is one-one 
and onto. T 

Thusf,—/ а ds ...-.. an J is a permutation on n symbols. 


Replacing а by 4,,2,.....2, in succession, we shall have x per- 
mutations fsi fas.. sJan of which no iwo can be equal since if 
а, a, EG, then fai =f fa (fa О) ¥XEG 

эдх=а х ¥xEG 
==, 


—RÉá——— n i 
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Denoting the п permutations by С' i.e. 
G'—(f,:a€G) 

s di aie 2) а а2:..) а, ) 
1-9 ае, аа,......аа„/ Nba, Das... Das 
й ee) аа, аа,...аа„ 
od aba, aba;...aba,) 
=( а а, ede 
~\aba, aba;......aba. Gi 

But a, bEG>abEG and so fa, fo € G' > fas EG’ 

.. Closure axiom is satisfied. 

Now to show that the set G' with the composite composition 
is a group isomorphic to the given group G, let us consider a mapping 

g:G-G' st. (а)=%Ь ¥aEG 
Thei, g(a)=2(b)>fo=fo 
=pax=bx ¥xEG 
+»а= by right cancellation law. 

So that g is one-one and therefore G, G' consist of the same 
number of elements. But g being one-one mapping of G to G', g is 
also onto. Moreover g(ab)=fa»=fa fv—£(a) (b) 

. де. the group-composition is retained (preserved) by g. 

Hence G&G’. 

THEOREM 4. Every cyclic group of infinite order їз isomorphic to 
the additive group of integers. 

If G be an infinite cyclic group generated by a, then G— (a) and all 
the powers of a are distinct. : 

Consider the mapping f : G->I given by f(a*) =i 

This mapping is onto and also one-one since і Уа‘ а! 

^o Лаа) = f (a) =i+j=f@)+fO) 

So that f preserves the operation and hence f is an isomorphism i.e. 

(С, -)=(, +) 
Problem 33. Show that the multiplicative proup G={I, —I, i, —i} 


is isomorphic to the permutation group G'—(I, (abcd), (ac) (bd), 
(adcb)) on four symbols. 

Isomorphism of G and G’ will be established if we define mapping 
of G—G' s.t. identity element if С is mapped to identity element of 
G' and inverses are mapped to inverses since then the elements of 
same order are mapped to elements of the same order. 

In G', the order of (ac) (bd) is 2 and the order of each of (abcd) 
and (adcb) is 4. 


Now 
{(ac) (bd)f—(ac) (bd) (ac) (bd)—(ac) (ac) (bd) (bd), product of. 
disjoint cycles being abelian 
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(ас)? (bd! — III as (ac)*=I, (bd)! — I. 


and (abed)?=(a b c Xe bc JE bc Ta (bd) 
bcda/JNbcda, cdab 


so that (abcd)' —[(ac) (Ба) =I as above 
Similarly (adcb)*-- I 
We can thus define a mapping f : GG" given by 
f) =, f(— 1)— (ac) (bd) — A тарс (say), f(—i) 
=(adcb)= C(say) 
The mapping is evidently one-one and onto. The composition 
tables for G and G' are as shown here. 


Clearly in the , Ts peor or ; 
Table of G if 1, aue «рн UE TENUTA 
—1, i, —i are ree 1 | 2 | =r | £.| —6 | лв 
placed by L4, B, ЕИ а реа Or A| 4| 1| c| B 
C respectively then КШ eri ee ад SV es. bu Ее rH 
it transforms to the 1p b bI B Hogar 
Table for G'. ~i |) -i | d 1 | —I CIC! B' I' A 

Hence Table for G Table for G' 

. GexG'. 

Problem 34. Find the regular permutation group isomorphic to the 
group G —(a, b, c, d) with the composition table. BH»AH 

Let G' be the required regular permutation - ха CULA CE 
group. Then by Cayley's theorem G’ will consist of 5|5|a|d|c. 
four permutations ру, Pz, ps, Pa given by : nnnm 

didicibla 


pı=/a b c d\=/a b c d\=I (by given composition table) 
аа. ab ac ad, b c d, 


PG ei) (233 G9 777 


Е ще = ы 
p=fab c d 76976 zl Cire d) (b c) 
da db dc dd, dcba d ajNc b 


Hence б'=[{ру, рь, Ps, Ра), 
=[{1, (ab) (cd), (ec) 0. (ad) (Бс), o] 


4. 10. NORMAL AND CONJUGATE SUBGROUPS 

Conjugate elements. Given a group С, an element аЄ © is known 
as the granite to another element beG if3 an element x€G, 1. 
dex 
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_If a=x bx then a is sometimes known as the transform of 


b by x. 

Inner and Outer Automorphisms. 7f a be a fixed element of a group 
G then the conjugation C,: ха-ха is said to be the Inner auto- 
morphism and all other automorphisms are outer. Clearly (a?xa) 
(a3ya)—a:! (xy)a for all x, y. 

e.g., the cyclic group of order 3 has по inner automorphism excepi 
the identity while it has outer automorphism x«»x* 

PU. inner automorphisms of any group G form an automorphism 

of G. 

If C, and С, be two inner automorphism, then 

C,: Cy C, since b^? (axe) b— (ab) >x (ab) 
where C, : xaxa 
: Съ: x—b?xa 
Similarly since (a7)? (а-1ха) (a?)—x 
the inverse of the conjugation C, is C, 

Properties of conjugate elements 

(i) Conjugacy is reflexive i.e. every element is conjugate with itself. 

We have a—x-!bx; a, b, x EG an) 

If e be the identity element іп С, then e€ G and e*=e. 

Thus replacing x by e in (1) we get etbe=eb=b ` 

. b=ebe=b is conjugate with itself. 

(ii) Conjugacy is symmetric i.e. ifa is conjugate with b, then b is 
conjugate with a. е 

We have а=х71Ьх; a, b, x€ G 

„ ax bx-xa-x (x! bx) 


-xacebx "voxQcibx)e(xx) bx=ebx 
-xaxi-(bx)x? му eb=b 
>эхах1=Ье "V (bx) х2=Ь (хх) =Бе=6 
-xax-—b 


So that 
a—xJbx-2b-(x1)a (x), x 1€ С 
Which shows that 5 is conjugate with a. 
(iii) Conjugacy is transitive i.e. if a is conji 
gate with c, then a is conjugate with c. 


We have 


ugate with b, b is conju- 


a=x bx and b—y?cy, a, b, c, x, ye G 
< aex bx, b=y cy a=x> (cy) x 
2a-(x1y?) c (ух) 
а= (ух)! c (yx) by reversal law of 1nverset 
ak as x, y €G2xy€G 
>a is conjugate with c. ; 
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Note 1. The above properties (i), (ii), (tii) when combined, show that 
conjugacy is an equivalence relation on G. 
(iv) If а is conjugate with b and c both, then, b and c are coniugate 
with each other. 
We have 
a=x"'bx and а=у?су 
Л amxbx, a-y-lcy x bx=y ey 
-x(xbx)-x (у-1су) 
2bx- (xy?) (су) 
V x(x bx) =(xx7) bx =ebx=bx 
(bx) x?! = (xy) (cy) хі 
256—(xy7) c (ух?) 
"V (bx)x3 m b(xx-!) = beum b 

Now since x, y&€ G x^, y? EG and so xy", yx? EG. 

Hence b is conjugate with с, 

Class of the group. It is observed that there may be more than two 
elements of a group, which are conjugate with one another. The 
entire set of elements @,, а,, аз, . . . аһ which are conjugate with one 
another is termed as a c/ass of the group. 

If a single element of a class of a group is given then the whole 
class may be determined. e.g. if the elements of a group С are a,(=e), 
as, аз..., а, then the class of A may be determined by forming the 
sequence 

€^ ae —a,"! aa, ay I das,..., ay aay. 

Evidently all the elements of this sequence being conjugate to one 
another form a class. 
Properties of classes 

(1) Every element conjugate can be divided in to classes. 

(2) Every element will appear in one and only class. 

(3) The identity element of a group being not conjugate to any other 
element, fornis a group by itself since x exe ¥xEG, 

(4) No clas$ can Бе а subgroup unless it contains only the identity 
element e. ES 

(5) Every element of an abelian (commutative) group being conjugate 
with itself since ax—xa-»x-ax—x-!xa z 

=эх!ах=еа=а ¥xEG 
the class of an abelian group consists of a single element. 
(6) All the elements of a class have the same order. 
oe xs t ч of i x E will also be one element of 
а У =е, е being identity element. 
< Qlax) (xax) (tax) 
=x ax xax. (х?аху-* 
za' (xax) . 
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xa (x-axy-* 


=a"=e 
which follows that order of x-!ax is also n. 

Hence the order of all the elements of a class is the same, 

As an example consider the group G of matrices and divide the 
elements of this group into classes s.t. the matrices A and P belong 
to the same class. 

We have 

A=C"BC-", А, B, C EG. 

2. Trace A or tr (A)=tr [C7 BC] 

=e [C?.5C- 15 


SE (C7) (B)ar (С),з] 

азы (2 (Coa) (2 (Ву) (С).»] 

ед ie (С), (C™) oa) (В), „] 

=z 2 [CC] [Bler 

=: z (Dra [Bler, Т being unite matrix s.t. 


|Z [p —0 for r#q 
=1 forr=q 
Hence r=q, tr (4)—Z (В), —tr (B) 
Li 


which shows that all the matrices forming a class have the same 


trace. 

Note 2. This is a result analogus to the property (6). 

Note 3. If H be a subgroup of a group G and x€G, then K=x* 
Hx is a subgroup of G. 

Let H={ħ, h,,...h,...) and x^! h; x and x ! h; x be elements of the 
set КСС. Then to show that K is a subgroup of С, it is sufficient to 
show that (x^! hx) (x7? h;x) ЄК. 

We have 

(x Aux) (x7? hx) Qe. hix) (x hj? x) 
by reversal law of inverses and since (x1) ! x 
=x + h, (xx) hy x 
=x} h ehr! x 
=x} h, h! x 
‘=x hx ohh! ЄН h ЄН and put hh, hj? 
Hence x^? hx ЄК. 
So K is a subgroup of G. 
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Conjugate subgroups. If. x, y, z, etc. be the elements of a group G 
Lex, у, Z, ... € С, then the subgroups H. x> Hx, y Hy, z? Hz, 
..., are known as the conjugate subgroups of G. 

Normal Subgroups (er Normal divisor or. Invariant subgroup Or 
Self-conjugate subgroup). A subgroup HofagroupG is said 10 be a 
normal subgroup of С if vx€G, x3 Hx—H or equivalently, if 
HxexH vx ЄС. 

Properties of normal subgroups 

(a) If е be the identily in G, then the whole group С and {е} are’ 
normal subgroups of G 

(b) Every subgroup H of a commutative five group б is normal since 
a left coset x Н is the same as the right coset Hx since 

x€ Hx! Hx=H ¥xEG. 
Every subgroup of an abelian group is a normal subgroup, since 
a? xa=a-! ax=x жа, x€G. : 

(c) The alternating group A, is an invariant subgroup of the symmetric 
group Sy Я 

Since if E be an element of A, i.e. E (X) X, then we have to show 


that 
PE€S,-P-! EP € An 


If P is even, then P EP is even and hence is an element of An. 

If P is odd, then Р(Х) = —Х or P^ (—-X)-X 
and (РА EP) (X) P! ELPQO]S P7 E (73) P7 (7X) X 
which follows that P EP EAn and hence A, is a normal sub- 
group. У 

(d) The intersection of any two normal subgroups of с group is a 
normal subgroup. 

If Hu Нь, be two normal subgroups of G and a € H, H;, then 

a€ Н,Г\Н=аЄє H, aE H, 
But H,, H, being normal subgroups, 
xax € H, and 3^! ахЄ H, ¥xEG 

` These imply that xax € H,0H. j 

Hence a€ HN H, xax € HH, v xeG 
and also H, 1H; is a subgroup of G 

^ HMH, is a normal subgroup. 

Factor group or quotient group. Jf Н 
group G, then the group vo all pu a H adis 
grorp or quotient group of С by Н and denoted by С|Н. SE 
Properties of factor group 
uir С he order of a factor group G/H is equal to the index of 

in G. i 

Éach quotien of ai i i 5 n 
eae st а E аера лае RENE 
(нх) (Hy) AH (ху) =H x)= Н (у) Н (x) 


UT 
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and if S, be a symmetric group and A; an alternating group each 
of degree 3 then $,/ 44 is an abelian group of degree 3 whereas S, is ' 
not abelian. The group 5/4; is of order 2 and so it is abelian as- 
every group of order 2 is abelian, 

Problem 35. If Н be a subgroup of the group (1, +), 1 being set of 
integers, s.t. H —(mx : x€ I) where m is a fixed integer, then find the 
elements of the quotient group IJH and mention the composition table 
for Н for m=5. 

Clearly (I, ++) is an abelian group, therefore by the properties of 
normal subgroups, H is a normal subgroup. The elements of Н, 
which are cosets of Н in I may be given as follows: ү 

H+0=H={...... , —3m, —2m, —m, 0, m, 2 т,...... ) 
3т+1, —2m+1, —m+1, 1, m+1, 2m+ 15. } 


H+(m=1)={...... —2m—1, —m—1, —1, m—1,2m—1, 3m—1,...} 
Then I/H has n distinct . | H [i нао H43 H+4| 
m | kl 


cosets as its elements. i ! 
When m=5, the cosets are LER. HEU Ip Ha 
H, H+1, H+2, H+3, H44. Eti Н+ H2 HS. Hee A 
The composition table is as H+2|H+2) H+3|Ht4) H bo 


shown here. наз H43|H44| H _ внш) 
H44 H+4| H | H+1| H2 H3 
Problem 36. If G — fe, a, a, a*, а", a5) be a cyclic group of order 6 
such that every subgroup of a cyclic group їз normal, then if H= te, 
a°} be a subgroup of G, find the elements of G|H and show that it 15 а 
group. i 
Elements of G/H are He={e, a°} e={e, a°} 
Ha={e, à?) a=({a, a*) 
Ha* — (e, a*}a*={a", a*) 


This is easy to show that G/H 3 4) | (al, a} | 
is a group and its composition ___ е {в} eun 
table is as shown here. fe, a} | Хе, а?) | {a at) | fat ah 
- Evidently G/H is a cyclic group fa at} | (na) (а, а) 064) | 
generated by (a, a*}. Aa, as} | (as, a5} | (е, аз) | {a, at} 


4.11. COMPLEXES AND KERNEL 
Complex of a group. A non-empty subset H of a group G is called as 
4 complex of the group G. А ; 

Properties of complexes. (i) If Z be a complex containing the 
elements a, b, c of a group G then Z={a, b, c) 

(ii) If Z— (a, b, c) be a complex then aZ— (a*, ab, ac) etc. 

(iii) If Z, and Z, be two complexes of a group G, then the product 
of Z,, Z, is defined as 

2, Z={x 1 x=2 Z» 26273, ZEZ} 
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Now since 2,Є 21, z,€ Z, and Z,, ZCG 

7. zr Z4=X€ © by closure axiom. 

As such Z, Z,C G. * 

Which follows that Z, Z is also a complex of G, obtained by 
multiplying every element іп Z, with every element іп Z;. 

(iv) The subgroup H of a group G also gives a complex s.t. 
HH=H'*=H. 

(v) A group can be expressed as a sum of complexes. 

If x€ б and xé H, Н being a subgroup of б, then the complex 
Hx is a right coset and xH is a left coset of Hin G. But cosets are 
not groups and they are complexes, therefore if the group С as a 
whole is capable of forming a complex Z which consists of all the 
elements of the group, then we have 

2= Н+ Нх+Ну+...... 

(vi)! The number of complexes іп а is equal to the index of a 
ЕЧ Нїп бапа A fad it is the e peus divided by j^ 
order ofi the subgroup H. 

(vii) The product of complexes is associative. 

Let Z,, Z, and Z, be three complexes of a*group С and let 

21621, 2,€ Zz, 2,Є Zs, then 
EZ, z€ Z, 52,45€ 7, 2, 
2, REZ, Zy, z,€ Z,^(n 2) z€&(Z Z,) Zs 


22, 2, 4€(Z, Z,) Z, 
But 2,2,2,72, (z, 73) 4Ao0nmnmeZ (Z: Z) 
Thus 2, 2, 2€ (Z, Z,) Z,92, 2, 44€ Z, (Z, 23) 


“^. (Zi Zi) Za CZ, (Z, Z) 
Similarly Z, (2, Z,)C( Z, 2) Z, 
So that (Z, Z-) ZZ, (Z, Z,) 
Inverse of . If Z be a complex of , then its i 
SEI A Lez) complex of a group G, then its inverse 
In other words the inverse of a complex Z is the set of inverses of 
all elements of Z. 
Properties of inverse of a complex . 
(1) If Z, Z, be two complexes of a group G, then (Z, 23) ! —Z4? Z 
And x€(Z, Z)’ »xe(z, 7)" for z€Z,a€Z, 
ES z » EM Jaw of inverses. 
> eZ: iti 
(AZ) CAO his руп [t.e (A) 
Similarly if y Є Zi? Z^? ayez, "z;7 when z,7€2Z,;, 2;!€ Zi 
у= (2, zt)! where 2,Є Zi, z,€ Z, 
WE 2 by definition 
Z^ Z-C(Z Zy oris ard ++. (B) 


(A) and (B) follow that (2, Z^ ZZ; 
(2) 4f Н be a subgroup of a group С, then H^ —H. 
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And ГЄ H? hc Н 
=>h Є Н, Н being a group 
So HCH - 
Similarly an hE H>h >E Н, Н being a group 
-h-(h!)!€H by definition of inverse of a 
complex. 
So HC H^ 
H^ CH, HC H-! HH. 
(3) If H, К be two potro of a group G, then HK is also a 
subgroup of G iff НК= КІ 
Taking HK=KH, we have (HK)? (KH)? 
=KH by Property (1) 
= KH by Property 9 
=HK HK=KH 
Which shows that HK is a subgroup of С. 
Again taking НК as subgroup of G, we have 
(HK)! — HK by Property (2) 
je К-1Н-! HK by Property (1) 
Le. KH= HK by Property (2) 
Hence the proposition. 
(4) A necessary and sufficient condition for a complex Н of a group 
G to be a subgroup is that НН! «H. 
The condition is necessary since if Н is a subgroup of G and ab? 
€ HH-! then 
a€ H, bE H»a€ H, b?EeH 
-»ab^?cH 
So ab! € HH ab? EH, bEH, ЬЄ H^ 
Le. HH? CH 
Also Н is a subgroup of G-ridentity ec H 
If h€ Н, then h-—he-he EHH, ҺЄ Н, e € H^ 
HCHH-^ 
Thus HH? CH, HC HH? HH Н 
The condition is sufficient since if HH-! — Н, then we have 
HHCH 
Now suppose that a, bE Н so that ab >E HH- 
2. HHCH and ab! € HH? sab € Н 
Ultimately a€ Н, bE H»ab?€H 
Which follows that H is a subgroup as is evident from the followin 
in G, the identity $ H ke 0 6 with the pin cotnptultion M 
in Ha is the sai 
SIGH, H being a group. me. Also a€ H and b€ H give 
a€H, b^ € Ho»ab?€H 2o (9 
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Further taking H to be a non-empty subset of G s.t. aE Н, bE H, 
and assuming that a€ H, bc Hab EH, we observe that Н is 
non-empty and 3 an a€ Н so that by setting b—a in (x), we find 

a€H,a€ Н=аа'є Н 
эеє Н, e also being identity in G. 

Now | e€H,b€ H^eb?€ Н by (a) s» B) 

2b'€H : 

4o a€H,b€ H5a(b?)?€ HA abe H 

he, a€ Н; bc Н»аєн 

Here (a) and (B) fulfil the requirements for H which is a complex 
* of G, to be its subgroup 

Image of a G under a mapping f. If f : G—G' be a homomor- 
ука eae Gime se e en HE Si), €G':x€G) is 
a subset of G' and is termed as the Image of С under f and denoted 
by Im (f). 

Kernel of f. Iff: G—G' be a homomorphism of G into G', then 
the subset of those elements of G which are mapped onto the identity 
[4 Qe f' is said to be the Kernel of f and denoted by ker (f) or 

mke’), 

ie. ker (f)={xEG : fx)=e'} 

Propositions relating to Kernel 
I. A homomorphism ў: G—G' is an isomorphism iff ker f—(e). 
Assuming that f: G—G' is an isomorphism, if a€ ker f then 
f(a)—e' —f(e), e' being identity in G’. 

Now f being one-one and a=e, kernel of f consists of e only. 
Conversely if ker f— 1e) for f to be homomorphism, and if a, b€ G 
s.t. Да) —f(b), then fab?) 


Safe 
=f@ [for 
=e’ f(a) =) 
ab?€ ker f. 
or ab =e 
or a=b 


So f is one-one and hence f is an isomorphism. 
"s If f be homomorphism of G' then ker ( f ) is an invariant subgroup 
of G. 
If a, bE ker ( f), then f(a) —e' —/(b), e' being identity of G . 
Slab)=fia) f(b) —e'e' =e" 
which implies that abe ker (f) i.e. closure axiom is satisfied. 
' Now ker (f) being a subset of С, associativity axiom is self-evident. 
Again f(e)—e'-e€ ker (f ), e being identity in G. 
.. There exists an identity in С. 
Further if a€ ker (f ) then f (13)—[f (d —(&) ! —e* 


italic aima Sa 


ee eS OR ҮЧЕ чер 


í————————— 
en —— Re TERI IR ЕТЕТ 


GROUP THEORY 425 
which shows that a€ ker (f) when a€ ker ( J) 

This follows the existence of an inverse in G. 

As such ker ( f) is a subgroup of G, as ker ( f ) satisfies all the four 


group axioms. 
Moreover ker (f) is an invariant subgroup of Gas is shown 


below: 
If gC G and hE ker (f), then 
- f (g? hg) f(g) ДЮ) fe) 
-Lf(or?e' f(g) “he кег(/)эД®=е' 


=[ДӘГ fi) 
=e’ 
g'hgC ker (f). 
Hence ker (7) is an invariant subgroup of б. 
Note 1. Jt is easy to show that Im (f) is a subgroup of G. 
Ш. Jf Н be a normal subgroup of a group б, then there is а homo- 
morphism of G onto G|H. 
Let f : G->G/H be given by f(x) Hx xe G 
x x€G, З a unique coset Hx, f isa mapping. 
Also the binary operation in G/H being defined by 
(Hx) (Ну)=Н (ху) 


We have : 
Дху)=Н(ху)=(Нх) (Hy) =f) Ду) 
Which follows that f is a homomorphism and it is onto since every 
coset Hz C СІН has z as its preimage in G. 

Note 2. Natural Homomorphism. The homomorphism f : G-G|H 
given by f(x) Hx is known as Natural Homomorphism or Canonical 
Homomorphism of G onto G/H. 

IV. Iff be a homomorphism of a group G onto a group G' with 
kernel k, then $ 
G/K=G' 
Consider the mapping $ : G/KG’ defined by ¢ (Kx)=f(x) 
. Taking Kx=Ky, we have xy EK and fixy)=e', e' being identity 
in G'ie. f(x) fo =e 

or Дх) [JON =e" 

or f(x)=f0). 

_ This follows that ¢ is uniquely defined. 

Now if f(y) € G' then Ky is the preimage of f(y) in G/K under $. 
This follows that ф is onto. 3 
Again ¢ will be one-one if Kx —Ky provided f(x) —f(y). 

Take an element z=xy"€G i.e, zy=x- 
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т. SOIDA fo 
=f(x) Uor 
Я =e’ To fx~=fo) 
So that zE K and Kx=Kizy)=(Kz) у= Ку ү 
$ is one-one. ad 
Further to show that ¢ preserves the structure, we have 
Kx) (Ky) -f(9 Ду)=Д(ху)=ф [K (xy) =¢ [(Kx) (Ку)] 
Hence ¢ is isomorphism and thus. G/K=G’. 
V. If f is а homomorphism from the group (G, 0) into the group 
(G^, o*) then the pair (ker f, о) is a normal subgroup of (б, о). 
Evidently ker f$ (non empty) since e€ ker f and ker fcG 
Now a, bE ker 5а) =е', ҚБ) -e' 
But f (b) 2L? —(e1?— e 
z^. f(aob?) —f(a)o [ f(b) *=e'0e'=e' 
с. a, bE ker f>aob€ ker f 
Hence (ker f, о) is a subgroup. 
"Again жаЄС and he ker f, we have 
f (ao hoa!) —f (a) o f (h) of (a) 
=f (a) of (h) o Lf COT? 
=f (а) bie Lf d E | 
=f (а) ol f(a 
=e 


у. X*a€G and h€ ker f> аоћоа Є ker f 
Hence (kerf, 0) is a normal subgroup. 
Note 3. Similarly it can be shown that image of [Im (f), o] is a 
subgroup of (G’o') when f is a homomorphism of (G, o) into (G', 0'). 
Problem 37. Jf GL (n, R) is the multiplication group of all nxn 
г matrices with elements as real numbers and that G' is the 
esie гер of Paese real numbers, then show that "n 
mapp. : 6—6' s.t. f(4)—| A | ¥AEG is a homomorphism о, 
а skon that ыру соо 
ker f={AEGL (п, К): | A |—e, the identity in G'). 
Let f:(C, 4)9(R*, +) s.t f (xy) x. 
We have to show that f isa homomorphism 
of (C, -) onto (В, ·) and ker f={zEC : x=0} 
| fix) ox i.e. ker fis the imaginary y-axis. 
If z,=%,+iz,EC, z,7x,-iy,€ C, then 
f Qa-Fy)-Ef зз) : 
=f (Qux) ifo Y? 
=x,+x, by hypothesis 
А =f Gu) f за) 
This shows that f js onto since f (x4- io) -x 
Fig. 4.11 if x€ R. 


^0 
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As such f is a homomorphism of (C*, +) onto (R+, +) and 1 is 
the identity element in (R*, -) 

Also ker fis given by f(x+iy)=0=x ¥xER. 
Le. ker f={zE C: x=0=e’, the identity in R} 
which follows that ker f is the imaginary axis. 

Problem 38. If (В, -) be a multiplicative group and xER, then find 
homomorphtsms and their kernels in the following mappings 

@ xxl 


(i) x> + 

(i) x> | x | >x> | x | and —x> | х | 

S ox|x|andy—|y| 2xy—|xy|—1x]| ly! 

Thus x-> |x| is homomorphism. 

Now f:x+|x| э/(х)=| x | 2f G9)2l xy | >f (ху)=\ ХУ I 
=| x| ly FOS 

іе. fis two-one mapping since | f(x) | 2f(x)— —1, 1. 

Its kernelis | f(x) |=1—1, +1, £e. (—1,1) 

1 1 1 ELO E 
(H) Say g: хте) 9609) = ym yr m yy 
=g(x): g) 


So g is a homomorphism and it is two-one mapping since 


#0) ae —®=-уг 


Мо” (eL -15x-—1,1 
<^ ker g={—1, 1) 


4.12. GROUPS OF ISOMETRIES 

Let R be the set of real numbers and Sr be the symmetric group on 

R. Then J(R) the group of isometries of R is a subgroup of Sr and 
efined to be the set of all elements of Sa which preserve distance 

(distance between two points å, bE R is the absolute value | a—b | of 

a—b and denoted by d(a, b) and the elements of-such a set are known 

as isometries of R. е 

An element s€ Sg is called ап /зотегту iff d(a, Б) = (ас, bo) ж 
(а, b)€ К semi the identity mapping i€ (В), ҚК) 5$. 

To show that J(R) the group of isometries of R is a subgroup of 
R, suppose that сЄ I(R) so that cE Sx as Sr is a group and cC Sn. 
Then we have to show that o€ Sr. 

Ifa, bER then c being an isometry, d(ac-}, bo-!)—d[((aa"!)o, 
(bo sedia, D y, 4 а!) = (аст) 

Thus Фа, Б) = (а, Ьо) сіє ҚК) 

If c, тЄ (К) then 77€ (Ж) and 
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d{a(or), b(sx-3)]-di(ao)7, (boY?]—d (ав, bo)=d (а, b) 

So that ox! КА) and hence J(R) is a subgroup of Sr. 

If c, «€ ҚК) have the same effect on two distinct real numbers a and 
b ie, ас=ат andbo=bt then с=т 

This version is used to describe the elements of ДК). 

Geometrically interpreted, if re—r--a where сЄ (К), rc R and 
ос=а, then it moves the real line a units to the right and if 
ro=—r-a, the real line is inverted about the origin and then moved 
a units to the right. 

1 Ebetheset Ri—xxR and (xa, ya)=A, (xs, ув)=В аге two 
elements of E then distance d(A, B)= у (xa—ya) -Q4—X5)- 

сЄ Sr the symmetric group on E is known as an isometry if for 
A, BEE, d(A, B)—d(4c, Bo). 


The set I of all isometries of E forms a subgroup of 5: 
Assuming the Euclidean plane Е covered by an infinite rigid metal 


ABC 
A B 
Su ANE E ч : 

SS SE E IS ——— M Án 
EFOR PORA О А 
Initially After a movement 

Fig. 4,12 Fig. 4.13 


lamina S let P, Q, R,...be the points of E and А, B, C,... be the 
points of S initially as shown in Fig. 4.12 and after а movement as 
shown in Fig. 4.13. 
Define 0 : Е->Е as an isometry given by : 
P0=P,, 08—0,, RI=Ri where ДА, B)=d(P,, 0,)=d(P, Q). 
As such we have three particular’ isometries. 
(1) Rotation about a point. Take a point О of S and rotate $ about 


A on the top of P A on the top of P1 
Fig. 4.14 Fig. 4.15 
© through an angle 4. Such an isometry induced by the movement 
of S isthe rotation about О through an angle ф. 
(ii) Reflection їп a line. Choosing а line in E, turn S over this line 
and back to E. Such an isometry is the reflection in XY. ; 


| 
{ 
| 
| 
4 
3 
Í 
j 
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Qi P 
PAR рок M 
Fig. 4.16 Fig. 4.17 

(tit) Translation. Choosing a line XY and an isometry corres- 
ponding to a movement of S s.t. the line ХӨ Y0 is parallel to XY, 
0 is the translation. 

In terms of mapping. Translation is the mapping 

Tass © (XY) ao m x2, Y+b) 
which is isometry for each a, b, Ta, » and (ха, ») ^ —7—, — 

Counter clockwise rotation about the origin through an angle 0 is 
the mapping ро : (x, у) pọ —(x cos 8—y sin 6, x sin 8+y cos 0) 
which is isometry for each 0, og and (pg )*=p_s- 
and reflection in OX is the mapping су: (x, у) су=(х—у) . 
which is isometry and (o,Y! —9o,. ` 

Note 1. Isometries are product of reflections, translations and rota- 
tions. In other words every isometry E is expressible as the product 
of a reflection, а translation and a rotation. 

Symmetry groups. If S be a subset of the Euclidean plane then the 
set J, of all o€ I 5.1. ЗЄ,:550Є S and to€ $91€ S, forms a subgroup 
of I, known as the symmetry group of S. 

Algebra of symmetries of an equilateral triangle 

Case I. Counter clockwise rotation of an equilateral triangle in its 
own plane about an 'axis through. geometric 
centre O and perpendicular to the plane of 
the triangle ABC. 

Let us define the rotatiors as follows: 

Ry: А ABC Л АВС 

Ri: A ABC-+ACAB 

R,: A ABC+ABCA 
where R, is the same position of the 
triangle, R, is the counter clockwise rota- 
tion through 120° which carries A to B, B 
to C, C to А and R, is the counter clock- Fig. 4.18 
wise rotation through 240° which carries А to C, B to А, C to B. 
Evideptly a counter clockwise rotation through 120^ is identical with 
a clockwise- rotation through 240° and similarly a counter clockwise 
rotation is identical with a clockwise one through 120°. As such Re, 
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R, Е, ате the only three distinct rotations, forming a finite abelian 
group. 


RS 1 э 


o 


Fig. 4.19 Fig. 4.20 
Let G={R,, Ri, R;) with the binary operation RjoR, being the 
rotation obtained by j-successive application of R; and А, for any two 
rotations R; and Rx. 
e.g. R,oR, represents the rotation through 120° followed by a rota- 
tion through 240° i.e. R,oR, is the rotation through 360° and hence 


R,oR,=Ry | al Ral Ry 
Conclusively Fe = Ro | Roj R1| Re 
AABC-— AABC- ACAB- ABCA Ra | Ra Ral Ro 


go R; 
AARC— —ABCA RR Ro Ry 
Re 

which is equivalent to A.ABC->A ВСА 

The composition table is as shown here. 

This group of rotations G is abelian since, G, is satisfied, since 
every element of the table belong to Sz. 

G, is satisfied, since Ryo(R,oR;) = К,0(Ко)= К, 
and (R,oRoR, — R,oR, K, = Ryo(R,oR;) 
i С, is satisfied, since А, is an identity іп S,. 

С, is satisfied, since inverses » t Ro, R,, К, are Ro, Ra, К, respec- 
tively as R,oR,=R, etc. : 2 

Commutative property is also satistied, since 

Кок, = К,= К,0К, etc, 
‚ Cage II. Rotation of an equilateral triangle ABC about the mediaus 
AD, BE, CF. 

Let Rs, Ry, К, be the rotations about the medians AD, BE and CF 
respectively of equilateral triangle ABC, each through т. Clearly there 


are six coincident rotations of the triangle. There is correspondence 
between the group of rotations. 


G' (Rs, Ry, Ra, Ra, Ra, Ry) 


GROUP THEORY 431 


S A A 
B D ЕС B 
Fig. 421 
А С 
Е 
EUN ES 
к= с В А 
Fig. 422 
A 8 
F 
REY, 
B c A fa 
Fig. 4.23 


and the symmetric group Ss whose elements permutate 4, B, C. 
We have, 
AR CR C : 
RoR,-R, V AAA by Fig. 4.22. 


B 
RoR,BBUVAA л. by Fig. 4.23. 


AR, СЕ; А 
Ro R Дэл эл by Fig. 4.21. 
BCABCB 
AR, ВЕ, В 
К,0К,= К, `. АРАГ AG by Fig. 4.23. 
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Similarly А 
R,oR,=R;, К,0Е;= К, etc. 

In general RoR, for j—0, 1, 2, ...5 and k=0, 1,...5 gives the 
adjoining composition table. 

Clearly the set of six rotations of the equilateral triangle forms a 
non-abelian group. 


The di-hedral group 
If Sbe a regular polygon of n (72) sides, then in any isometry of 


SS, vertices are taken to vertices. Then the order of the symmetry 
group of a regular n-gon (polygon of sides n>2) can be easily 
determined. 

In this connection the following axioms are to be noted: 
us (0 Every regular n-gon can be circumscribed by one and only one 
circle, : 
(2 The centre of a regular m-gon S is considered onto itself by 
any element of 7,. 

(3) If S be a regular n-gon and c€ /,, then vertices of S are taken 
onto vertices of S by c. 

The symmetry group of the regular n-gon is said to.be the di-hedral 
group of degree n. 
Determination of the orders of the di-hedral groups 

Suppose the vertices of a regular л-роп S with centre О аге 4;, 43... 
A, in a clock wise direction. Also suppose that су, 1<j<n rotates 5 

А A,0; - 


0; 
As ў n Ае; 


^h 
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radiaus 


about O in clockwise direction through an angle zgn 


165 399 (4-1) degrees, So that А, ву= А; etc. 
For the sake convenience we have shown here the effect of сз on 
the regular pentagon (5— gon) in Fig 4.24. 
Taking 7 as the reflection about the line through А, and О, s.t. 
АА, Аут= А» 
The effect of т on the regular pentagon is shown in Fig. 4.25. 


The Fig. 4.26 shows the effect on a regular pentagon of the 
reflection т followed by the rotation. : 


We observe that the elements о, 95;.-.,9n» 701,.:-105 are all distinct 
since, of course 2,7: oy, J7-k as AF Аусь, JFK. 


In case 10,— оь, then A310,— Аус; = Ai 

4o030;70,2j—k 

But тву=ву=®т== ву, the identity which zontradicts the hypothesis. 
Finally 15,— 0,79; — 9» 

Consequently there are at least 2n possible elements of the dihedral 


group of degree n, but there are no more than 2n since if o€ Js, S 
being regular n-gon, then there are л possibilities for Aic. 


Since the vertices are taken to vertices, therefore 4,5 is one of Ay 
А, Ar 


А; 


(As)os (Агт) оз 


(Ar) — (A) 


Fig. 426 
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sy An and. Aic has only two possibilities once A,o has been deter- 
mined as d (4,5, 4,0) --d (A, A,) and 4,6 must also be a vertex. 

So 4,0 and А.с being once determined, А;с, i=3, 4,...n may also 
be determined. 1hus 3 at most two elements c€ I, which map 40 to 
A;, Hence there are at most 2n elements of J, and so 

2и: 

Note. 2. The dihedral group of degree п 1s denoted by Dy. 

As an example the elements of D, are $i les Les |. | 8 
65, тоу and 2,0, —0;--1, 1< j<2 and 030,.=0, бз reaps hese рын cmd ea ER 
` Also we have.-! —c and сус==т?оут==ттоүт — 

Now тоџт=о1, c; being identity — JJ | 

TO T= 0, as Аүтвут==А, вут== Agr А, —®|Р® |Р | 5а Te» тот 
and А, тс,т== A, сут== Аүт== A, |7 тоз тоу оз јоз | os 


So 057—160, and 1047 0,7 399|19»| тоу т | Cy | 91 | сд 


The multiplication table is as shown here. то, тоз т | тоз) оз | сз | oy 


4.13. SOME SPECIAL GROUPS WITH LINEAR OPERATORS 
Vector Space or Linear Space is an additive Abelian group L (Elements 
of L being called vectors) with the Property that any scalar « (real or 
complex) and any vector x can be combined by the operation of scalar 
_multipliation to yield a vector ax s.t. 
(i) « (x+y)=ax+ay, x€ L' yg L5ax€ L and x--y—y--xc L 
(ii) («-- 8) x=ax+ 8x 
(iii) (28) x—« (Вх) 
(v) 1:х=х 
e.g. the set of nx n matrices forms a linear space. 
A linear space is real. or complex linear space according as the 
scalars are real or complex numbers. у 
If the linear space consists solely of the vector О with scalar multi- 
plication defined by ««0— O for all а, then we call it as zero space 
and denote it by {о}, 
A non-empty subset М of L is said to be a subspace or a linear 
“subspace of L if M is a linear Space in its own right w.r.t. linear 


operations in L. In case M isa proper subset of L, then we call it a 
Proper subspace of L. 


form 


O=0'x,+0-x,+...40-x, where S—(x, x,,..., Xn} 
While the vectors in the sub space [S] spanned by S are the linear 
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combinations of the type X—9,X;-a5Xs T ...--XaXoj ®, ©®;,...®л ATE 
scalars. 

Dimension of a linear space. The dimension of a linear space is the 
number of elements in its basis, e.g. L— fo) is o-dimensional and 15 {0} 
has dimension equal to the number of elements in any basis. 

A linear space is finite-dimensional if its dimension is о or a positive 
integer and it is infinite-dimensional if its dimension is not zero or a 
finite positive integer. : 

Linear transformations. If L, L' be two linear spaces with the same 
system of scalars, then a mapping T of Linto L' is said to bea 
linear transformation 

if T (x--y) 2 T (x)--T(y) and T (ах)=аТ (x) 
or equivalently if T (ах--Ву) «T (x)+8T (y). 

А set of operator 7;, T,..., in a linear space L forms a group if it 
satisfies all the four group axioms. 

A linear transformation of one linear space into another is a 
homomorphism of the first space into the second, because it is a 
mapping which preserves the linear operations. Also it is observed 
that T preserves the origin (o) and negatives for 

T (0)=T (o*0)—0-T (0)—o 
and T(—x)-T ((—1) х)=(—1) Т(х)= —T(x). 
` Examples: (i Ti((x; x,))— (x aX;), a being real, multiplies each 
vector in В? by into self where Ty: R?—>R? . 


(ii) The mapping D: Do) =% is the linear transformation of P 


into itself where the linear space P of all polynomials p(n) with real 
coefficients is defined on [o, 1] 


1 К 
(ii) The mapping J: J( ^-| f(x) dx is the linear transformation 
0 


of C[o, 1] in the real linear space R. 
Characteristics of Linear Transformations 
(i) If T and U be two operators transforming the linear space L 

to L/ then (T4-U) (x)=7(x)+U(x) vem) 

Similarly (aT) (x) -«T(x) „© (2) 

In nut shell if L and L’ be two linear spaces with the same system 
of scalars, then the set of all linear transformations of L into L' is it 
itself a linear space w.r.t. linear operations (1) and (2). 

(i) If T and U be two linear transformations on L, then their 
product TU is defined by (TU) (x) T (Ux) 

(iii) If T, U, V be three linear transformations on L, then the 
operation is associative 

ie. T(UV)=(TU) V x 

(wv) If T, U,V be three linear transformations on L, then distri- 
butive law holds. 

Le. T(U+V)=TU+TV 
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and (T+U)V=TV+UV 

since, ((T--U)V)() -(T--U) (V(x) — TV (2) + U(V (x) 
=(TV) (x)--(UV) (x) 
=(TV+UP) (x). 


(v) If T, U be two linear transformations on L and х is a scalar, 


then 
(TU) — («T)U-— T(«U). 
(vi) Identity transformation Y is defined by I(x)—x and it is observed 


that 
Iż0& L+{0} and ТТ=1Т=Т 
Also if х is a scalar, then «J is known as scalar multiplication for 
(xI)(x) —I(x)—«x. 

(vii) A linear transformation T on L is non-singular if it is one-one 
and onto and singular otherwise. à 

(viii) If the linear transformation TonL is non-singular anl one- 
one onto, then 3 its inverse T? s.t. ТГ = ТТ. 

It is easy to show that if T is non-singular then the mapping T~ is 
also a linear transformation on L. . 

(ix) If L be the direct sum of the subspaces M and N s.t. L=MQN, 
then each vector z€.L сап be uniquely expressed as 2=х--у, хЄМ 
and y€ N, x being uniquely determined by z, we define a mapping 
E of L into itself s.t. E(z) x and call it projection on M along N. 

Clearly E is idempotent since E*— E. 

- Also E*(z) -(EEYz) = E(E(z))- EQ) —x-— E(2] 

(x) Reversal law. f T, О be two non-singular linear transformations 
on L, then” 

(=O E> 

But («Ty =a T~}, « being a scalar. 

(xi) If T be a linear transformation of L to L’,.then we get an 
isomorphic group of operators in L' which transform A, B,...etc. to 
A’, B',... etc S.t. 

"=ТАТ-, B=TBT,... 
Note, Y. an arbitrary group С is mapped homomorphically onto а 


group of operators D(G) in the linear space L, then the operator group ` 


D (С) is said to be a Representation of the group G in the representa- 
: tive space L. In case n is the dimension of L, then the degree of 
representation is also л or in other words the representation is n-dimen- 
sional. 

If a, ^€ G, then D(ah)=D(a) D(b) 

Ў (ат!) =1р(а)] and D(E)=1 

Matrices and Linear Transformations 

Linear operator T is a mapping s.t. T: L>L', L, L' being vector 
space over a field F : 

.Let Dim. L=n and its basis B={x,, x;...x,) and let di '= 
e ыа гет 


йыйын БШШ 
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+ «x€L, TEL, and T: L>L'_ г. each T(x) is expressible as 
a linear combination of elements of B’ and in particular each T(xj), 
j=1, 2,...n is expressible as à linear combination of m vectors in B’. 


Let mn scalars ay EF, 1&is&m, 1<j<n. 


m 
So T()) 4n Ji 45 узі... tam Ут, 2 ап Yi 


н т 
Т(х)=а Yi 4: Jit ms Yum X аа M 


m 
or symbolically T(xj) = a aij Yo j=l, 2o" 


So that co-efficient matrix of these expressions is 
dg du ce ат =A(say) 
di; da ce бт 
ain Gon THE de 
The matrix of Т: LiL; (with respect to basis B, B’) is the trans- 
pose of the matrix A i.e, matrix of T w.r.t. basis B, B' is 


âu Ca oce аһ 
аз dep c Gan 
ат Ame >. Amn 


which is written symbolically as [T : B, B') or simply [Т] : 
In case T is a linear operator s.t. Т: L—Li.e. L-L', m—n, В=В' 
the matrix [as;]mxn Will become [ado and is denoted by [T, B] or (Tle. 


y n 
i.e. TG) аӊ xvj, 2,7. 


Conversely to find Т whose matrix w.r.t. basis B is given to be [24] 
s.t. 


У п 
x€V and В= (х1, х2 ых} while x=: Z ау Xj aE F, we have 
; j=l 
n n n m m 
T(X)- T( X o, x)= Zw т(х)= Èa ( 2 ау) 2 
j=1 j=l j=1 j=l JL 
n 
(X а) У 
j=1 
which belongs to L’ as B' its basis. j 
If T and О be two linear operators on а linear space L whose 


mairices w.r.t. a fixed basis B2 (xy Xay---%n} are [T] and [U], then 
[r-U]-I7]H 0]. [еТ]=[Т] and [rU]-17U] р 
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5 n 
since if [Т]=[а]һх»› U=[Bisloxa, 50 that T (х,)==_ А аң Xj, U(x) 
ps 
n 
= Ух; 
f: i=1 х 
then [T--U] (xj)— T(x) 3-U(x)) ¥,=1, 2,...n 


n n 
= I ay Xx+ È Б; х; 
i=1 i=1 


= EA х= E 1 x, where [c] —[a;4- 5j] 
E "ue 
^ (T+ U] [ci] - [254-551 —[2:]4- b= [7]-- EU] 


and [«7] (x)=« [rete : аз х= i (а aij) Xi =È (eu) х; 
dm i= S 
z^ [«Т]=[с]=о[а;]==°[а]=[Т] 


У п п 

also (TU) - TIU) — TC? b. x)= 2 ра Т (хь) 
n x^ E: 

= У by (È aX) 
=1 i=1 


n n n 
= Ў (ХУ аб) D (сух) 
i=1 k-1 i=l 


х пе È а byl-- [2] [bu] LT] [U] 


If T : L+L' and U : 1/->1/ so that UT: LL" where, L, L', L 
are finite dimensional linear spaces of dimensions n, m, p (say) and 
basis B, B', B" (say) then [UT ; B, В"]=[0; B', B'][T; B, В] 

If L, L' are two finite dimensional linear spaces of dimensions n and 
n' and basis В and B', s.t. the function T : L—L/ then its matrix w.r.t. 


B, B' is an isomorphism between the space (L, І’) and the space of all 
mxn matrices over the field F, NS 


The matrices of identity operator J und zero operator 0 on a linear 


space L w.r.t. the basis B=[X,, xs,...x,] are the unit and null matrices 
respectively, i.e. [1]=[5;,] where 6,,—0 for 15 


=I for i=j 
and [O]=[o] : 


Since if T is a linear operator and [ay] is the matrix of T w.r.t. 
n 
basis B shen Т(х;)= È ay x, 
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n 
and [(x)—x,— È 8, x, 0x, Бохь... 1e Xj охь 
i-l 
4 U]-(5,] is a unit matrix. 
n 
Also 0(х)=0=ох,+ох,+...+охь= È Oi Xi 
ps 


i.e, [O]=[o,;] is a null matrix. 
If VT] —[a;] be the matrix of operator T оп L w.r.t. basis B, then T 
is invertible <> (T]-[a;;j] is invertible and in this case 
[r?]-t(7]?—[as]* 
Since T is invertible, TT —T-!T-—I 
o [ттзү=[гТ}=|] 
or [T] [T?]-I77] [7] -U]—5; 
which follows that [7] is non-singular and [7-!] [T] =la". 

If T, U be two linear operators on a linear space L, then Тапа U 

are said to be similar if З ар invertible operator V on L s.t. 
TV=VU i.e. T-VUV-! or U-V-TV 

The relation of similarity in the set of all nxn matrices over the 
field F is an equivalence relation. 

Since if A and B be two nxn matrices and А is a relation of 
similarity then 3 an invertible xz matrix P s.t. A=PBP or 
B—P-AP. 7 

Now R is reflexive since A=IAI, I being an invertible unit-matrix 

R is symmetric since А=РВР-!=> P-1AP —P-(PBP-)P 

>P74P=B 
> B—P-1A4(P-1)1—CAC-! where 
Crap- 


=B is similar to 4 and hence 
symmetric. 

R is transitive since if 4— PBP-! and B—QCQ"' then 

A-— P(QCQ?)P- —(PO)C(Q^ P7) 
=(РО)С(РО)1. 
- Аз such a result analogus to it follows: 

The relation of similarity in the set of all linear operators on a linear 
space L is an equivalence relation. 

If T is a linear operator on a vector space L and [T] be the matrix 
of it w.r.t. a basis B, then determinant i.e. det. T=det [T] 

Linear functionals. A linear functional f over a vector space L is a 
mapping which assigns to each member «Є L, an element f (x) which 
їп F (field) s.t. f islinear i.e. es 5 

f(«4-8)—f()--fB), «, BEL 
f(ax) —af(x) аєЕ 
or in one relation, (аа 4- B) —af(a)--f(g) 
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Iff@)=0 v«€L, then fis said be a zero functional. 

Dual space of vector space. The set of all linear functionals f оп Г, 
denoted by L* or V(L, Е), F beinga field, w.r.t. two compositions 5.1. 

(fife) =f) +00) YEL 
(а?а) *«€ L; aE F 
is said to be a dual space of L ie. 
L*={f:L>F st.f is linear}. 
‘Transpose of Linear Transformation 
If T be a linear operator from L to L’ (over a field F) s.t. 
«Є L> T()e€ L 
then if Т: L—L' induces a linear transformation 77 : L'*—L* where 
L*, L'* are dual spaces of L L' ; TT is called as transpose of the 
linear transformation T. 
ТТ is linear and unique and Rank (T7)—Rank(T) 
Adjoint of an Operator 

If T: L>L, L being a vector space over a fied F, s.t. «€ L— 
TEL, induces а linear operator Т* : L*+L*, L* being dual 
space of L with its elements as functional on L, then T* on L* is 
called as adjoint of the linear operator T on L. 

T* is linear and unique. 

Its properties are : (i) (T T4* =T7,*+T,* 

(ii) (KT)*—KT*, k being a scalar 

(iii) (Ty T)* ^T T* (reversal law) 

(iv) If T is invertible, (r*)12(r2)* 

(у) Zero and identity operators аге self adjoint i.e. er ant 

(vi) (T5)*— T**-T. 

Joner Product Vector Space (LP.V.S.) 

А vector space with an inner product defined on it is said to be an 
inner product space, while the inner product of x (ауу аз, a3) and 
y(b,, Ба, b) being defined as (x, Y) —ajb,-- а, batas b, with the pro- 

erties ERA ec 
j| 1х | = V aj rasta, Ix | =0 iff 2, —0—a,— а 
(x A 
e. =0 i.e. (x, у)=0 
(x, x) —0 and (x, у) = (у x) also (ax--by, =a, z)-+b(y, z) 

Note. R'(R) isan euclidean space and C"(C) is an unitary space. 
As an illustration, the set of all nx n matrices forms an inner product 
vector space over a field F (real or complex) if the inner product is 
defined as (А, B)=Trace (AB*), B® being transpose conjugate of B. 

Here if B=[b;;] then ВБ, 

So (A+C, B)=trace (44-C)B*] 


x and y are orthogonal if cos 6= 
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=tr (4B9--C B9) 
—tr AB?--tr C B9 
=(4, B)+(A, C) 
Since Trace of sum=sum of traces. 
AE (А, B)=tr (А, Bj*—sum of diagonal elements of А B® 


Sum of conjugates of diagonal elements of AB® 
=Sum of diagonal elements of 4*5 


=trace 49B—tr (BA%)=(B, A) 

Similarly (kA, B)=k(A, B) and tr (kA, В9) = tr. (AB*)=k(A, B) 
showing that the given set is an inner product vector space. 
Unitary and Orthogonal Operator 

If TT* —T*T--1, T is called unitary operator for complex 1.Р.У.5. 
and orthogonal for real I.P.V.S. 
Normal operator 

If TT* —T*T, then T is called normal operator, T* being adjoint 
of T. 

Characteristic Vectors and Charactcristic Values 

If T be a linear operator on a finite dimensional vector space L(F) 
then a scalar AEF is said to be a characteristic value of 7 if 3 а vector 
«(:50)Є L(F) s.t. T(x)-Ax. This non-zero vector associated with 
characteristic value A is said to be a characteristic vector of T. 

In other words, roots of | T--AJ | ==0 are characteristic values 
of T. 

If T is invertible und has characteristic root A, then A7! is the 
characteristic value of T~. 

If T is not invertible, then 0 is the characteristic value of T. 

If AE Fis a characteristic value of a linear operator T on a vector 
space L(F) then for a polynomial р(х) over F. pA) is a characteristic 
value of p(T). 

Hamiltonian group. A non-commutative (i.e. non-ahclis group in 
which every subgroup is normal is said to be a Hamiltonian group. 

Simple group. A simple group is one which contains no other normal 
subgroup except the two, one itself and the second « ипи subgroup 
which is normal. 

Unitary groups, The set of all non-singular square matrices of order 
n with multiplicative compositions form a group known as a full linear 
group. Из elements are the infinite number linear transformations 
which change a vector into a new vector and so the order of а full 
linear group in infinite, 

Imposing certain condition on the matrices of its transformation, 
we miy get many subgroups of full linear aroup, One such type is 
discrete group obtained by excluding all matrices except those whose 
determinant is -+ 1. The elements of a discrete group can be put into 
one-one correspondence with the set of positive integers. 
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The subgroups of a full linear group obtained by expanding all 


matrices except those whose determinant is +1 form a continuous group 
provided its elements are non-denumerable i.e. uncountable. In other 
words a continuous group contains the elements which can be genera- 


ted by continuously varying parameters in any region, known as group | 
space. There is one-one correspondence between group-elements and 3 
points of group space. Those groups whose elements can be generated 
by a finite number of continuously varying parameters, are known as 
finite continuous groups. 

| 


А subgroup of a full linear grcup having its elements as square uni- 
tary matrices of order 2 with determinant+ 1 is known as 2-dimen- 
sional unimodular unitary group or special unitary group. e.g. à matrix 
de (say) will be a special unitary group if A is unitary matrix 

Y 


of order 2 £e, 44*—7 and secondly if | 4 | = +1 


Now4?*-[--] -—-<,.. Я 5 
z Yl, «, B, ү, 5 being complex conjugate of a, B, Y 


38 respectively 


Pate im. | Be el ga 88, ay + sr T T 
x 9 115 5 үх + 88, vy + 55 01 
х8 11745 5 and хү--ф$=0=үх+д8 


which yield, y=—8, 5—a andax+86=1 
As such a typical element of special unitary group is 
da DTI ues 
—B add 


Applying this matrix to the column vector ue] such that 
Xy 
UX=X' we get, [ a PIS TES 
Ев a 2 X 
іе, [ aX, Ex Ti Ж. ] 
= В нах, V 


or equivalently 2x,+Bx.=%,' 
= ёх, р xe Xs! 
which transform any function of х into lineat combination of Xi, Xe 


Uf(x) Дх) exi Be, — Bon. аха) 
As such if U operates on a set of (n+ 1) homogeneous products 


T к=" "ху 7m-Q, 1, 2,...5 
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then we get — Uf" —(«x,- Bx)” ( —Вху+ ax,)"™ 


B y” iyi 

=, х n- 

Vea cies 
tm Іт (n—m) 

m SAD" mE 1k от 0 10-5 


xak gm-* (ajr mir (By-* 

Character of a unitary group. The character (to be defined later) of 
a special unitary group is found out if a typical matrix by means of 
unitary transformation is transformed te diagonal form, 

Take a unitary matrix V such that 

VAUV=ry о07=0' 
lo x. 
Now |U' | =-+1 is apparantly satisfied if Крл о ] 


where U 


o eU 


All the other matrices of the group will belong to the same class 
as U and U’ since the ciass ccnstitutes elements obtained by unitary 
transformation while a unitary matrix remains unitary under such a. 
transformation. zi 

Thus the character (defined in § 4.14) of one element of the class is 
given by 

x) =el¢/2 + e—#/2 by using U’ 
=2 cos $ 


In general the character (defined in § 4.14) of special unitary group 


for any value j is given by у?= X ей" 
m=—j 


E x— ef, then ye 1 prp. +x) 


sin (2/++1) 
=-——— ^ оп multiplying numerator 
sin = 


2 and denominator by i T 


E» 


n-dimensional Rotation group. A continuous group formed from 
the set of all orthogonal n-dimensional matrices is said to be an 
n-dimensional rotational group. In fact this is a sub-group of a full 
linear group provided al!.elements are real unitary matrices whose 
determinant is +1. 
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e.g. if a point Р(х, y, z) is taken оп the surface of a unit sphere 
and the sphere is rotated in any manner keeping its centre fixed; then 
the new coordinates of P say (х, y’, 2’) related to (x, у, z) by some 
matrix R(x, B, ү) which is an clemzat of a 3-dimensional rotation 
group R#(3) give a rotation factorized as product of three plane 
rotations described by the Eulerian angles (x, B, ү) (discussed in 
chapter of classical mechanics) /.e. R(x, B, Du-RG) Ré) Re (9) 
where R,, Ry, R; are rotations about z, y, X axes respectively. 

Аз ап other example if we define a 2-dimensiona! rotation group 
RQ) as a subgroup of R*(3), then its elements are obtained by 
proper rotation in a plane perpendicular to a fixed axis say z-axis. 
Taking R(0) as one element of this group and 78) an operator trans- 
forming a vector x with components Ху, x, to another vector x' with 
components Xi’, Хэ Èe. 

x’ =7(8)x, 0<0<2тт 
such that dmi соѕ 0 sin e we have 
-sin @ сох 0 


x,'J=f cos8 sin 07 [x 
[4] Be sin 8 cos o] EA 
X, cos 8--x, sin @ : 
x, =X, cos 0— x, sin 8 
But if R(0) is another clement of the group with transformation 
7(8’) then 


or equivalently, x 


TO) 1(9)- (6-0) — T() TO) 
which follows that the group is commutative i.e, Abelian. 
Point group. The inversion operation in 3-dimensional space is 


given by the matrix. T-[ —1 0 
Oy A 0 
[U 0 -! 


and an identity operation Zis given by the unit matrix 


1-[1 0 0 
0 10 
001 
Evidently 7/== 7 


апі Trzlje. T«T—^ > 

Неге T and Z form a group with matrix multiplication, Such a 
group is said to be a point group since one point (say origin) remains 
fixed in all operations, The fixed point is sometimes known as centre 
of inversion. i 

Consider a point group {cn} with operations on a. regular polygon 
of п sides such that there exist 


Qa rotation througb an angle 25 about an n-fold axis of rota- 
tion properly. 
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(ii) a rotation through -Z about an n-fold axis of rotation im- 


properly. 

(tii) æ reflection in a plane given by он, су; H, V denoting Hori- 
zontal and Vertical planes. 

(iv) an inversion. 

Such operations form a point group {en}. 

Quaternion group. If we define a group G of order 8 such that 

G={1, a, a’, аз, b, ab, a*b, ab) 

with the properties, ab=ba® 


= 
and a=1 
whence ab—ba? and b*=a*=ba=a'b 
1 a а? a! b ab | ath | ad 


1 а |а? a? b 


ла HAC л а a | ab ab | db. 
b |» | at | ob | ab a |a |1| a 
ab |o | | ob | | ot | at 
ab | а | ab | b ab | 1 zu at a 
db! a%! ab! ab \b | a Em a 


Since a*b —a*(ba*) — b*a* — (а?а?) — ba, 

The composition table is as shown here. It is clear from this table 
that the group of order 8 under consideration does actually exist and 
defines a group. Such a group is known as quaternion group. All of its 
subgroups are normal, though it is not abelian. clearly a quaternion 
group is also a Hamiltonian group. 


Torsion, Torsion-free and Mixed Groups 

If G be a group such that every element of G than.the identity is 
of infinite order then С is culled as Torsion-free group. If G is a group 
such that every element of it is of finite order then G is called as 
Torsion group. Also if G is a group such that it consists of both an 
element of infinite order and an element (not equal to- the identity) 
of finite order then G is called as Mixed group. 

p-Primary group or p-group. А group G is said to bea primary 
group or p-group for some prime p if every element sf G is of order 
which is a power of p. Acwally a torsion group is made up of 
p-groups. 

p-Prüfer group. If Q/Z represents the additive group of rationals 
modulo the integers, then Q;Z is evidently a torsion group and if 
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(QJZ),— (x4- 2: х+2 of order a power of p) 
={х+7:рхЄ7} 
={т[р'+7: for various integers r and o<m<p"*} 
and Q/Z= È (Q/Z),, П being sét of all primes р 
pell 


“then (Q/Z)» is said to be p-Prufer group or a group of type P® 
Clearly p-Prufer group, (QJZ), = Ü C, where C,—8p (+ z) 
r=1 


and g€ © is of order рул руз ...po'n; Pr, Pa--Pn being distinct primes 
and г, 7...r, positive integers. 

Since (Q/Z),— (m[p' -- Z) for various integers г and o<m<p*t 

So [0/2)2С, 


and (012),С 5 с. 
s 
Which follow that (0/2),= " Сс 
; т= 


4.14. PERMUTATIONAL REPRESENTATIONS 
Generalization of Cayley's theorem i.e. every group is isomorphic to a 
group of permutations. 
If G be a group and p a mapping; е: G—G s.t. xxg *x€G then 
gp being image of g іп G under e, we have ge: x>xg, ХЄ С 
Here p is an isomorphism of G into a subgroup of Scif « 
(i) ge is a permutation of G¥gEG 
(ii) g is a homomorphism i.e. if g, hEG, then (gh)p=ge.he 
(iii) р is an isomorphism i.e. р js one-one. ў 
(i) is satisfied sincc ge is one-one mapping of G onto G as 
(в) = (gp)? xg yg, x. YEG 
= xgg ` =ygg 
L-X-y 
showing that the mapping is one-one. 
Also if xEG, then (xg-3)ge— (272) =х showing that gp is onto. 
(ii) is satisfied since for x& G we have : 
x((gh)g) = x(g/)) -xg)h =[х(ер)](Вр)==х(адрЛр) 
i.e. (gh)o — gehe 
showing that р is a homomorphism, 
(iti) is satisfied since if gp—/ie and 1€ G is the identity element, then 
#=1 (60) =1 (hp) =h showing that р is one-one. 


For example consider a cyclic group С of order 2 s.t. 
eect quet ae ср of order 2 s.t. G={1, a}, 
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* 1e: 1-1, aa 
and ар: 1->a, a1 show that р is an isomorphism 
since ap lp, р is one-one. 
Definition of a Permutational Representation 
A homomorphism of a group G into the symmetric group on a set 
X is known as a permutational representation of Gon X. . 


“If according to Cayley's theorem р is the isomorphism for G, then 
p itself is à permutational representation of С on G and known as 


right regular representation. A mapping t of G into the symmetric 
group on the set X is a permutational representation of G if 
: (gh)u=guhp, for all g, hEG. 

For example, if G be a dihedral group of degree 4, then G isthe 
group of symmetries of the square. IfgEG д B 
takes each vertex, of ABCD to a vertex, then g 
being one-one, Ag, Bg, Cg, Dg are distinct 
vertices, Suppose that 

X={A, B, C, D} and mapping 9,: xo,—X8 
мхЄХ 
so that o, € Sx 

Also if t: G—Sx s.t. g7—0,, then for x€ X, 

g, hE, G, we have x(gh):—xoj -x(gh) D 
==(ха)һ=(хо„)с==х(суоһ)==дҗ(Ет) (hv) Fig. 4.27 
giving (gh)t=gtht 

which shows that т is a permutational representation. 

Degree of a Representation 

' The number of elements in the set X gives the degree of a permuta- 
tional representation or simply a representation on X. e.g. the degree оў 

Pp in the above example of dihedral group of degree 4, is 
our . 

The degree of representation of the symmetric group G on (1, 2, 3} 
is 6 if p itself is a representation of G as a permutation group on six 
elements х ў 

py 1-1, 222, 323; py: 1-1, 23, 3-2; p: 12,223, 31; 

pi 152, 21, 323; py: 13, 222, 3—1; р: 13, 21, 322 

So that : 

pie Pii) Рг D» PsP, Pa Ps, Рь—УРь› Ps Po 
P30: Pi? P2» PoP» PsP s> Pa Do» Ds Po: Do Pa 
PsP: P1 Po: Pa Da» P37?Dos Pa— Ps: PsP 2» PoP 
Рао: Pi Ps» Рг Ps, PsP 2» PsP, Ps Poss Рв-?Р5 
PsP: P1?D5: Ра >°Рв, Рз->Ра, Ps Ps» PsP» Po? Pa 
k Pe?! Pr>Ps, Pa P5» Pa >Pis Da >Р» Ps Pas Pe Pa 
giving (pip) (po) 7 (p; h3o, 1<i, « 6. 
But the degree of representation of the symmetric group on (1, 2, 3} 
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is 3 since it is an identity isomorphism as С itself is a permutation 
group on (1, 2, 3). 

As another example the degree of representation of a cyclic group . 
G of order n s.t. G—(l, a, a?...a"3), n being positive integer, is 
infinite. 

Faithful representation. Jf a representation is one-one then itis calle 
as faithful representation. 

e.g. the representations in the above quoted examples are respecti- 
vely, faithful (dihedral group); faithful; faithful; faithful. 

As another example each matrix is its own faithful representation. 

The number of rows and columns in a representation matrix is 
sometimes known as the dimension of the representation. As similarity 
transformations do not change the multiplication properties of 
matrices so under such transformations, the nature of representation 
remains invariant. As such new representations known as equivalent 
representations can be obtained from the given representation by 
means of similarity transformations. 

Addition of representations, Consider m square matrices А1, 45... 4m 
each of order п with their matrix representation of a group as wA), ` 
u(A,),..(4m) and similarly take another matrix representation 
consisting of т square matrices of order p s.t. · 

UJ (A5), (4)... (Am) 

Since from the two matrix representations a single row can be 
found by their addition in which two representations are merely 
joined into one, therefore a new representation consisting of m square 
matrices of order m+n can be obtained by adding these representa- 
tions such as [ u : О } În rows 

о: ш vel) 
4» e41prows 


п p 
Columns Columns 
whose elements are 
(A), O v.(A,)O u( Am) О (2 
[oa 1 [6t do 1... Otn] 
Calling the first representation as ш, second as р, and their sum as 
р we have 
Ba ua Sil) 
Reducible representation. A representation arising from the represen- 
tation (2) by similarity transformation is called as reducible represen- 
tation and clearly these transformations are equivalent to the repre- 
jentation of the form (2). Other representations for which this is not 
possible are termed as irreducible representations. à 
eg. A reducible matrix can be put in the form (2), by similarity 
tracsformation by means of converting jth row and column into J'th 
row and column. In order to effect this reducible representation take 
isomorphic linear operator T: LL’, L, L' teing two linear 
ces and matrices, A, B, ..€ L, 4’, BY... SL’ i 
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We have 
A'=TAT—, B'=TBT-*...etc. 
If we choose Тър=бъв, then (7~*)jx=5)'e 
and PART oor ican 


So that the similarity transformation for this T resumes the required 
renumbering such that 


А=Т-АТ 
=Ау'у/ where (Д)ук= 2 5,'« Anda,’ 


Now we know that every. non-singular matrix (A) is invertible and 
multiplication of any group element Awith identity element E gives 
A, so the multiplication of any representation matrix (A) with the 
matrix ЦЕ) assigned to the identity will yield ЩА) i.e. 
щ(А)щ Е)=ц(А) so that щ(Е)=1, a unit matrix 
As such the unit matrix may be associated with the identity element 
of the group and. we have 
u(A)u(47)—u(447) = HE) =I 
ies A =La) . (4 
In case of unitary representation ie. matrices in representation 
being unitary, we therefore have 
[n (A)]* = A) «++ @) 
(4) and (5) give u(47)—[u(A)]* «+e (6) 
‘The reduction of a representation. If basis can be found such that 
all the matrices (А) of an n-dimensional representation may be 
reduced to the form 


n E 
© 


oo ie 
m ї(п—т) 
columns : columns 

Where (А) denote m x m matrices, u^ (4) denote (n—m) x (n—m) 
matrices, O is a null matrix of (n—m) rows and m columns and R(A) 
denotes a rectangular matrix of m rows and (n—m) columns, then the 
representation щщ А) is said be reducible and the procedure is said to be 
as method of reduction of the representation (А). 

Transforming the basis in m-dimensional space of и, all the 
matrices of uU? (4) can be brought to the form (7) i.e. 

(A) : RO(A) 
ax4y-| È (4) iR 
О еа ET 

и'®( А) being p-dimensional and u(A) being (n—p) dimensional. 

Continuing this process, we may get the set of matrices u'! (A), 


R(A) |Ì m rows i 
(A) 11 (n—m) rows. 5] 
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ul (A), WA), 197 (4), u/? (4) which can not be further reduced 
\ a 


and the dimension of irreducible representations т, is У т; 
j=} 
In (7) if basis found is such that R(A)=O, then (7) becomes 


aA): О 
У 0 y] O 
ie. wap) tye) ... (10) 


It foliows that the representation (А) in this c 'se is fully reducible 
and the reduction method is the reverse of addition. 

Ин?) and ш?! are also reducible then continuing the process of 
reduction, the result (10) can be extended in the form 

pp Eg 6904... 8) vxa Ll) 

The irreducible representation (=) may contain several equivalent 
irreducible representations which are not counted distinctly. As such a 
representation p may consist of a particular irreducible representation 
и'® several times i.e. i 


ui, p Hi ШОЧ... Б Ш. ve elg) 
—E ijn, i; being positive integers. 
j 


As an illustration, consider a vector x with components X;, X», Хз, 
and the elements of the group as operators change x intoa new vector 
x' with tbe same components in different order. Then the represen- 
tation w is a matrix s.t. x/—ux, rows and columns being labelled with 
Ху, Xas X3- ; 

Taking E as identity element ofi the group, (E) is a unit matrix 


1:50:09] 
ie МЕ)=1=| 0 1 0 
0.0 1 


Assuming that 4 replaces x, by xs but x; itself becomes хз, that in 
u(A), unity appears at the intersection of x;th row and x,th column. 


Also taking similar assumptions with В, C, D, F we have 


010 001 100 
e(l 001 | «J| 100 | «(C)- 001 
100], 010]. 010] 


Ў 001 010 
щр)=| 010 Jandu(F)=| 1 00 
100 001 


Note 1. Since in a space of -dimensions at the most 1 orthogonal 
vectors. can exist, therefore sum of squares of dimeusions of all in- 
equivalent, irreducible representations is at the most equal to the 
order: of the group of representation Le. n ng. Бп 
Ms ть ..-, being dimensions of s inequivalent irreducible represen- 
tations of a group of order /. 

З s: 

So E njxl 

k=l 


| 
i 
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Main Features of Reducible and Irreducible Representations 

(i) The number of non-equivalent irreducible representations is the 
same as the number of classes. 

(ii) If there are h elements in a group then the number of times 


the jth irreducible representaticn occurs in a reducible representation 
is given by а= XX;. 


(iii) All the irreducible representations of an abelion group are one- 
dimensional. 

(iv) A representation by non-singular matrices can be transformed 
into a representation by unitary matrices through a similarity trans- 
formation. : 

(у) Any matrix commutating with all the matrices of an irreducible 
representation is a constant matrix фе. а unit matrix multiplied by a 
constant scalar. 

(vi) When a matrix A commutes with every matrix of a given 
representation of a group, then eitber A is a scalar matrix Or the 
representation is reducible and the transformátion used to diagonalize 
A, wholly or partly reduces the representation. 

(vii) If there are two irreducible representations u(4;), щ(А.„)...Щ Ал) 
and и'(А,), Ш (4a). (An) of dimensions d, and d, respectively and 
if there exists a matrix М with d, rows апа d, columns such that 
Mu(Aj)—w' (AM; j=1, 2,...h then for dd, the matrix M isa 
null matrix whereas for d,—d, M is either a null matrix or a 
non-singulár matrix. 

(viii) The direct product of irreducible representations of two 
different groups is also an irreducible representation of the direct 
product of the groups. ` 


Orthogonality Theorem for an Irreducible Representation 

Let WE), ЩА»), ¥(Ag)---¥(An) and u'(E), p (43),...9 (An) be two 
non-equivalent irreducible unitary representations of the same group 
G, then з 
EIL Ш(К)м=0 Hg. ... (13) 


holds for all elements j k and pq, where the summation extends over all Ў 
group elements E, Аз, Аз, ..Аь E being identity element. 

Assuming. the representation in unitary form as a similarity 
transformation always leaves multiples of the unit matrix unchanged, 
a matrix М commutes all the matrices (= 41), 45...A4, of the 
representation of the group of order h i.e. : 

A;M-MA,, i=1, 2, 3,-.-4 .. (14) 

By feature (vii) we have Mp(A,)=v' (AM, i—1, 2,...h .. + (15) 

Here.(13) asserts that a matrix which satisfies (15), must be a null 
matrix and one which satisfies (14) must be a multiple of the identity 
matrix. 
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On account of group property of the representation all matrices of 
the form 
M-—Xw(R)Xe(R?) ... (06) 
R 


for arbitrary rowed and m-columned matrix X satisfy (15). Also 
the group Property follows that 
Zu (SR XDUSUD") 5 (RXR M, since the same matrices 
R 


appear on the left and right except in different order. 
Hence u'(S)M — (5) (А) XD(RY? Xy (SR) Xv (SRS) 
R R 


or v (S)M = My'(S) (in coincise form), 7) 
so that by feature (vii) М must be a null matrix i.e. for arbitrary Xir; 
M,2XXw(RyX,;u(R-);; while on setting all matrix elements 
irR 
X;,=0 except one number X,.=1, the generalized form of (15) is 
Xw'(R),, u(R-1), where u/(R) and u(R) must be irreducible, but not 
necessarily funitary. In case u'(R7!),; (R) are unitary u( R3) =R] 
and hence р(А-1)= (R)? so that (M) reduces to unitary repre- 
sentation. 


The Character of Representation 
Let ш with matrices /(A) be a representation of a group G. Then 
trace of the matrix p/(A) i.e. the sum of diagonal elements of wA) is 
said to be the character of element A in the representation р and 
denoted by Й 
хи) и) ...(18) 


The character of an irreducible element is known as simple and that 
of decomposible representation af composite. It is worth noting that 
the equivalent representation has the same set of characters, since if 
wu and'W be equivalcnt representations with matrices u(A) and w'(4) of 
the group G, then 

(A) B7w(4)B, B being some matrix. 
24 ty BR (A= А), tface of a matrix being unaltered under 
similarity transformation. 

Also the character is a class function in the group. 

Since if A, B be two conjugate elements of a group G, then 

A-U-!BU, 


and 2A) =U) u(B)e(U) = (((U))"w( B)&(U) 

ША) and ::(B) being equivalent representations (as related to simi- 
larity transformations) have same set of characters. As such conjugate 
elements in a representation correspond to the same character and 
hence in describing a group by listing the character of its elements in 
an assumed representation, same character i.e. number is assigned to 
all elements in a given class. Thus the character is a class function in 
the group i.e. the character of a single element from each class can 


` 
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yield the character of the whole group. 
Now if (4) =0,(4)-+-2(4) (20) 
then x(A) t[0(4)]— t, [e (A) is ( 4] fe Tu C] H- te. (4)] 
—àG) (4) теу 
Also if u(A) i, 0004) -lu 9 (A) +... ipf (A), by (11), 
then (4) = (4) +x A) 4- Hx (A) 


Other Main Features of Characters 

(i) The character ОЁ the direct product is the product of the 
characters i.e. (AB) x/(A) -X (B). А 

(ii) The characters form an orthogonal system. E 

(ii) If both of the representations u(A) and р (B) are of the first 
degree then the direct product v(AB) is irreducible. In case both are of 
degree higher than one, (АВ) is reducible. 

(iv) Two irreducible representations are equivalent if and only if 
they have the same character. 

Character tables. These are the devices to find characters when the 
complete multiplication table for a group is known. It is effected by 
calculating first the product of all elements in the class C, by all 
elements in C, and then arranging uniquely the resulting set of 
elements in classes. Evidently a given class may occur in the products 
many times or not at all. If hy, x denotes the number of times the 


p 
kth class appears, then we can write C, Cj=Cy C= X hu x Cs 
i=1 
FA VADI 
2, 
whence 3 opus (say) (22) 
i= 


where summation extends over all the numbers of cla “з pand g is 
known. 
Once hs, , determined, we can find characters by the use of relations 


тг, y x9 yt? fn, ax + (23) 
k=1 


where r, is the number of elements in i-th class and ғ; the number of 
elements in jth class. 

A table in which we can put all that what we have explained here, 
is known as a character table. 

e.g. consider a multiplication group of matrix elements 


100 010 001 
-lo10o0|421001|22[ 100 
001] 100], 0104, 
100 001 0 
c=| 001 | D=| 010 | Е= 1 
010] 100 |, 0 
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C,= А, FP, AB, BA=2C,+ С, 
C,—3C, 3€; C; €,—2C; E 
other products are not required since r, —1, r,—2 sid "3. 
Using (24), we therefore have 
4 [x PHx0(2y +27) 


9 [у®]%=х'!'(3у'® 4-65?) 
690 = 6,00 
Since y'™ has values 1, 1, 2 [by (23), g=6 and p—3]. 
Solving these equations with each of 1, 1, 2 in 6:6 Q 
turn, we get a table as shown here. * ат 
Here $,, 5,, 5, which are themselves matrices form 3) | ar 
the diagonal elements of the reducible representation. 5; 2 0 


Important Note. For detailed discussion of character tables in 
group theory, see Appendix C at the end of the book. 


ADDITIONAL MISCELLANEOUS PROBLEMS 


Problem 39. Show that for a finite group G, every representation is equivalent to 
a unitary representation, 


Consider an arbitrary pair of vectors x, y s.t» 
{х,›}= s {u(4)x, щ(А)у}, и being representation. ses) 
ei 


The sum in (1) being extended over all elements A of G, for any BEG, 
we have {u(B)x, 2(B)y}= oz tele) u(B)x, (A) u(B)y), 
t! 


- x {u(AB)x, и(АВ)у} do) 


If A and B are fixed, AB runs through similar elements of can so R.H, S's of 
(1) and (2) are identical i.e, 
(x у}={и‹В)х, u(B)y} ...(3) 
For any operator U to be unitary, (Uz, Uy) - (x, у) vx y. 
So operators #(A) are unilary w.r.t. scalar product (x. у}. 
Let ve be a set.of vectors, orthogonal w.r.t. the set of original scalar product 
and Ya a second set of vectors orthogonal w.r.t. a new scalar product s.t. 
ua, иа) -949— f", va} 
Take an operator 7 s.t. у, =7 иа 
Sothat — Ta Тац =X Tita — Xa Ya. 


n (Te, Ty] xaJ — (x, у) ; ...(4) 
If the equivalent representation is given by 
v (B) T^! u(B)T 25 (5) 
таті ИВ) Ta, T= (В) Tj)  (a(B)T, u(B) Ty} by (4) 
={Т„, Ty} by (3 
senha” 


which follows that u^ (B) giv: unitary hence 
, teptesentation can be duh 2 En) к = for finite group G, the 
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Aliter, Let С be a group of order т represented by matrices 41, Az, 4m: A'S 
are distinct if the representation is faithful otherwise A* are not distinct. 


Consider Hermitian Matrix Н, obtained by summing over all the group 
elements s.t. 
H= E A44, E) 
a 


Matrix H can be diagonalized as D by unitary matrix U s.t. 
D-UHU- ® U-14,4,9U 
a 
= 5 U-14,UU-14,9U 
Lj 


= E U^ AQU(U?A,U)O 
« 

= > AgA,OU—, (7) ^ Ag=U-1AU seu) 
« 


All elements of D are real and positive since 


Dgg— Е ®(Аһ)ву\%ь)Өау=® E | (Anday 1* 
«ү ay 


=0 if (Ae)py=0 У ү and « in which case an entry row 


of Ag will Fe zero so that | Aa | =0 thereby contradicting the hypothesis. 
Thus D!/* and D^!!! can be uniquely formed from D by taking +} power of 


the diagonal elements and D!/? and D !/* will be real if 
(D1/2)8 = р1# and (D71/2)8 = D713 
But the representation (Ay)=D72 А, Diit-.D-!U-144UD!'": is unity 
* . 


and (7) gives 1— D- 1? А, AOD-1* 
« 


Aa АдӨ=р-1 Ay, рі? (D7112 у Ay А„Ө Dott) рїї Яе D2 
« 
=р-1 X4,4,4,04,9D12 
« 
Also the group axioms for A, give that A, Ay, &«—1, 2,...m are also Aa in a 


different order, therefore 
5 Ay Aa (Ay Aa)O= E Au А.Ә 
« a 


Thus A, АуӨ=р-1 > Ay Я,Әр-1/--1 
LJ 


So A8-(37! 


which shows that Aq is unitary. 

Problem 40. If a matrix commutes with all the matrices of an irreducible repre- 
sentation, then show that it is a multiple of unit matrix. 

"Let A1, 42...Am be the matrices in representation of a group G in unitary form 
and В Ье a matrix which commutes with all of 41, A2,---Am 


456 536 MATHEMATICAL PHYSICS 


i.e. AgB=BaAg, a=], 2,...m xw (2) 
S (4a B)®=(BAa)® (by taking transpose conjugate) 

i.e. BOAO —4,0 BO ЖАЙ УЗ) 
or Aa BOAO A«—4a 4 ВӨА„ 

or Aa В*=В* Aa : .. 3) 
oe Aa A40 — 440 49=1, Aa being unitary. (1) and (3) follow 


that Band B* both commute with all A's. 

CSBTBUH, (say. i (B—B’)=H2, Hi, Н, beiag Hermitian; willalso com: 
mute with all A's. As such we can conclude that a matrix commatative with all 
the elements of a unitary representation is Hermitian. 

Also assuming that B is unitary, it can be diagonalized as 

D- U^ BU 
If Aq is unitary then Ca= U~! AqU is also unitary and so (1) gives 
CaD=DCy, 1—1, 2, m 
Equating j-th elements on either side, 
[Ca Dx LD Can : 
бе (Cans (Ру) = Di (Съ) oe (4) 
D being diagonal matrix. 

Now Dj Dy (Cu)es=0 i.e. representation is reducible which contradicts 

the hypothesis and hence 

Dj: Dix ton 
whioh follows that D is a scalar matrix say D 31, à being a constan! and Га unit 
matris. 

As such B-UDU-1 — UXIU 1 -3UU 1241 

= a multiple of unit matrix. 

Froblem 41. If U covers the entire unitary group then show thate (2, 8, <) 

ranges over all rotations, ` 
Take V= [e$ 0 
[ 0 «* a] 

Then, x' =x cos a+y sin a 

у'=—х sin ату cosa 
zT k 


represent a rotation through an angle « about Z-axis, Representing it by 1 =ра'а) 


r 


А Р, 1" being vectors with components (x, у, 2) and (х „уь z') respectively, we 
ve 
P,a)-[p cos asina O 
—sin «соза 0 
0 0 1 
Siroilarly £4(8) corresponds to a matrix with « replaced by 6. 


Now take з= [ cos 8/2 i sin Ё/2 
isin 8/2 cos В/2 
Then 


VOTU: =T; 
UB T2U, cos BT2+sin PTa . 
U,9 Та ——sin B724- cos ВТ: 
and r’=p,{B)r c 
whence с 1 с 0° 


cos Ê sing 
0 --sin p cos Ê 
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Evidently the product of the unitary matrices U1- (а), U: (B), Us. (ү) corres 
ponds to the product of a rotation about z through an angle y, about y, through § 
and about x through « i.e. corresponds to a rotation with Fuler's апо!ез «, B, v. 
Hence the bomomorphism is the homomorphism of the unitary group onto the 
entire 3-dimensional rotation group. 

Problem 42, Show that the groups of order 2 and 3 are always cyclic. 

Problem 43, Show that a group of order 4 may or may not be a cyclic group. 

Problem 44, If D(A) and D(B) denote the determinants of two matrices A and B 
of any order then show that D(A) D(B)=D(AB)=D(B) D(A) 

Problem 45. If D(A) is the determinant of the matrix A= Į а ар shew that 

19 


-[ d —с 7] is the inverse of A, provided D(A):50, and if DiA)=ad 
D(A) DA) bc, then verify that AB= BA I. 
„са б. 
E. D(A) 
АВ= BA--I 


Problem 46. If we define Ds group as consisting of six matrix elements 
E-[10] A-[1 0] B-[-1i2 312] C-[—12 .— vila 
[01]. ^ 5-311 Jem] |! 


3p 1/2 —М/з2 Л] 
dec 3/2 Pius —-\/3| 
-v32 —12], 1312 —112 


then form the group table and show that this group is ncn-abelian, 
The group table is as shown here and it is casy to [E Alnic |n: 


ABABA «к. HEIN 
Also note that order of each of 4, B, C is 2 and FB 
that of D, Fis 3. : 44 ED. 


Problem 47. Find the classes of Юз group. = zE = —|—|— 
D | Е|Е|4|В | 


show that 


clase of Ds is E. 
Now to find the elements conjugate to А, we have 
E-ME- A; АЛАА = А; B 1 AB- ВАВ= ЕВ-= С; C7AC=CAC=D: В; 
р-і4р= FAD = Вр= С; F-1AF= DAF-CF-— B. 
So elements conjugate to A, are B and С and hence А, В, C form a chit, 
Again consider the elements conjugate to D, 
E'DE—D; A1DA- ADA- BÁ—F; B 1 DB -BDB-CB-F 
CADC-CDC-AC- F; D'!DD- D; F1DF- DDF=FF=D. 
i.c. F is the only element conjugate io D and so D, F fcrm a class. 

Conclusivelv Юз has three classes: [a 1=Е 

(2-4, В,С 


@=р, F. 


Problem 48. Defining a commutator of x and y аз x 3y xy, x, yeG (group) end 
denoted by (x, y) show that its inverse is also commutator, 

We have [x, y]1-«x71y71xy-z (say), then 27? —y !x 1ух= Dy, х]. 

Problem 49. Define a group, Show that the group Ds consisting of the symmeiry 
elements which map an equilateral triangle onto itself is isomorphous with the per 
mutation group of three numbers (a, b, c). 

^ Obtain s two dimensional representation of this group. (Agra, 1972) 
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Problem $0, What is meant by the matrix representation ora кыш. Define. the 
element in а representation, Prove that all the 


elements f aste mtn à clan ше eme Car acter 
Obtain the 


multipli ation table for its elements, € 1974' 

Problem 52. each cd M Es wang theorem for. inequivalent, irredi. 
cihle, unitary representations and hence v that two inequivalen’ 
irre lacibe repre уйно а gp ыы ул same characters anil irreducibl. 
rapt sentations with equal ci ters are equivalent. (Rohilkhand, 1977 


жкен. 

Problem 53, Define the charact: 'ntation group and show that i 
й а class function in the group. whi aig wf 

Show that the characters of the irreducible ari fone 
Ает od orthogonal угу a group elements. Ке 1975) 
Sce 414. 


CHAPTER 5 


COMPLEX VARIABLES 


5.1. INTRODUCTION 
Cantor, Dedekind and Weierstrass etc, extended the conception of 
rational numbers to a larger field koown as real numbers which cons- 
titute rational as well as irrational numbers. Evidently the system of 
real numbers is not sufficient for all mathematical needs e.g. there is 
no real number (rational or irrational) which satisfies weld. И 
was therefore felt necessary by Euler Gauss, Hamilton, Cauchy, Rieman 
and Weierstrass etc. to extend the field of real numbers to the still 
larger feld of numbers, Euler for the first time introduced 
the symbol / with the property >= —1 and then Gauss introduced a 
of the form 24-/ which satisfies every algebraic equation 
with real coefficients. Such a number «if with Гу Т and я, ў 
being real, is known as a complex number. 


5.2. DEFINITIONS Š 
Complex numbers. An ordered of real bers such as (x, у) 
termed as a complex number. M pe erie m rs 
ge(x, y) or х4 (у, where i= у — 1, then 
x is called the real part and у the of the complex 
inler 5 ead т to А — 
xw R, or Rig OF Reig, 
yel, or Ia) or f. C) » and 
Equality of members, Two co numbers (х, У 
(x, у) аге equal х=х ‘aod yoy’. es 
Modulus of a sumber. I zx iy be a number 
Pa oped ym кеуде үбү sad oe V 
[2| Гу | =i 
Evidently | z | =0 iff x0, y=0. 


53. OPERATION OF FUNDEMENTAL LAWS OF ALGEBRA 
ON COMPLEX NUMBERS 


Taking three complex numbers z, (x, i), zy m Org, у), He s x) 
we define the following operations: 

(1] Addition. The sum of two numbers z,«(x, у) and 
1,7 s i) бау) is defined as а umber zr, +) (лу 
yi.) such that its real part is the sum of real parts imaginary 
part is the sum of imaginary parts of the given numbers. 
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(Й Addition is commutative. i.e. 7; 3-2; —2; +Z; 2 (0) 
Since we have z,--z,— X, Hy?) - Co +iy2) 
—G +x) +101 +) 
=(%14-%2, Xi yz) 
=(X%_4-X;, Y2-- 1), all the numbers being real 
74: i) 3-04 94) 
=2,+11 
(ti) Addition fs associative. ie. 2,1 (7,423) (0 42)4 23 — QD 
Since, wc have 
- By (gt 23) xi iyd (at Yet d y) 
(хуу XE HYS xs lys 
=(2,4+2,)+2, 
(iii) There exists an additive identity i.c. z+o=z (3) 
Since, we have z-Fo—-(x, y}+(0, o) * 
=(x-++0, y+0) 
=(x, у)=: 
(iv) There exists an additive inverse i.e. 2-4 (—2)—0 oe i 
Since, z+(—z)=(x, y)4-(—x, —у) 
=(x—x, у-у) 
= (д, o) 
=о 
Pete If z=(x, y) then —z=(—x, — y) is called as additive inverse 
ofz. 


i3 Subtraction. If z, —(x;, y,) then —z,—(—2s, —);) etc. 
2—2,— X, Y) (х, у) Ба Ds 


==(X)—X2, у.) .G 

[3] Multiplication. We have zz,—Gatb) (xs - i93) 
= (23x у) Gas X9) 

he, Qa, эһ) Ge ж) (каха зу ata) +: (6 
(i) Multiplication is commutative. j.e. 21232221 ae (7) 
Since, 212,7 (3X — ууз, XVa E 383) by (6) 

— (Qux 7332 аха) 

(ха) Ga FDA) 

==2,2ү 
(i) Multiplication is associative. i.e. nan) na nra (8) 


Since 2\(2›274)= (35, Уз) [хх Уза, Xi хуу] by (6) 
Р $ [x(x aV) — Ys H XV), 
3, 052593) Утеха — 979] by (6) 
—[9336—3)53) ха (ауе хау) (Ia 38 
+ 0535 ууу) (on rearrangicg} 
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-[0 71) (ха, 92] Gi; Уз) 
(2237s 


(їй) Multiplication is distributive. i.e. (2,--2)23= 2234222... . (9) 
Since (zi -z)z; - Da xe; У: +02] Go Ys) 
=[(x1 +x) xs— 031-3; (ху хауз 
T0133] Бу (6) 
=[(%,%3—YiYs) (ахз гуа); (хуз ху) 
(хуз хзУз)] (on arranging) 
= (9X3 ууз, Уз X31) (ХаХа — Уау 


XVa Ху) 
=(X1, Vi) (ха, Ys) (хә, Уз) (Хз, ys) 
—m2ZZ3d 2223 
(iv) There exists а multiplicative identity i.e. z-1=z ... (10) 


where 1—(1, 0) is the multiplicative identity known as unity for the 
system of complex numbers. 


We Have z:1=(x, y) (1, о) 
=(x, у) 
: =z 
(v) There exists a multiplicative inverse i.e. 277 —1 .. (00) 
If z=(x, y), then z1—(x, y) so that we have to show that 
ў (x, у) (х, у)72==(1, 0) 
Assuming (x, у) 1 (x, y), this becomes 
(x, у) (€, у')==(1, 0) 

Le. (xx' —yy', ху yx )- (0, 0) 

which gives xx'—yy’=1 (on equating real and imaginary parts) 
ху'+ух'=0 
Solving these equations we get 
Yu у= uis provided x*+-y*#0 
Hencethe complex number (x, y) has a unique multiplicative 


inverse ) which is also a complex number such 


x у: 
ху" x+y? 


ў Биа алУ Ne 
that (x, 9) Б) 09 
[4] Division. Consider an equation 2123=2' 


where 21=(х Y)» z 7€» у) and z —(x', y) 
Now 2,Z,=(%1%2—Vi 2 Xat xy =z (5, у) 
which gives XiX — yy =x" 
XJ+ X=". 
i ухах у ау ERN .. (42) 
Solving x= туз, Y=" аруу 


provided x,!-y, 0 Le. |2,1 #0 


462 MATHEMATICAL PHYSICS 
Е t zo: $ 
Thus we have a unique solution and z, — zi the quotient. 
1 


Conjugate complex numbers. If z—x-F iy, then x—iy is said to 
ec ио of complex number 2 and denoted Ьу 2 


be the conj 
Evidently (@i+2.)=Z:+2: . - (13) 
213—123 ... (14) 
zz =(x+iy) (x—iy)=x* +7 = 12 Е 09) 
2+7 =2x=2R, or 2R(z) ... (16) 
2—z=i2y=2il, or 2il(z) а (17). 


5.4. GRAPHICAL REPRESENTATION. (ARGAND DIAGRAM) 
Considera point P in xy-plane. Let an 
ordered pair of values of x and y corres- 
pond to the co-ordinates of the point P. 
Then a complex number z may be made 
to correspond to the point P, where 
2=х+іу. 

Неге 2 is called the complex co-ordi- 
nate of the point P. 

In the adjoining figure, the x-axis is 


! 
1 E d 
+ (дү ene called the real axis or axis of reals and 
y-axis is called the imaginary axis or the 
Fig. 51 axis of imaginaries. 
Неге | z | = | x+iy | =v (x+y?) is the measure of length OP. 


If(r, 8) be the polar co-ordinates of the 
point P, the polar form of the complex | 
number - is 

=r (cos 6+i sin 0)—re'*. 

Here the number r (being taken +ive) is 
called the modulus or absolute yalue of the 
complex number z and 0 iscalled the angle 
ог argument of 2 and usually written as arg 
2, фе., | z | =r and arg 2—0. 0 Y М 

Now the co-ordinates of a point Р’ which 
is conjugate of z are z=(x, —y)or(r, —6) Fig. 52 
Peo in polars. 

(^0) Since z—r(cos (—8)+i sin (~0}, 
geometrically the points Р and P’ repre- 
sentz and z respectively and their situa- 
tions are symmetrical about the axis of 
reals, i.e. x-axis. The conjugate of z is 
called the reflecticn or image of z in the 
rea] axis. 

P(r-0) Note 1. The plane whose points are re- 
Fig, 5.3 presented by complex numbers is known as 
Argand Plane or Argand diagram ог Complex plane or Gaussian plane, 


P(r, Ө) 


UE. а 


te 
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Note 2. The complex number 2 representing the point (x, y) is 
sometimes called as Affix of the point (x, у). 


Note 3. The sum, difference, product and quotient of complex 
numbers can be geometrically represented on the Argand plane as 
follows: 

[1] Sum. Taking z; and z, two complex 
numbers represented by the points P and Q 
on Argand Plane and completing the 
parallelogram OPRQ, we observe that mid- 
points of its diagonals OR and PQ coincide, 
Since they bisect each other i.e. : 

if zj,—Gn, Yi), 22=(%2, Уз), then mid- 
point of PQ is (ads, ns) ЕЕ 
'also the mid-point of OR showing that со- 
ordinates of R are (x; 4- Xs, J1-- Ys)- 

But Z,4-z;— GG ха РУ) Fig.5. 4 

. The sum z,--z, corresponds to a vector whose components 
are X,--x, and у, Руз. As such the sum of two complex numbers z, 
and z, can be represented by а vector (214-22) 

> > > > 


>. > > 
ie. if OP=z,, OO=z, then ОК=ОР+РК= ОР+00=2,+2,. 


Hence the point R on Argand plane corresponds to the sum of two 
complex numbers z, and z, as shown іп Fig. 5.4. 


[2] Difference. Taking 2,=(х1, у) and z,—(X, уз) two complex 

Y numbers represented by the points Р and 
Q on Argand Plane and completing the 
P parallelogram OQPR, we see that the 
point R represents the complex number 
21—233 Since 2—Z,=(%1—%2, У Уз) 
being а complex number corresponds to а 
vector whose components are x, —x, and 


у-у and 


21—23 > — 
kit =O0P=z,, 00=2, 


pre 
Fig. 5.5 then QO=—z,, so that 


> > > > > -> — > 

z,—25,—0P—0Q-—0P + Q0—Q0--OP—QP—OR 
Le. the difference of two complex numbers can be represented by a 
vector. 

[3] Product. If z, —(x;, у), z;— (xs; уз) are two complex numbers, 
then zyzy 03 — Yi» X Yat Xay) = (XXa — VV) Науа XY) 

Changing to polars by putting x,—7, cos 01 Yi ri sin 0, 

хуг, COS 0з, Уз га SID Oy 
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where rj, r, are the moduli and 6, 6, are arguments of z,and z, res- 
pectively, we have 
zyz4—ny's (cos 0, cos 0,—sin 6, sin @,) 
+i(cos 6, sin @,--со8 6, sin @,)] 
=тг[соз (0,+0:)+? sin (8; 4-0,)] 
nolaz | =пт= || | 2, | 07) 


and arg (212;) —6: -0,—arg 0, +arg 0 + (2) 


Le. the modulus of product of two complex numbers is equal to the 
- product of their moduli and argument of the product of two complex 
numbers is the sum of their arguments. 

In general if there are n complex numbers 21, Zo. Zn with moduli 
гь Р-га and arguments 0,, 8,..., 0, respectively, then repeated 
application of the above result yields, 

туда... [cos (914-024... 05) 1-2 sin (8, 2-0, +- 9,9] 
so that | 2122... (=r an=] | 23 | --- 1.29 vsu) 
and arg (z,7»...25) — 6, - 6... 0, —arg 7; +arg 2,4... HATE 2%... (4) 
Le. the modulus of the product of any number оў complex quantities 
is equal to the product of their moduli and the argument of the product 
of t complex numbers is equal to the sum of their arguments. 

Geometrically represented 
on an Argand Plane the pro- 
duct of л complex quantities 
Zis Zune Zn aS shown in 
Flg. 5.6 follows that the 
iength of the vector (222. 
Za) is the product of the 
lengths of the vectors 2: 7» 
шэ Zn Le. | zia i-lal 
[231.1 Za | and the ampli- 
tude of (z,,..z4) i$ equal 
to the sum of the amplitudes 

Fig.5.6 Of Zis Zo. Zn - 
In a particular case when 2122,5... =7n=7 (say), the above 
results may be summarised as 
z=r* (cos n 0--i sin пб) under tbe assumptions 
Ру. =Т= Г (say) 
9, —6,— ... =h (say) 
he. Iz =r] |" sea) 


and amp 2*=n 8=<n-(amp 2) 2 (6) 
Also if r=1, we get the De Moivre's theorem for positive ше) 


exponents such as z^ —(cos 0+? sin 8)*—cos n 9+! sin пб 
141 Qeotient. Consider two complex numbers 2, and 7; such that 
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zı=xı+iyı=r (cos 0 +i sin [3] 
z,— X - yrs (cos 6,--i sin 0,) 
The quotient of complex numbers z, and z, is given by 


zı гі (cos @,+isin®) г { si 
ITE TA [cos (0,—0,) +2 sin (8, — 02)] 


"dz њ | Ze | 


and arg (Z )=0.—8.—arg Z,—arg 2, О) 


л dal (8) 


Le. the modulus of the quotient of two complex numbers is the quotient 
of their moduli and the argument of the quotient of two complex numbers 
is the difference of their arguments. 


As a particular case defining the division as the inverse of multi- 


plication we have L -Heos (—0)+i sin c-9- [cos 0 —i sin 6] 
1 SUE : тү 

so that 2, =z" =} (cos n0—i sin S-(-) ‚..@0) 

which shows that De Moivre's theorem is valid when the exponent 

is any negative integer. 


Geometrical representation of 2 may be shown as below: 
2 


> > 

Let OP and OQ represent the vectors zı and 2 in an Argand 
plane such that | 2, |=OP, | 2,1=00 and arg 2,=0), arg =, 

Rotate the line OP in clockwise direction 
through an angle 6.(=arg Za) such that its 
new position is OP’ and Z POP'—6,. Take 
ОА=1 (unit length) on OX and draw a line 
AR to meet OP’ in R such that LOAR 
=/ ООР. 

The point R thus obtained corresponds 
to the quotient 2. and it may be justified 

2 


as follows: 
Та similar triangles OAR and ООР + 


-lal -| 2 
Inl 22 Fig. 5.7 


which shows that the radius vector of the point R is E 
2 


Also Z AOR=Z POR— / POX —6,—8;— —(6,—8)) 
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ie. vectorial angle of R is —(0,—6,) which, when measured in 
positive sense is 0; —6,. 


Hence the point R represents the quotient s 
2 
Note 4. Multiplication of a Complex number by i. 
Let z be a complex number with its modulus r and amplitude 0 
le, 2=г (cos 64i sin 0) ч 


Ы T NX = 
and і=соѕ zta 


E E ime TE : 
e iz-( сов > +isin z) "в 6+i sin 6) 


=" cos (3+0 ун Е) ... (11) 
which follows that iz represents a vector obtained by rotating the 
vector 2 through a right angle in the positive direction. 

Note 5. Extraction of roots. 
Suppose that z,"—z, п being positive integer «+s (12) 
We can express, 

z=r (cos0--i sin) 


sothat z,-r, (cos0)+i sinô) provided z#0 and го, 9, are 
unknown. 


/. (12) gives, гот(соѕ n0,-I-i sin n6) —r (cos6--i sin6) by (7) 
Measuring the angles in radians, we therefore, have 


ro"=r, nüj—0-E2mm, m being zero or any positive integer which 
follow that r, го being positive, гу is the positive nth root of r and 


A т 
0 +27 has n distinct values for m=O, 1, 2..., п — 1. 
As such there are л distinct solutions of (1), given by 
p ( cos Prat a sin чот, m=0, 1, 2,..., n—1. 


А ... (13) 
Which are n distinct values of z!/^. 


Here the length of each of the n vectors 21/" is the positive number 
гї" and argument of one of these vectors is т while the other argu- 


ments are obtained by adding multiples of = to s. 


In particular z—0, (12) has the only solution z,—0. 
But 1=cos 0+ sin 0, then nth roots of unity are given by 


1!" cos ZM isin m т=0, 1, 2,..., n—1 ... (14) 
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Taking m=1, the root of unity being a complex number and 
denoted by o, is given by 


@=COS 28 рып = 


Y Y 
Г mj w 
* cxx 
According to De moivre's 1 1 
theorem, the n, nth roots x 
of unity are given by X 
1, о, o, ..,0"7 ....(16) 
Which are the vertices 
m m 
[ 


of a regular polygon in Ө, 
complex plane, of nsides Ww 
inscribed in the unit circle 
| 21=1 with one vertex Fig. 5.8 
at the point z—1. 
The case (i) of Fig. 5.8 shows for n=3 and case (ii) for n—6. 
Now if $ is a particular nth root of z, then we have the n roots of 
z as 
€, Co, Со?,..., bo? Cont ... (07) 
since $ multiplied by o? implies the increment of arg $ by the angle Hr, 
If m, n be two positive integers prime to each other, then (13) and 
(17) yield А : 
"=" ( cos ™ +4 sin т) «^ 4—0, 12,51 ... (018) 


(ооз + isin zer 


(rmm ( cos P e sin =) ай", 1=0, 1, 2,...п—1 
... (09 


The two sets of n numbers will be identical if the set o° and ш” 
coincide and then n numbers in either set сап be written as nine, 


zmm (rm) [ соз Hoe] fain jm (421) 
m=0, 1, 21025. n-i nn (20) 
we may similarly define, 
атут)" 
5.5. PROPERTIES OF MODULI AND ARGUMENTS AND 
GEOMETRY OF COMPLEX NUMBERS 
{A) Properties of Moduli 
(1) The modulus of the product of two complex numbers is the product 
of their Moduli. — 
If there are two numbers z, and z, defined by 
ze (Xs, Ya) OF (п, б) in polars l.e. 2|==г (cos 


i 


6, 4-i sin 6,) r,ei9* 
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zy (X3, Уз) OF (rs, 92) in polars i.e. z,7-r. eio, 
Then, z,z,—r,r, e 1*0? 
So that | 212, |=] rire e51*92) | 
=, | cos (6,-+6,)+2 sin (9+0) | 


» — ry, V со (0, F 0a) F sin” (0, -0,) . 
-—ns к 
= [211412 | 2:901) 


(2) The modulus of the sum of two complex numbers does never 
exceed the sum of their moduli. 


Let z, and z, be two complex numbers and 2, and z, their 
conjugates. 


We have already mentioned that | z [*—zz. 
214238022) (Z+) [7 nn-neh rue 
=t 2:2a H22 +22 =r yrei @— —9) 
=| z, [+12 [+Е2К (2,2,) and йезе mime 
Sl z P+] 22 P+2 | 212 1, . ZZ +Z: 
«zt z I}. =2гуг; cos @,—0,)= 2R(z,2;). 
22,1 < |z |418 |. Also if z=x+iy, 
R(z)==x 
«v Qty) 
<121., 

Aliter. | 2,4-2, [x xi Qu EY Р 
-(nx)* Оу)? ` | 44 iB = А?-+В° 
xxx»; CANIS HN 
zz Zi P + г, P+2R (2:22) * 
<| a P+) zy +2 | 21221, 27 | Za 11 Za 1 

Га+а | 12114141. zQ 


(3) The modulus of difference of two complex numbers is greater 
than or cqual to the difference of their moduli. 


Let z,=x,+iy,=r, (cos 0,+/ sin =r, 
z,7X, iy, —rs (cos 0, sin 6) rs 
Then z—ne апай z,—re^ -8, 
and — —(z,2,4+2.2)= —{ле® re 6 гуе i, refi] 
— тг, [el 01792 ре 01792) 
=—гуг; cos (0, —0,) ——2R (2,2.). 
Л Гад (2602122) (2—23) 
—ZZAndunA- (2122-2128) 
=| 2, P+ 2, P—2R (523. 
But А (212) =Е (Qni) 645—132) —2 Ys 
Inl! 1, la 03r» v oat ry»). 


< [z[t-z 


— RR 
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Now R (nz) «Izllzl E 

if xy Xs < V oat?) (хаа) 
or if (хіх, РУ)" < xut Буу + ху уха? 
ог if 2хухзууз < хуу HN Xa 


which is so, since arithmetic mean of two quantities is greater than 
their geometric mean. / 


As such —R (zz) > -l 211 1221. 
Hence | 21—22 > | 2, |+] zs [2—2 | z1 | | za | 
2 [1 21 1—1 2, 1)". 
" [n-zal21lal-lzl. x53) 
[B] Properties of Arguments. 


(1) The argument of the product of two complex numbers is equal to 
the sum of their arguments. 


Take 2;, =, two complex numbers with moduli r,, 7, and arguments 
6, 6, respectively, so that 


zr, (cos @,-Еї sin 0) — еї, z, —r, eie 
БА Н [cos (6,46,)-+i sin (0 4-6.)] 
giving arg (z,z,) —6,--0,—arg z,+arg 23. ee (4) 
The result may be generalized for any number. 


(2) The argument of the quotient of two complex numbers is equal to 
the difference of their arguments. 


Take z,, 2, two SUM numbers with moduli hs r, and arguments 
81, 2, so that z, —r,ei?: , z,—r,ei0s 


6; —8. 
then к= гө, ”_ - т (0,—0,)-+i sin (8; —®,)] 


oe arg( & М. 2, —arg 2, ЖАНД), 
[С] TORT o of f Comis Numbers 

(1) Arg = AUS а = gives the angle between the lines joining a to z and 
btoz taken in the appropriate sense. 


Take Aphia and BP=z—b as shown in 
Fig. 5.9. 6 


“. LAPB=o=arg AP—arg BP ZXP 
=arg (z—a)—arg (z—b) 
=arg NA ++) д B? 
argument being negative as shown in Fig 5.9. Fig. 59 
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In particular if 6=90°, argi eand Fis purely imagi- 


nary. 2 (7) 
4) Equation of a straight line joining two points z, and z, in 
pas / yen plane. Referred to Fig 5.10, arg 

І, P 2, р 2-21 

2 


=," or 0 according as 2 lies inside 
or outside the line joining A to B. 


Fig. 5.10 In either case = is purely real, so that 
1 


Bam (3-nY f-5 р) —2,%,)= 
Fatt (FH a FEE реди) а) (nm и 
із the required equation of the straight line joining 2; and z,. ot 
General Equation of a Line. see 

2,—2, being purely imaginary, 7,777; — is also purely imaginary. 

Also z,2,— 7,2, is purely imaginary since 2,2,=2,2, 

Multiplying (8) by i, we have 

Íz(2; —2,) —iz(zi —2:) +i(z,2—%%,)=0 оу, 
each term of which now becomes real. 

Setting /(z;2;—2,7,) =A, and —i(z,—z,)=p; ^ being real and ра 
constant, so that 

(—2,—Z,)] =, —2)— v, 
the equation (9) becomes 
uz-- uz A0 » + + (10) 

where A, џ are constants but A teal. 

Note І. Yn particular if | z—z, |=| 2—2; | then we have the equiva- 
lent form 

(2—21) (£—2,) =(z—z,) (z—2,) on using | z |*=zz «+ (11) 


Me reresents the equation of right bisector of the line joining 2, 
and z,. 


Note 2. The equation (10) i.e. pz+ez+A=0 is the necessary and 
sufficient condition for z, to be the reflection of z, in the line. 
(3) Equation of a circle with centre at 2, and radius г. 
If z is any point on the circle, then 
j | z—ze lor ie. | 2—2, =r? 
. using | z zz, we have 
(2—2) (2—20) = г" 
ог LY~Z2+(%%— 1°) —2%,=0 «+. (12) 
Setting —2,—4 —2,z--7*—5, this becomes 
27+uz-+uz+A=0, A being real - . (13) 
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General Eqnation of a Circle 

(13) can be written as (24и) (z+2)=pp—A 

or | z-u |2=щі—А 

So (13) represents the general equation of a circle if A is real and 
pit —A2 0. 

(4) Equation of a circle Р; 
through three — points 
Zi Zg, Zg. A 2, 

Let A, B, C represent 2, Wen 
| the points z,, 2,, zy res- A c 


pectively. Take a point 7 
P(z) on the circle. 2 КЄК) d a 
i 2—2) _ 1—1 z 
| 2. arg fcm arg =n BZ: 4 BZ: 
=0 огт (i) Fig. 5.11 (й) 


according as case (i) or 
(ii) of Fig. 5.11 exists. 


| Le, arg 


aal 2—21 0 
- = ro 
2,—2,] 18 2—2, 9 


In either case m=z] Rd 1 


| T 23—23) 2—Z, 
| ie, (G= y 


z—zY. 
( FILE) ) is purely real 
B (а= X 2—2 ) 2—1, yj EM ) .. (14) 
5n 2—2, JON Zozi ЛЕ, D 
is the required equation. 


І d Note 3. Condition for four points z,, Za, Za, 2, to be collinear is 
k hat 
= —z,) 
ата а is purely real. ves 15) 
q (5) Inverse points with respect to a circle. 


„ Two points P(p), О(4) are said to be the 
Q inverse points with respect to a circle with 
centre O(z) and radius r if 


ОР.00=г? S OE: 
provided O, P, Q are collinear. 
3 |р—@| | a—z|-r* 
, Also arg (p—z) —arg (q—z)— —arg (9—2) 
Fig. 5.12 gives ; 
y х arg (p—z)-karg (9—2) 0 
i.e. (p—z) (9—2) is purely real say equal to r so that 


Tee Sen 


TT 
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(p—z) (9—2) =" el?) 
gives the required condition for p, q to be inverse points with respect 
to the circle with centre z and radius r. 

Note 4. If z=0, p, q are inverse points provided 


pa-r .. . (18) 
Note 5. In w plane, w=0 and w=% are the inverse points with 
respect to the circle | w |=1,since_if w=w,=0 and w=w,=© are 


inverse points then from (18), w,w,—1 or WW, i.e. WyWa=1 
1 1 


4. Ж„==— m HO 


» 0 
1 P 


Note 6. In z plane, z and are inverse points with respect to the unit 
circle | z |=1 


‚ Since if z;, 2, be inverse points then (18) gives 
2 1 
Ziz-li.e. amg -i when 2,=72 
Note 7. In w plane, w and L are inverse poirts with respect to 
Iw 121. 
Note 8, The equation IP =A; being a positive parameter, 


represents a family of circles for every member of which p and q are 
inverse points. 1f ^—1, then the locus of z is the right bisector of the 
join of p and q. 


Problem 1. Find moduli and arguments of the following complex 


numbers: 
e 454, w (323) 
(i) we have 1—7 -17 x15 -—; zo 
D Hu =|-i |= VO*r(-D*-1 


1—í resume ye ARE Es Ере SE т 
and arg Thi =arg (—i)= j as —i cos ( 3 )+isin (- 5) 
24iN 3-4 8+6? —14i 1 
i) we have (35) —3—X8r6 ^ 28 za 


ху 


--h piper 


and arg 3y- аш(—-{! )-i arg = -3)--3 


Problem 2. Prove that arg (г) —arg (—2)— +7 according as arg (2) 
is positiye or negative. ў 
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when arg (2) is positive, let arg (2) —0, —7<0<п 
Then arg (—z) —— (9—0) if 0<0<z. 
=т+0ИИ0>@6>—т 
-. arg (z)—arg (—z)=0+(x—6) or 0— (x--0) according as arg 
(z) is positive or negative. 
=x or —7 according as arg (Z) is positive or negative. 
. Problem 3. Prove that arg z--arg z—2nn, n being an integer includ- 
ing zero. 
If z=x-+iy then Z=x—iy 
So arg z + arg Z—arg (22) 
=arg (x+iy) (iy) 
=arg (x°+y") 
—arg m, where m=x?+)? 
Obviously т is real and positive. 
If m=r cos 0, 0—r sin 0 then m=r and cos 0—1, sin 0—0 so thal 
0=2пт, where n is an integer including zero. 
Hence arg z--arg z—2nr, n being an integer. including zero. 
Problem 4. Show that | zi —z + | 2142: ?=2 | z, 2+2 | Ze j^ 
and deduce that | Уа | + | «— У 92—68 | =|х+В1+1«—В1|, 
all the numbers concerned being complex. 


We have, 
| adul | 21-22? = +22) (zz) (1—2) (21—22) 
ý У ое 
—2zz T 222: 
=2 | 2,42 | za? vec tL) 


Now ( | a+ Va Plte Уа Bh] Palate 2—80 


ауа рь | a4 Ve gr а VB | 
—2 | a? +2 |V —B" 2 | a? — (a? — p’) 
using (1) 
=2 | a +2 | 2—8 | +218 | 
=2{ | «+16 P }+2 192—0 | 
= fateh Гав E |ime] 
авт 1661) 
flab Т а e |а |+ 1—8 | 
Problem 5. Show that an expression of the form 2—1 can Бе 
expressed as a product of n real quadratic factors. 


Assuming 22®—1=0 i.e. 2'"=1=соз 2 mz+i sin 2mm, m=0, 
1; 2,3 


We have z=cos 2m +i sin ZT applying De Moivre's result. 


corresponds 
"Here m—0  ————-— z—1 and m=n>z=—1 
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Consider 22"—1—(22—1) x (2n—2) factors obtained by putting 


7 A 2mx,,. 2mm 
m=1, 2,...n—1 in the expression 2 —cos Эп і sin > 


3 amr , . 2тт 2тт,.. 2тт 
Now (2—cos nci sin =) (2 Эп її sin 2m) 


2mr\? 2mx 
Mem uie 
=2—22 cos e] 
+. —1=(2—1) (4-1) (2-2 col )(г—>» соз Zy ya 


(2-2 cos ml ) (2-2: соз 22) 


=(z?—1) (2-2 cos TH ) (2—2 Cos myi j 


165 тт 
=(z*—1) р {2—2 соз hi | , II denotes product of 
m- 
similar factors. 


5.6. REGULAR FUNCTIONS: 
Before going into the details of Regular or Analytic functions, we 
first define some terms which are used frequently. 

Neighbourhood of a point. Neighbourhood of a point zo in the 
Argand diagram means the set of all points z such that | z—zo | <€, 
where € is an arbitrarily chosen small positive number. 

Limit point. A goint 2, is said to be a limit point of a set of points 
5 in the Argand plane, if every neighbourhood of Zo contains a point 
of S other than zero. К 

The limit points of a set may not necessary be the points of the set. 
There are two tynes of limit points: 

(i) Interior points. A limit point 2, of the set Sis said to be the 
interior or inner point if in the neighbourhood of 2 there exists 
entirely the points of the set S. a > 

(i) Boundary points. A limit point zo is said to be the boundary point 
. if all the points in the neighbourhood of Z do not belong to the set S. 

Closed set. If all the limit points of the set belong to the set, then 
the set is said to be a closed set. 

Open set. A set which consists entirely of interior points is known 
to be an open set. 

Bounded and unbounded sets. À set of points is said to be bounded 
if there exists a constant number k, such that | z | <k for all points 
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z of the set. If there does not exist such number k the set is said to be 
unbounded. Я 

Domain. If every pair of the points of a set of points in the Argand 
diagram can be joined by a polygonal arc which consists only of the 
points of the set; then the set of points in the Argand diagram is said 
to be connex (means connected) or domain or region. 

Open domain is an open connex set of points. 

Closed domain. When the boundary points of the set are also added 
to an open domain, it is then called a closed domain. 

Functions of a complex variable. If w=u-+iv andz=x-+iy are two 
complex numbers, then w is said to be the function of z and written - 
as w=f(z), if to every value of z in a certain domain D, there corres- 
pond one or more values of w. If w takes only one value for each value 
ofz in the domain D, then w is said;to be uniform or single-valued 
function of z and if it takes more than one values for some or all 
values of z in the domain D, then w is known as a many-valued or a 


.multiple-valued function of z. 


Since и and v both are functions ofx,y 

o w=f(z)=u (x, у) + (x, у). 

It is however notable that the path of a complex variable z is either 
a straight line or a curve. 

Continuity. The function f(z) of а complex variable z is continuous 


at the point z, if, given a positive number €»0,a number 8 сап be 
зо found that | 
1f) —fe9 |<, 
for all points z of the domain D satisfying | z—Z | <5, where 5 
depends upon € and also, in general, upon Zo, i.e. 

б=ф(єЄ, 20). 

If 5 is independent of 2, or rather say that if a number h(€) can be 
found independent of 2, such that | f(2)—f(z) | «€ holds for every 
pair of points Z, Zo of the domain D for which | 2—2, |«h, then fe 
is called uniformly continuous in D. 

It should be noted that if a function f is continuous at 2=20 Le. if 
f=u+iv is continuous at 2=20 then it will be so iff its real апа imagi- 
mary parts are separately continuous functions of x and y at the point 
(х, y) Gto Yo) 

Since if f is continuous'at z—z, then u(%o, Yo) and v(x,, yo) both 
are uniquely defined such that . 


0< | u(x, y)—u(xo Yo) | < Ло) | Son) 
for, Lf(2) —f(z9 | = 000, у) uxo Yo)? +O, У) — Gto: у)" 
as Z—>Zo u(x, y)-ru(xo, Jo) i-e. u(xo, y) - Lim u(x, y) +++ (2) 


(х, у)-®(хо, Yo) 
This limit exists independent of the manner in which x-xo, Jo 
(2) shows that u(x, y) is continuous at (xp, Yo): 
Similarly v(x, у) is continuous at (o, Yo) 
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Thus continuity of и and v for f to be continuous at z—z,, is a 
necessary condition, 

. Conversely if u(x, у) and v (х, у) are continuous, then 
(x, у)—>щ(хе, Yo) and v(x, y)-»v(xo, Yo) as 220 
so that f(z)=u(x, y)--iv(, у) (хо, Yo) +iv(Xo» Уо) —f(zo) 

So the condition is also sufficient. 

Differentiability. If f(z) be a single-valued function defined in a 
domain D of the Argand diagram, then f(z) is said to be differentiable 
at 2-2, а point of Dif ADM 
Z— Zo, provided that z is also a point oPa 

A function f(z) is said to be differentiable at a point Zo, if 

Lim fifi) exists and is a finite quantity provided by 
iz Tee 
whatever path zz); then f(z) is differentiable at 2—20. The finite 
limit when exists is denoted by f'(zj)) and termed as the differential 
coefficient or derivative of f(z) at z=2Zp, f.e. 


fü) Lim ДӘЛ) 
zn 27—20 
Precisely if for a given €>0, there exists a number 5 such that 


fae) fy] «€ whenever 0< = | <8 
о 


tends to а unique limit when 


Le. writing z—z)= Az if for an €>0, there exists a number 5 

fert AdS —f'(z) | <€ whenever 0<| Az | «5. 
then f'(z,) is known as the derivative of f(z) at 20. 

.. Clearly the limiting value of AOA is independent of the path 


in D along which z—z,. 
Consider f(z) —z*, for example, then /'(20) —2zs at any point zg 


since /'(2)= Lim Gta =z Lim (22+ Az)—22» 
Az>0 Az Aro 


such that 


In view of the relation f'(z)— Lim fa Az )— feo) whenever 
Az0 Az 
F' (29) exists at any point 2,, we have 
$ : Л%+ AZ) —f(zo) ; 

Li — = Li =0 
joes Ut AD -fa Pul Az robe 

which follows · Lim f(z)=f(Z) 

i 2+%10 
Le. f is necessarily continuous at any point zy where its derivative 


exisis. But. the converse ts not true t.e. if a function is continuous, it is 
not necessarily differentaible as 1з evident from the following example. 
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Consider the function w= | 2 P which is differentiable at every 
point: It will be shown that its derivative exists only at the point z=0 
and nowhere else, since 


д» | zt Az Pol z Get Az) (Zot Az) 208) 
Az Az uj 2 
S| z Poet 


=Zot AEn n 2.9) 


. Aw dw А — Az 
a= Li = 
M Ae d Den patte. 
=0 when z,—0 
But if 2,50, then taking 0—arg Az —arg (2—2) we have 
Az 65 et 
=cos 2 0—i sin 20. 


So that ps, Ar cpm, [got Az--z, (cos 2 0—1 sin 20)] 
z \z> 


Here the Lim Az does not exist as Az—>0 in any manner, since 
Az>0 AZ 


if Az is real, Az Ax i.e. Az=Ax=Az then limit of (3) is Zo--Zo- 
Also if Az is imaginary ie. Az=i Лу so that Az=—Az, then 
limit of (3) i$ z,—2zo. As such the limit does not exist when 2030 and 
hence | z |? has no derivative at Zo. 

Analytic (or regular or holomorphic or monogesic functions) [Agra 1965] 

A function f(z) which is single-valued and differentiable at every 
point of a domain D, is said to be regular in the domain D. 

A function may be differentiable iñ a domain D save possibly for a 
finite number of points. Such points are called singularities or singular 
points of f(z). 

The necessary and sufficient conditions for f(z) to be regular. 
Necessary conditions. 

If w=f(z), where w—u-tiv and z=x+ iy 

As such и and у both are the functions of x and y and therefore we 
can write w=f(z)=u(x, »)+iv(, у). 

Now if f(z)=u(x, y)4-iv(x, y) is differentiable at a given point z, 
the ratio fRerag-Ro must tend to a certain finite limit as А20 


jn any manner. 
From the relation z —x-riy, we get Az=Ax+iAy- 
If we take Az to be wholly real, so that Ay=0, then 
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Аю т. Пих Ax. y) — ux, у) x+ Ax, y)— vx, y) 
Not Ах нв [ Ax t AX ] 
must exist and tend to a definite limit. 


. dw Qu , ду 
^ dx— x lay 
=u,+ iv, (say), 


i.e. the partial derivatives uz, v, must exist at the point (x, у) and the 
limiting value is us-4-iv;. 

Similarly again if Az be taken wholly imaginary, so that Ax=0, 
we find that the partial derivatives uy, v, must exist at the point (x, y) 
and the limiting value is vy—iuy. 

Since the function is differentiable, the two limits so obtained must 
be identical, i.e. u,+ive=Vy— Шу. 

Equating real and imaginary parts, we get 


U,g=V, and uy— —v; 
: Qu Qr Qu On. Ov. 
5 ax ду ày ox 


(Agra, 1967, 69, 71, 73) 
These two relations, which are necessary conditions for а function 
to be analytic, are called the Cauchy Riemann Differential Equations. 


Sufficient conditions. The continuous single-valued function f(z) is 
regular in a domain C if the four partial derivatives ts, uy, va, v, 
exist, are coritinuous and satisfy the Cauchy-Riemann equations at 
all points of the region D. 


Assuming и. =7у and vy=—v, and these partial derivatives are 
continuous, we have to show that they exist and are finite. 


By the mean value theorem, we have 
fat Ax, y) fes, ў= Ах CAERA. D), 


where 0<0<1 7 
А Дх, y--9 Ду), Ee 
AY 
where 0<0'<1. ] 


Now if w—f(z) and f(z)=u(x, »)--iv(x, у), 


and f(x, y+ Ay) fx, у)= A^» 


w+ Aw=f(z+ Д2). 
and f(z-- Az)=ulx+ Ax, УЛУ) + (х Ax, y+ Ay). 
s А»=/(@+Л2)—Д{@), 
Also if z=x-+iy, then Az=Ax+iAy. 


Thus 
Aw. fit л) Л) 


Az x-+iAy 
абда, P+ Ay) +iv(xt Ax, y+ Ay) —u(x, у) -iv(x, y). 


Axti^y 


vote —— у- 
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Now u(x-- Дх, y+ Ду) —и(х, у) 
={u(x+Ax, y+ AY) —u(x-k- Ах, y)}+{ule+ Ах, у)—щх, у)} 
Aulx+Ax, y+ Ay) Ащх+# Ax, y) 
ds FAX A 


^ 


= Лу 


[by mean value theorem as stated in (i)] 
Au(x, у) Au(x, y) 
- [P ta þa [AX е, | 


[e if the function is continuous 
|ft)—f(z9 | «€ -. f(@)=F(20) 6. 
when | z—z, | «9 where | є, | <€]. 


=Ax [e+ Ja [Bre d 
Ыш Aw dw yi, Дє+Лё-ДӘ 
Emo As dr Tho ^ дену 
E 25€) 6)нл (0 е) но (е) 


~ Аду 
P er Ht ay (+! ZY+ Ах (Her ANEHE) 
АЕНА 
(анд) Ix ye = (Ax+iAy)+nAx+n' Ay 
Axtiby 


[By applying Cauchy-Riemann" s equations and putting’ 
N=E, Hie)’, 1 —€i€ ; also #=—1], 


. dw ди DE DANCE. AY Sie 
Ud = +! б ТЛ Ax+iAy UWXRHAY +7 Ax+iAy 
Ax | Ill Ax! 

Now |1 ду [Г Ax-HAY | 

eee Дх 

V AX) CAYY) 
ESL ` AX«N(GG)- CAY)!) 
ev (Erte) Uo n= rie 


< 0 when Ax-0 ; €, and €,'—0. 


But by definition the modulus of any ч is always +ve or 
zero and it is never negative. 


ШЕ я 
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H 


а аеннан 


Similarly куо when 5›-© 
Hence нр, 
pL 


for the function f(z) to be 


sufficient conditions 
P recent city of the four first partial derivatives of 
Polar form of 


Cavchy-Riemann Equations 
ол" = of polar coordinates (r, €) are 


iw 
[E mI = 


“Иә е di 
"tr uu STE o 5s 


wt ee mh 
оьр veles la Cindi Bomans equations Lo. 


x=r cost, у= sin @ 
LU 


ppap БЕ 
Beck" LUE ID em 
ERUNT At 9 
манду (4) by cos 8, ——— 


| 


Б 
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The derivative of the function weis) ia the polar form ia given as 
TERRE 
qn 
deem ы) ce 
ерер) nt 
eee) 
—MSTP3d 4 
--+ (ostia 0 8: M 


Condition for s Punction when tt Coases to be Analytic 
If w= FIC) and Co fUr), then w is said to be function of a fiiia 
of 1 «nd we have SE mS 5, О ond fir) both being analytie. 
И w= f(s) be an analytic function 
m4 md Lomi pm ED ооо 
a value 2, of 4, Жз 


mah ve xe cond a р 
250, 4 НЕЗ 


On account of functions being inverse we have Рн) ed 
hence the function pen Рн) entes. bo be analynie where le 
di 70 also shat Д) where wm Mw) «өнө tw be герди when 


4 
——— M =}: 
ьан Eres cef am и 5 
Аз an illustration if wee {ооз ө +( vm €), tee Jf oe 
4 емен con am mle" (oon tme 7 
7, w ceases to be analytic when SE m0 e. 1e 
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To prove that if a function is regular, it is independent of z and is 
function of z. 
If z=x+iy, 
z—x-—iy, 
Adding and subtracting, we get 


х=} (zz) and y-46-2. 
ду 1 


. er nq eb 
^ ® ==} and ЖООШ еїс. 
Now w-fiz)—u-iv. 

dw du dv 


de dpt ae 
Qu Әх ди Cy fev Ox ду ду. 
Lax dz bay êz |+ [58 Tay ағ 
?u JS cus МАРКАЙ ir „Дай 
Sar bb бу Lex i OF ду 
=0 by Cauchy-Riemann's equations. 
Thus if the function is regular, it is independent of z, as its 
differential is zero. 
Laplace's Equations 
Cauchy-Riemann's equations are 


eu Cv и ey 
ex cy an ey c 0x" 
ЕУ а Фи ey SQo0 Oy ў ety 
С Ex Gy 110 nya ох vy * Qxüy дуду 
К ?u ди 
Adding, adt i$ 
: ER аи 
xc ; V и 052 yt ag ш) 
E Q» ety D 
е Amm eee 
Similarly, Viy- dx ty 0 (iii) 


These are known as Laplace’s equations, in which both u and v 
satisfy Laplace’s equation in two dimensions. 

Harmonic Functions. A function of x, y is said to be a harmonic 
function if it possesses continuous partial derivatives of the first and 
second orders and satisfies Laplace’s equation. 

Two harmonic functions и and у as satisfying (ii) and (iii) аге 
known as Conjugate harmonic functions or simply conjugate functions. 
Determination of Conjugate Functions 
|. If f(z) -u-F iv is an analytic function such that и and v are conjugate 
functions then being given one of them say и, we have to determine у. 


P tame. 


Т8: чех ^ ау К MEC SEMEN 
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We have 
e а 


d= ac duy “visa function of x, y. 


= AA dy by Cauchy-Riemann equations. 


The R.H.S. of this Чч being of the form Mdx+-Ndy will be 
exact if 


0M N ди ' ди 
De where М=—= and Nux 
ie Z(-5)-5 — &) 
Ut ду\ 0y/ Ox \ ex 
Ou u 
or pF oe 
ie. ou +05. =0; 


дхі 
Аѕи Ы Laplace's equation, it is harmonio and hence its 
conjugate v can be found out by integrating the equation, 


ёи ?u 
dv= Tay 4х+ 5 cdy. 
Ў ar: ГЕЯ ди _ ди 4: 3да 
As an illustration if u=y*—3x?y, the: Tx z—Ó6xy, wr 3 


E —бу, Es 2 =6y so that и satisfies Laplace's equation and 


axe cy" 
hence is harmonic. 
Qv , ov 
Now» = ayer 239 


= -E detid by Cauchy-Riemann equations 
= —(3у%—3х?) dx—6xy dy 
== —(3y* dx+ 6xydy) - 3x'dx 
Integrating у= —3xy*--x*-- c which is harmonic conjugate to и. 
Corresponding analytic function f(z)=u+iv 
—y!—3xty -i( —3xy* x! +c) 
z—i(x--ytic 
—iZ-4c 
e 5 
Using an alternative method, x =—6xy = by Cauchy-Riemann 
equatiors 
Integrating = =—6xy we get v=—3xy?+¢(x), ф(х) being arbi- 
trary. А 
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But | 
зуф) =— 392 +32" 
ie. ф(х) —3x* and so $(9)-2x*-rc 
As such ye —3xy! +x +e 
Construction of a function f(z) when one conjugate is given (due to 
Milne-th: 5 um 


Y Pty, z=x—iy and so х=, у= = 


л Лд=цбх, y) hG, у) 
ааа z—P 2+2 2-Ё ) 
-( 2 3i eh ( 2" 3i 
Treating it as a formal identity in two independent variables z and 
Zand putting 2=7, we get х=2, У =0 so that, 
f(z)—u(z, 0)--iv(z, 0) 
Taking f. NERA to be analytic, we have 
fa- ue 
ди н 
E. —i ED by Cauchy-Riemann equations. 
Writing d(x, pač ae Y »-3 we have, 


F ws, у) х, у) 
=ф(2, 0) — бс, 0) 
Integrating, f(z)—J(d(z, 0)— #02, 0)) dz+e, с ess arbitrary 
constant. 


Similarly if v (x, y) is given then we can find 
i giae 0)+i Y (z, 0) Es 


where (x, y)— —— y and EAE у= 2 = 
As an illustration M тй COS y —y sin b then 


H e(a cos y —y sin y+cos у)=#(х, у) (say) 


9 
and трех sin y—y cos y— sin у)= ф(х, y) (say) 


So that Ф(2, 0)—e*(z--1) and (z, 0)=0 
^ f'(2—4z, 0)—i H(z, 0) 
=e(z+1) 
Integrating /(д=2е'--с. 
г Problem 6. Prove that the function u+iv=f(z) where 


—————————————— РИИ 


| 
{ 
| 


ШЕЕ pira lee Зона" aiii 
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EM d 


fey) 640, O0 a 
is continuous and that the Cauchy-Riemann equations are satisfied ai 
the origin, yet f'(0) does not exist. 

Here u+iv=f(z) 

3 (1-H)—y* (1—0 
е x+y? " 
Equating real and imaginary parts on either side, we get. 3 
3 
iE and vA when 2:0. 

Obviously both и and v are rational and finite for all values of 
20. Thus и and v are continuous at all those points for which 240. 
Hence f(z) is continuous when z40. i 

Given that f(0)=0, therefore at the origin u=0, v—0. Hence u 
and v both are continuous at the origin. As such f(z) is continu- 
ous at the origin. 

Conversely f(z) is continuous everywhere. 


Now, 
ди ди(х, 0) - 
(к) ш ee at x=0 
y=0 aye 
Lig A^. 0—4(0, 0) .. j ое ii 
Dm 5 2 ир, = +0 h etc. 
SA 
=Lim —- =1. 
hoo h 
ди . @и(0, у) ү. u(0, k)—u(0, 0) 
Ld =Lim =Lim - - 
p у=0 ФУ кэй k 
y-0 
ook E 2800 
сыш ҮЙ Кер тај. Y u(0, Ю=0+0= k etc. 
(z ) =Lim "9 0 
Ox J atx=0 ax 
y=0 
ram v(h, 0)—v(0, 0) tim A asl 
k>0 k ho В 
v pa 2X0.» 
= ay x-0 rm ду 
y-0 
(C tig 0-19 али 
k>0 ko k 


Thus we have found that at the origin 
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which clearly satisfy the Cauchy-Riemann equations at z=0. Again 
differential coefficient of f(z) at 2=0, i.e. 


"tv rim 102) А0) 
ушеш суу 


pus X -E)- 1-1) PR. UR 
CE Gy) GH) ot” 
yo 
2o (1+i)—m*(1—i)x* 
= Emi?) (х-Ейтх) 
(1+й—т? (1—0) 
T ne) (1+im) 
which is not unique, as it is different for different values of m. 
Therefore f(z) is not continuous at z=0. 

Hence f'(z) does not exist at the origin, i.e., z=0. 

Problem 7. Show that the function f(z)— 4/(| xy |) is not regular at 
the origin although the Cauchy-Riemann equations are satisfied at. that 
point. 

Let the function be 

fi) xy Dou (х, Y) iv (x, у). 

Equating real and imaginary parts, we bave 

u (x, f) (| xv |) and у(х, y)—0. 


by putting у=тх 


Qu Qux O) 
E as х=0 Ox at x=0 
y-0 
=Lim 000.0) Lim 070 0, 
h-0 k>0 

Similarly at x=0, у==0, 

ov — LM ov 

dg Dir pu ak 


These values clearly satisfy the Cauchy-Riemann equations. 
Again 7700) Lim EAO Lim 000—0 


20 2 Pere Sag 
y=0 
=Lim XV (m ig es 
Eu хт) by putting у= тх 
v(m) 
l+im’ 


which is not unique as its values are different for different valves of 
m. So f(z} is not continuous at 2==0. Hence it is not regular there. 


- aaa 
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Problem 8. Prove that the function: = 
u=x—3xy?+3x?-3y*+1 
satisfies Laplace s equation and determine the corresponding regular | 
function u-Fiv 


Here, ~ =3'—3у°+6х, 9 0 . 0 
СИ =бх+6, 2.0) 
W —6xy—6y, e) 
aT 6-6 cote (4) 


By the additions of (2) and (4) it follows that V2u=0, which clearly 
satisfies the Laplace’s equation. 

Hence и is a Harmonic function. 

Now Cauchy-Riemann equations are 


Qu av Qu 0р 
óx dy а ду Ox 
ov 

dug oe 


=~ hate dy (by Cauchy-Riemann equations) 


=(6xy+€y) dx-+ (3x9— 3+ 6x) dy 
= (6xy dx+3x? dy)—3y? dy+ (6ydx+ 6x dx). 
Integrating, д 
y=3xty—y"4-6xy-+e, where с is an absolute or complex constant. 
Thus ^ 
u-piy--x3—3xy!--335—3y? +144 Bxty— + Oxy * d] 
=(x+iy) +3 (x+iy)} +1+ic 
232-14 ic 
2-3". 
Problem 9. Prove that the curves u—constant, 
ye consiant 
intersect at right angles. 
Wc know that the curves intersect at right angles if the tangents to 
them at their point of intersection are at right angles. 
Differentiating partially the given equations of the curves, ge get 
ёи ди 


du—-dxt ^ dy=0, 


dy 9v 
Ф= xt aya 
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Therefore tangents of the angles formed by the tangents drawn to 
the curves at their point of intersection with the real axes are 


respectively 
dy ди [ди dy _ду /ду 
(4)-- x апа ( dx )-- ae 
ду. 
ау dy ду дх RD gm х 
Now dx X di ) = du ду ; av = —1, by Cauchy-Riemann equations 
ду Oy 


which shows that the two tangents are at right angles if the function 
is regular. It follows that the two curves intersect at right angles. 
Problom 10. Show that V? | u|?=p (р—1) | u P> | F'O) Р. 
Here if u be positive | u |=u and if u be negative | —u |=u. 
Taking first u to be positive, 
i£ uP=p u x 


2. 2! д 2 
EE a Qu V дш 
Similarly, p u? =p (p—1) u»? (9) Tp 
Adding the last two results, 
2 
Vy pur? V*u-Ep (р—1) [Gy ) | 


o 
where veil xr 


du? f. 
uve (Gn m 
ay Vzu=0 (Laplace’s equation), 
Now if w=f(z)=u+ iv, then 


roe 2 uo. 
ure ry (m) 20 


Thus from (1) and (2) it follows that 
Y*ur=p (p—1) u= | f '(z) È. 
Again if и be negative say їл, 
2 MELIUS 
As before, we have 
; Yup =p (p—1) w?” | f'e) P 
or V? | ш Pap (p—1) | ш P7 17702) P- 
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5.7. Elementary Functions and Mapping by Them 

Exponential functions. If z —x--iy and y is used as radian measure of 
the angle to define cos y, sin у etc, then the exponential function in 
terms of real valued functions is defined by 


gi gH —ereiv—e* (cos y+i sin y) vs) 

In case z is purely real i.e. y —0, we have e*—e* is (2) 
and if z is purely imaginary i.e. x—0, we have 

e%=cos y+i sin y ead) 

,As such Maclaurin series representation of ef on replacing f by iy, 


gives 
oo (iy)^ oo рту?" oo petty 
bI = =r where |0=1 
п=0 |Л п=о | 2” * eo [antl p- 
o. y? © ym i ; 
= È (—1)" i 2? (—-l1—— FRG) 
o C D pa a C en i 


which are Maclaurin series for cos y and sin y respectively. 
The Exponential function given by (1) is an entire function since 


ee (9) 
Similarly + ev =e" ae .. (6) 
w being an analytic function of z. 
Polar form of (1) is "=r (cos 6+i sin 0) —ref* zt 
where r=e*, 0=у. 
2. | et |=г=е* and arg e*--0—y .. (8) 
Also |e | > 0 i.e. e*#0 for every value of z ЖЮ 


So the range of the exponential function is the entire complex plane 
excluding the origin where r=0, 

Now et —1-cos (z--2mm)--i sin (rd-2mx) gives 

х=0 and у=72тт, m=0, 1, 2,... 

If e =r, (cos 0,+/ sin 0,) so that r,=e*! 6, — y, 
and е? =r, (cos 0,4-/ sin 0,) so that r,—e** , 6,—y, 
then, e -e* —r,r, (cos (0,+8,)+/ sin (0,--0,)) e*t e 

[cos (Y) +i sin Qn +8) 
pl +32. el 1-2) „ех1+х2+у1+у2) 


egisti) ortam vss (10) 
Similarly ее = e1-** ‚..(11) 
Jee ss + (12) 
(eren Y oes (13) 


n being a positive integer. 
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(emn етте 2npi) ... (14) 
р=0, 1, 2,..., x—1 and m, n are integers (+e). 
Also чы ee? as eri] eee (15) 
(15) follows that the exponential function is periodic. 
Agin е (е) ЖУ (16) 
In polar form z—re'*, z—re"** so js 
i 2) 21 _ Гі 4001-92) 
Ziz4—r,r, eem, a ^ eiae SET UI 


Trignometric Functions 
£*! —cos y+i sin y and e*v=cos y—i sin y yield 
e -pe ev — e 


| €00y—7— 5— Sin у=-—-уу— «+. (18) 
Sin z and cos z are entire functions as 

CENY d : 

X =соз 2, ——- =— TENERI 

1; nice. cos 2 sin z etc. (19) 
Now, 


cos z—cos (x--iy) =4 [eim — ену] 
ej[e't*-rFe te 
= егу (cos x--i sin pate (cos x—i sin x) 


= ane cos х SS * sin x 20) 
Introducing the hyperbolic functions with the properties 
Sinh 2-0, cosh, Fee TERI 
2 
d d 
EA sinh z=cosh z, -— cosh z=sinh z etc. neat ae) 
cosh? z—sinh®z=1 № Bas ОЗ] 
cosh iz=cosh z and sin iz— i sinh 2 ... (24) 
' the relation (20) becomes 
соз z=cos (x--iy) =cos л cosh y—i sin x sinh y 525) 
Similarly sin z—sin (x--iy) sin x cosh y+i cos x sinh у -.- (26) 
Also sin = —sin 2 and cos z—cos z \ aden 
cos (Z+7) = — cos 2, sin (z-- x) = —sin 2, etc. 2e 28: 
It is easy to show that 
1 sin z —sin* x+sinh’y : 60129) 
| cos 2 [*—cos? x4 sinb?y . (30) 


А value of z for which fiz) ) =0 i is known as a zero of the function f. 
The real zeros of sin z and cos z are their only zeros, since 
sin z=0 from (26) gives · 
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sin x cosh y —0, cos x sinh y=0 
x and y being real, cosh y>1 and sin x—0 only when x20, +7, 
+2r,...and for these values of x, cos x0 and thus sinh y=0 йе. 


у=0. 
Also 
sin 2=0=2=0 or +77, х=1, 2, 3,... 7 
cos 2=0=2= 401707. X91:253, 7. } МИ 
we may also show that 
cosh z—cosh (x-Hy) ==со5һ x obs y--i sinh x sin y vue (32) 
sinh z—sinh x cos y+i cosh x sin y ‚.. (33) 
Sothat | sinh z |?==вїпһ?#х-Езїп? y ВВ) 
| cosh z |?==sinh*x-+cos* y 70,7035) 


Sinh z and cosh 2 are periodic with period 27i. 
Logarithmic Functions and Branch Points 

z--re'*, 0 being measured in radian, gives 

log z==log ге‘ —log r+-i0 |o and —z«8«m-  ...(36) 

=1ор | z |-+iarg 0 . 

If —1 «0x7, then z—re/ 27"), n=0, 1, 2,... 

So that log z==log r --i(0--i2nr), n=0, 1, 2, ota 37) 
e write log z for principal value of log z and Log z for its general 
value. 


In (36) if we put log r—8, 6—v so that 


Qu 1 Фи дй бу А COE 
or reo 70,5770 $6 =1, are all continuous functions 


of z. 
И. “alu 00У 
Also, p log z=e «(2° +) : 
` 1 1 
==> 5% (38) 


where 240 and —n< arg z«7. 

A branch F of a many-valued function f is any single-valued function 
which is analytic in some domain at each point of which the value 
F(z) is one of the values f(z), The equation (36) gives the principal 
branch log z. Each point of the negative real axis б=т along with the 
origin is a singular point of the principal branch log z. The п (say) 
@=т is said to be a branch cut for the principal branch and the 
singular point 2:=0 common to all branch cuts for the many-valued 
function log z is known as a branch point. 

Now if w=log z, then e"—el« *—gor rtie) 

=e f gió —геќё =z 
‚ Le, e? Fez, 240 (39) 


492 MATHEMATICAL PHYSICS 


and if =w, log w=log e**¥=log e*+log e”. 
=x+i (у+2тт), m=0, 1, 2, 3,.. 


=x+iy+2prīi 
—z2pni 
So log w=z when e*=w +++ (40) 
and log e*=z for appropriate choice of logarithm е. (41) 


Again if z,=r,e!®1 , zy=r,e!%2 r,>0, r,>0, then 
log 2, -log z»=Jog rei? +1og r ei? 


=log r,+log r.+i(0, +98.) 
=log г, r.+i(6, +9) 
=log 2,22 «+» (42) 
Similarly log z,—log z,—log Я ‚.. (43) 
2 
It is easy to verify that 
log z^—m log 2 ... (44) 
log zl logz ... (45) 
mines emm tos = ... (46) 
In case of complex exponents, we define 
2°==е° V * 2, c being complex and 2;=0 2. (47) 
d eet toge L etus (c-1) log 270—1 
rx сле P. =се =с2 .. . (48) 
Also c*ze, 19 ‹ c0, .. . (49) 
A coc log c, £0 ... (50) 
Inverse Trignometric Functions 
Defining the inverse of sine function as w—sin-!z, we have 
ei" —eg-i» 


z=sin w= —ap € etiv —2]zeiv —] —0. 
Being quadratic in e'*, this gives, e’=iz+ ү (1—27). 
So that w=sin "z= —ż log {iz+ V1—2"} КУСА) 
Similarly cos?z— —i log {z+ V 27—1) - + +52) 
et ly tt 18053) 


=o 


1+ 2 ОЕ 7—7 


tan7z= = log 


So that 29 ap L 


dro 
dz vi? dz STFA Сз) 
Also 
sinh?z—log {z+ V 2+1} 
SEN GtrVz-—l S55) 
а, 1) 1+2 а 
tanz— 1 log —— i 
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Mapping. If w=f(z) and corresponding to each point (x, y) in z- 
plane in a domain of function fi there is a point (u v) in w-plane 
where z=x+iy and w—u-tiv, then this correspondence between the 
points of two planes: is said to 5e a mapping or a transformation of 
points in the z-plane into points of the w-plane by the function f. 
Corresponding points or set of роїйїз are known as images of each 
other. The use of graphic terms as translation, rotation or reflection 
is rather convenient in mapping, e.g. S 

The mapping w—z-tc, с being a complex constant gives the trans- 
lation of every point z through the vector c ie. if z=x+iy, w=u+iv, 
c—c,-ic,, then the image of any point (x, у) in z-plane is the point 
(x-r&, yes) 

The mapping w=Bz where B=be" and z—reí* 

ie. w=br eite*m : 
maps the point (г, 6) in z-plane into a point (br, 64-8) into w-plane 
ie. the mapping consists of a rotation of the radius vector of z 
about the origin through an angle p—arg B and an extension ot 
contraction of radius vector r by b= | Bl. 

As an illustration the function w=z? maps the entire first quadrant 
of the z-plane, 0«6«7/2, r>0, into the entire upper half of the 
w-plane. 

The transformation ‹ 

az+b ; 
А T. Wo р 2001050), 
а, b, c, d being complex constants istermed as the limear fractional 
transformation or bilinear transformation or Mobius transformation. 

Here T- i.e. inverse of T is z= =t С. (51) 

Any set of elements which satisfies all the following conditions 
is called a group: 

(i) There is a rule of cornbination such that product ТТ' for each 
distinct pair T, T’ of elements is an element of the set. 

(ii) The product is associative i.e. T(T'T')-(TT)T" 

(iii) The set contains an identity T, such that TTo=TT=T for 
each element T. З 

(iv) Each element Т has an inverse T s.t. TT — ТТТ. 

It may be shown that the set of all linear fractional transformation. 
is a group. К 

If besides the above four properties a group also satisfies the com» 
mutative property then it is called an Commutative group ot an 
Abelian group. 

Problem 11. Show that the set of complex numbers form an Abellan 
group under addition. : 

Take three complex numbers, 2:=(%1 уз)» 2a= (Xe уз), zi (xa, IA 
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belonging to the set C of complex numbers. Then the additicn is 
commutative since К 
zz. 7 (х1, УУ) (аха, Yat) 
=2,+2 ¥ 2, 2EC 
Аво Z, 2 EC z,+-2,EC 
The addition is associative since 
Zit (23-25) 9 05, Ys) + Gs - X, Ya РУз) 
(хха Xa, +) 
(х4 хе, у Уа) + (Xs Уз) 
=(2142,) +23. 
There exists an additive identity о=(0, о) such that 
2+0= (х, y)+ (0, о) = (х, y)=z 
There exists an additive inverse (—z) for м z such that 
@+(—2)= (x, y)+(—x, —y)=(0, o) the identity element. 
Hence the set of complex numbers form an abelian group. 


Problem 12. Show that the set of complex numbers form ап abelian 
group under multiplication. 


It is easy to show that 
(ж, у), (х YDECH (ху, Va) (Xas Уз) бе. (хух уув 88 
 +х)ЄС 
(s X) (ха Va) (ха, Yad} (C, уз) (хә, 80) (хә, Уз), (хь Vi» 
(х, уг), (х, У) € C 
3 multiplicative identity (1, 0) s.t. (х, y) (1, 0) (x, у) ¥ (x, JEC 


3 multiplicative inverse s.t. (x, (жугу or) ado 
The commulative law holds i.e. 


(ху, Y) Gn, Ye) =n уз) (ху): 
Hence the given set is an abelian group. 


Complex Difforential Operators 


-If z=x-+-iy so that z—x—iy and F be a continuous differential 
function, then 


OF OF @z OF az OF əF 
Oe “Gz Ox у x oz tay ПЁ 
ax art ay (56) 
OF UGE ta. OF ау OF OF... 
ду” ёт dy tor dy" F3 a giving 


ay = <4) ‚+, (59) 


a TRE e _.., 22 


| 
д 
Y 
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We then define Y (Del operator) = 1. Heat ty 


НИ УИ 
ulg- Oc 
‘led Pe ae a ee 
and V (Del bar) Ex wt al -%) "2%; 
T 


„09 ep Pe y » re ee — function of 
ars x, y a x, y) e P(x, x, y) as continuous! 
differentiable function of Seid. x and y, then Fix, » ja А 
z+z 1—1 : 
-r (4.4 =G (z, 2) say and A (x, y)=B(z, 2) вау... (62) 
The Gradient of a real scalar function F is defined by 
gd Fey re ME uu MEL) 0. 63) 
Ox dy ЕП .. . ( 
and the gradient of a'complex vector function А is defined as 
9 ә ôP 2 
grad дул (5. +) сено) ° 


ГТД: aR 
+ Ten )22 +++ (64) 
Geometrically interpreted, VF is a vector normal to the curve 
Fix, y)mconstant, and if B is analytic function of z so that i 
ӘР 00 ӘР. 20 us 
then gradient is also zero Le. ox ay” ду pa showing that 
Cauchy-Riemann equation are satisfied. 
The Divergence of a complex vector function A is defined as 


div An V- Am Re (V A) Re i t, )evel-5 +22 


ек2 where Re denotes real рагі. ‚+. (65) 


It is notable that the divergence of a real or complex function is 
always a real function. 
The Curl of a complex vector function A is defined as 


cid A- V X Amla (V A) 1. iG -+2 euo 
ES angi ‚.. (66) 
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"The Laplacian operator is defined as the scalar or dot product of V 
DUC = eL Aon oU 0 
with itelt e. V- Ve V*-Re(V V) - К (A -i) ( 2+2.) 


д. @ а? 
=з ‚.. (67) 


Herebelow we summarize few identities involving grad, div and 
curl of two complex differentiable functions A, and А,. 


grad (A,+A,)=grad 4;--grad A, ‚.. (68) 
div (A,+A,)=div A,+div А, . . (69) 
curl. (А,-Е 4;) —curl A,+curl A, «++ (70) 
grad (4; Az) =A, (grad 4,)--(grad 4;) А, eO (71) 


curl (grad A) —0, when А is real or Im (4) is harmonic ... (72) 
div (grad А) =0, when A is imaginary or Re (A) is harmonic 
ENGE) 


5.8. COMPLEX INTEGRATION 


It has been defined that a function of z is said to be regular in any 
domain D if the function is single-valued and differentiable at every 
point of the domain D. Now in ọrder to show that a regular function 
possesses a second derivative, we must first of all express the function 
f(z) of z as a contour integrabround any closed contour surrounding 
the point z. 


“Let us suppose that the equations x—4(f) and y=Ņ(t), where 
a<t< В represent the arc of the plane curve. Let us divide the 
interval (x, 8) by the points fo, ti, t,...t, and let these points on the 
curve be denoted by Po, Pi, Р,,...Р,. Then length of the polygonal 
line P,P;P,...P,, will be the sum of the lengths of the lines PoP,, P,P;, 
1. Pha Pa. If Zos 21, 2;,...2 be the points оп the arc corresponding 
to the values fo, fı, їз,...1„ of f,then length of the polygonal arc 
КОРР. P. 


n 
= E оа). 

The value of this sum depending upon the mode of subdivision is 
called the length of an inscribed polygon. ЇЇ the arc is such that the 
length of all the inscribed polygons have a finite upper bound A, the 
curve is known to be Rectifiable and A is called the length of the curve. 

The necessary and sufficient conditions for the arc to be rectifiable 
are that the functions ¢(t), (t) must be of bounded variation in the 
interval (в, B). In case $’(t) ф'(2) are continuous, the curve denoted 
by x=¢(t), У=ф(1), when «X t <B is rectifiable and its length is 


s= f? vie crei oma. 
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Riemann’s definition of Integration 3 
Defining the integration as the limit of a sum, Riemann’s definition 
of Integration of a complex function is 
given as below; A 
Consider a function w=f(z) which is | 
continuous (but пої necessarily analy- 
tic) along a curve C with end points 
A and В. Divide the arc C into п arcs 
by the points zp=%, 21, 2;..., 27-1 Zr | 
way Тал, Zn=P With 20 being at А and i 
Zn at B. Take points POT E Ne such | 
| 


2„=Ё 


“Ne 


that $, lies on the arc Zr- Zr- 
Consider the sum f(%;) (21—20) An Z 
Й) @—а)+... HEN FE uui ажа 
em) | E 


n 
ie. > =z, 
zm f. (2—2-) Fig. 5.13 


Tf this sum tends to a unique limit when n—>0o ie. the number of 
arcs of the curve C becomes indefinitely large then the definite 
integral of f(z) along the curve C is given by 


f j^ f(z) dz= | api?) = Lint i fit) (Err): 

Note 1. If f(z)=u+tiv, zx iy АИ) so that dz=dx+idy 
={$'(t) Lid ()dt 918. 

We have {2 fe) = k (utin) POHODA 


-f (u-+iv) (dx+idy)= | c (udx —vdy) +i(vdx-+udy) 


Note 2. If C consists of a number of arcs Cr, 
(с дәё=—У|\ o, уда. 


Continuous arc. When g(t) and qt) are real continuous functions of 
the real variable ¢ in the interval («, B), the arc is known as conti- 
nuous arc. : 

Multiple points. If the relations x=¢(#) and у=) are satisfied by 
two or more values of t in the given integral, then the point 2=(х, y) 
is called a Multiple point. ў 

Jordan атс. А continuous arc having no multiple points is called a 
Jordan arc. 

Regular arc of a Jordan curve. Considering an arc of a Jordan curve 
defined by the equation т=ф()-+ МИ), where a<t<f, if z be expressed 
as single-valued and- H(t), Vt) as well as $' (t), Y’ (f) are continuous 1n 


+ 
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the interval «<<<, the arc is then called Regular arc of a Jordan 
Curve, 
Length of the tenir Jordan arc is 
5 д 
[реон Or d. 


A Continuous Jordan Curye is one which consists of до of finite 
number of continuous arcs. 

Contour. By the word ‘contour’ we mean a continuous Jordan 
curve consisting of a chain of finite number of regular arcs. It is clear 
that a contour is rectifiable. 


The complex integral of f(z) along the regular arc L is written as 
|. S(z)dz, 


The integral of f(z) along a contour C, which consists of a finite 
number of regular arcs L, is given by 


lo fiz) dent), fe) dz. 


Here k Siz) dz is read as integral f(z) taken over the closed 


contour C. 
Some properties in case of complex integrale are however notable: 


1 [слонка eem [ro a+] nae 


e f(z) 4&=— EU f(E) dz, where —C represents the direction 
opposite to that cf C. 
c dz= E fiz) dfo f(z) dz, where C, and C, are two 
parts of C. ` 
4. | kf(z) а= к k JE) dz, k being constant. 
An upper bound for a complex integral. Zf a function of z say f(z) 


is continuous on a contour L of l 2 
is satisfied: then of length land if the inequality | f(z) |<M 


| fL(Z) dz |, < ML. 
Let the equation to the curve L be 
х=ф(ї), у=(ї) 
Then the length / ssf the curve is given by 


={[(4) )« Gy] dt, between proper limits. ©... (1) 


UU шит 
лү e 
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Now z=x+iy gives dz=dx+idy 
| dz |=| dx-Fidy |= v (dx)? -(dy* 
So that f | dz |= V (EFFO 
ly) (2) Ў, ac 
WG ) Gr). К 
=l by (1) ФИРА] 


Now the modulus of the sum of n complex numbers being less than 
or equal to the sum of their moduli, we have х 


|2 лол) |< 2] f (29 | 


n 
< 2176) | | 2.—2--1 | 
r= 


Proceeding to the limit as 700, we have 


лла) 1 7170) 1 1421 
«MjL | dz 10 ISM 


« MI by (2) 
5.9. CAUCHY'S THEOREM 
If f(z) isa regular function of z and if f'(z) is continuous at each point 
within and on a closed contour C, then f(z) dz=0. 
(Agra, 1966, 67) 
(i.e the integral of the function round a closed contour is zero). 
Elementary Proof. Green's theorem states that if P(x, у), OC, у), 


0, OP ате all continuous functions of x and y in the domain D, 


ду 
then 


ў (Р4х+0 s» [9-5 ua ee 


Let us now assume that f(z) uiv, where z—xtly. 
E dz=dx+i dy. 


Substituting these values in | > f(z) dz, we get 
[с ^e. am f, rnm +19) 
=| avanti [zo dete oy 


-f(Cz-9)* ell) 
[by result (i) of Green's theorem] 
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(Cauchy-Riemann equations) 


Rigorous Proof of Cauchy's Theoren 
If f(z) is analytic (regular) at ali points within and on the closed 


contatir, C then le fiz)-0. 
To prove this theorem let us first consider two lemmas. 
Lemma I. If C is a closed contour, then we must have 
| dz=0 and also | z dz—0. 
с c 
It follows from the definition of integral that 


[Se de= Lim È ef. 
c n300 r=1 
Taking f(z)—1, we have 


DN 
(с=т У {(@,—z,-1) +1} 
n0 r=1 
=Q as max. (z,—z,-1)>0, when noo. 


Also [с dz—Lim Ў ((25—2.-) 2} 
r—ir-i 


n | 
elim 2 {z,_,(z-—2;-;)} 
no r=1 


eium 2 50 528 
n90r—1 


+ Lim È es (z-—2,-H 


n>0.r= 
=$ Lim 2{(2,-+2,-1) (z——2,4)) 
noo 


=} Lim X(z/—z,,*) 
а] 
=0 (for a closed curve). 


Lemma `F. (Goursat's Lemma). 

Given x, it is possible by suitable transversals, to divide the interior 
of C into à finite number of meshes, either complete squares or parts 
of squares, such that within each mesh there is 2 point 2), such that 

Ў) * кү| 
i£. «e 
he. F(2}—Sleo) =f (2) (@— zo) + (2—23) medi 


for all values of z in the mesh where n< €. 
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[Note. Unless the comtour is a square, the sum of the meshes will not 
be u perfect square]. 


Fig. 5.14 Fig. 5.15 
Let us suppose that the lemma is false and however the interior 
of C be sub-divided. Then there will be at least one mesh for which 
(1) is not true. We have to show that this necessarily implies the 
existence of a point within or on С at which f(z) is not differentiable. 
Suppose that we enclose C in a large square Г, of area А and apply 
the process of repeated quadrisection. When T is quadrisected there is 
at least one of the four quarters of the square Г tor which (1) is 
untrue, Let it be denoted by Г,. We quadrisect Г, and take its quarter 
. say T, for which (1) does not hold. This process is carried on inde- 
finitely. Let the infinite sequence of squares so obtained be L'i, Г, 
Tas- T'a- each contained in the preceding, for which the lemma is 
not true. Let this sequence of squares determine a limiting point $ 
which clearly lies within C. 
Now f(z) being analytic everywhere and so at z=t, it is differen- 
tiable at $ and therefore, we have 


ap -f't | «6 


ie. (д—Ж©=/'® G—0 4x (2—0), where 12—41 <8 and y «€. 
With centre Ў let us draw a circle of radius $,«5 and let 
| z—& | <8, <8, 
which contradicts our hypothesis, for by taking © to be zo, (1) is 
satisfied and thus it follows Goursat's lemma. z 
Proof of the theorem. It is obvioùs that some 
of the meshes obtained by the subdivision of the 
interior of C will be squareseand others will not 
be squares. Let. Ci, С,,...Сы...Бе the complete 
Re and Di, D,,...D,,... the partial squares, 
then А 


[fie a 
== | e f(z) 2+ B fiz) ё. ... (2) РЕ? 
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Also we have from (1) of the Goursat's lemma 
f(z) =) +f (0) €—29)- (2—20), where | » | < €. M Q) 


Now 
Jot (2) а= |. Uto '(zo) (Z—Zo) +% (z—29)] dz 
-UG)-f 69 1 |а [| + 
Mo. (2—2) dz 
=|. (z—2z,) dus. d= k z dz=0 from lemma 1. 
Ў IE а [es pe | 2-2, | dz 


<є E М/21„ | dz |, side of square being 4; and 
" 
Max | z—z, |= \/21„, where 4/21,, is the length of the diagonal of 


square. 
xey2l, | c ds, s being the entire perimeter of the square 
^ 
<є%у21,:41, 
<4у2є-1,2 
544/26: An, 1, — An, the area of the square. 
Similarly, 


| p, fo de | «eva. p ds 


x€v2l (4l, -s,), s, being length of arc form- 
pi the curved boundary of D, 
x €:44/2A4, --2€s,4,', An’ is the area of square D, 
of side /,'. 
Hence (2) gives 


lf. fi) de «eva 2 (4 (455-45) +h} 


x €y2 (444-SL), S being perimiter of contour С, L is 
the length of a side of some square enclosing C and A the total area, 
{ <0 as €—0, S and L both beipg finite, 
so that fs fiz) dz=0. 


This proves the theorem. 
Extension of Cauchy’s Theorem 


For this purpose, we define some theorems which have not yet been 
introduced. 


CITY a BRE 
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Connected region. A region is kaow. as a connected region if 
any two points of the region D can be connected by a curve lying 
wholly within the region. 

Simply-connected region. А connected region is known as a simply- 


' connected region if all the interior points of a closed curve C described 


in the region D, are also the point of D. 
Multiply-connected region. A connected region is known as a 
multiply-connected region if all the points enclosed by two or more 
closed curves described in a region D are also the points of D. 
' Cross cut or simply cut. The lines drawn in а multiply-connected 
region, without intersecting any curve, such that the multiply-connec- 
ted region is converted to a simply-connected region, are said to be 
cross cuts or cuts. 

If the function f (т) is not analytic in the whole region enclosed 
by a closed contour but it is analytic in the region enclosed between 
two closed contours then also Cauchy's integral theorem can be 
applied. 

Let the nearly equal and parallel lines AB and A'B’ as shown in 
Fig. 5.17, be used as cross-cuts by connec- : 
ting the points А and В (very near to each Ts TREES 
other) on outer contour C with points А' and fie КООМ, 
В' on inner contour ү. Let the simply connec- T 
ted contour so obtained be denoted by Г. 
The function f(z) being analytic in this region, 
the Cauchy's integral formula can be applied 7 P 
for this contour i.e. 2 9 


€ 


Ir f(z) dz=0 now gives 
Fig. 5.17 


[rotje л» dtf fare [s fo а+| лә d= 


afe S(z) + f f(z) dz=0, other two integral being equal 
and opposite in sense, cancel each other. 

ie [л 4: = -f| dz 
wher “ri. sign shows that the integral is traversed in clockwise 


directi... У 
-. Taking tie integral along y in anticlockwise direction, we get 


[аде &-[. FO dz. 


Note. In general if С be a closed curve and Cy, Cs, Cs..., Cn; be the 
other r closed curves lying inside C and f(z) is analytic within these 


curves, then| o ға) dz= ie Kə ee |. Kd dL fiz) dz 
1 a ^ 
integrals being taken in anti clockwise directio, 


Mb 
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Moreras’ Theorem as Converse of Cauchy's Theorem 
` Jf the integral f f(z) dz of a function f(z) which is continuous in a 
region D, is zero when taken round any simple closed contour in D, 


then f (z) is analytic in D. 

Taking т, as a fixed point and 2 any variable point in D, the vaiue 
of the integral. 

|: f) 45=Е(2) say ‚.. (4) 
0 ` 

is independent of the curve joining z, to 2 and is dependent of 2 
only: 

(4) may be interpreted as: 


Fe) [^no x G 
So that (4) and (5) give 
Fere | £0 &-| noe 


= ло 


The integration on right being independent of the curve joining 2 
Ет may be taken along the straight line joining 2 to 2 +h, so 
t 
F(z--h)— Fiz ppt v 1.) [7^ 
fem FO ко [| r0«-.fo | 


1 


dt 


=у |; оло 


$ езге. ә |-| i {ч уола) a | 


z 


-mr]. 1Л9-Лд11&! 


LIE 
h Я 
dee ке Л bein 
continuous in /, 
| 7@—Л2 I«€for] 6—2 l< >` 
1 
Sy € |h |=€>0 as h>0 


aie РА: F(z 
Lim " t EAE" (2) = 
КОП h F'(2) =f) 
showing that F(z) exists for all z in D те, F(z) is analytic in D. As 
such F’(z) and so fz) is slo analytic in D, for, the derivative of an 
$ analytic function is also analytic. 
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5.40. CAUCHY'S INTEGRAL FORMULA [Agra, 197+; 

If the function f(z) is regular within and on а closed contour C and 
/ 5 реа point within C, then ; 

_ 1 [fade 
f= 2ni ү z—t 

Let us describe about the point z=ť а 
«mall circle y of radius 8 lying entirely 
» ithin C. Now consider a function 


s= 


‘hich is regular in the region between C o 
ond ү. Fig. 5.18 
By making a cross-cut joining any point of y to any point of C by 
wo almost equal and parallel lines, let us form a closed contour 
.MCM'L'3L—T (say) within which the function q(z) is regular, so 
‘hat by Cauchy's theorem, we get 
Z Fe), 
[ pie) dz=0, where 4e) LU) 
The function is analytic within and on the boundary of the contour 
and as points M, M’ are very near, 
LM —L'M' and LM || L'M' approximately. 
Jt follows that if the contour Г is described in anti-clockwise direc- 
tion (Le., positive sense), the cross-cut is traversed twice, once in 
each sense, and hence we have 


» #2) a-f, d(z) 2—0 


or [ Hz) a=] 4(z) dz, 
c Y 
: fe. Í fa 
ie, L£- Pr ird X) 
Referring to the adjoining figure, 
> > > 
| QP—QO--OP 
| =—C+z—2—, 
| > — 2. Complex co-ordinate of ОР is 
07 @—{=бе', 
| a [^ df z=x-+iy, 
ZA -. zer (cos 0461 sin 0) 
" © ret, $ 
о ES where 6 is the argument and $ is the 


magnitude of QP which is very small. 
Fig. 5.19 Differentiating (2) partially, we get 
dz—ibe'* dð. .. (2) 
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Now (1) may be written as 
sp f 2p 49 Д@—ЛӘ® 
poe rep 


cz-t 
2x íi 
1 =f) i Bedy (say) 
0o =2чДӘ+1, 
where P el : A d| 
Jt) —RO 
<| n 1—{ dz |. 


But from the definition of continuity, the function f(z) is conti- 
nuous at z=%, when ; 


Д) О) «8, if | z-t| «3. 
Also if z-x-iy, 
dz=dx-+i dy. 
de I= [Gx)*-- (dy) - ds. 
So, | | <= [, ds, where | ds means the entire circumference of 
3 y the circle y 

< Ж x2z3 

<2n6, 

<0 as 5,->0 which is so when 5-0. 


But we know that modulus of any quantity cannot be negative; 
therefore | I |=0 as 5,=0, i.e., when z coincides with $. 


Hence f E fo. dz —2xif(t), 
te. fO= xi IBI (Agra, 1961) 


5.11. SOME RESULTS BASED ON CAUCHY'S INTEGRAL 
FORMULA 


1. If (2) is regular in a domain D, then its derivatives at any point z=% 
of the region D is also regular in that domain and is given by 
an { fe) dz 
re-x[ es. 
where C is any single closed contour in D surrounding the point 


Now = уа 190-70 
à ` А20 h 


m [fei 3:1 1 
atin xui e 
applying Cauchy’s integral formula. 
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1 j fe) dz à 


08 c&-9 ec-t-h) 


r30. 2% 
л, Se) БИДЕ 
= jum | сс—© G-t—h) 


=ч ы fe [си ren 
- loco: + ei bi Ium im | — ко Б 
| e 2d +1 (say), 

5i pm ee ates thy 

re Oe lets ra 


| E rim Lt | hl. -MI — since f(z) is regular in and on Gi 
So 27 ` d? (d—h) it is bounded, so that 


{ fle) dz 


=, 
лт; 
27 


where Iz 


` «0 as h-0 | fz) | <M on C. Let d be the 
i.e. 1-=0 as a->0 lower bound of the distance of 
¢ from C, 


i.e. | z—t |» d and / be the length 
of C. 


Hence f’ о | oe і we 0) 


| Similarly the second order derivative of f(z) at Js of domain D 
4 may be found as m 


| f'o- FE'E- 9) 
| v foetus SE 


ged pM mi formula, v the form (1) 
wah J) dz 


= Бйр, et LER G- i 


1 Де) É 
=? 1.9% dr Lim h | RE) fz) dz 


i агі 1 
per d DE dy e= iol] 


gt R(z) where R(z) is bounded т. 


mm 
so that f fie) RG) is finite. 
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2[ f 
=з | @-@ dz 
- ja 
Ini )@—©* 
Proceeding similarly we can show that 
г 3 f(z) 

X Q-E- C GN dz etc. 

Here below the general result follows: 


2. If a function f(z) is regular in a domain D then f(z) has at any 
point z=% of the domain D, derivatives of all orders, values being 


se reo s en 


Let us suppose that the theorem is valid for n=m and then consider 
fe) Lig б+®)-—/' ©) 
h>0 h 


vM J(z) dz +I by the last result, 


= 2w jeg- 
MED! m| MA __ 
whee ST Lim | ema e 


It is easy to show as in the previous result that 
111-0 as [А | —0. 
у= = (т+1) ! F(z) dz 


2u |с (2—0) 


which shows that the result is true for n=m+1 and hence we have ` 


in general f ol f Ea 


5.12. TAYLOR'S EXPANSION (Agra, 1966, 68) 

If a function f(z) is regular everywhere inside a circle C whose centre 

is the point z—a and radius is e, suc! 

Y 2 that |2—а| < e and if% isa point such 
that | à—a | =r <р, 


then fQ)= $ а (&—а)", 


where а„= /=@ 
|n 
We know that 
EDEN. t-a 
2—4 z—a ta) (z—%) 
1 t-af 1 


—a 
= 22а tza z-a ЕЕ (z—a) (2—0) 


— ——" a 
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Са ay 


i MA SEC 
сааса) 1-0. 
j 


ОЕ 5а (ea. (ai 
"ga: "(а)" (2--а)* z—a)* (2 —$) 
Hence by the Cauchy's Integrai formula, we gi 
EIUS 
I0= 
1 3k t= =a" 
—miljciz—a! TUN Nul Meus M Ga сое к 


p 2 se] f(z) dz, 

С z—a 27i jc (z—a) 

-ar f ЛӘ 
2n jci(z-a"(z-U0 

fi) (=a) ан. Ec DB д, 


where Re Ero" [ev the remainder after n terms in- 
Taylor's Theorem. 
Now, since f(¢) may be written as 
AO=fla+t—a). 
the expansion 
fO=fla+f(@) £o (2 qe gg. 


- 2i 


represents the Taylor's Theorem. 
On assumptions | £—a | =r<?, 
| z—a | =p’ and ? «e' «e, 
as wellas taking maximum value of | f(z) | as M, i.e., | fZ) | &M оп 
C, we have 


гь Е Amide 


clz—a ["|2—!| 
PE M [а | z=% |=|z—a—(G—a) | 
Sx p ™ (p/—r) <|2—а|—|%—а| 
«re'-rl 
Lx € .L, where L is the length of the entire 


circumference and hence L-92np' 
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rp. 


лү N 
e - 


<0 if oc, since we B 
ЖАЙЫ R,,=0, when m=. 
Thus we have the infinite series 
f) Ка)? (a) (5 —a)3-... 
Уча) 


= $ a, (C—a)", where дее no 
п=0 Ka $ 


Note 1. Maclaurin’s Expansion as a particular case of Taylor's 
Expansion. _ 
In Taylor's expansion if a—0, we have 
"(о 
fo- $ &,v- fS 
n-0 Еч 


n-0 
Note 2. Here | ‘К, |-»0 as n>ò, it follows that the series bi 
n=0 


a"(C—a)" is convergent and has f(t) as its sum-function, Also if the 
function f(z) is regular in the whole z-plane, the expansion is valid for _ 
all values of ©. 
Note3. If the function f(X) has a poem M(r) on |€—a|=r<p, 
п (а 


r 
then, | an | < т" 


where an= 
s n 


È 7 The Taylor's expansion is 
| Anaien ЛОЛА) б-а) 
а Ротар... 


| AESA Г =á tt (—2)2... 
T X Mar values of tan port 
à function M (г) > oy _f@ 
of x е pr 
1 ДӘ) dz 
Fig. 5.21 =н) с (2-а) 


<. If C' be the circle | $ —а |=r, then аз in Cauchy's theorem, 
owes] ne 
" 2ni Jc (z—a)- 
io eL [ЛӘП del 


с" 1z—a|n · 
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Now. if 12—а |=р'>г Ы <. 
lant íMD @ & 
м 2тг 
«AMO. 


Note 4. (Liouville's theorem). If the function f(z) is regular in the 
whole z-plane then f(z) must be a constant provided | f(z) | <k for 
all values of z. ns 

Since f(z) is analytic for all values of z, then by Taylor's theorem, 
we have 


Хо) a, + az 4- as! b... Бан". $ à 4,2", 
n= 


Md =) nc 


As given that | f(z) | < k for all values of z including оо, 
Y Mt(r)« k. 


where | aS 


Hence | a5 Ix 

<0 when noo for n «0. 
oe a,=0 for n>0. 
As such f(z) —a is a constant. 


5.13. LAURENT'S EXPANSION (Agra, 1966) 
Let there be an annulus between two concentric. circles C, and Cs of 
centre z=a and radii ey and ps (612703); then if f(z) be regular within 
the annulus between C, and Cz, аз well as on the circles, and be any 
point of the annulus, 1 


O= faa È bag-a", , 
n=0 n=l 
sus Sod andl -5] aya : 
where an э B {аў and b, Prt) c. (2—а)" f(z) ds. 
We have proved in the Taylor's theorem that 7 
ў 1 CT z—a _ G=ay 
fs ae + ду Tecta (тй: KIRANA B 
Interchanging 2 and $ with each other we have 
t 1 z—a (z--a)? (z—a)" 


ree. 


Са сау баж t ear 0)" 
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1 1 z-a (2—а)" , 
аа КН шу 5: e (2) 
ne we know that 
f& ash [£24 by Cauchy’s integral. 


Therefore by making a cross cut 
joining any point of the circle C, to any 
point of the circle C,, we get . 


f= 1 L Хг) а: 1 | f(z) dz 


2xi Jc = ani Jc, z—t 
1 1 
=з] NI 
1 
Fig. 5.22 З fa = б dz. 


Substituting the values of d 1 from (1) ааа 2), we get 


1 t—a 
R= xi [аса aps 104 


L а | у 20 
+ lol nat aap Ксы cal 


Here term by term integration is possible as the two series are 
uniformly convergent. 


^ fO-ft)&—9 F(a) + С rape. ep, 


b b b. 
TE ht a teu Ted Qs 
where b;-—— ^ Lfe é f(z) dz, 


b= зт], ә fe) de, 


1 
b Эл la (z—a) f(z) dz 
and P, is the remainder after nth term as in the Taylor's expansion. 


- Tt is easy to show (as in Taylor's expansion) that 
| Pa |-50 as noo. 


; 1 (z—a)* 
Also Qu 16-8 а ub ] cito Лг) dz. 


' are analytic every W. 


_ centric circle C, lying between C, and C;, so that 


^s s CREDERE Le f 
i 
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_ pag 12-а" 
: Ie Lea s es Ol lel 


«кира. | NE 
т" 2x Jo r-e. and Max. value of 
<= М me | | fe) lie M' 
гл K—p; | Also 2 
(8y" м. | ї—2=%—а—(@—а), 
sU; NECS 1 [К-ту » 14-а] 
r | —|z—a| 
| 217—0 


Й о 
<0 as no, since 
i 


Since modulus of any quantity с: snot be negative. 
Q,—U, when n>. 


Hence Д©=Ла+(@—) f ()— vw f'(a)4-..- 


b b b, 
а наар e 
= Í aar È sta. 20) 
п=0 п=1 


Note 1. The integrals giving the values of a, and b, as 
1 f(z) dz 02 8 Re VOL 
| and bom Fai [eec 


а= Ont \C,(z—a)" 
uae aei 
лан m (z—ay? fle) dz 
here in the annulus of C, and С, and therefore 
the path of integration can be taken any con- 


by Cauchy's theorem 
MES Lydi раа 
b— xi Pe (g—a)" f(z) dz: I G-a" д 
Q 9 1 fo 
Thusfi)- > a, (&—2)" where а=] саў 
and Singularities of an analytic complex function. 


; Note 2. Zeros 
2) is defined to be a value of z=% 


A zero of an analytic function /( 


suchthatf()-0. ^ . 
Taylor's expansion gives 
2 


дә=Л©+(@—©9/'®@+ = m fF Qum vu f 91... 
ed if (0-0 and f *(£):0 then f(z) is said to have a Simple zero 
atz-—i. S 
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If fO=f’G=f" 0)... =") =0 land 700) 30, then the 
point z= is known as zero of order n of the function f(z), since then 


=y)" —ť m 
f= oe ) гон E ST feo... 


-@-© 52.659 +] 


LESS 
-(z—Ü"$(z) (4 
Г) —{ 
where $2) = [л ЕНТ 


=a non-zero and analytic function at 2={. 

It follows from (4) that the point z= may be defined as a zero of 
order n of the function f(z) if f(z)=(z—%)"4(z) 
for f(z) being analytic and non-zero function at z—t. 

If we draw a small circle C about t; as centre then within it (z)0. 
Also for zÆ% within C, (z—%)"40 and hence $ is the only zero of the 
function f(z) within C. As such the zero point z=% is isolated. But t 
being arbitrary may be any zero point of f(z) and therefore all the 
zeros of an analytic functions f(z) are isolated. 

А point at which a function f(z) ceases to be regular (analytic) is 
termed as a singular point of f(z) and the function f(z) is said to have 
a singularity at this point. 

‚1а case there is no other singularity in the neighbourhood of a 
singular point 7—7, the function f(z) is said to have an isolated 


`- singularity. We can surround such a singularity. by a small circle Г 


with § as centre such that in the annulus made by Г with a larger 
‚ concentric circle C, the function f(z) is analytic. Then we can expand 
f(z) by Laurent's expansion as 


E PE bi b, bm 

Де. a, (z—%) Tectuutttcept-tg +... 
where the terms containing b’s are termed as principal part of the 
expansion at the singularity zt. 

There arise three possibilities: 

(i) АП the coefficients b's are zero so that the function is equal to 
the analytic tunction except at z—t. Such a singularity is defined as 
non-essentiul or removable singularity of f(z). 

(ii) The principal part is an infinite series. Then the point z=% is 

‘said to be an essential or non-removable singularity of f(z). 

(iii) The principal part contains a finite number of terms i.e. 


the principa! number ран ers toe 


80 that bí. =bm+ =...=0 : 
then the function f(z) is said to have a pole or singulartty of order. m. 
In this case, we have 


і 
| 
4 
J 


—Ó 2€ 
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со т 
f()e9 X а„(@—®)"+ È ba (2—0) 
n-0 n=} 


" oo Ё 
-6- uel E a. -OMh l-e": 
Ва 
++] 


=(2—9)7"#(2)= ete , Wi % ф\2) is an analytic function at 
z= 


when m=1, the pole is known as a simple pole. 
For a pole of order m of z=, the limiting value of the function is 


given by 2 
m 
Lim f(z)=Lim = b,(z—0)^ 
Tu. ) ECKE КЕ 


“т ! 
or Lim | f(z) |= Шю È 5, (z—5)" 
z>% z>% п=1 | 


yim omy 15 zh 
ae G-Ü)" ip (tt Tec z-t 
=Lim т Вова DE Hen 


БЕ 97) 


8 1 
РНЕ Teu | bm [FI 502—0) | +--+ 
tiago} 


й 1 
him ер Hel 
>= 
Le. | f(z) 1-9% as z>% 


Conclusively if f(z) is analytic in a given region except at a point 
z=¢ and ип fiz)>, then f(z) is said to have a pole or singularity 
Lis . 


at z=%. 
For the pole of order m, we have 
Lim (2—®)” f(z) 25, —constant (0) 
zo 
and the value of the function is given by з= 
In case there does not exist a value of тт such that Lim (== fe) 
t 


be finite, then the point z=% is an essential oc non-removable: singu- 
larity of f(z). 


516 ; MATHEMATICAL PHYSICS 


If an analytic function Ke) has a pole of order m at the point z=% 
then fi) has a zero of order m at this point. 
z=% will be a pole of order m of f(z) if . 
(z—0)" fiz) is analytic and non-zero at 2={, so that 
d2)— TOF is analytic and non-zero 


PA Fe EIH follows that ДӘ has a zero of order m 
as z—t. 

А similar procedure wil] show that if Fai hasa pole of order m 
then f(z) will have a pole of order m. + 


It also follows that since zeros are isolated, the poles must 
isolated. | 


Note 3. The Point at infinity. Jn treating the complex variables it is 
convenient to regard infinit у as a point. The point infinity is considered 


by putting 2-1. in f(z) so that the- behaviour of f(z) at infinity is 
examined by the behaviour off (t att=0. 

Consequently fz) is analytic or has a zero or has a simple pole or has 
an essential singularity etc., at infinity according asf (z analytic or. 
has a zero or has a simple pole or has an essential singularity at (—0. 

e.g. if f. ( t) has a zero of order m at $=0 then writing $($) for 


f ( z) its expansion at (—0 by Taylor's theorm is f (z)-«o 
Sam 0" Ба"... во that corresponding expansion of f(z) at 
z=0 is fa) m en +...which does not contain constant 
terms and terms containing positive exponent powers of z and hence 
S@) has а zero of order m at infinity, 


Similarly if f| ( + ) has a pole of order m at T=0 then by Laurent's © 
expansion 


(2) о F at ы- 
А n=0 5 n-1 p à 
So that corresponding expansion of. f(z) at z— co is I= b bz" 
> d n=1 
© 


` m 
+ o 4,27" which has = baz” as its principal Part as z= со and this 
a= a 
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principal part being a finite series of positive powers of z at z= shows 
that f(z) has a pole of order m at infinity. 

Problem 13. The function f(z) is а when | z |  R'. Prove that 
A 7 —aa 4 
f| a| <R<R fao са) ау f(z) dz, where С is the 
circle | х |= Е. Deduce Poisson's formula that if 0<г< К, 


T pr g-—rn 
fret | о Ж*—2К cos (8 =ф+те^ (REY) d$. 


Taking centre as origin and a line OP 
making an angle 0 with the horizontal, let 
us take a point Q on OP produced, such 
that OP-OQ=R?, where | 2 |=; then Q 
is called the point inverse to P w.r.t the 
circle of radius R. 

Let at P, za, and at Q, 2=а; be the 
complex co-ordinates. 

‘Now |ОР| | OQ|—R'. 


2100 я >Ror R> | OP). 
Therefore Q must lie outside the circle. Np 2s 


Again a, OQ e = е 


Rr 
—OP-e# as a=OP -e'*, i 
ae 2. conjugate of a i.e. 2—OP «e **. 
1 Ла) dz | A 


By Cauchy’s theorem, f(a) —757 PEE EI 


Also the Cauchy's theorem states that if F(z) isa regular function 
and if F'(z) is continuous at each point within and on a closed contour 


C, then | E F(z) dz=0 and thus as point Q is outside the circle and 
F(z) is analytic, 1.2., 
feo 
Fit +00 


1 Jz) dz 
therefore O= | сш „..@2) 


Subtracting (2) from (1), we get 
1 (a—a,) f(z)dz 
f0- з] E =a @ —a) 
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I xl (R?— ай) f(z) dz 


“Ini jce (2--а) (2—22) n) 
To deduce Poisson's formula, if 0<r<R. 
Put a-—ref*; 


Л а=ғе-%, 
z- Ret, i.e., dz —iRe'é аф. 
Being a circle, limits of $ are from 0 to 27, 
 @—а) (R?— az) — (Ке —re*®) (R?—re-** - Rei$) 
= Re'$ (Re! —ге!е) (Re-t$— re-te) 
= Re'$ [R*--r* —2Rr.cos (0 —4)] 
and 


В*—йа:= К*—ге-'#ге [+ et 9-9) 4 4 (6-9) 
LR 


72 cos (0—4)]. 
Substituting these е in result (3), we get 
Чч 7 (к—гуу(ке%)а$ _ 
i pete /—^\ en 
Trete | R?—2Rr cos (0—4)4-r* 
Problem 14. The os f(z) is regular in | z—a | < R. Prove that 


ifOcr—R, f [" P(0) ео de, where Р(0) is the real part of 
Ка+те%). 


We know that f' 19-3. e A. Put z—a=re, 


*. dz—ire'* d$ 
1 
- xL flatret) e qp. sei) 
By Taylor’s Theorem, 


œ со 
F(2)= I а, (2—а)%= X ате 
5 n=0 n=0 


о 
= 2 Rit r'é"*, where a, is a complex quantity 
and therefore may be written as 
a, К„е!®т. 
© ; 
= Ў котен), 
n-0 


Let the conjugate of f(z) be Хә); then 
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si 
= À Бутен). 


1 2 о 
: Ad gis =ч], "ena 2 Буте 066 


x È Rer 2и гъ) 94-45) di 


—2ni 
1 © ‚Гг 
=ч z Rr rs ibn. et (mie qo 
i =0, A1 (2) 
ЗЕЕ q"-] 
Adding (1) and (2), we have 
fe; Putat e o 
7 -A РВ) е-* 48. Since z--z -2R(), 
o 
= I P(Bje-** do. >. flz)-+Az)=2Rfle)=2P(0) 


as given that P(0) is the real part of f(a-- re**). 
Problem 15. By using the integral representation of f'(a), prove that 


(27) - же” 
ni} ~2ni јсп! 2" 


where C is any closed: contour surrounding the origin. Hence prove 


[-] х" \* pe 
Het Pa (5) -x]. e d ^, 
We know that 
! 
"а=. ү ( ee EN 
n! z) dz 
о BE 45 
Let us put f(z)-e". 
Differentiating п times w.r.t. z, we have 
(2) = хте". 
s f*(0)—x". 
Substituting its value in (2), we get 
Segal: | eds 
ni 2ni јс т“ 
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Multiplying both sides Бус "rp: have 


(= = = т "m. "md. 


Ls у =н], fei Г: 


dz. --. (3) 


If we put z=", dz—ie'* dð 
and Taru Zid 

z z 
so that 2+1 =2 cos Ө. 
Substituting its value in (3), we find 

о 2 2a 

(> -x| 2x cos 8 

o G г) Am]. © " 
Problem 16. Obiain the expansion 

2+а (z—a) pe f 24 
&Ә=г@+2]#;° p (242) оа n (24) 
+829 у=(# +... 1 


145.94 


and determine its range of validity. 
We know that 


fe)=s (2544754 ) and /а)=/ (= -5 
Expanding them by Taylor's expansion, we " 


sar (555-622) C294 6 at C2) 
and fo-f (555-57 C7) 7 vt 


Subtracting (2) from (1), 


oco rg) st) С) 
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Y us 1—8, 2+-а\у (2—а)?,,, [2+а 
ie. ддд (6) и (E 1 
Range of validity ог the condition for the validity of Taylor's 


expansion js that 
z+a 


<6, 
from which it is obvious that z must be in the neighbourhood of the 
point a, 
Problem 17. Prove that cosh ( 1+1) а (=+ 2), 
2 1 2° 


2—а 
|2 | <8 |2-44 


Liss зт 
where «| cos nô cosh (2 cos 0) do. 
LJ 
Laurent's expansion yields 
h (2+ l)e а ыг. (1) 
ae 


Putting i for z, we get 
i 1 2a, 2 / 
cosh (T6 ue $2 fen 20 
It is obvious from the two expansions ie., from (1) and (2) that 


y= by. 
By Laurent’s expansion,.we know bns 
s=? an е0 сну Сай 
1 dz 
then а=: I E ori and ъ=], fo -ay dz. 
As such in the existing case, 


1 f cosh (2--1/2) dz 2 1 
АУА d er 1 
ile ze nd by Эт | созһ (2+ z ) dz.z". 


Putting 2=е' by taking a circle of unit e 


tae, so that 2+5 — 1_2 cos 0 


and ` dz— ie do, fai dé, we get 
:1 ò% cosh (e'*--e-**) е* 28. 
an= 2x), ICI 


1 ts ; 
-4 cosh (e --e-*^) е"! d 
27), 


and к=з], cosh (60-2746) en? d$, 
e. 
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2: 
2ay=2br= x. | т cosh (2 cos 6). 2 cos n6 dé, 
TIo 


2 
i.e., а=] Ж cosh (2 cos 0). cos n8 20. 
"Јо 


5.14. RESIDUE AND CONTOUR INTEGRATION 

Definition of residue. The residue of a function f(z) at the pole z—a 
is defined to be the coefficient of (2—а)`? in the Laurent's expansion 
of the function /(2), i.e., 


m 
far a, (z—a)--X b, (z—a)^, 
1 
where z—a is а pole of order m. 
If z—a be the pole of order one, then the residue is 
6,=Lim (z—a) f(z), 
тэа 


Le, іп case of a simple pole z—a. 
Residue=Lim (z—a) f(z). 
za 


Now consider the integral b, = sala (z—ay- f(z) dz which is 
the value of Б, in Laurent's expansion. Here the circle C, is arbitrary 
and may therefore be replaced by any closed contour C containing 


within it no other singularities except z—a. Thus 
З 1 1 
zi] fo d= e f) dz, 
where n=1, i.e., pole is of order one, 
1 

Le, boa; [c fz) dz. 

Hence as an alternative, the residue of a function f(z) at the pole 
z=a is equal tos 5 Siz) dz, where C is a closed contour con- 


taining within it the only singularity z—a and integration being taken 
round C in anti-clockwise direction, i.e., the positive sense. 
Similarly the residue of f(z) at infinity, i.e., at the point z=% 


is oni | с fO) dz taken round С in clockwise direction, as it is nega- 


«tive w.rt. the interior of C and positive w.r.t. the exterior of C, 
provided the value of this integral is definite. 


5.15. CAUCHY'S RESIDUE THEOREM (Rohilkhand, 1977) 
If the function f(z) be single-valued, continuous and regular within and 
on gon contour C, except a finite number of poles (singularities) 
witi , tion 


[г Де) 2928 
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where ZR represents the sum of the residues say Ri, Ry, Ry...R, of fiz) 
at the poles «у, %2, %3...%, (say) within A. (Vikram, 1969) 

Let us draw a set of circles y, Үз...Үл with centres «у, %,...¢n and 
radius e, such that they do not 
intersect each other and lie entirely 
within the closed curve C. Then 
f(z) is regular within the region 
enclosed between C and the small 
circles Yı, Y»... y». The entire region 
C may be deformed to consist of 
these small circles and the polygon 
t Now by Cauchy's theorem, we 

ave 


f(z) dz. Fig. 524 
But the integral round the polygon P vanishes since f(z) is regulal 
within and on the closed contour P. Therefore 
d= X | dz. 
| putem rl m 


Let us now consider z—a, a pole of order т; then by Laurent’ 
expansion, 


fa) $ m-at $ л 


EOTS 2°. 


ус 
where ¢(z) i-is. (2—а)" { is regular within and on y, and has no 
pole. 
р dz 
s [, ft dem [, o dee] ut 
where | Ф(2) dz—0 by Cauchy's fundamental theorem. 


з узт dg 
e | Yr Ho) d т] Yr (z—a)’ 
Putting 2—а= ре, where 0 varies from 0 to 27, 
dz —pie'* dð. 
As the point z makes a circuit which consists of the circle y,,. 
therefore 
apes edo 


k Kp. D bei 
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m эт 
=p, if ei I-20 qo. 
1 ° 


т езт 
Now f ei o= 8 a =Oif s41. 
о 


1—3), 
But if з= 1, all the terms will be zero except one. 
2y 
А | fz) a=b | di —2xib,, 
Yr о 


where 5, is called the residue for the function. 
Let the residues for r—1, 2, 3...n be respectively Ry, Re, К,...Ка: 


then [ Дә) &=2лїВ,, 
Yı 
| Қа) dz 2niR,, 
Y2 


r fe (edito 
Hence | NO 2-3) Дә) ё 
25, 


5.16. ANOTHER IMPORTANT THEOREM 
Let C be the arc 0, «arg (z—a)<0, of the circle | z—a \=r and if TM 


{(z—a) fíz)) =, then 
Lim cf = (0,—8,). 


In order to prove it, let us assume F(z)—(z—a) f(z); then 
F(a)=Lim (z—a) f(z)=b (giver). 


z> 

Since f(z) and (z—a) both are individually continuous, therefore 
their product (z—a) f(z) must also be continuous. 

For a given €, »(€) can be so found 
that if | 2—а|<т, | 8] «€, where (z—a) 
S(z)=b+8. 

[That's why if | z-a |<», 

| Fz)—F(a)—6 «€, 
ie., | Az)—b |=8<є. 
- So Fz)=b45-] 

Let us now take a contour whose 
centre is z—a and radius is r and f(z) 
: between any two points say A and C, 
Fig. 5.25 ie. along the curve AC; given by 
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[r7] Fo 4-| СЕЗА 0) 


АС 2-а АС 2а 

Let us assume that 2— а= геі, 

;—irei* d0 and Zi dð. 
Substituting these values in (1), we get 

9; 
ve ДӘ &-i Фа) d 
—ib (0,—8,)-+i8 (8, —0,). 
Now г—50 as za, `. | F(z)—F(a) |=5, F(a)=b and z —a—re'* 
and zaas 8-—>0; ~. Az)=b+8=F(a)+3. 

Conclusively when r0, 5—0. 


‘Hence Lim | fz) dz=ib (8,—,), where Lim (2—a) flz)=b. 
r»0 JAC za 
By similar procedure we can show that . 
If C be the arc 0, «arg z<0, of the circle | z |= К 'and if Limz 
R00 ^ 
f(z)-»b uniformly, then 

Lin | z) dz — ib (0,—9;). 
Lim | f @=® (6.8 


Cor. If 0, —0, 0,=27, then AC covers the whole circumference of 
the circle C (say), then 


| cf de= 2nib, 


5.17. COMPUTATION OF RESIDUE 


(i) Residue of f(z) for a simple pole z—a, i.e. a pole of order one. 
This has been already established that 


residue of f(z) at z=a is =Lim (z—a) f(z). 
za 


. If we put f(z)— no ‚ where d(z)—(z—a) F(z) provided F(a)#0 
but ((a)=0, then 


Lim (z—a) f(z) - Lim 
za za 


(2—и)$ф(2) 
42) 


—Lim (alata) 
za  Q(arz—a) 

Lim C2 а)+(@—а) $(..1 
а  Va)rGz—a) (a) +... 


expanding by Taylor's theorem 
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Sin ыс #'(а)+... 
Tm Vou (z—a) ¥"(a)... 
хр 7 а)=0 
а), 

BON 
Hence for a simple pole, residue at z—a в 50 
(ii) Residue at z=a, a pole of order m. Let f(z) be of the form 

Ду Ла 

(—ay* 

We have proved that Residue b, at z—a is эн |с F(z) dz. 


Hence in the existing a 
2 m-l(g 
Residue— 3 c 2 dz= 3 oe ) 
by Results of Cauchy's Integral. 
Hence Residue of f(z) at z=a, a pole of order m, is 
g(a) | 
T |ém—1) (m—1)' 


(iii) Жен of f(z) * a " z=a of any order, Laurents' Expansion 


snae? а (—ay4* zs 


-Fa -art PET AI e uer ey +- 
pins Z— 0-1, Le, z=a-+t, we have 
2 b, , b b, 
fete ant? + tg +. Fes 
where b, the residue of f(z) at z=a the pole of any order is the 
coefficient of 1. Hence coefficient of 7 — is the residue of f(z) at z=a, 


a pole of any order, in the expansion of Де) after putting z=a +t. 

(iv) Residue at infinity. We have already defined that residue of f(z) 
at z— oc is axle F(z) dz taken clockwise, (ie. in negative sense) 
round a large circle C 
enclosed. 


7 within which all the finite singularities are 


Putting zl , ie. deo 2X the above integral yields 


x GC. 
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Биз round a small circle ү, in anti-clockwise direction, (i.e. in positive 
sense). 


WEM о 


x0 
А 1 1 
s 5] 
in| -x Ux 
if it has got a definite value. 
Hence residue of f(z) at z=% is Lim (—2zf(z)). 
2-00 
(») Residue of f(z) at infinity is the negative of the coefficient of 1/z 
in the expansion of f(z) for values of z in the neighbourhood of z= co. 
Let f(z) have a pole of order m at infinity. Then f(1/z) has a pole of 


order m at z=0. As such f(1/z) can be expanded in a Laurent's series 
for values of z in the annulus 0— | z | <p, where e is small 


(т) È art ® (1) а 
2 п=0 п=1 "Naz L5 ) 
Replacement of 1/z by z yields the expansion of f(z) in the neigh- 
bourhood of 2— 00, 
m eo 
fü) X bz Ў а", 2 (2) 
n-l n=0 
so that the residue of f(z) at infinity 
1 н à 
=— xi e f(z) dz (by definition of résidue) 


1 m oo 
--x]cl i NIE ] ag Коз E 


1 а А ; { 
-—J3|.2 dz, other integrals vanish, being of the form 


а 
[ре 


La, 
—the negative of the coefficient of 1/7 in the expansion. of fz) 
for values of z in the neighbourhood of z— co. , 


5.18. INTEGRATION ROUND THE UNIT CIRCLE 

It is “notable that in case of complex integration a curve is generally 
known as a contour and the process of integration along a contour is 
known as contour integration. 
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d е i 
Consider | dcos 0, sin 0) dð, where (cos 0, sin 0) is a rational 
7 function of sin # and cos 0. 


Let us draw a circle of unit radius and 
take its centre as origin. Let us now 
considera point P on its circumference 

Z=e9 with complex co-ordinate z— et. 


2. dziie* diz d0 and + =e" 


he. di -#. 
Fig. 5.26 Also z+ =2 cos 0 


and z—l- sin 6. 


Substituting these values in the given integral, 


pr, 
зя ; 1 z xni dz 
f. ф(соѕ 8, sin 6) d=- | var TELA 


-| Fl) dz 
ИСР," 
which may be irftegrated, thereby giving the value of the required 
complex integral. 


5.19, EVALUATION ОЕ| f(x) ах. 


Let f(z) be a function such that 
(i) f(z) is analytic throughout the upper half plane except at cert&in 
points which are its poles. 
(ii) f(z) has no poles on the real axis, i.e., if R—oo (R being radius 
of semi-circle), then it will cover entire upper half plane. 
(iii) zf(z) ^0 uniformly as | z |>% for 0<агв 2<т. 


cn [ела anaf f(x) dx both converge, ча [2 fix) 


0 
dx=2niZR*, where ER* denotes the sum of 
the residues of f(z) at its poles in the upper 
half plane: 

Chóosing a semi-circle as contour let the 
origin be the centre of the semi-circle and R 
its radius in the upper half plane. Let the 
semi-circle be represented by Г and R be 
chosen large enough in order that the semi- 
circle may include all the poles of f(z). 


— CHR 


SN 
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If f(z) has no poles on the boundary aud we consider the closed 
contour C, then by residue theorem, we have 


R 
[ NO &-[^, foo dee. fla) dz, 
since along the axis of x, z—x, .. f(z) f(x). 
Assuming z — Re'*, dz —iRe'*, dü—iz d we have : 


[pf &= F fi) z dà 


NEUES Г 2911 149 


< 0 as zoo, zf(z)50 
== 0 as modulus cannot be —ve. 
Hence by Cauchy's Residue theorem, ' 


minec л) ё 
- [^ mes [Lt ^, tme 


2 ies Дх) dx, as Reo. 


=0 since 


Hence ie Ло) Ф298. 


Now [г f» dem |” Дх) det I fix) dx, 


where both the integrals on R.H.S. individually converge and. hence 
the result. AS 
Note 1. This theorem utilised. for evalua- r 


tion of the integral of the type |... лод 


by the method of contour integration, 

may be extended to the case in which -R б ар 
F(z) has simple poles on the real axis. In { : 
such cases, we can indent the contour by Fig. 5.28 
making small semi-circles in the upper half plane to cut out the simple 
poles on the real axts. 

Suppose that f(z) is a quotient function of z, whose numerator and 
denominator are represented by N(z) and D(z) respectively. Then 
D(z)=0 gives ‘the poles. Let us assume that D(z)=0 has only one 
real root say z=a, where a is real. Lei the semi-circle, indenting this 
pole be denoted by y. Its centre is the point x=a and let its radius 
be р. 
If Г is sufficiently large to enclose all the poles of f(z) in the upper 
half plane, then the integral round Г tends to zero as R-»co. We 
therefore have by splitting up the bound (shown in the adjoining 
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diagram), f.e., E fz) dz —2niZR* as 


f 24 Ra) + | Дә) + Е Дх) 4+ [ fe) 2л", 
Неге 2/{2)—>0 as z>, 


^ | г) @-0 (as shown above). 
Now we have to consider f, Ke) dz. 


z Y Let us assume that z—a-L-pe't, 
елуу... where z—a if 90 ; 
Fig. 529 then dz—ple'* 420—1 (z—a) dð. 
° 
So [доа f. 26-22 


Lim Í flz)dzmi [ Lim (z—2) f(z) dð 
бю0 Jy тп ira 


° 
=R, ў dà У, 
where Ry is the residue of z—a, the simple pole on real axis. 
Hence, when A— co, we have 
=| © 
[7 ло а+ [р 0) dm zem R5 HDR, 
ERG ate 


where ZR, denotes the sum of residues of f(z) at its simple poles on 
the real axis, for each pole on the real axiscan be treated similarly. 
The left hand side of this equation is known as Principal value for 
dz from — œ to со and denoted by P, so that 
со 


Р [лә Ix—2niER EISER,, 


М 0—р e Ба 
where Lim К Лх) dx4- Be: fo) ax | P|” fe) dx. 
Note 2. Indented Semi-circutar “Contour. 
When f(z) has simple pules on the real axis, 
we then indent the contour by making small 
semi-circles in the upper half-plane in order to 


€ut out the simple poles on the real axis [е] 
> й Fig. 5.30 
5.20. JORDAN S LEMMA TO EVALUATE INFINITE 
INTEGRALS 


If T be a semi-circle with centre as origin and radius R and let f(z) be 
a function such that j 


| 
| 
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(0 f(z) is analytic in the upper half plane, 
(ti) f(z)>0 uniformly as | z |->% 
for 0< arg 2<т, 


(iif) m is +ve, г 
then i ems f(z)->0 as Roo. 
Let us assume that | f(z) |=: when z is 0 
sufficiently large and €—0 as zoo. [7] 
Also, let z— Re'* and dz —iRe'* 49. Fig. 531 


In fie) em dz НІ; ginRé* урем) iRe d 
«f | етк || укен) | 11 R | en |do 


<, | етке | R dð, since | &* [=1,111=1, 


also | f(Re'^) | s. 


Ў fo 
сае: that e nt „МЕ (cor rais 0): 


| impel | mR (sin ®) | | тЁ соз © | 
© | eR co5? |_| cos (mR cos 6)--i sin (mR cos 0) |=1. 


fus ПА e fiz) dz «lr. eR sin 0 в ag 
<e ү enka вш 


7 —mRsin9 
+E ка 1 


If we put 0=x—¢, where 0—7, $—0, dü— —d$, 0=7]2, ф=т/2, 
then le eTR sin ® R д ire —тКзїш$ р dg 


—mR sin ө | 


=|е =|е 


= | dni sin 0 R gg 


0 
on replacing ¢ by б. 


Hence [fre einn fiz) а £x INC sy Ran Rido, 
Now we know by Jordan's inequality that if 0x 0s 7/2. 

за? > since = : steadily decreases from 1 to 2 as 0 increases 
from 0 to 7/2. 


С" jm) 6 
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Therefore 
lí гё” fle) de [ea [ um (12) * ggg 
LJ 


е-тЕ. (1/2) 9. gj«2 
eru 
<= [ie] 
<0 when z—o and e-+0, 
Hence [г еї» f(z) dz>0 as R>. 
Note 1. integrals involving many-valued 
functions. 7f z*^ be many-valued Junction, 
then an integral of the type x fix) dx, 
о. where « із not integer can be evaluated by con- 
four integration by taking the integral round a 
circle | z |= К and a small circle | 2 |s-r, which 
encloses the branch point z=0 anda cross cut 


along the real axis from 0 to co, i.e. joining the 
Fig. 5.32 ends of the two circles. 


Note 2. There is по special merit in using а particular curve as 
contour for a particular integration, but in fact any of circle, semi- 
€ircle, quadrant of a circle or a rectangle whichever is suitable, сап be 
used as a contour unless otherwise stated, e.g. if the integrand із а 
periodic function, then rectangular contour is rather convenient. 


Problem 18. Find the residue of s at zia. 
2 2 z*. 
As given Л)= ата = (z—ia) (z-Fía) * 
Here z— ia is a pole of order one or say а simple pole: 
Residue at z»ja amm (z—ia) fiz) 
zia 


ў 2 

Е Е 

ла (а)? ш 

CES rtu 2ш 2` 

Aliter 1. f(z)— Aa ~ of the form $), 
Я where $(z)—2*, }(2)=2%--а%. 

$. residue at z=ia in 09, where $(ia)=(ai)?, V (12) 22i 

ар аі 


eee RE VEI PIN ee TENNIS IR IN 


ae >s ‚= 
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Aliter 2. Put z=ia+1. ; 


; (ate 
2. fiat)= ба 


кы о о 
SLE) JD Ga) -] 


-2m 02-5) +.) 


Residue at z—ia is —coefficient of + in flia+t) - = 


Problem 19. (а). Find the residue SEDED at ze. 
(b) Find the residues of 0) 0—0 end Pu at infinity. 
z 
(0) Hee Л) ауа 202—3) 
To find residue at z—1, which is a pole of order 4. 
1 т gz) 
fdz- G-DE-D e” 
vien Holm poga PH gag ng 
(breaking into partial fractions). 
1 
44 (22224-540 uu — vy 
5 32:09 3620115 
$6G-2—45 23 ta" 
nm 96 486 
Шы шы с>) GF 
Thus Os E 96. 335, ; 


The residue at 2=1 efi ie 


(b) Both the functions are analytic at infinity. 
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(i) Д2)= [CE TTE 
Residuc of f(z) at z=0=Lim (—2f(z)) 
z-00 


-un|-—3651 


u) fem 2-28, 
Here Lim {—zf(z)} does not exist. 
2-00 
We can write, 
1 1 

fa=l-7 + 
Residue of f(z) at z= co 
=the negative of the coefficient of E inthe expansion of f(z) for 


values of z in the neighbourhood of z— оо 
-—(— D)-21. 
Problem 20. Apply е of residues to prove that 


Р, 
@ [23 "24 cos = ZU [Vikram. 1969] 
© [, RENT P {a-v (a —b5)), if a>b>0. 


oe 
(tit) ita €'"'* cos (sin 0—n8) tm where n is а +-ive integer. 


(№) [22 = “yr 20. 


cos? 30 do Tm 
o Г us cos 1 LEE ›40<р<1). 


2y cos20 T 
(0 k Gas соз 8j = T and ај Satan 6 


(0 Suppose T= NT teat" (Agra, 1964) 
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Choosing the contour as a circle of unit 
radius (| z 1=1), 

zme!8; <, dz—ie'* dü—iz do, 
so that d$ E , where 0 varies from 0 to 27. 


Also when ze" —cos 0-1 sin 0. 


SE 6—i sin 6. 
z 


Fig. 5.33 


; 1 1 1 
Adding, z+7 =2 cos 0, i.e. estet (z+ = ) 
RE dz 
1 1 
Em (2+2) 
where C denotes the unit circle | z |=1. 


Poles of the integrand will be given by z?+-4z+-1=0 
zie =—243, 


5 a 
Thus, A [ГЕ ЖАНГ! 


Or z= 


of which the pole z= —2—4/3 lies outside the contour апі therefore 
the only pole that lies within the contour is z= —2-- 4/3 (which is of 
the order one). 


.. residue at z=—2+/3is Lim | (z-(—24-V/3)) K2) 
. тэ—2+\/3. 


2 
where Дег) = FAZ. FI) 


А 1 
а ПЕТУ) атату 
2+2—\3 


„з @+Е2=УЗУ@+2+У3) 


fro mfr ~f 


Li feria v 
RF 07 Gai 
2 1 : 1 
“Т ”—2+у3+2+У3 Vd 
Hence by Cauchy's residue theorem we have 


I—2riXR, where ZR represents sum of the residues inside 
the contour 


33, ^K 2r 
=ч M 


s ?* sin*ü do 
(ii) Suppose fe -[ G+ cosh 


Choosing the contour C as a circle (| z |—1) of unit radius, 
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z=", so that nl 722 cos 0. 
di—iz dv a 
WIN 
bed PD y кт) 
a B a4 2+1 E jr" 


Af. PE dz  G-y& 
= 72ib) cz Qaz-r bz b) enis) 
x (22— dz nd 


“Zib [96-9 | 
where aac лу: Р). and pave =>) are the roots of 


the quadratic z4% 2+1=0. 


So «+в=— 20, and «2-1. 
As'such | « | | 8 |=1, where | В |>| <! 


[bis b ie., |a |<1 and so z=« is the only simple pole A 


Sis the contour C. 2==8 hes outside the contour. Also z=0 isa - 
pole of order two, which lies inside ре contour. 


(z1—1y dz 
Residue at z—a is ыш: -a2) (2x 2ib J zi (z—«) (2—8) 
ey ia) 
вие zu-B-- 255 ш) z= 
1 2 
1 (—) (v—B* i SE 
—— Jb a-B "ep spl, > pu 


= 555, where {era 
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Again residue at 2<—=0 (a pole of order two) is the coefficient of 4 
j| @ HER cul GEM where z is a small quantity near the pole, 


psy i 
ee i D e e Eee Y 
ааб E] 


| 1 2a\ a 
| un == = — =ч” Joo. 
@ <. residue at z=0 is a Р) ip 
Я Hence by Cauchy's Residue theorem, 
I-2riZR 


[|р еу 


зт 
(ій) Suppose f" ei cos (sin @—п®) 0. 
о 
Choosing the contour C as a circle of unit radius, | z [=1. 
т=е', so that l =e", 


dz=iz dð. 
Now, consider, 


Br ег [cos (sin —л8)-Е1 sin (sin #—л0)] dè 
| : ° 
| =| "ene (00—90) qü 

° 


| 27 ie 
| É 7 ечен носім &-| et (cup d, 
| g e L] 
| . where is the real part in J. 
| ^. On putting the values of еї? =z and е‘ -l etc., we have 
Bes 1d if e 
In| FE- len ; 
Here the only pole inside the contour C is z=0 of oer (n41). 
$0) .. 


Residue at z=0 a pole of order (n+1) is а. a "e 


Ё where Ker. v ^ә=© MOT. 
| ` Hence by Cauchy” s Residue theorem, 
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Je2niZR, where ZR is the sum of residues inside С 
TED EUM dp 
OTE 
. Therefore real part in J, i.e. 
2 
1f 260 ! cos (sin 6—n8) d= 
LJ 
* {= ад 
(iv) Suppose rf" 2451012 6` 
Choosing the contour C as а semi-circle of 


2x 
[а 


unit radius. 
А z=", г, dz—izdó 
dz р 1 1 
"m or й= = and sin ied (-1). 
Fig. 5.34 where 0 varies from 0 to т, 
5 =F] 1 dz “| dz 
Merrie. TIT i'r Fic 1 } 
а +} 2-1) Даг я +2 
-4{ zdz 4a zdz 
ijcz 4442)-2—17 T )с 2 (4442)741 


Poles are given by —z* (4a*--2)--z*--1—0. 
Let us assume that 
z*—z* (4a*+-2)-+ 12(23— o9) (2—8). 
Л. a*--*—4a* 4-2 and o?g*—1. Р 
If «<1, then 8> 1, implies that the pole within the semi-circle will 
be z=«, which is the only pole inside С and z=8 will lie outside the 
contour. 


Residue st 2a is 
А - 4a z 
»» Lim e- -F) s s EP 


= fe Li z 
I ry. G3) (02—89) 
xc а шл o 
Її 2u(a?—Bp*)~ — 1002—89) 
Hence hv Cauchy's Residue theorem, 
I=2nER=2nix — ta, 
=p where B?@—o?=4/[(6?-+0%}*—4a%p*] 
: —V/I42* 4-2)! — 4]—4a«/(1 +0") 
Lo MEME MERE 
“4+ ya) 


Xa 


—— AVANT — ҮТ 
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ж cos? 30 dé 
(у) Suppose i2 [^ T=2p cos 204p * 


Choosing the contour C as a circle of unit radius, 


zæ; ©. dz-ie'* dü—iz dd, 
so that d= A 
iz 
Ао ^ шеш; on шет, 


As such, 2 cos 30—2*4- grand 2 cos dma a i 


B tnt | — Tae 3 ie т ] tla E 


; 2 5 
Te EE. 
AP. S derer es «T . GE d 
WAT | 2°[рг*—(1-+Ер°)2#++„р] 41 Jc 2° (р22—1) (2—p)' 
Poles are z=0, a pole of order five, and 


1 
2=+ур,+ Ур 


Ifp>1, then >. «1 ; so the only poles within the contour are 


z=+4/p and also z=0, a pole of order five. 
Residue at z=0 (pole of order 5) is the coefficient of 1/z in 
G1? 
2° (pz! — 1) (zài—p) 
in @+2*+г') 


prot “т п —4121—рї) CI г] 


6.1212) 
t oris Ead 


1. 1 ШОН 
=coeff. of тії ту рро ста DOR 


х [3( 1-5) —г (1 -»] 
poo qe 
» " Dara 2» ти 


sus BAS. вани.) | 


ап GO MNT 
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Residue at z= ale is 
UG EIE 
Е Pagi cg. 
iuge E Lim Te (z+ 
4 Pr z5 (pzi-1)( [99975] 
pub o РЕЗ Е (PED 
4i р»? (p! 1):2ур Feat 
Similarly, Residue at z— —4/p is= i. ces "Bias a ai p» 
Hence by Cauchy’s Residue theorem, 


m. uam [ap Et . QD 
а (Г p 0-0 $2 p] 


“BOP [—1--p*4-2*4-29)4-1] 


(1+р) (1—p+p°) 


py e Ue de anit TP) 


z @-р+р® 
i-r 


Suppos 2л de 

e» rf? (5—4 cos 0): 

* Choosing the contour C as a circle of unit radius (| z | 1). 
z=e", й=й di of dic 


Also 1 loge: 5 262 cos 8. 
ads 


Жыл сш Hast mum 


Edi. 
oral c (z -2 (22-1 
Poles are ian: a pole of order 2 and z=}, also a pole of order 2. 
But the only pole that lies inside the ш is z=} of order 2. 


Residue at z=} (pole of order 2) i ise J- T -20, 


—2y—2z (z 20 
"м К) уе i 40-2 $ Ф #7 
Hence by Cauchy's Residue theorem, 
I-—25XR 


20 
250-9. 
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Note. The similar procedure will show that 
p dà 10r 
о (GFS cos 67 7 
2 a 4 2ra 
and in gereral ih (FD cos 8) “(ату a>b>0, 
2л сов 20 
(vii) Suppose ie 51-4 cos $ 7 
Choosing the contour C as a circle of unit radius i.e. | z 1-1, 
we put, z—e'*, dz—iz dz or й@= r- 
2 2co80—1 & | | 202--1/2)—1 dz 4 
Then d AET 4 i 342+) iz" 
f tu ds 
c AFINE) 
г. "Within the contour C there are a simple pole at ze —j and а 
pole of order z at z=0, 
Residue at =—{, = Lim (rH) 3, à Parr ent 


and Residue at z=0 (order Read of Lin tant! 


TU 
z, being small 


ССЭ 
=. dH) ote) 


1 5 
-i(-£)--4 
Hence by Cauchy's theorem, 
Iz2ni x sum of residues 2nZR 


т 
~2ni[ 3. 24i — |" 


Problem 21. Prove by contour integration that 

E wk т 1.3.5...(2п—3) 1. 
(0 |, [rw РР 1.23..(n—1) iai 
a) a ERE. dem теча where a>0; 


(iii) pz 230 xp =e = where а>0 ; (fv) £ Ега 
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LÀ 
(у) f GS GERI -a P(S- 7 ) where a>b>0 and 
(vi) E log кє) PER. dn log 2. (Rohilkhand, 1975) 
Г @) Here Л2)=- Grey 


Choosing the closed contour С con- 
y fisting of the real axis from —R to R 
R R X and the upper half of a large circle 
|zl=R represented by Г, we have 
Fig. 5.35 by Cauchy's residue theorem 


ILS d |" ла |r лә 
and since f c Itz) dz—2xiZ R* where XR* is the sum of residues, 


R У 
" P Дх) + [ p AD 2ч, EN 
Now poles of f(z) are given by 


(a--bz)* 0 or bn (z+ "si (@-! ^ 5 J^ 
he. z=4i J Р (poles of order л). 
Only the pole z=; /$ of order n lies within the contour. 


gut (i 3) 


Residue at z=; /@ is 
ue at z pr (а pole of order n) is [@—1) 


1 Ў 
„ (ret JE 
g™(z)= (2D n (n--1) (n4-2).. :Qu—2) 


be {2+1 de) 


2 (1/8) ЖОЛ yen 


Thus residue at z=? / $ (pole of order n) is 


. where ф)= 
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(= 1 n (n1) (= 1-2)...(2п0—2) 


(n-D' D (2 JA 


dz | dz 
Now ||, 5&0 [7] {кән orrn 
which tends to zero as z-» oo. 
Hence when Коо, the relation (1) yields 
Г" dx ру 1% n (n+) (n4-2).. (2072) 
O Г ac [ey 
b 


(—1)""! Qn—2)! 
=2їх- тут, (n-1)! vb (vay 
[multiplying N” and Р” by (n—1) !] 
ami x (—1)711.3.5....(21—3) x 2.4.6...(2n—2) 
= (n—1) l. (0—1) Т.у Qiya $ 
2 E dx. 2x 1.3.5...(2n—3).277! (n—1) [i 
» (abt - 2971 (n—1)! (n—1).V b(ay- m 


RON dx т 13.5..(2n—3) iag 
** Jo GFX 20 /b 1.2.3...(n—1) а' aD) 
fs с 
(i) Consider fle)= ерү» where рү із the imaginary part of | 


f(z). 


Choosing the closed contour C, which consists of real axis from 
—R to Rand upper half of a large circle | z]=R, represented by Г, 
we have 


[алое] ола] ло езет. ...@) 


Singularities of f(z) are given by 2?+k°=0, i.e. z=+ik of which 
only the simple pole z= +ik lies within the contour. 
- ; М erum геї 
Residue at z=ik (a simple pole) Lan ic =®(@ ЕЕ) 

ike% 
жой ТҮ. 
<| Az Hp etl] dz | 
r [A+] 
<0 as zoo. 


Now [ro а, =. 


+ |, J(z) dz=0, since modulus cannot be negative. 
Hence (1) yields when R-»co 
[Г xetaz 


k 
КӨРӨТ. нее 


Ses 
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© 
AES. 
or 2f; хрр“. 
Equating the imaginary parts оп either side, we get 


?xsinax, m 
а-н 
2% 
(iif) Неге f= Gay 
2f(z)>0 as zœ, which satisfies the condition for evaluation of 
an infinite integral. 
Poles of ftz) are given by 
zi-. —gtmelltntlie gt 
е Unt —cos (214-1) ті sin (2n-F1) n—cos 7——1, 
4 zeageUntT it where n=0, 1, 2, 3. 


Thus the poles are ает+/4, aetti, де5т: 4, де? of which the first 
two only lie in the upper half plane (coefficient of i being +ve) which 
is to be chosen as a contour consisting of large semi-circle Г, along 
with the real axis from —R to R. 


Applying the theorem of residues, 
E „4+ | pie) dean. 
where Г represents the upper half plane. 
Since |. fiz) dz0 as zoo. 
Hence when R-»co, we hav. 
н I Дх) d3-2niZR*. «es (1) 


Now to find the residue at z=ae™!l*=7, (say), let us put z—ae**'4- t, 
t being small, in the value of A(z), whence we get 
(2,4-2) 2\#-Е+62,%ї+... 


НН Ta Ez S EAz 37-6719 az p npo Where nte at 


2 21%+6215.14... 


162,2 [на] 


(29628... б 
"eie ана | 


беба. ру 12 ] 


162,57 74, ~ { 
Residue at z=z, is—coefficient of Lin Дї+з)) 


Мб ud 
~ 162, [би ien 
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Similarly, residue at z=ae**#*=z, (say) is dE 


Hence by (1), 


o хх RAKI 1 
Coira telita) 


E [e 714 pete] 
[ertt ennt, 
SV em eco 10) tg TiTi 69016 

© x'dx Зті m 3m 1 
ог2 f? и агр х2ізівт aaa; 

‚(© хах — 342m 

“1, (a* x9* = 16а 

1 

(iv) Here /(2)= pz 80 that i 
2f(z)-+0 as zoo. 

Poles of f(z) are given by 1+27=0 
Le. ийре of aie z=i ү in the 
upper half plane j.e. in the contour _, 
chosen as consisting of a large semi- zu 0 4 
circle T' along with the real axis Fig. 5.36 
from —R to R. 5 


: expl 1 CREDI 1 
Residue of f(z) at zei is rants) ieee IHN 


By Cauchy’s residue theorem, we have 
R 1 
E NO &+| pf) dre IniER anl рет TRA 
dz | dz | dz | 
were [|p ds Ні... «| 
since | 22-1 |>| 2|%—1 
<| RS when ze Кее and | dz [=| £ Reto |-- R dd 
° 


TR 


< 17—120 as Roo 
іе. А f(z) dz |=0 when. А» оо and then (1) gives 
o dx. vo dx _ © ax т 
|, To" or » Tra Le. ү Tx =7 


(у) Take f= TEET 
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and choose the closed contour C as consisting of the upper half T of 


а large circle | 2 |= and the real axis —R to R. 
Poles of f(z) are given by (z*--a*) (z*--5*) —0 i.e. зе cia, +ib of 


which the only poles lying inside C are z=ia and z=i 
Residue of f(z) at z=ai is па (z—1a) f(z) 
I> 


=Lim (z—i e Exe 
Lim (2— la) E EISE P) 2a (=P) 
e 


Similarly residue of f(z) at z=ib, =O 


Hence by Cauchy’s residue theorem 
R 2ri gt у RA 
олов |" „лә mre ng [5—57] 


ef ее |1 dz 
nee [| T Gra) GE, &|«j riz EOL 2—0) 
Top znTAl2l z l-l 5]. 
+ eg-Rsin9.g 40 
<], ea RP 
where z= Re'*, and so | dz |= Rde 


2R т 
<a Rar A 


which —0 as Roo 


+, as R00, we have — 
3s ызык е 
-o Fa) 3b) а—Ё\ьЬ _ E 
Equating real and imaginary parts we get 
perum Cas UA. zs E 
оо (3E ai) (+R) 2а Бі Б -$) 
© sin x 
aod [^ ара orco? 
Note, Similar procedure will show that 
со dx 7 (a+26) 
| =o (a) (FED) 7288 (a-- pp 770 570 
x? sin x т 
n |>, атаб + иу атру VE), a>0, куо. 
. log (z+i) © : 
(vi) take fü-— mu 
and choose the contour C as consisting of ircli 
| z |=R, (К being large) and the real axis from ER се 


Poles of f(z) are given by х?--1=з0 Le. ze-F 


— —À—9 ый 
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of which the only pole lying within the contour C is z=i. Residue of 
f(z) at z=i is pm (2—1). f(z) 


mE (z— eo 


=Lim (z—i) log (z+i) __ log (2i) 
zi ( 


z—i)(z) 2 
= log 2+i5 

2i 

Hence by Cauchy’s Residue theorem, we have 

K feo aee | fl) dz=2niZR* 
=R р? 
=2nix L aes 245. 1) 
} t Gi 2-5) 
log (2+) | | TA Gt | 

where In 241 &|є г | dz | 


<fr IMEEM. | 
E by (36) of $5.7 
<, Log eire а] 


"2 log i=log ef"? 


Mes CONSE and f|=1 
bei s UN уу} when z — Re'* 


( log-z4331- rh —0 as R>% 


RH "REL EH Fi 
and hence when R->00, we have 


Ps f(x) а= Jog ED дет (tos +") 


1 
os (142) -i tan! — 
D c гы x dx=n(log2+5 ) 
Ex I X1 
Equating real and imaginary parts, we get 
оо {10р (1+х°) 
p e dx log 2 


оо log (1--x*) „ _ 
ie. |! C ECIAM ах=т log 2 
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1 
; tan? — А 
А со х т 
«0 оо l+ die y 
Problem 22. Prove by contour integration that 
: : E sin mx onm. 
SNC (Agra, 1963) 
r Let us consider | E f(z) dz, where 


one 
fa SF which has got a simple 


рг, x’ Pole of f(z) at z= 0. 


Choosing the contour C con- 
sisting of a large semi-circle | z |= К 
Fig. 5.37 indented at z—0, let the radius of 
the indentation be r. Since there is 

no pole within the contour, we have by Cauchy's theorem, 


| Хх) a fia) de+ | fle) dx+ Ír Лг) dz=0, 20 
Residue at z=0 of f(z) is =Lim zf(z) 
z»0 
` am 
ери z-z =l. 
Now Lim I ДӘ=—1(к—0)-1==—тї by theorem of $5.16 (—ve 
sign being taken as contour ү is in clockwise direction) and 
feroa алат ае Le 


i . 


COE RA “> z—Re*, 
| dz |=R а 
<" е(—2т®®)їк др 
d by Jordan’s inequality 
<e) which ->0 as R-»co. 
With these results as R->0o and r—>0, (1) reduces to 
° оо 
[ало [0 ао 
© eme 
s dua веі 


ттн а EEP I EPEN PE ЕГ ҮҮ TI 
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œ ema dx т 
ог je dx—7i, i.e., Mor =zi 
Equating imaginary parts on both sides, we have 
© sin mx т 
| о х per 


Note, Equating real parts, че dx=0. 
о 


Problem 23. Prove by contour integration that 


© 
c tent cot ax, 0a I. 


Let us бола 


B3 
| fiz) dz, where fa -i1— 


Choosing the contour C consisting 
of a large semi-circle | z |=R inden- 
ted at z—0, z=1, let the radii of in- 
dentation be т and r, respectively. 

Since there are no poles within the 
contour, we have Fi.. 5.38 


1—5 x97 n RJ т (xe*f)et 
E: Trl — AT — хет“ ater) [ tn 


+, лда | 104-0. ...@ 
т Р тг 

оО 
Now residue of f(z) at 2=0 is а 2. iru as a2 0. 


Residue of f(z) at z=1 is =Lim є-—1)-— = 
гэ] 
Also Lim | f(z) dz=0, 
n0 n 


Lim . nl? dix 5I (1—0) (-1)=ti. 
"0 


and "E re dr 9 Iz | dz | 
Г i-z TÍz-1i 
qe К" 
"Uer 
which —0 as Roo, `2 ««1. 
With these results as Roo and r,, r, both tending to zero, (0 
reduces to 
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Residue of f(z) at z=0 is Lim z.e'tz*-1—0 
10 
and |f eere da |= [oet е* e inen ав | as z= Ret 
«[ ec tint | uten? |W] | Re |] eoo | do 
о 
se sin Re qp 
L] 


« | E .Re @ as 519.2 >2 (Jordan's inequality) 


<=. R [1—e- ] which tends to zero as R> 
Similariy Il, eredi LT (1—е°) © т=ге'* 
<> D rt x) 


ER tends to zero as r0. 
Hence with these results as R—-co and у->0, (1) reduces to 


[Perm а [Anny dy=0 
0 о 
© 
ог [ (cos x--i sin x) x*-! хі [re y= dy—(e* '*)* Г(а) 
° 
о 
a | eyst dx-[(x) and i=e'*/2, 
в 
Equating real and imaginary parts, we get 


* Xfoo 25° eT 
| cos x, X*-1 @х==[® cos a and | sin х.х*®—® dx—T« sin > ® 
9 9 


Problem 26. Prove that {8 £^7X cos 2ax dx—diA/ze7 by integra- 
LJ 


iz 


ting € 


round the rectangle whose vertices are O, R, R--ia, ia. 


Let A be (R, 0), С be (б, а) in 
' the Argand diagram. 


On OA, z=x; 2. dr-dx. 

On АВ, z=R+iy; -. dz=idy- 

On BC, z=x+ia; 7. dz=dx 
and on OC, zi; с. dz=i dy 


Now e—7 has no poles within or 

X on this contour and if the whole con- 

: tour be denoted by Г, then by 
Cauchy’s theorem 
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Er AEN 
г° dz —0. 
Splitting up the contour 
p ex | g- ti?) +]; e—(xtia)? ap e- 69? idy=0. 
0 0 7 t a 
$ д se) 
Now I RD dy] < |E | eH | || 
ө о 
sp «ме, ay 
° 
< | eRe ду +> | ez | ol 
t * and 11 


which tends to zero as К» оо. 
Hence when R00, (1) reduces to 


pes dx— [estet dx—i E е" dy=0 
0 0° ° Y 


or Bs die [7e tuts axi? е dy —0. 
Ba M » 


° 

ог Des di eun [cos 2ax—i sin 2axl dx—i Т е? dy=0. 
Equating real parts, em e—** cos 2ax dx а dxe VF. 

2 T e—* cos 2ax dx=} y ze” 

Problem 27. Using the rectangular contour, prove the following: 


oo [o7 
(i) | PB шет cosec x; 0 <a « I. 
° 


1+t 
s (For t=e*, Rohilkhand, 1977) 
(i) as dx=} sec ium —т<а<ях 
0 £ © 
(iii) 23 dx=} ian 3: Ü-a-cs, 
o COS 2 


(i) Given integral is y, 


eom 
1f жы C( R, 2») __B(R, 2») 
Putting =e”, we get | | 

со et ч 
M xp | 
Jc 2d кусу су сыи 
Consider, 2 D(-R.O) €i A(R,O) X 


[с даа | oS] 26 Fig. 5,42 
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where Cis the rectangle ABCD with vertices at К, R+27i,—R+2ni; 
—R; R being positive. 


es 
Here, fG)— Vr 


The poles of f(z) are given by #+1=0 
Le. =—] zen 


or z—(2n-Fl)u where n—0, +1, +2, +3.... 


Only the simple pole z=7#, (corresponding to n=0) lies inside 
the contour. 


s i 
Residue of f(z) at mae] Eie тат 


as e*!—cos T-}i sin х= — 1. 
By Cauchy's residue theorem, we therefore have 


E IO 4 er Лк+» (dy Et flat2ni) dx 
р f(—R+ iy) i dy—2nix sum of residues 
; = 2ле. wl) 
But лано | < p LARA) L idy | 


2л 
sf 


ga RHyy 


perry 1471 alils 


«pH A =| dy as | e**--1]| <eR+v | —1 


5 2x 
S Sor eee which ->0 as R>o for0 c «<1 


2: 
x te FRA iy) i dy-40 when К-во. 
Similarly ү f C—R-r iy) idy-40 when Roo, 


provided 0 < є < 1. 
Hence proceeding to the limit when Roo, (1) gives 


J PIO dx j Ew (x--2ni) dx-—2ziestt 
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со ent 00  ea(ertmi) t 
e | оет J ue енер dr — niet 
90 gh со ertian 1 
or pesa xr а re ах= —2nie** 
со eke (1 — eost) i 
or [ ei dx —2nie** 
со ett a —Zmnie*** 
e | ра p dr 
о e 2i 
ot | ce RD "нека 
BS T 
С Sinar 
00 fai 
or |; m dt—7: cosec «т 
(ii) Given integral is 
= © cosh ax — 
o chsh tx 
Consider 
[4^ СЕ == is d 
where Ji) xd x: TZ 
taken round {һе rectangular Fig. 5.43 


contour which consists of x-axis from —R to Rand y-axis from 0 to 1. 
Poles of f(z) are given by cosh 1z—0 


ет Бе" 


he. Spa. 
"mi ‘we 1 
or ade Fact ЖЕ ae 
or ет — | оќ (ntl) © 
Ге; 2z—i (2n4-1) where n=0, +1, +2,... 
or = 


Only the simple pole z— Flies within the contour. 


Residue of f(z) at z— j= 1255 k 
cosh тж 
122 
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euin еа eun, 
т sinh 7 zi sin 3 "i 


By Cauchy's residue theorem, we have 
1 =R 
fip eee ARE га |p fero ax 


° 4/2 
+f Д-Н) i dy=2ni, 7. dy 


| f(R+iy) | lel dy! 


ех (R+iy) 
cosh * (R--iy) 

2esR | єзї | dy 
|er(Riy) Len Ur) | 


But If fR+i) i |< 


|а аа 11-1 


which-—0 as Roo when a<r 


1 
^ f ДЕ-+Ну) 1 dy>0 as R-»oo. 
i х 


; 1 i 
Similarly ( f(—R- iy) i dy0 as R—oo when « <7, 
° 
Hence when R—oo, (1) becomes 
[° feo ed fæti) дена 


со со езх (eH) 

—o0 ae тх & E cosh х (xi) 

But cosh т (x+i)=cosh ix (x+i)=cos (xxi—7) 
=—cos Txi=—cosh zx 


9r —— ——-dx=2e'*, 


со со КӨШ. (2н) ne Del m 
| oone vu ax T B cosh zx ^ oes 

or © ёш уш mer dx —26/* 1? 

—со cosh тх =o cosh тх 

IE девіз № 

ч че) 15 =0 ees тх ах=2е* 

© eaa _ 2е з 24 
“4 | —oo cosh zx d= Ee езет 


| 
E 


COMPLEX VARIABLES Hs 


0 ext $ о e or Aes a 
| 2 < cosh «x HET f cosh zx zi Cie as: 
| соз > 
| If we replace x by —x in the first integral this becomes 
9 gan 
| o cosh zx ds 
U eset eda ра Сн sc ru 
УЫ o cosh zx "je cosh mx 2 
со ert eae « 
ug | о coshzx 2 
i 5 | ? cosh ах _ OE 
T (5COMDTY c2 
*? cosh ax æ 
te ip cosimx ЗС 7 
Aliter, Consider Y 
5 ew, Я 
| i fe &=| C cosh nz. -Е+/2 -P | P Е+172 
1 ent 
| where f(z)= IT. Y 
| taken round the rectangular con- 
ү tour with vertices at y 
R, R+ $, pum and—R, -R [2 R 
: Fig. 5.44 
' indented at HERD „since z--Lisa pole of f(z). 
2 2 3 
Clearly f(z) is regular within and on the contour, so that Cauchy's 


theorem gives 


1/2 : x 
|, Zn dx +), Лу) i dy i foci) dx 
+|, fiz) dz+ E f(x--ii) ах+ Hn fC-R4ÀD idy=0. . . . (1) 
"шу wa i 
Be еї іч _ 
ТЕ е т 


j і (п): L eè meti 
p ER р ДӘ сч ые s 
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vna : p ARI E ү, 
and [^ semis | Lem iat an 
<| eR ду Ы 
Jo cosh TR cos zy—sinh zR sin xy 
[72 | cosh тА cos zy--i sinh mR sin пу | | 
>ćosh TR cos ту—зїпһ тЁ sin xy | } 
[2 eR dy 
=), PR (соз ту—зїп ту) 


writing e"? for cos xR and sin тА when 
Ris large 
—0 when R> ifa<n, 


" bL J(R--y) i dy 0 when Ro. 

Similarly b S(R—+iy) i dy->0 when R50 provided a<r. 
Hence in the limit when R->co and p->0, (1) becomes 

JA, feb ace | лено aeta [^ fen eco 


or Ts Дх) dx— [5 te Н) dx eet 
oo e* Gc M) да 
* E d тх  coshz (x4 H) Cre 


_ et etal с A: Nd | 
S Ѓ Mr Tee ГЕНЕ. dx=cos ja--isin ġa ' 


oo pus ie** (cos $a+-i sin фа) т 
gr Е Ap n xxt sinh x ] dx=cos ła +isin ja. 


Equating A" and nid parts, we get 
dx— -j2 etin фа 
-%0 TS TX -o sinh zx - 
00 ече cos fa 


dx=cos jx. ... (2) 


= -o sinh mx 4—80 da 
oo ез2 
i js sinh xx tan $e. sss (3) 
(2) gives with the help of (3), : 
© 
o sg dr sin j«-tan Ja=cos фа i 
оо ens 
mus =o cosh ту 2008 jet TS m pr =sec ja 
я, foo ru 
or e 
| еж cosh mx ^ ^]. cosh wx uem | 
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со e*t 00 e 
РЕ f сике ЛЕ F cosh xx 45—500 {= 
: (on replacing x by —x in the first integral), 
ie. p imi pe 
E о cosh ях 8С + 
© cosh ax 
zd f cosh zx 0—4 sec de 


(iii) This may be proved independently as (ii) or may be derived 
from (3) of preceding aliter as follows: 


со ева 
We have E nix dx—tanja 
? exe o er 
oh | о sinh xx OF i sinh xx Stan із 
00 езт OO eas 
or -f sinh rtf. sinh zx tan іх 


(on replacing x by —x in the first integral) 


Oeren — 5 © sinh ax 
or f "nhu. 480 ie ie. y Ктк tan je. 
Problem 28. Evaluate the following integrals by contour integration: 
наа 
O) f S dx. : (Agra, 1961, 70) 
ж 4 
(ii) Ѓ TFsin t (Agra, 1961) 
„д [9 cosx д 
(iii) | хна dx. (Agra, 1962, 65, 71) 
o  x*dx 
e E [rnm (Agra, 1962, 65) 
o x? 
vA 4х 
0 j, rex 
o J— 
ý nese. (Agra, 1964) 


(vii) I Qa)? QE)? dx. (Agra, 1966; Vikram, 1967) 


(i) The given integral is 
оо sin x ! 
E жаса, 
` In order to evaluate it, let us consider 
à ев 
fo fe am] а, 


where the contour C is chosen as consist- 
ing of the real axis from —R to +R, Fig. 5.45 
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indented at z=0 and the upper half of the semi-circle | z |= re- 
presented by Г. Let radius of indentation be R and let it be represent- 
ed by y. Here f(z) has got a simple pole at z=0. 

Since there is no pole within the contour, we have by Cauchy's 


theorem 
[ЛӘ 4-5. 
2x R " 
ie, [75 feo ae [ro а rm art fe) аб...) 
Residue at z=0 of f(z) oes zf(z) : 
z= 


y eit 
=Lim z. ——1. 
2+0 2 


Now xy | fz) dz=—i (1—0). 1— —74 by theorem of $5.16 (—ve 
r Y 
sign being taken as contour y is in clockwise direction) and 


fro dz [<fr IOl 14 [LET e 


5 Voz—RÜ.|dz|-Rdé 
т 
x2 | e—2R9|1 by Jordan's inequality 


0 
«x [е2 |? 


<Ẹ (1—72), which+0, as R-+00, 
With these results as R->œ and r—>0, (1) reduces to 
0 
f f(x) 4х—тї+ [о dx=0 
205 Ё 


ог |? f(x) dx=ri 
сое 
ог | = ах=ті, 
Le : [Penta с i 
0 x 2 f 


Equating imaginary parts on either side, we get 
E sin x A 
ek 2 
dð 


ai 2л 
e үн ree | e tsin 8 
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Choosing the contour C as a circle ( | z |21) of unit radius, we 
have 2 
z=e'®, so that z—t=2 sin Ө, since L =e 


and dz=ie!® de=iz d$. 
ки Oe ST o Zaf ae ans 
td le 544 EC-D z Je 5iz42(2—1) 
2i 2 : 
pus 1 2 
uid fG)— 5:522 


Its poles are given by 22- 5iz—2=0, 
© —SibV(—25-H160  —5433i — 1, 5 
e ec og oT о ВНР: 2i 
of which the pole z— —2i lies outside the contour and therefore the 
ped pole that lies within the contour is z=—il2 (which is of order 
one). 
<. Residue at z——1i is 


-Lim (+40 ft)—Lim (ЕН. үү — — 
z»—i[2 29—102 (2+ i) (2+20).2 


P 1 1 1 
Lim 2+2) 30M) эг i 


Hence by Cauchy’s theorem on residues 
I=4 x 2xiZR, where ZR represents the sum of residues 


(iil) The given integral is L E 


х е“ 
Let us consider {> fe а (ѕау). 


Choosing the closed contour C, consisting of real axis from —R 
to R and upper half of a large circle Y 
|z| —R, represented by Г, we have i 
by Cauchy’s residue theorem, 


[ло [^ rm ee лә dz m 


—2uiR*. е (1) i 
Poles of f(z) are given by z^-Fa*—0, _ К ООО ХОРЫ ER n 

i.e. 2= 1-іа of which only thc simple 1 

pole z=ia lies within the contour a Fig. 5.46 
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Residue at z=-+ ia (a 
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simple pole) 
е 


zLim (2— іа) ——— 


za 


€ ia) (zia) 


айа e 
po m 


Now |[ ла аг ||, 


Кыл | 
za 


x | eI ldz] 
“Jr era 


<0 as zoo, 


us foro dz=0, since 


Hence when R-> oo, (1) reduces to 


oo ee ro SUAE 
| лә dx—27ix а= = 


Le. 


2 | (cos x+-i sin x) 


modulus cannot be negative. 


2ia ae? 
Ld jer АЕ ДЕ 


o х? +a? aet 


Equating real parts on 


cither side, we get 


00 cos x ОКАР 
o X Hat 2ae 


fiv) Suppose J= E 


Here JE) 


o | +R 
Fig. 5.47 


| cfo = | у NITE [ p ЛӘ 4:251, 


х? 


~cola pai d 
= 2° 
2f(z)->0 as z-> эо, therefore the con 
infinite integral is satisfied, 


dition for the evaluation of an 


Let us choose the contour Consisting of 
a semi-circle T' of radius R, large enough 
to include all the poles of f(z) and the part 
of the real axis from —R to +R. 


Poles of f(z) are given by (z*4-a*)*—0, 
Le. z=-Lia (each pole is of order three), 


The only pole z=-tui (of order three) 
lies within the contour C. 


Aprlying the theorem of residues, 


«+ (1) 


Since Lim zf(z)-50, we have 
2-00 


Liu; | Дә) 2—0. 
R>co JT 
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Hence when R—oo, (1) becomes 7 
[оло ачз. i 
Now residue of f(z) at z—ai 
=coeff. of 1 in f(ai+t), t being small 


(ai-- t 
э, ээ (Git) tap 
P42ait—a . 
»o» [—ati2ait PE at 


& ЭЖ а OS »(1 AN: 
» (ап)? а Uu» 


pu =(P+2ait—a") [ 1 3r Lud EL ] 
ОИУ аи 2d 42S "^ 

D. —(t*--2ait—a*) Г 1 3 6 

= ›› WES 7^ "ger Po —3u Ast ] 


1 1 
=- g l 3 = баг 
Thus (2) gives 
со ie] T 
[° „ло dx—25lic су =з” 
со xtdxc Жк 
—oo (+a) Sa^ 
o x? 
(у) Suppose r.p Ta? 


he, I= 


f a 

Here fiz)= IFz 

of(z)->0 as 2—> оо, thus the condition for evaluation ot aa infinite 
integral is satisfied. 

Poles of f(z) are given by 1-; :*—0, 
ie. = шыч, 
so that zz еі") A, where n=1, 2, 3, 
i.e., the poles are z=e'" ^, сї /4, ef5r 4, e414 of which the first two 
ionly lie n the upper half plane, which is to be chosen as a contour 
consisting of a large semi-circle and the part of the real axis from 
—R to R. КА 

Applying the theorem of residues, 


J Г NI f pe) dame, 


since | Гс) dz-»0 as z-»co, we have, on proceeding to the limit as 
R-—o, 
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E Ло) dx 21У. Hd) 
—00 
To find the rcsidves at the poles, we have f(z)= uen which is of 
à (= 
the form с, where d(z)—z and ф(г)=1-Ег1. 
à $(e* а) ein 


e. Residue at z= ef^! js = А pea 


Ў Similarly residue at -—e'?"!! is —1e-?rin, 
So that (1) gives 


E f(x) dx—2zi } [emrit 4 emi] 


© xX d t petes od 
hey: 2 f echa [s 4! sin T cos Aeg sin 7 
| c хайх zi 1 т 
о! = =—|—2i-—, |=: 
Р 7 o 2)-4 
(vi) The given integral s [^ Lea. 
° $ 
: E Consider fa 
` x Choose the contour C, consisting of the 
ee upper half of a circle | 2|=А and the real 
NY \ axis from — to R, indented at z—0 (a pole 
| t-d of order 2). Let the semi-circle be denoted by 
-R =F O 7 +R [ard the small semi-circle of indentation by 


Fig. 5.48 Y. Let the radius of indentation be г. 
By Cauchy’s theorem, we have 


mic) &=|' л» dtf лә de [non &+|ьлЛӘ dz —0. 
PO SEU Y] 
Now IN «||, dz| 


ATTE ETT 
Vor-Re,d:—iRe' dé 
= 1407 sin o 
<| ERE к — 85 which >0as А 20, 


ki j dz=0 


ra 


-a a iinet. 


male 
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о 1 eire? 
and [ЛӘ d=] еее dà t" oz-ret* 


т 
= |, i Lice Pen d ~io di 
л 1 r 


0 
-f [l+ terms containing powers of r] dé, 


0 

Tec | fle) | улы 

r0 JY = 

Hence when R>x. r-=0, (1) becomes 
© 


[s foo dece Six) dx=0, 
ec ° 


Equatirig real parts оп either side, we get 


E 1 — eos X yan 


—o V 
оо |с 
or 2 f Киын ДЫ E 
о x 
E оо ]—cos * 
he. | 1 ios Xe 
à х 2 


ај 4 Г . [20 а э сү ] 
(vii) The given integral is | e (xat) de PY А. 


Le f= Cry ER) 


The poles are ==: ui (of order 2) and := Гі (simple poles). 
if we choose the contour C, consisting of the upper half of a large 
irele | z /==R and the real axis from —R to А. then (ће only poles 
ing within the contour are 
“Lai (of order 2) and +bi (simple pole). 
Here zf(z)--0 as z cc. 
Hence by Cauchy's theorem, 


R й б + 
[„Л\&=|* „ЛӘ dee] fo а2=221 К, PIHAN 
(еге ZR* denotes the sum of the residues and P denotes the upper 


olf of the semi-circle, 


Now [лә dz = | 
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to that fro t= . 
4. as Roo, (1) reduces to 
| „Лю ense. 0) 
Residue at z—ai (а pole of order 2) 
=coeff. oft in f(ai+t) 


1 
"o" (rraif-ray (t+ aly +B} 
1 


" » P Qai--1y (b!—a 4 2ait4- 0) 
1 t 07$, 2ай 4020-1 
= » » —4ait*( (сә tar} {+ ксы} 
1 t 
= 5 ra L a L 


аар 1 , 2d b*—3a" 

да (Ba) 1 ai Т Par) — agli Bal) 

Residue at z=bi (simple pok)esLun (z- bi) fiz) 
zi 


iim (bi) org Е, 
Lim (М) carat fe GB 
: 1 
= a (Py 
Hence from (2), 
со Г 02—302 1 
[5m dx=2ni| аага ау | 


= (E gy 127—340-+247] 


LLL F (bay (b4-2a) 

~ 2a%b (b=a) (Ба)? 
т (b4-2a) 

= 202 (ај ` 


5.21. ANALYTIC CONTINUATION 

If there exist two functions 2) and 
fA{z),-such that they are sare (regu- 
lar) in domains D, and D, respectively 
and that D, and D, have a common part, 
throughout which Az) Rz) then the 
aggregate of values of f(z) and falz) at 
the interior points of D; or D}, can be 

t sine 


regards le 


© regular function 
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(say) F(z). It is obvious that F(z) is regular in the common part say 
A of the two domains and F(z)=f,(z) in domain D, and F(z)=f,(z) 
in domain D,. We thus regard the function f,(z) as one, extending 
the domain in which fi(z) is defined and so it is called an Analytic 
Continuation of f,(z). 


The method of analytic continuation. Its standard method is the 
method of power series, which can be summarised as below. 


Suppose that there is a point Р(2,) in the neighbourhood of which 
f(z) is analytic; then the function f(z) can be expanded by Taylor's 
theorem, in a series of ascending powers of (2—2,), the coefficients of 
which involve the successive derivatives of f(z) at Zy. 


Let there be a singularity $ of f(z) which 
i$ nearest to P. Then a circle of centre P and : 
radius PS is the circle of convergence within Р* 
which the Taylor's expansion is valid. If we 
now take any point Р’ (not on PS) within P 
this circle, then we can find the values of f(z) 
and all its derivatives at P’, from the series 
by applying the method of term by term 
differentiation. We thus find the Taylor’s 
series for f(z) with P’ as origin and this series 
will define a function which is regular in the Fig. 5.50 — 
circle whose centre is Р Such a circle will extend as far as the singu- 
latity of the function defined by the new series, which is nearest to P" 
and this may or may not be S. In either case the new circle of 
convergence may lie partly outside the old circle and for points in the 
region which is included in the new circle but not in the old one, so 
that the new series may be utilised in defining the values of fZ) while 
the old series failed to do se. : 


N In a similar manner, we con take another 

[ «M point P" in the zegion for which the values O 

the function are known and form the Taylor $ 

series with P" as origin which will, in ge , 

c(t still further extend the demain of definition of 
КОЙ, the function and so on and so forth. 

\ By this method of continuation, starting from 

Р c а representation of a function by any one 

power series, we can find any number of other 

power series. which between them define the 

value of the function at all points of a domain, 

Fig. 5.51 any point of which can be reached from P 

without passing through a sigularity of the function fe). 

It is easy to show that continuation by two different paths PLN 
and PMN gives the same power series provided the function is 
analytic and has no singularity inside the closed curve PLNMP. 
To show it, let us suppose that S, 5, S’,...be the power series with 
P, Р", P’,.... as origin. Then S’=5” (for, each is equal to 5) over a 
certain domain which contains P', when P” is taken sufficiently near | 
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to P', and therefore S' will be the continuation of 5". Continuing 
this process we can deform the path PLN into PMN provided no 
singular point lies inside the path PLNMP. 

Note. Weierstrass defined an Analytic function of z as one power 
series together with all the other power scries derivable from it by 
analytic continuation. 

An important remark. There must be at least one singularity of the 
analytic function on the circle of convergence C, of the power 


series 3 d (2—2,)". 
FER 
Assuming that there is no such singularity, we can construct by 
the method of continuation, a function equal of f(z) within C, and 
regular in a larger concentric circle Го. The 
1 expansion of this function in Taylor series in 
Ye с у powers of (2—20) would then converge every- 
/ 2 - — where within the large circle Го. But this is not 
А ^. possible, since the series would be the orignal 
Q \ series which has got C, as its circle of conver- 
2, Mu] | gence. Let there be a point z, within C, and 
PACEM ^^ С, be the circle of convergence of the power 

N series, 


$ 
2—2\)", 
Fig, 5.52 0 4,2—2)" 


wherc А„= Iu (by Taylor's expansion). 


Let Г, be the circle of centre z,, touching the circle C, internally. 
Then the new power series defined by (1) is certainly convergent 
within Г, and has the sum f(z) there. 

} Since the radius cf С, cannot be less than that of T, there are 
these possibilities: 

(i) €, has a larger radius, then Гу, in which case С, lies partly 
outside C, and the new power series provides an analytic continua'ion 
of f(z). Then taking a point с, within C, and outside Co, the process 
can be repeated. 

(ii) C, is a natural boundary of f(z). [Note. A closed curve is called 
а natural boundary of a function if the function is such that it cannot 
be analytically cortinued to any piat of the same]. In this case we 
cannot continue f(z) outside Co and the citcle C, touches Co 
internally, wherever the point z lies within Cy. 

(iii) С, may touch C, internally, though C, is not.a natural 
boundary of J(e). In this case the point of ЗАЛ of C, and C, is a 
magari ofthe pes boa which has been found by continua- 

ion of the orignal power series; for there is necessarily one si i 
on C; and this cannot be within ee ih mi, опе singularity 
_ Problem 29. Show chat the two. power series 

zł tiz... NY 
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and in —(z—2) +} (2—2)?-–... n2) 
have no соттоп region of convergence, but they are analytic continua- 
tions of the same function. 


Here the series (1) defines the 
function —log (1—2), whose circle 
cf convergence is | 2 [=1, i.e., а 


N 
\ 
circle with centre z=0 and radius — 25 
1. The only singularity is z— 41. [ E P Z=2 
The series (2) defines the func- e. 


tion 3m -leg [br(2—23)]: where 
2| X Lisacircte with centre + 
2=2 and radius 1. It touches the Dies Ср 
pos circle externally as shown in the adjoining figure. 
The function ix—log [1--(z—2)]--/: —log (2—1) 
-i*-leg [-(1—2)] 
== —log ( —1)—10g (1—2) 
—log e*/—log (1—2) 

zi--log (1—2) 
=--log (1—z). 


It is clear that the two functions defined by the given power series 
have no common region of convergence, but they are analytic 
continuations of the same function —log (1 -z). 


Problem 30. Show that the series 
Lb T Y 
qd Кы 
represents the function which can be continued analytically outside the 
rele of convergzice. 
Let the given series define a function f(z), i.e. 
А ПАРЧЕ МТА 
Jum) a* E а? Td ies 
As 
use х аач s em DA 
me | being ап infinite geometric series ifj A z 
(iss 3 
a 
1 


a—z 


only for p-ints within the circle of convergence | z |i « 
If we 21 1 a series 


e b 
А5 жа ptu Es es = 
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xs z—b z—b ү 
then f zal XB +(ж=) +] 
VET amet г: 
a—b a—b 


provided the circle of convergence say С, is |z—b |-| a—b |, when а 
and b both are real and positive and also 0 < b < a, the circle of 
convergence C, of the second series touches the first circle (say) С 
internally at its only singularity 2=а. It follows that there is no 
analytic continuation (sec figure 5.54). 


Fig. 5.54 Fig. 5.55 


In case Jis not real and | b| < | a and positive, the second 


series converges at points inside a circle which is partly inside and 
partly outside the circle | z |—a. In fact the two series represent the 


same function 


E at points outside the circle | z |=] a | and hence 


can be continued analytically as shown in Fig. 5.55. 
ADDITIONAL MISCELLANEOUS PROBLEMS 
Problem 31. Evaluate by the method of contour ОЯ the integral 
Me TR 
using the transformation. (Rohilkhand, 1978;A gra, 1967, 69) 


A 2h 
ms. СУТ 


Proceed as iż Problem 20 (i). 


Problem 32 ‘а: Prove that the n-th derivative of e fu ) 
F ove the f e functi. z) , 
variable > vi the domain of its anelytictty is given by Unc IEE of the complex 


where the conto of integration ties within the domain. 
vb) using the atoy formula, show that 


es 3 е: I 
qm а АЕ (Agra, 1968) 
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Problem 33. Obtain the Cauchy-Riemann condition for a function f(z) to be 


analytic function. [Agra, 1969, 71] 
Problem 34. Evaluate by the theorem of residues 
foo cosx 
| арх? ах, а>0. 
See Problem 20 (iii. 
т 
Ans. а? 
Problem 35. Ap»ly calculus of residue to evaluate 
{ оо x*71 d 
o 1+х 5 


Ans. л cof ex 


See Problem 23. 
Problem 36. State and Prove Cauchy's residue theorem Evaluate the following 
integrals by the method of centour integration 
00 sin x dx 
(a) еы 
о ух 
оо хіх x 
ib) BELAN (Agra, 1972) 


(Agra, 1972, 74) 


e 
Take fiz) == 
(a) Takef NE 


Choose the contour C as consistin ; of a positive 
quadrani of a large circle | 2 (--R with its bounding 
radii as two axes, indented at z-0, 25 shown in 
Fig. 5.56. Let r be the radius of indentation at z- 0, 

Ў fiz) has the only pole 27-0. of order en» and it 
does not lie inside the conteur С indented at г 6. 
Cauchy's theorem gives 


ferons [pro aee jp rr im 


+) Л: 4:=0 
р, Y 
rA б еа! 
Неге frre dz <[p 52i dz 1> [г eas 
? 2 eR sin 0 T it 
ibe f pid: R 40, taking z- Re!” so that) dz | R 46 
0 AR 
? 9): 
«oxi e 280 "ih since by Jordan's inequality 
= sin 
posce Risa 


EC 29—722 
2VR | Jo 


<y ace к)» R32. 


232 


= 0, by 55.16 we have 


Also residue of f,z) at z=0 being 
202 

Lim { f(s) dz —i G = =0 ) 0—0, negaiive sign being taken as y is traversed 
in lock wise sense. 
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Hence as R>, r0, (1) reduces to 
[е ло des fm igo 
° 


[юе [oo ity 
i.e. j4 Seale NE us 
‚йа -toii E 
aee „л [05 — dy. S 
or f? vy evi; Vy Ршуӯ-# 
мт [? c*w 
=2V i yE (Sec Beta «nd Gamma functions Equation (3) of 
$9.3) 
=V = (cos 7 sin з)? 
=v = (cos PRI. =) 


-J5 u+ 


wating reai and imaginary parts, we gel __ 

сосозх, _ P d r|2snx Vix 

ovx 2 о ух 02 

зіп x* diu 
x 


со 7 
` Note, Similar procedure will show:-that | v 


4, 
(b) Take f(z) = E 


and choose the contour C consisting ofa 

large semi-circle Г of radius R inthe upper 

half plane and the real axis from —R to К. 
Poles of f(z) are given by 26+1=0 


i.e. zc» 
-R +R ={cos (2r+1) n+ sin (2r+1) s) 


ae EDSIS where r=0, 1,2, 3, 4, 5. 


x 


Tig. 5.57 
2. Simple poles of f(z) are S 
27006, quil. e516, «7546, ¿37il2, 1912 
of which only the first threc lie within the contour C. 
Denoting by p; any one of these poles namely еті16, eril. eS7il 6, we have the 


y CM. iui 
residue of f(z) at 2=р [z == | by $5.17 (i). 
t 


ut» a, 

24 
ЕРА 

625 |2 prey XE 
-& p= 


2. Sum of residues=ZR+ 
А --«[ enge uim] 


d 
| 
l 
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1 [ EHE ТЇЇ? ү. Ani ЧЄ] 


6 
E | [ буула sete] MC MS 
ps ; 2: 
, -—tr C нг) i+ (ME +15) ] 
TEIL: LINE 
MON СЛ DEC ҮМ 


Now by Cauchy's theorem, 
[сле а] ло ae [pro а-а» 
where |p fie! а | fp trm laz 
|224 E) А 
< rl | dz. Put z— Re" so | dz (= R49 
"zi lz 
«finr © |] —3< | 4—1] 


т R50 — R5 
о Ri—]^ REI 


^ Hence when R00, we have 
со -i 
) dx= рү 
Í i f(x) dx anix (5 


0 as R>co 


2e 
3 


БУО. (90х45 om 
i.e, [© fix) dx= x ES 3: 


‘Problem 37, Derive the Cauchy-Riemann conditions for a function cf a complex 
variable to be analytic: Test if the functions and | z |? are analytic. 


Prove that if a function is analytic on ап: inside a closed contour its integral over 
the contour must vanish. (Agra, 1973) 

See $ 5.6 for the first part. 

It is саѕу to show that f(z)= E (giving fa--L. 27-0) is analytic at 
every point except at z--0 where it is not,.continuous and so f’(0) does not exist 
(z=0 is a pole of f/(z)!. 

The function f\z)= | z ? is nct analytic at any pcint since f’(z) exists only at 
the point z=0 not throughout any neighbourhood. It may be shown as below 

fi |zP=xF+3* o ту=х-Ну 

1f f(z)=u (x, y) iv (x, у), then it is clear on comparison that 

их, y) 2X y^, v (x, y) -0 

Qu ж; v yo 
ax 2x, ay Hear 9 ay 

Cauchy-Ricmann equations arc not satisfied except at z—0. 

* For second part see $5.9. d 

Problem 38. Defining a Meromorphic Function as one which is analytic in a 
region except at a finite number of poles, if f(z) be un analytic function within and 
en a closed contour except at a finite number of poles and is not zero on C, then 
Prove that 


= [ете 
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where N is the number of zeros and P is the number of poles inside C (pole of order 
m being counted m times). E 

Hence or otherwise deduce the Principle of Argument i.e. f(z) is analytic іп С 
then P=0, and $ 


1: и 
Neg. Acarg f) 


Ае being the variation of log f(z) round the closed contour C. 
Taking z=a as a zero of order n, we have 
f(z) =(2—а)" #(2) 
where Ф(2) is analytic and not zero in С. 
(аЛа Pin 
TRUE 7а) "2-а ф) 
+ 


Since $(z) is analytic and so is $ (2), therefore а. is analytic at z=a. It 
" 
follows that f A has a simple pole at z=a with its residue л. 
Similarly if z=b is a pole of order p then га has а simpie pole at z=b with 


its residue —р since then 
fiz)= (2-6) 7902) 


Hence by Cauchy’s theorem 


1 "(z) : 
эт [сә © =Sum of all residues within C 
-—-In—EZp 

Si -N-P А .. (1) 

р ко to deduce the principle of argument, f(z) being analytic in C, we have 
Then (1) reduces to 
EN - 
zaile да) ^7" 


ог № Пов fle 


1 2 fuot 
= Aog f'z) where Ac із given to be the variation of log 
f(z) round the closed contour C. 


1 
ond Ae {log | f(z) | +i arg f(2) 
Equating real parts on either side we get EUST 
=з Ае arg fz). 


Problem 39. /Rouche's theorem) 7f f(z) and g(z) are analytic withit 
н nalytic within and on а 
: а Seena) 812) |< | f(z) | on C, then f(z) and f(z)+giz) have same 
[а(2) 11702) l оас. „. Be «lon C which follows that 
о 1 IAS TAE this inequality will not hold. 
s (2) 4-а (2) |> 1702) 1— lat) 1560 by ti i 
So | f(z)--(2) | #0 implies that neither /(z) Cobos үш cee on C. 
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Taking N and N’ as number of zeros of f(z) and f(z) +2(2), we have by the 
principle of argument given in Problem 38, 


1 a us 0 
М=з„ Ac arg fand N'—4— Acarg (f+8) 
S " 1 1 
So that, № =; Ae arg (fte) zz е argf 
1 1 
-xl Ле arg f Ac arg (1+ £)|-2 Acargf 
= E Ac arg (+7) by the properties_of arguments. 
If 1+5=0, iben 19-11-15] «i EA 
showing that Q is always an internal point of the circle with centre Q=1 and 
radius unity. This circle being wholly to the right of imaginary axis, the join of 
any point of this circle to the origin makes an angle 6 with x-axis such that 
Z << =. As such putting о=леї® we have arg (1+ 2) =arg О=0 which 
returns to its initial value when z describes C and hence 
Le are(1 +5) =0 
Hence, N’—N=0 or №№ Ч 


| which proves the proposition. 


. Problem 40. Evaluate the following integrals by applying the method of contour 
integration. : 


oo x sin x ў т - 
(i) r rpg» 55 a0 Ans. 67 
jy [sinh ax gy _ BE uc 
(i) | СЕБ ЕЕ dx, -x«a«r, Ans. — tan 5 
: те. ma 
OO Sin тх - ——-—-Ssin-7—- 
(ùi) $ Zia Ans. 4 * V2 V2 
(iv) [ue "Аш Ans, 2ле 
е 
[ни: take /(2)= Zu] 
5 co xdx л? 
(v) f° ана Ans. 5 
= add т 
(vi) E "atsin 779 Ans; Via 
(vii) joe 9205 dv, a20, 520, Ans. x: (6a) 
(vii) iba eX? COS 2 cos (x? sin 2«) dx, 2&4 Ans. ve core 


and E 27X? COSI® sin (x? sin 20) dx, ««z4 Aus. va sin æ 


(ix^ [un cos 2 ax dx and s ех sin 2ax dx 
0 в 
ЕСШ 2 
Ans. p Mx md © on ay 
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œ  sinrx 
e [teas an е 
Ae [оо г м 5 
(xi) o FE dx, (0<а</) [see Problem 27(i)], (Agra, 1974: 


Problem 41. Tie function w (z) is analytic in а region К, cxccpt at two simple 
poles Aand B. Find: $ wiz) dz where C is a contour in the region R (i) en- 
С. 


closing A and B (ii) en«losiiz B only. (Agra, 1974) 
Problem 42, Evaluate the following integrals: 


(0) | £9 cos (n0 — sint) 46, 


(ii). Jat (iit) [2,55 di (Agra, 1975) 


QUAM RAT. 
Ans. (i) TE (i) y reo, (Hi) =. 
Problem 43. Evaluate the fillowing-integrals: 
2 
(a) | (a+b cos $;-1 sin*$ d$, (a>b>0) 
(b) i (14-х2) 1 log (14-x*) dx [see Problem 21 (vi)] (Agra, 1976) 


Aus. (a) ра V a=b? m log2 


Problem 44. (a) Derive the Cauchy-Riemann condition for сотріех function 10 де 
analytic. Are thc conditions sufficient? 
(b) Evaluate the following integrals: 


00 sii ў d 
(i) 1 SEX vi) [л po 


(Rohilkhand, 1976) 


^^ Ans. (a) yes, (b) (i) =, (ii) т. 


Problem 45. State and prove Cauchy's Residue theorem for a complex function. 
Explain how it is extended for the case of an isolated first creer pole lying on the 
contour of integraticn, Usine this theorem show that 


ON eee E 5 where 0<а<1 


соте Утта 
See $ 5.15 and Problem 27(i). ў (Rohilkhand, 1977) 


Problem 46. State and prove Cauchy's residue theore: й 
and using it evaluate ihe following integrals. een temper. function 


2n 

г log (1+Х') ,. ,. dð 

o | Te sd (0) | Hx ré (Rohilkhand, 1978) 
0 


Sce $ 5.15; (i) see Problem 21 (ri); (i) see Problem 31. 


CHAPTER 6 


BETA, GAMMA AND ERROR 
FUNCTIONS 


6.1. DEFINITINOS 
Under the study of Definite Integrals, we come across two very 
important integrals known as Eulerian Integrals which are of the 
t 
уре { dare 
| x77! (1—2)"7! dx and | ex^ dx, 
0 о 
where the quantities т and л are supposed to be positive. These 
integrals are so. fundamental and hold such an important place that 
they are widely applied in different branches of mathematical analysis 
like mechanics and physics etc. 
The first Eulerian integral is generally known as Beta Function 
and defined as (т, n={ x™-1 (1—x)"} dx where m and m are 
o 
positive. 
The second Eulerian integral is known as Gamma Function and is 
defined as I'(n)— | re dx, where n is positive. (Agra, 1961) 
° 


6.2. FUNDAMENTAL PROPERTY OF GAMMA FUNCTIONS 
Г(п+1)=пГ(п). 
In order to prove this relation, let us consider the integral 
pou ах=Г(п+1). 
° 
Integrating it by parts taking e~* as second function, we get 


со n 
| ех" dx since = vanishes for both 


o со x 
[=] -[ —e*x'? dx |thelimitsas Lim —-—0 and 
Б ° 8 x20 € 
=п | ex" dx, x" 
е 


^ | Lim —-—Lim — —3— — 
` T(a+1)=nF(n) ЕР хе Ако та 
| one (D 

From (1) it is evident that if the value of Г(п) is known for n bet- 
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ween two successive positive integers, then the value Ги for any posi- 
tive value of л can be determined by the successive application of (1). 

Now (1) can be written as 
roy ТЕЕ). ЛЕ (2) 


If —1<n<0 then (2) gives Гл, since n4-1 is positive. As such the 
value of Ги may be determined if —2<n<—1 since then Г(л-+-1) on 
the R.H.S. of (2) is known. Similarly Гп mày be determined when 
—3«n« —2 and so on so forth. , 


Hence Гл= Оез dy PGE). define Гл completely for all 
value of n except n=0, —1, —2, —3... 
Now replacing n by n—1 in (1) we get 
Tn—(n—1) r(n—1) Ж 
Similarly Г(п— 1) =(п— 2) Г(п—2) etc. 
Hence (1) yields 
Y(n4-1)en(n—1) (n—2)...3.2.1 T (1) 
But by definition ro- e ае P= 
° о 
s Г(л+1)=п (n—1) (n—2)...3.2.1—T(n). 
provided n is a positive integer 
Putting л=0 in (3) we get 


T(1)=|0=1 ode: 
ur Г(1)=1 way) 
Also if we put n=0 in (2), then we find 
Г(1) 
Г(0)= 97 = 0 (Os (5) 


By repeated application of (2), it may be shown that th 
function becomes infinite when x is zero or any negative ога 
Г(—п)== оо ў Se) 
when п=0 or a positive integer. 
But the function has finite value ft i i 
doen. or negative values of n which are 
Note. Gauss's Pi function in terms of gamma function i; 
is defined 
If(n)-Y(n4-1)2| n. sk x 


6.3. THE VALUE OF Г 
FUNCTION Q) AND GRAPH OF THE GAMMA 


We have by definition . 
Ё C e 
гн | €x" dx, п>0 
$ ° 
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Putting x=¢" i.e dx—26 d$, we get 
re) ea 067—1 e-* a 
when n=, this du 
r2 |e* dé ЖООП) 


Suppose 1={*e e-* d$ 

Putting $=AY so that d$—^ dp 

We have Ie [Pee ар 

Multiplying both sides by e~4?, we find 

pese [recae лар 

скан both sides w.r.t. A within the limits Oto ©, 
1 {е 2 dha | Эа) л di 


or He e8 di- f [-5 Tu l4 


ratte ies rn 
E je [er a= Кз mate 
From (1) and (2), we get 
r(-2 T =y T . (3) 
Now putting n=—} in (2) of §6.2, we find 
r(—p=t =-2v ™ by (3), З .. (4) 
КЫ, 


similarly T(=- =—H-2V FAYE ек. «++ 
27 
The graph of fn may be shown as below under the definition 


that the function becomes continuous function of n except when n=0 
or any negative integer. 
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Fig. 6.1 


6.4. TRANSFORMATION OF GAMMA Е UNCTION 
By definition . 


го) [Pee dx ++. (1) 
о 
Putting х= Ау, dx—2 dy in (1), we get 
г(л)= ffe An. yni dy 
[] 


н W еса a. +@ 
If we put e~*=y in (1), then we get 
o nl if п-1 
rej -[' Җіов >) у®= |, (tos + dy 0) 


Is x-log J-and dx= uw(-5)o--1»] 
Again if we write x—y!/^ in (1), we get 
r=} Г eI Myyn тту) dy 
а 1 yamm ] 
= [е^ dy. [ т Т 
n Jo 
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n) Fe =|” et dy ` .. (4) 
COROLLARY. If we replace n by $ in (4), we find 
|, еа, 7 
which is the same as (1) of $ 6.3. 


6.5. TO SHOW THAT, В(т, n)—B(», m). 
By definition 


Bm, m= [ à (1—2) dx. 
Replacing x by 1—x, we get 
0 
Воп, f а a-a-e 49 
= [ert а-та 
9 


=Мл, m). 


6.6. DIFFERENT FORMS OF BETA FUNCTION 


Substituting Tn for x, we have 


amp [ а-у [ ae C tm yt 
i and Ia 
д [rame ar 
o (HT (HIT EY 
со 
=| di» ^ Er we (1) 
Also, since В(т, n)—8(n, т), 
NN 
ит, n [aee EN 


6.7. TO FIND THE RELATION BETWEEN BETA AND GAMMA 
FUNCTIONS 


TME. 
&т,п)=т( = ae y «r^ 1962, 65, 70, 71, 72, 74) 


From equation (2) of §6.4, we have 


ie., Гт= E Ane-Aux dx. 
© ў ° 


582 MATHEMATICAL PHYSICS 


Multiplying both sides by e-^A'"-! and integrating w.r.t. A within 
the limits 0 to oo, we get 


Im ү еза | D е Аа+а) Amin- a] x"! dx 
° о LJo 


or 
or Pm-Tn= | es m? dx by equ. (2) of §6.4 


=Г(т+п) В(т, n) by $6.5. 


COROLARRY. If we put m+n=1 in 
со xm) 
Гтга= |7 N 


we have ГтГ ü-m- [^ = En аре m=) 
T 
Sgin тт (Agra, 1964) 
E 7 [зї xi dx = T 
o TH 2n sìn E т 


when m: and n are +ive integers and n>m as will be shown in 169] 


Replacing т by $, we get 
ryer or Гут, (Nagpur, 1965) 
68. REDUCTION OF DEFINITE INTEGRALS ТО GAMMA 
FUNCTIONS 
[1] To show that 
NEG бле UN xm tg x Imin 
[, day d- [ Gra “г{т+л) 
we know that 
w i 1 x 
Tres nj. oi for rt fades 4 
Substituting + —- for у in the second integral on R.H.S., we get 


em 4 G) ayy 
[ау hes a) e 


1 x"-l 


. Gay 
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i 
У со у"! Be 1 xi 1 SAT 
| det NES &+ |, atum © 
[ change of variable does not 
change the value of integral] 


»gmaqxn3 2 0 DmPn 
or gm, = |, a 7 f(m-EnY 


[2] if we substitute 2 for x, we get 


| = ai oap {© уш 
[пот | Кую 


Ў o x"-dx Imin 
Since |, daa" Ттт) by 586.6 and 6.7 


- anb? E yr dy da Tmin ` 
І б o (ay b)" Г(т-+-п) 
EM со y"-! dy ГтГп 
o Kays by" — arb'T(m+n) 


COROLLARY. Substituting у==їап? 6, this relation transforms to 
*@ sint™* 8 cost 0 d 8 гтГп 
o (asin? 0--b соз? üt" = 2a" b" T(m-En) 

[3] If we put x-sin* 6, we get j 

f 2 * 
|. a9 deca" sint ent 0 cost 6, sin t 00s 9 d? 
° ° 
{> dxe2sin 8 cos @ 40] 


2 
Tmin Й p: [intei 6 A cost*-1 0 di. 
° 


КА T(m+n) 
EE esi ла EMEN 
| зіп 0 cos d= mpn 


COROLLARY. Replacing 2m—1 by p and 2n—1 by q, this relation 


À reduces to | sin? 0 cost 0 dd= ar (£g) 
| -Putting р=0 and g=0 in succession, we get | 
+1 
iE ed stra (t) ve. 


a( £i ) rom 


[4] By putting x=sin* 0 in uuu. a (1—2x)? 48. 


E (cos бу: й 


v 
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We have just proved that 


тз ГтГп 
sin?" 0 соз?т-1 0 dü— .. ICE coat) 


Now 4f we put 21=1, we have 


Re ут o Fm 3 
зїп?— 0 dd= 4 Ted i (2) 


Rone putting m=n in (1), we find 


ЫЫ i Tm)? 
[ вета @ соўу 6 d= X 


9 
ог TEF Ed ia sin?™-1 20 d0 [. 2 sin 0 cos 0=sin 20] 
от e|, sint ври 20-4, d'= d 
-—H2 I sin gdp [7 smn(z—$)-sin 
* (Prop. of definite integral) 
I^ sin?™ 9 ar oe) 
(replacing ¢ by 6). 


From (2) and (3) it is obvious that _ 
Zm (Cm Im ут 
Tm) “m+ 2 


ог Dmm p= ГОт). 
This may og be put in ihe form ] 
гот) 25 77 гурут). (Азта, 1962, 65) 


6.9. MISCELLANEOUS PROPOSITIONS 
[1] Infinite and Improper Integrals : their Principal and General values. 
,Riemann introduced the definition of definite integral 
| f (х) dx under two assumptions : 
. 
(0) Integral f (x) is bounded, and 
(ii) the range of integration i.e. (a, Б) is finite. 
Cauchy modified this definition to include the cases: 
(i) The range of i je diei is infinite, e.g. 


dx fx 
18, ) —x1— [E ana 


(ii) the integrand becomes infinite, i.e. the function is unbounded in 
dx 
the range e.g., [2 тз (unbounded at х0). 
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The former is known as Infinite integral of first kind and the latter 
as infinite integral of second kind. But by convention we are accustom- 
ed of speaking the first type as Infinite integral and the second kind 
as Improper integral. 

> 
If there is an integral | / (у) dx, where f(x) becomes infinite 
а 
at х=с (a< с < b) then in order to exclude c, the point х=с 
may be enclosed in a small neighbourhood (с—ре, с+-ує), р and v 
being any arbitrary constants, so that 


[ Л») dx-Lim [I То) dx+ [ pu fe а] 


This limit is known to Бе the General value of the given integral. In 
case =v, the value of this limit is said to be the Principal value of 
the integral. 


The integrals have infinite limits may be expressed as follows: 
ү f(x) dx=Lim ү f(x) dx, 
a 60 Je 


[ ot fe) dr=Lim f’ Aen &, 


а ух) dx—Lim | Дх) dx etc. 
—eo 120) —1/uc 


[2] Eraleation of the Integrals of the Type (^5 dx, 


where m is rational algebraic function such that the degree of 
~ f(x) is at least two lower than that of F(x) and all the roots of the 
equation F(x)=0 are imaginary. 

Since imaginary roots occur in pairs and all the roots of F(x)=0 
are imaginary, it follows that F(x) must be of an even number in 
desiree say 2n. Further it follows that F(x) cannot become zero for 


an; real value of x and consequently the integrand Жо. is always 


finite for all real values of x. 

Lct us suppose that any pair of imaginary roots is aib, so that the 
factors of F(x) corresponding to these roots are (x—a—ib) and 
(x—a+ib). Let the corresponding partial fractions be of the form 

A-iB $ A+B 
x—a-—ib x—a-ib 
. A—iB А+ЇВ _ 24A (x—a)+2Bb 
(x—a)—ib t(x—a)rib ^. (x—ajqb — 

© 24(x—a)r-2Bb 

Now, —e (x—ay-bt 
-Lim [[/* _24 (x—a) $5 2Bb 
«эо [)—һ« Тав: OF Accept] 


Then 
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=li TA а ха 

im [41 ((x—ay 4-593) -2B tan -~ b lane 
Я (I—-awy-cwe р? 

а be gus нг тт y 


me) mB 


=A log Hapa? A log +7B ) 320) 


As we have already supposed that F(x) is of degree 2n, so it will 
consist of m pairs of imaginary roots. Let these pairs be а, іру, 
q+iby,...dn+ib,, and let the corresponding constants in the partial 
fractions be (41, B1), (42, By), ...(45, 3n); then we have 

vo Дх) po 2A, (x—a,) +22, 
| Е) Lo [ -œ  (x—aj rb ar 
v 24, (x—a,)+-2B abs v 2А„(х—а„)+2В„Ь 
SE as LEE de. [7 0s TS dx 
-44 log в, |ы А; 106. +78, 1+ „а. log £ +72, | 
= from (1) 

2 (Art Art. As) log È +27 (B+B, +. +B) ++) 
24. (X—Gy) + 2B Pn 
TO (а) tt Goat be 
+ pry) 241 (x—a)+2B,b. 

ЛЮ аре. Ft 
. Since. (х—а,)*-+-Ь,* is опе of the factors of F(x)=0, therefore F(x) 
is completely divisible by (x—a,)*+-5," ete... : 

Ea dien (х-—а,)+2В,Ь,} [?”-%+-...]+... 

But f(x) being at most of degree 21 —2,-ор equating the coefficients 
of x** on either side, we get a iid 

0—2 (Aj Ait. e). 
Hence from (2), we get 
о f(x) 
[AS dx 2z(B,-- В,+...+В,). 
Applications of this result. y 
i) Evaluati of (Pee SOLE 
Re (i) Evaluation ае: » Where m and n are positive integers 

and n> m. 2 
Here 1+-x*=0 gives x—(—1)1^^, ге, all the roots imaginary. 

Tf a be root of the equation s 41-20, thenam(- 1) * —— 
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Putting—1=k cos д and 0=k sin so that k—1, 0—7, we get 
a=[cos (2rz+7)+i sin (Огт-+Ет)]!'?» where r=0, 1, 2; 


=cos thn +i sin 2H ‚т by De Moivre's theorem 


where r—0, 1, 2,..., 2n—1. : 
Since imaginary roots occur in pairs, а is of the form 


a cos n nmi sin ats where r=0, 1. 2,..., (n—1). 
Now « being one of the roots of xn-- 1-20, (x—«) is one of the 


factors of (x^^-- 1). Let 4-8 “be the partial fraction corresponding. 


to any sect х of the type cos EE Ti sin att 7. Then 


Hi. с ске „ш 
x-a 2n" (x—«) ; 


[чое. If (x—a) is a factor of Fx) in £5. then the partial. frac- 


tion corresponding to (x—a) is rga] 
$ атн qim 
J. A—Bi= 5 iT зн 


4 


% since atn], 
а being root of x*-- 12-0 

-— aros en sin ZH 5 |? 

Qm „ав (2+0) Onta] 


1 : x атл 
HIA BI cos erre sin 07+) | where 6-27 E m. 
Equating imaginary parts on either side, we get 
B= 2, sin (2r-+1) Ө where r=0, 1, 2,..., (1—1). 


Hence if B, B;,.-., B, be the constants corresponding to r=0, 1, 
2,... (п—1), then Ў 


© X^. dran [BEBE Bol 


=— al cos (2r-1) 


ers = Š find + sin 38+... a1) 8 


as za y [2 sin? 0-2 sin 0 sin 30+... 
+2 sin 6 sin (24— 1) 8] 
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assis y 101—008 26)+ (cos 20--cos 40) 4... 
--(cos (21—2) 6— cos, 2n0} 


Га т xd m т <3 
ГТ, cos 2n6] Zn sin g: 2 sin* ng 
7 sin? лб 
2nsin 6 ` 
But sin n0-—=sin 21 4.4, so that sin! nd =1. 
poet s т 2т+1 
х" miT =з coe 2n 
oo xi^ 


(ti) Evaluation of E Tx 4% where m and m arc positive in- 


tegers and n>m. 
Here the equation 1—x*"=0 has got only two real roots +1, 
corresponding to the factors (1— x) and (1-++x). 
Now (x—1) corresponds to the partial fraction 


peu А 1 
San) х1) 6 =n (xl 


and (х--1) corresponds to the partial Mosis 
( 
BVT eH л, m GE 
els — Š 
^ Бен Za = 1) '2n ] mE 
oo oo PA 
But f? 1-2 -[,:5 35 кет 
If we put х= ES in the last integral, we have 
-2 S [uma р suede. 
a 1 1—(üjz) fear [т Па 
(by A DEA of definite integrals), 
` fo dx .dx _ 
so d es xxt dem NS [рее] 


и follows em the part ofthe pee integral corresponding to 
real roots of 1—x*^—0 vanishes and as such we have to consider only 
the integral corresponding to (n—1). conjugate pairs of imaginary 
roots. 


Now 1—x"*=0 gives x=(1)!/ 
ог xe» (cos 271-1 sin 2rz)!/** ori putting 1«K cos 0, 0--K sin 6, 
sothat k=], =0, 


2т . 2mm 
908 + isin Эз 
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Leaving the roots corresponding to r—0 and r=n, which аге real, 
let « be any of the (n— 1) pairs of imaginary roots, so that 
2rz arn 
«=соз -zy +i sin ap where r—1, 2, 3,..., (n—1). 
If 4-8 be the partial fraction corresponding to апу root а, 


then A—Bi= —5 =- ania since a=] 


27 ` 
"2n 2n 
zd 2r (2т+1) т ,. . 27 (2т4-1) т 
Hes? Ome Ti sin pue ] 
-— x [cos 2704-1 sin 270] where 0— 
and r=1, 2, 3,...,(n—1). 
Equating imaginary parts on either side, we get 
Ауу ДЕ, 
В= ain 2r0. 


Hence if B,, B,, ..., Bn be the constants corresponding to r=1, 2,..., 
(n—1), then 


[Pm themed 


2т+1 
2п d 


= [sin 29-+sin 40+... +-зїп (2n—2) t] т 


I drsin o (2 sin 0 sin 20+2 sin 0 sin 48+... 
+2 sin 0 sin (2n—2) 6] 
= Fran l(cos #—сов 30) --(cos 30—cos 50) +... 
--(cos (2n— 3) 6—cos (2n—1) 6)] 
ind sin 8 [cos 0—соѕ (2n—1) 0] 
=й 2 sin nô. sin (n—1) 6. 
But sin (n—1) 0—sin (n—1) mI. 


=sin EE mH, diu toos = y 


and sin п=?"+1 m=+1, 
"со 25 а 2т+1 
Hence рх" 4х= cot m 7 
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Deductions. We have proved 
о xi" ee 2m+1 .. Sed) 
o Ix 2n 2n iy 
со xi" SE 2т+1 
and 8 icm =z, t Эп т saaa) 
If we put x**=z and then 21 =a, we can easily show that (1) 
and (2) give respectively 
С “= cosec 7x and i а. cot ха. 


(00 Evaleation of r-L 7-2 r=. (ez 3! where n is a positive- 
integer. 


Let p-rLbrip$.r (259 


=гїг?г3. : E 1-1) 0) 


By reversing the MA i e factors, this ay be written as 


aeae 

PRA s yes 

I iC oc (1-2) 
КЕ) 


ye , since l'mI(1—m)— ——— 


sin = sin = sin"! я sin пт 
x wi c 
sin ~ sin 7. sin =! я Ny 


In order to calculate the value of D, let us consider the equation 
1—x*=0, Le, x=(1P* 
=(cos 2rx-+i sin 27x)!» 


BETA, GAMMA AND ERROR FUNCTIONS 591 


—сов ZZi sin ges where r=0, 1,2, n D), 
во that we have the identity 
1—x'-(1—2) (12-3) f x—(cos = © ыеп zy 


be LT 2х fz- (cos 2 uin 2) 
о. 
{х—(е соз ten sin ^— = «yl x- (e*t n—i sin 1.) . 
te. = -( idt bond —2x cor = po)... 
Putting x х=1 and х=—1 in turn in the Ud = 1 
n=( 2-2 coe =) ( 2-297). (2-20 cos "= л) 
=(2 sin ze sin), (2 sin"! = y ENT 
and n=(2+2 cos = z) (2+2 >). (2+2 1.) 
(Gm з (87-4 ен) m 


[Since Lim { IE -Lim = 2a alo tim (=r =" | 
Multiplying (4) and (5) we get 
tae siot © aint TE aiat I Т eaten. p 
so that «юг 
Note. The value of D may be calculated by using the identity 
dis di sin (+5) "a „sin (012 =) 


If we put 0=0, Lm ешт" 2) CNN so that 


n=2"" sin > 5 sin. int» | 
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Thus we have from (3) 


— (n-1) 
te. peril (91). 92777 › Which is the required value. 


: (ух Imin 2 
Problem 1. Show that | ve ИШИ а 


as 1 ym- (1—3)77 dx 
m j iB (а+х)"" 

x (i+a)_ aa si 
Put (a3) =y, so that x= Бай 


Р axxo. | (+x? 
and ur dx=dy, i.e. dx ara) dy. 


As such l-al- TFa-y = Пату 7 d44-y - 
aS ay — а+а-—ау+ау а(1+а) 
Merci ue IH 
L8 (1+a)* __a(l+a) 
and therefore, 4х= ау) ға (а) 2 Ha y] 4" 
Thus 
| a" y" (1+-а)"1 (1 —y)ri (14-a—y)"** a(l +a) 


UFa- ғау) a bay нау 

1 E a mi 
maara Ione 

1 d 1 Tm Tn 

or I7 (i pas P (т =a rz Га)" 
Problem 2. Show that 2" F'(n--1)—1-3-5...(2n—14/z. 
(Agra, 1966) 
We know that Г(п-+-1) =пГа. 
> Г(п+4)=(т—{4) Г(п—ф) 
=(n—4) (n—4) Г(л—{4) 


=(n—}) (—3) (2-9)... B44 
zu Y (2n—1) (2л—3)...53.1 
or | 2*T(n-)—1.3.5...(2n—3) (2n—1) уя, 


` 


p 
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dx (5) ут 


Problem 3. Show that f vue EC (Agra, 1972) 
2 
5 4. 
uppose 1f; Е) 
Put x" —sin* 0, i.e. x —sin?!" 0. 
n dx=2 sin 0 cos 0 di, 
Thus e I* sin*-9 ^ 09 cos6 do 
п), cos 


2[** sin?-/* 0 d6 


2g (2) 
- aue 5 E He 
Problem 4. dead РЧ тем 
ү visse]: V (sin 0) dó—7. 
ынз.=|' Gin or dix [^ ein өл a 
LJ z | 


Шуу; Miu Tiri 
= ore rt 
"И" [7 Teer. 
Problem 5. Prove that [vem oaa (Nagpur, 1965) 
. ; ego Мр деб 


LHS.= [ =F (sin 62 x (cos б)-1 de 


riri Tiri 
057779 
Problem. 6. Express the definite integral 
=? dð 
f о УО sin! 0) 


in the form of series, where k<1. 
aziz d wiz R 
а |. 0-е yina 
Expanding it by Binomial Theorem for any index, 
* 1 1:3 1-3-5 
f Te FM sint 0-7 E sint 04225 де sint +...) Ф 
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ія нія 13.5 ‚135 я 
[1 TII A2 xs este 4 


sp iy (5) H+. | 
Problem 7. Prove | sig! (Nagpur, 1965) 
Suppose ie Xon put х==іп? 0 


~<. dx=2 sin 0 cos 0 dé 
-[" 35 sin* 02 sin 0 cos 0 dð 


н 32 cos 6 
m 
= TE sin? 0 dà 
° 


T 
Problem 8. Prove that faz dz qe ae qim 7472 


dx 
mum S Ceo and = 7 


If we put ain 0 in 4,, i.e. 2x dx=cos 0 29, we have 
kai [enn cem Vv (sin a os 6 de 


AL Күн Tir агер rer, 
=} E sin?! fae a == ae . 
Again putting x^—tan ¢ in J, i.e. 2x dx—sec? ф d$, we get 
h=} ME, xe mi * Mt Pme E. AM 
Vgl UN 2]. УО зіп ¢ cos $) 


“3, ° Ур 22 P 26=%, i.e. 2 d$ — d) 


1 
uh sin? р di 
1 Ti) Tire 
—2у2 OP aya’ 
cep. A. Bo 
Hence 4x1, Тїр Хх YE 
OD т 
594479 ue ni. 
Problem 9. Show that | — X 4* _ 1.3.5 ..(n—1) 
w that | т Уж) 7 246. 
24.6..(n—1) 
1.3.5...n 


i; 
2 
or 
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according as n is even or odd positive integer. 
1 x"dx 
LH.S -[ Jut 
-" sin” 0-соѕ 0 dé 
de cos @ 


put x=sin 0, dx=cos 0 dô - 


n—1 n—3 1 
^ qo MT 
UM NUN n—4 TP 
t ri 2 ) a ee ahr 
according as n is even or odd 
al, (n-1)/2 
135..0-30-D я о I7 2 7 
p n 2 1.3.5... 


272.1.2.3... 7 : 
according as n is even or odd 
E 5...(n--1) = or 24.6...(n—1) 
246.n 2 1:3.5...n 
according as п is even or odd. 


1 1 (CU) 
Problem 10. Prove that |А xt dem TU 


Let I= | 5 (1—x^)!/^ dx, put x^—sin* 6, i.e., х=5іп2/" 0, 
0 
so that dx 2 sintt-«'/ @ cos 0 4% 


-2]" cos im 0 ѕіп(2/9)-1 0 dà 
п Јо 


5 r(4+1)r(4) 


TA TAM ) ; 
An гат) гат) 1 (T(Umy 
2% ја). ^» ГО) 
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1 jmTmjo) 
s г( Peel) 
L.H.S.— I x™-1 (1— х)" dx put x*—sin' 6, i.e. x—sin*/« 0, 

LJ 


1 
Problem 11. Show that | x" (1—х%у" dx= 
. 


so that &=2 sin'?/2)-1 Ө cos 0 dè 


З 12 
са T gin®"2) 0. cost» 0-sinit/o-! 0 cos 0 dO 
4 Jo 


ip sin'2n/2)-1 9 cost?" 0 do 
ај, 
_ 2 Tma) Гїп+1) 
cnm 1) 
T(m/a)|n 1 1" Г(т/а) 
ar(Z+nt1) * (21) 
Problem 12. The equation of motion of a particle moving from rest, 


towards a centre of attraction point, situated at distance ‘a’ cms. apart 
from it, is given by 


2 
Йй 


+40, where k isa constant. 


Applying your knowledge of gamma functions, show that it will reach 
the centre of attraction point in a time given by 


` T=a / (x) (Nagpur, 1965) 
The given equation of motion is 


ced dé ~~ x 
Multiplying both sides by 2% dt, this equation may be writicn 2s 
О Mae a 
v gi NS à 
Integrating, (=) =—2k logx-+-A, A being a constent. 


Initially when x—a, & =0; “. 4=2k log a. 
We thus have 


(2) - 2k tog x+2k 1g ak tog -£ 
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а 
ог ч =Уу@® Я] ( log = 


ѕо that [74-725 ‚(= £y és 
or Т= vt. ( log 2). А ах put log 5 =р 


1 : x or x=ae? 
уй |. асте ^ х= —ає? dp 
usce КОО dc when x=0, р= oo 
A ус) [ E e. and when x=a, p=0 
= Jn VG ) =) (4) by the definition of Gamma function 
==. а qt 

va v 
T 


6.10. ERROR FUNCTION OR PROBABILITY INTEGRAL 
The error function denoted by erf (x) is defined as 


efe T. Ur . 0) 


which arises in the solution of certain partial differential equations. 
The definition (1) follows the properties of error function as 


erf (—x)=—erf (x) ... (2) 
erf (0)=0 et) 
a2, [9.- ea 2 a т 302 
of ()=—..[" = VT by $63 0) 
-1 RECO] 
2i [x B cum 
and of (x)= 2 ет dx when i= у —1 ...(5) 
vn Јо 
ADDITIONAL MISCELLANEOUS PROBLEMS 
Problem 13, Prove the following (i) (z 1 )-v Ves (Agra, 1970) 
nj1 ,— 
(ii) V ian 0 40 +r} ri and (йй) SE arnt 
n [жу 32V 1-x а ID) 
Problem 14. Express the product 2.5....8(3n—1) in terms of the gamma function 
(Agra, 1966) 


using T'(n4-1) =п T(n) we have 


r2) C 3)06-9-C Dre 9-2—- 


MATHEMATICAL PHYSICS 


ЮЕ 


Hence 2.5.8.-.(32—1) =3" Г(л+ ES 
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Problem 15. (a) Evaluate the following integrals (i) frp dx 


ш) fOe costs) dy, b>0. 
(b) From the above results show that 
[2 cos ees (у) de= 55 00) 

where y>0, y'>0 and 8 (у—у') being the Dirac dis function. (Agra, 1' em 

(a) (i) We have f 2z с) i [е (6+2) aje- 

Бх? |. Pd 

МИН УЕ both sides by cos ху and integrating within limits from x=0 to 00, 

we gi 
Q0 cos ху eo [oo —(b?--x2)2? 2. [905 :,— 622 
асанд Ре 
[|e e^ cos xy dx ] dz 


Here I= i e X. cos xy dx gives z =-j? e 7X3. x sin xy dx 
. 


— x2: "n 
£X? sin xy o у [? e X? cos ху dx, (integrating by parts) 
V le 2z 


eae 
" 222 
2 (ae 
Integrating log т=—} toe A Le, IA e—¥*/42" whence A сап be deter- 


| “mined by putting у=0 so that ^-[ г, on LI? „—%% cos xy aj, 0 
4 AN s = 
90 _x272 E 
Vt UT me 
VE o 


As such d LE cos ху n 
“hs ftra [P зле Ур Ут yA а-у 
pen me 
у |® on? (24. 
Now consider HE. DU ( 2+ VES dz 
хорт Ter ad E Fede, Put 55 =P so that 
: $ d=- Jat 


sar ) dz=4/7J (say) 


H 
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aapl? чере Sad ЖЕ (OL S 
ње р) P=- x B (24 jez) 4 


(on replacing p by 2) 


-—bJ 


de tay which gives on integration J Be bY where Bis determined by ^ 


у 2 Ит 
putting y=0, so that s- |] BS | е6? а= vy and hence J= 


00 cos X ПЕ 
Thus f rre йх= vind 


E 


d =b! 
(i) (say) I= 906-0 cos ху dy= | — S COS Xy OX [© c-r sin xy dy 
o b o 2 Јо 


(integrating by parts) 


D 2 
-.i-£[- с sin xy [?- ке" cos ху dy= -0— 971 
ESAME «of 00 у LR 
so tta z [155 |= or =| e Y cos ху dy— rog. 


(b) This follows from the definition of Dirac delta function givén in 88.10. 
Problem 16. (a) Evaluate the following integrals 


etlx + i kX dx, «>0 and | x | is the absolute value of x 


Wo Sep 
(il) re x81 ea 


(b) In the second integral given above, take the limit @->0 and hence evaluate in- 
со xs 4 
tegral n log x.e ^* dx 
(Use the approximations а? 1+8 log = and T--8)e1-& В, £——0.577218 for 
small 8. (Agra, 1967) 


00 Say Im [Pere lal in dx [20,679 1 | (cos cri sin kx) dx 


Бре" lx | cos kx dx+ |6 X | sin kx а= +11, (say) 
Ves (kD 


Now |x] is absolutely positive if xis negativa large or positively large 
and «is always positive also the values of cos kx and sin kx are always finite 
lying between —1 and +1 and hence both the integrals 7; and 7, being convergent 
exist. 


We have Io |618 sinks det [P 67 1* | sin kx dem Inc нду) 


oo 


4. 
Replacing x by —x, ln-- [^ еа |X | sin kx dx. 
° 
So that п-т - iP eo |X | sin kx dx4- [eee [хш Kx deo 
° 


Hence ien |0 e * EX cos kx dx=2 (ees [Х| cos kx dx, the 
25 o 
integrand being even function-of x 


2b 


xi by Problem 15 (a— ii) 


- e™s cos kx dx— 
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(ii) We have ee a-i): etra 1 (Pe ete Dhu 1 | 
[<= 0 
„(се - -] e [perte and for B=1, this gives E 
[pete-l | 

° a 
zt pse ed 3 | 

(b) In (ii) we have shown that = see EL ex Us 1] 


i (B-+1)—2" 
« Ba? 
0 
when 2-50, both sides of'this relation are of the form чу and hence taking limit 
аз 80, we have 
fnm Lim 2. (xP—1) ^*^ dx 
° ap, (1-H8)— (1-8 log $9]. 1. 
а 


= Lim 
Lim 7 (8) pool РТВ юк) 
Bo 49 


ANE ip plop) ]. ү [6861 
a [ions et drm юк E grapes ]- Be тте" 


"tes 


^ Problem 17. Show by integrating by parts that 
oe nVa тз, 1 DS) Ixix$ a 
f ext d l-a 24) 2 J, dx 
$ (Agra, 1971) 


Show how this expression may be used fo compute the value of erf (x) for large 
values of x. 


Problem 18. Define the error function erf (х). ` (Agra, 1973) 

Problem 19. Define Gamma and Beta functions. , (Авга, 1974) 

Problem 20. ]/ U;— B5 e *t*1 dt, evaluate | 
ei cosm-1x sin"1x dx in terms of gamma function. -(Agra, 1975) | 


Froben м. Define Beta and батта is rd that 
(o) Г(п+1) 2^ (b) Вт, т) = ELLA Я 
(QTi-V = (d) TiTi-27 (Agra, 1976 ) 1 

Problem 22, (a) Derive the recurrence relation Y (2-1) Tz 

from Esier's ерта! Tz= [Pet dt; R-P. (2)>0 

(6) З» by means of beta function that 
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* dx ы 
| UE M vem ;0<a<1 (Rohilkhand, 1976) 
(a) See 86.2. . 
pcs eese Cre rx) 
(b) Let I= É iis ЖЕЕ dus r (x—1)* (z—x)*^1 dx 


Put x=t sin? 94-2 cos? 9, so that dx— —2 (z--1) sin 8 cos 040 
x—t=(z—1) cos? and z—x=(z—1) sin?6 
Also when x=z, sin?0 —0-0—0 and х= г, cost0—050—7-.. With these substi- 


tutions we have - 
i--f. ja (ETA eor 0*7 sinite 251) ма © cos 0 40 


-2 [ #7? gin? 710 cogi *0 40 


o 
TaT(1— 
22. 2 тоа). by property оѓ Gamma function 
Гт Гл 


Ta Г(1—а) 
TTérü-e)p- P(e, 1-а) ^ Büro n) perg 
or. 
aj yen 2 of $6.5. 
Om 2т+1 
But we have [етй 1 Т cce by 56.8. 
On putting" — 37, т= 21 , this yields 
m-1 
I= eas dy —x cosec та == ет ——— — when 0c ««1. 


Aliter. We have, by definition of Beta function, 
1 
(Bm п) | oma» dy 


Put y= = so that dy= 


Bim, n) = (SS Хаг). (z—x)"1 dx. 


(z—t)" 1 (2—[)"71 per 


-ooma (х—0)®710(2—х)®%1 dx 


= [ А (2—2x)971 (x—t)m-3 dx=(2—1) 49-1 (т, п) 


If we put "=a, m=1—2, this yields 


2 dx : 
| (z—x) Item $$ 
х а Г(1—ә) 
TTG. Pl). 
= V Гага) 


с пла 3 sinnx 


CHAPTER 7 


DIFFERENTIAL EQUATIONS 


(ORDINARY AND PARTIAL WITH FINITE DIFFERENCE 
i.e. INTERPOLATION) 


РА 


7.1. INTRODUCTION 

In mathematics we call the changing entities as variables and the rate 
of change of one variable with respect to another as a derivative. 
Equations expressing a relationship among these variables and their 
derivatives are known as Differential equations. In other words 
differential equations originate whenever a universal law is expressed 
by means of variables and their derivatives. 

А relationship between two variables x and y is expressed as f(x, у) 
=0 and read as “f of x, у equals zero” or as “а function ofx,y 
equals тего”. A function difining y as a function of x in the form 
fix, y)=0 is said to be an implicit function of x. A special class, of 
constant functions is referred as elementary functions. An equation 
involving x, the function f(x) which defines a function of x and one or 
more of its derivatives is called an ordinary differential equation. In 
other words an ordinary differential equation involves only one inde- 


pendent variable say x such as * = L whilea partial differential 
equation is one pich involves two or more independent variables say 
x and y such as ze =x. The order of a differential equation is 


the order of the highest derivative involved in that equation e.g. = 


=4is of order 3. 


If y=f(x) defines y as a function of x on any interval, then f(x) is 
said to be an explicit solution or simply a solution of an ordinary 
differential equation involving x, f(x) and its derivatives. Whenever 
it can be shown that an implicit function does satisfy a given 
differential equation on any interval then f(x, y) —0 is said to be an 
implicit solution of the differential equation. : 

The solution of a differential equation of order m contains п 
arbitrary constants say Ci, Cy,...c, and called an m-parameter family 
of solutions, referring to the constants as parameters. 

An n-parameter family of solutions of an nth order differential 
equation is called its general solution and the function obtained by 
giving a definite set of values to the constants c;, c,...c» in the family 
is said to be the Particular Integral of the differential equation. 
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There are differential equations which have solutions not obtainable 
from the m-parameter family whatsoever values are given to the 
constants, such solutions are called Singular solutions. 

The л conditions which enable us to find the values of п arbitrary 
constants in an m-parameter family if given in terms of one value of 
the independent variable, are called ‘Initial conditions or boundary 
conditions. ; 

The reader of this book is presumed to have passed through the 
degree level where the methods of solving ordinary differential equa- 
tions of first order are discussed in details. In the next section we 
discuss some methods of solving ordinary differential equations of 
second order which are of physical interest. 


72. SOLUTION IN SIMPLE CASES OF ORDINARY DIFFEREN- 
TIAL EQUATIONS OF SECONE ORDER 
Generally an ordinary equation of second order is of the form 
Р Фу dy 
us tdg +0-Х 
where P, Q, X are functions of x only. 
' т. Linear Equations with Constant Coefficients. 

The general solution is found by usual methods of finding the 
complementary function and particular integral of the equation. 
Although the student is resumed to have a sound knowledge of the 
methods to be employed for finding the complementary function and 
particular integral, but still then, we summarize them as below: 


Let there be a differential equation of the type 
d j 
LRL acd 


where p;, p, are constants and X is a function of x. 
In terms of the D operator, it may be written 


` (D*+p,D+p:)y=X where D stands for 4 ie., ped 


or we may write thus, f(D) у=Х. 

To find the complementary function (C.F.). The X is removed and 
replaced by zero. Then an auxiliary equation is written either by 
putting y—e"* whence, we; get 

m?+pım+p:=0, 
or simply writing D?--p,D--p,—0 i.e., (D)=0. 

In either case, we get the roots of the quadratic. 

Case I. If the roots are of the type m, and m, (real and distinct) 
С.Е. is C,e™* +C,e™*- 

Case II. If m,=m, ie., both the roots are real and equal, C.F. is 

+ (06x 0,3) em*- 
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Case III. If the roots are imaginary ie, of the type «ip, 
С.Е, ів  e"*[C,cosQx--C.sinfx] or Cie**cos (Bx+C.). 

Case IV. If the roots are of the type «+ у В, С.Е. is 

Ce” cosh (4/Bx+C,).- 

Note. The number of the arbitrary constants will be the same as the 
order of the equation. 

To find the Particular Due (P.L) 

Wehave — P.L.—7— y Dy 
Case I. If X=e%* mies a A any constant. 


if. 0. 
7 ji f itf 
Case II. If X —x?, S m is a positive integer 
mm 1 m. ү 
py ЛОТ" х 

Expand [ ге binomially upto mth power of D and then operate 
x" on every term. 

Case Ш: If X=sin ax ог cos ах. 

PI= sin ax or cos ax sin ах or cos ax provided f(—a*)#0. 


ur) fee) : 
Ia case fea) =O, Шуу = Imaginary part of (y 
and ўро Ral part of ia ADY which is case I. 


Case IV. If X me A bis V is any function of x, then 
E poe 
PI.= E stt; V. 
L= 7D) рға 
Case У. If X—x. V, where V is any function of x, then 


-25- l yn 
PI. AD: *RDy: fp; aay” 


1 
f=- aD FOR THY 
Hence general ire F. -P.]. 
Problem 1. Solve -y= x sin x+(14+x°) e 
or (2#—1) y=x sin x+(14+x°) е“ 
Now its complementary function and particular integral may be 
found thus 
For complementary function, the auxiliary equation is 
D*—1—0 ог D=+41. 
CF is C;e*4- Ce”. 


Particular integral—-j; ss id Г 4 0x3 е 
Pi 
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xez 
—imaginary part in ;— aie DC. (4x) 


—imaginary part in е. mist xte зр 


comi Ў 1 ел 
=imaginary part in Cog ream, TT y шу LET УЗЕ] 
D'-2iD—2 20( 1+ D 


ү Tx!) 


iz 
=imaginary part in — S 1— 2D tD! =| > 


+ Spf i+ DP ae 
1+; 2iD+D* ie Js 
4 in p-? PL. ee» 


—imaginary part in E [{х+й+-> = € pa [t4-t— xl 


-2 


- imaginary part in ( «э соз xt sia 0 *) (xri) 


+5 | от) 4 


=—} (x sin x4-cos х) + $5- 3 ++ x] 


Hence the general solution is 
=C," +C,” —x sin x--cos xA * ax —3x+9). 
п. d Equations with Variable Mud (Homogeneous Linear 


У а К 
Consider, рох? 5% рь а try X. 


Put x—-e*, i.e., 2=108 X; ~ s d Ne 


Xx x 
ау _ dy dz 1 dy 
Tha gx a dx xd’ 
dy ld(1dyy 1 dv. 1 dx dy 
аз xd +4) ed xtd dz 
\ -1(2-2) 
xd dz 


If we put 2 =D, we have 


dy 349 p (p— 
х0. * dii D (D—) у. 
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Now substituting these values in (1), we get 
рер (0—1) y - Dy piy =X, 
which máy be solved by the method employed in I. 


Problem 2. Solve P2 — D Eye 2 log x. 


Put х==е° and denote 7; by D ; we have 


D(D—1) y—Dy+y=2z or (D?—2D+1) y=2z. 
Auxiliary equation is 
D*—2D-41—0 
or (D—1)—0; .". р=1 (repeated twice). 
C.F.=(¢,+¢,z)e*. 


2z 
PL—5 5541-7 —(QD—D'pn. z 


=2(1+-2D...) z=2 (z4-2)—2z 4. 
4. General solution is y —(c; 4- cz)e* +2z+4 
= (Cr+ с, log x) x--2 log х+4. 
_ Note. n spur of the ш 


++5ху' Se ЕР, (a+b S pa 


ePi (atbx) Z Pay Бо) 


сап be reduced to the homogeneous linear form by oid z=ax+b 
or this сап be solved by putting ax-I-b—e* as above. 
Ш. Exact Differential Equations and Equations of other Special 


types. 
The equation of the type 
p, D рр, Ф +P.y=0, 
oga 51 Gx y= 
: where P, P, and P, are the functions of x, is said to be exact if 
Pa—P +P =0 
or in general an equation of order 7 (say), 
EE 
Py SX +P, A el Ayo Qi) 


j8 exact if Р.—Р',-14...+(— 1)" Po'™=0, 
where P’, Р",...Р‹") are the successive derivatives of Р. 
In case the equation is exact, its first integral is 
РУОР, — Po) Yn-4- (Pa — P's +P") Yna t... 
На Prat = (HIP reave] 0(4C, 


Where у„ stands for >. etc. 
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Problem 3. Solve sin® Ха ay 


or a —2y cosec? x —0 


or cot x22 cot x cosec? x=0, 


which is exact and hence its first integral is 


dj 
cot x +y cosec? х=с, 


or o d гше tan x 
dx зїп xcosx) ^! z 
which is a linear differential equation of the first order. 


f dx J 2 cosee 2x dx 
Integrating factor—e? Sin * cos *—e 
— glos tàn x. tan x. 


/. The solution is y tan х= | c, tan? x dx+ cs 


=¢; [ (sec? x — 1)dx- e; 


=c (tan x—x)--c;. 
Note 1. Sometimes the equation becomes exact by multiplying an 
integrating factor х", where m can be Jona by applying the condition 
of exactness. 


Note 2. Equations of the form 22. —f(y) can be integrated by 


multiplying by 22. whence we get 


(2) =2 | 10) e 


or 2- Рал) dy} 


which may further by integrated by any of the standard methods. 
Note 2 Equations not containing x directly can be integrated by 


putting A 


Problem 4. © pA +2 ә (ж =. 
duce ay ар“ 
Put Bee a =р d 


So-we get pf +p +p*=0. 
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dp 
or im бй : 
i = г ly 
Integrating tan? p=c—y, ie, -Jy —p—tan (с—у), 
which can further be integrated by standard methods. 
Similarly equations not containing y can be integrated by putting 
dy Sr dy dp dp ) 
Bao: ur Рау E 
Note. 4. Equations in which y appears in only two derivatives whose 
orders differ by unity can be integrated as follows: 


d* dy 172 

Probem 5. а95 -[ (a) 
d* dq 

Put 4: AOL ас We have 
da . T: 
aaa a 

ой dm. 
ad vara) a 
Integrating, sinh-!g— = +e 


а= Z —sinh (2+). 
Integrating again, y—a cosh (2 +a) +4. 
IV. The Complete Solutions in Terms of a Known Integral. 
Let y=), bea known integral in the complementary function of 
d 
0 er? +0у=Х. e 


py. dy dv ду 
Put y=); so that Fy gy E 


dy _ d 4 dy dy |, d'y 
and gems Get? ae dx ta 
With these substitutions, (1) gives р 
d, а 
(er) 2®-+ь)+ (Gare ros ex 
л : : 
у 4х jd Љу 
: 
since зур Di 1 Qj, —0 by hypothesis. 


SE s ор Я) 


Putting г =р, (2) becomes 


dp Qu 
FM yi d )e-se ; 2209 
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which isa linear equation of first order and hence its integrating 
factor =e: Gi) tome) Pact? fees =уге” & 
Hence solution.of (3) in p is 

р-угеїРіх - [= X spa Mere 


ub 
n 


» 


—[Pdx —[Pdx 
Е EA Ot ул С ddr) 
1 


—[Р dx —[P dx 
уУ=с;-Есү [5e | S e | ОС Ф(аху- 
Hence the required solution of (1) is 

2—8] dx g-P Sax 
yvy, =C tei Кога кзз eee Cw 


x] oid t) m. 


d'y dy cg 
Problem 6. Solve “та 029 d T (x42) y= e. 


Obviously y—x is a part of the complementary: 
Putting y —vx; the given equation gives 
Фу (2 x**n Ó- 
аха x x Jdx x) 
Now put 2 =p ; then we get 
douce 
di p=”. 
Being a linear equation of first order in p, 
Integrating factor=e7! 4*—e*- 


Thus pet [ ee dxtCy 
=х+С, 
or p= e (e C)e- 


~. Required solution is yorx-(xX—xT€x) e-C.x. 
‘Note. It will be helpful to find that 


yox is a part of the complementary, if Р+0х=0, 
у=? » » » 2+2Px+0.x*=0, 
ycet » » , P+0+1=0, 
y-e? » » ” 1— P--Q—0. 


= AP 
YS. SS » э 12 T 1E бек. 
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V. Transformation of Equation 
(i) By Changing the Dependent Variable 

Dep I e Qy-X E 


Putting y =a aa л 
v dy,\ dv d'y Ф Jes 5 
(o F9 4 +Р-®з оу). 5) 


de dx: У 
Choosing v, such that DLP P Bs +Qy,=0, 
/ а» p x 
(5) uA dd +P TRES ...(6) 
2 di. 
where ) Py—PLT— y dx 
Now equation (6) may be solved as in previous method. 
Problem 7. E fan =т 
i dà хах x dx >. 
; : 2 
Here S po. 
x 
-— [2ш 
Take уе Е "ne ова, 


Now put у=), whence the given equation becomes 
а? 
са у= 0. 


Its solution is v= C,e"*--C,e^"*. 
The required solution is y=vy, zd (Cier Се") 
x 


(ii) By Changivg the drcum Variable 
Фу 


ci Р-У +0у=Х. 21) 
We know that : ; 
dy dy dz d d'y Фу ( dz y dy dz 
ах ds dx S qu аг d: dx 
Substituting these values in uo we get 
d,y(dzN* dv а dz 
Г) 142 P One UE 
d'z dz 
or ау ах? DA dx dy 9 X 
t PR ee [е] Went 
2с) ‘dx. C) 
а. Фу 


“т d +P; Bs oy= LX, ...(8) 
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d'z 


deila 


where Р; 5 ,Q y 
If z be chosen such that 4 epee re Z =0, 
ie., a e th 


then the given equation changes into 
= +0,у = X, 
which can be solved if О, is à constant or a constant multiplied 
by 5 E 
ui ifz be oe that О, be а? (a constant), then 


a (ү =0, 
ie, Н а V/Q dx. 
With this Mu (7) reduces to 
{, 
a2 +P, ау 
which can be solved if Р, is a constant. 
2 dy а 


Фу 
Problem 8. Solve = dade quid y=0. 


We can choose z such ud 
dew s som 
(x) =0= > 
a 
giving =+— 
Now changing the independent variable from x to z when 


a 
z=—, we have 
YARD. d 


The given equation reduces ue 
2 Z +y=0, 


Its solution is y=C, cos +С, sin 2. 
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Required solution is y=C, cos LG sin = 


7.3. SIMPLE PROBLEMS FROM PHYSICS 


, fia : 
Problem 9. Solve г + T =0, the differential equation which 


means that the self-induction and capacity ina circuit neutralize each 
other. Determine the constants in such a way that I is the maximum 


current and i=0 when t=0. 


Given L dt С 
di 1 > 
or d ^ Le i ао 
* ISP d'i i 
Differentiating, we get det ic 9 


aM Pee tern ed 
Its auxiliary equation is ( Dt Te —0, when Dx 


or Deive T 
oa aes t A te. 
Solution is i=A cos VLC) +В sin VEO vtl) 


: where А and В are two arbitrary constants, 
Applying the given conditions, when i=0, t=0, (1) gives 
0:=4. 
Again i=l, wh Zi =0. 
gain i—I, when -y =0. 


Od By a Аша ш. L B t 
S7 ALC vuc) * v6) ^" vct 


ү су: і ; di д 
For maximum or minimum of i, T =0 gives 


р MO). 


Putting in (1), i—1 when t=>-v/(LC), we get 


— ana 
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1=А cos 5-+В ів Au 


giving B-—I. 
Hence putting the values of the constants А and В in (1), the ` 
required solution is i=] sin Uc 


. Problem 10. The relation between the small horizontal deflection 9 of 
a bar magnet under the action of the earth's magretic field is 


when А is the moment of inertia of the magnet about the axis, M the 
magnetic moment of the magnet and H the horizontal component. of 
the intensity of the field due to the Earth. Find the time of a complete 


vibration. A A 
3 [ Ans. т=эА/( MH J] 


Problem 11. п the case of the simple pendulum of length 1, the 
equation. connecting the acceleration. due to gravity and the angle 0 


through which the pendulum swings is 1 a +g0=0 where Ө is small. 


[e mo C] 


dit ОРАР ES. 
Problem 12. Solve Че at ic where КС —4L. 


fans. i-e (0/20). (C, +С). 


Problem 13. The differcntial equation for a circuit containing resis~ 
tance R, self-inductance L and capacitance C, in terms of currenti and 
the time t is 

di Rd i ! = E(t) 


Determine the time of an oscillation. 


tL atic L d | 
E (1) being the electromotive force which is the sum of voltage drops in 
a closed circuit according to Kirchoff's second law. Find the current 1 
and interpret the result physically... 
: ary Feige di 1d 
Given equation is AFL di*1Cc-I di E(t) ord) 
Assume, E(t)=-F sin (et--8) 


So that 2 E(t)—F o cos (of +) 

1E Я F 
Then (1) becomes, 3.4 2 er у озбыр)... @) 
The solution may easily be found as 
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i “Het у (4CL—R°C*) 
i=Ae 21 sin (ech Ес» е) 
{ RoC sin (or--8)--(1— C Го?) cos (wt +2) 
TG (КСС  — — 
1-С» | 
V (oC) —(1—CLa?) 
v E he) 
A (RoC)-F(1—CLo? 
The second term on the R.H.S. of (3) 
FoC 


Putting sın «= 


and cos «= 


CY RoC- Clo : 
sin [ot4-B) cos «-+cos (wt+-B) sin a] 
FoC 


УС Сга) sin (ot--B4-a) ` 


R 
AR PV a} REM Tet 
i—4e 2L (SEES, €) 
ы 3L 


Hence the solution is 


FoC А 
+ Roth Cay sin (otJ-B4-a) ... (4) 


The current in the circuit consists of two parts namely a damped 
harmonic motion due to the first part and a simple harmonic metion 
due to the second part. The first part consists of the damping factor 

R 
easels “and may be called as transient current while the second part 
as steady state current. The function E(t) or ae E(t) is called the in- 
put of the system and the solution as output of the system. 
Amplitude of steady state current is 
FoC F 


TS с дас со аы. A ш, 
v (RaC)-F (1— CLo*) 1 1 
CES 


whose denominator is called as Impedence Z of the circuit i.e. 


йк. X. 1 
So ни 250 LUE (e-t) coa L)=0 


1 
i.e. ш? з= or o= 


UU RUN MEUM R E ЕГЕР 
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showing that the impedence z of the current is minimum for 
and then the amplitude A,, will be maximum and in such 


a= =— 

VC 
case we say that the electromotive force is in Resonance with the 
circuit. 


Putting = ve in (5) we have Max Aum 


i.e, Max Am а га when Resonance occurs. 

Consequently R should be sufficiently large to prevent a circuit 
breakdown. 

Problem 14. A particle weighing 8 lbs distant 12 ft. apart from a 
fixed point О is given a velocity of 16 ft/sec in a direction perpendicu- 
lar to x-axis. The particle is attracted to the fixed point by а force F 
whose magnitude is inversely proportional to the cube of its distance 
from О. Taking constant of proportionality as 10, find the distance of 
the particle from O as a function of time t. 

‚ Let (r, 9) be the polar coordinates of the position of the particle at 
time t. Then we have 


Fa, Le. Е,= - mo, .. (1) 


a, being component of acceleration along г i.e. radial axis 

and F,=9=m а, 234) 
ае being component of acceleration in a direction perpendicular to 
radial axis 


1 RIT 
Given mg=8 so that те 5—4 


Since the particle subject to a central force moves in a plane, we 
have: Я 
а„=ў—т апі ag=2r à +7 0 
ў gies Peel: 40 
21. (1) and (2) give i67 = 10 ie.i—r ü-—n 48) 


and i QUO 0) 
(4) multiplied by 27 is equivalent to z (rè )=0. 


Integrating г? 6=A, A being constant of integration. 
Initially when t—0, r—12, ve=16 (velocity component perpendicu- 
lar to r i.e. x-axis since when 0—0, г is along x-axis). 
Also ver 6=16, so that 6—4 gives A=r (r )=12х 16=192 
A 192 (5) 


e. b=- é 


616 А MATHEMATICAL PHYSICS 


From (5) and (3), we have 
. (192y—40, 36824 
ROT UM зас . (6) 


dr 36824 
Put um eR so that i-i 2 (7) 
Multiplying both sides of (7) by 2u, we get 
: 4. 
2u paxa r 


or d(u*)=2x 361 dr which gives on integration, ane 2625 в 


4 
Initially when 20, r=12, u=, =0, so that p 32 
D NS 15613 т—144 
йер 36824 (5-5 = 36824 Get 
: E За NS pet 
ог (а) 735324 (12—144) 
> 12r ER A d i 
ie. dt ^: зу ӨС dr which yields on integration 
] RE 
t71$599V P —144 +С 
Initially.when 10, r=12 7. С=0 
Hence (15:99 7)? —7*—144 
or 7*—144-4- 255.681? i.e. 1 = / 1444 255.68 


7.4. PARTIAL DIFFERENTIAL EQUATIONS \ 

These аге the equations containing опе or more partial derivatives 

and are concerned with at least two independent variables. The order 

of a partial differential equation is the order of its highest derivative 

appearing in the equation: P 

[А] The Partial Differential Equation of the first Order. Let a relation 
; ‚ $x, y, Z, a, b)=0 DAT) 

be derived from tbe partial differential equation 

F(x, у, Z, p, 4=0 0) 


where me and а= 2. 


* 

The solution (1) consisting of as many arbitrary constants as the 
number of independent variables is called the Complete Integral of 
(2), If we give particular values to a and b іп (1), then it becomes 
Particular Integral. 

Since the envelope of all the surfeces given by (1) is.touched at 
each of its points by some one of these surfaces, the coordinates of 

any point on the envelope with p and q belonging to the envelope at 


DIFFERENTIAL EQU ATIONS 617 


that point must satisfy (2). Hence the relation found by eliminating a 
and b between $ (x, Y, 2,а, b)=0, qa 2S 
is called the Singular Integral. 

If Ь=Да) then (1) becomes х, у, 2, а, f(a)]- 0. 

The elimination of (a) between this equation and 2,79 gives the 


General Integral. 
Methods of Solution 


(i) Lagrange's Method. 

Lagranges' equation is of the form Pp--Qq—R aer (| 
P, О, R being functions of x, у, 2. 

If u=f(x, y, т}==а satisfies (3), then we get on differentiating (3) 


partially w.r.t. x and у, 
ди ди —— ди и у. __ди ди 
tie p=0 and $a q=0 giving p= o/s А 


(3) yields, patio GER Mu o +e. (4) 


dx dy dz (5) 


which are also satisfied by и=а. 
If v=b be another integral of (5), then ф (u, у)=0 or и= у), $, 
being arbitrary function, is an integral of (3). КоА 
Problem 15. Solve (ух — 2х*) p--(2y*—x5y) q=9z (х2—у5) 
Lagrange's subsidiary equations are 
dx... dy dz 
yx-2x4— Qy'— xy #9: y 
5 б . dy 2yt-xy 
First two fractions give E =н 
which being а homogeneous equation тау be solved- by putting 
y=vx whence may we get * 
dx y—2 ER 27 | 2»—1 
x worl) (—v+ 1 a-(- 7 Ae) 2 
Integrating log x--log А = —2 log v--log (v--1)--1og (*—v-- D. 


ie. Axe CED OT HEDL (rai ) oca yz 


С ar м 
Axy =y? i.e. = 
or y SEX Ee a A 


.(Q) 
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Again from (1) we have 
dx dy 


ax dx dy 
ык ie LM агу 
Po y= 92(х8—у%) —3(х%—у°%) 


The last two fractions give S 2. 4° £. 
1 


i 1 (sty 3 
Integrating x*y*= pr OU fr? CS ) by taking 


0i 1 SO 
= fy d yrs 
which is the required solution. 


(ii) Standard Methods: 
Standard I. Equation involving р and д only as F(p, 4)=0 .. .(6) 
have their complete integrals z=ax+by+c i1) 
where a and bare connected by the relation F(a, 5) —0. 
Problem 16. Solve 3p*— 20^ — 4р4. 
Its solution is z—ax--by4-c provided 32? — 25^ —4ab 
iz Ба —4a+ a Ey (- S) 


Hence the complete integral is 


z=d x+y ( IT epe 
Standard IJ. The equation analogous to Clairaut's form ( Le, y= 


x r4 (2) which has its solution as yaxc+fic)), such that 


z=px+4y+f(p, d) 
has for its complete integral, 2—ax--5y--f(a, D. 
Problem 17. Solve z=px+qy—2V Pq 
Its complete integral is z=ax+by—2 v ab 
Standard III. The equations of the form F(z, Р, 9) --0 are solved by 
putting 4=ар, (a being an arbitrary constant) and changing p into 


Z where X=x-+ay and then solving the resulting ordinary differential 
equations between z and X. 


Problem 18. Solve 9(p'z4- q') —4. 
Putting q—ap where p=, and X—x--ay, we have 
wo igre 3 Б 3 
Ч р=4ұ =+ зона“ dx= о dz, taking +ve sign 
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Integrating X--b—(z--a5)* or(x-Fay--b)'— (z4-a?)* 
» — Standard IV. Equations of the form f, (х, p)—fi (у, 4) 
‚ are solved by putting f, (x, р)=/, (y. Ф =a (an arbitrary constant). 
These equations give p and q which when substituted in 
dz—pdx--q dy give the complete integral. 
Problem 19, Solve q= 2yp*. 
We have p?= $74 (say). 


When р?=а°, p= аас we have z=ax+ constant 


dx 
and when q= =» we have z —a^y?--constant. 
The complete integral is z—ax-r-a*y?-- b. 
(iii) Charpit's Method. Let the partial differential equation be 


Fix, y, z, p, q) 0 .. (8) 

Since z depends upon x and y both, therefore 
| 92 in dx P 
d:—— dx+ ay dy=p dx+q dy ...(9) 


Forming Charpit’s auxiliary equations (proof is not required) 
| dp 28 dq dz ae _ dy. 
NEC OF- OF OR Or P^ EC OF 
jk" P а= dy +9 Pap lay р ea 

We may find a relation fip, q)=0 ‚(10 
between р апа q. (8) and (10) will yield p and q which when substitu- 
ted in (9) give the required solution. 

Problem 20. Solve 2zx—px*—2qxy+pq=0 

Charpit’s auxiliary equations are 

dp _ dg _ dz desi sem 
.22—2qy 0 px*+2xyq—2pq  xX:—4 2ху—р 

Whence 44=0 gives g=a (constant) 


Putting g=c in the given equation we get p= 240-0). 
Now substituting values of p and q in dz—p dx--q dy we have 
| dz= dx+ady 
| dx —ady Srey 
| or yay Soa 


which gives on integration, z—-ay=c(x?—a) i.e. z—ay--c(x!—a) 
- [B] Partial Differential Equations of the Second and Higher Orders. 
Such an equation of second order is of the form 
$ Rr+Ss+Tt=V 
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oz ez tz A 
where r= x s= ay" ут and К, 5, T, V arefunctions of 


à 
х,у, z, p, d, Where p— 5 а= i. 


The complete solution of such equation will contain two arbitrary 
function as z—f(x--ay)-9(x— ау). 
Mehtods of Solution: 

(i) By Inspection. Method is clear from the following Problem. 


2, 
Problem 21. Solve ar=xy i.e., а =ху. 
Integrating with regard to х, a iy (у), constant ot 


integration with regard to x being possibly a fuaction of y. 
Integrating again with regard to x, 


az= [5 уйу+ [во dx-r const. 


= 57 фори). 


` (ii) Monge's Method. 
The equation is Rr--Ss-- Tt-V ET 
Total differentials of p and q being 


— oP 9p y 
dp at аул codd 


and - dg= ot dx-- 3 dy — sdx--tdy 
j d dp—sdy ‚_ dq—sdx . 
We have r= =p © (= 4 
Substituting these values of r and t in (1) we may get 
(Rdpdy--Tdgdx — Vdxdy) —s(Rdy*—Sdxdy-- Tdx*) —0 2) 
If any relation between х, У, Z, P, d makes each of the bracketed 
‚ expressions in (2) vanish, this relation will also satisfy (2). Hence 
. from (2) we have so-called Monge's subsidiary equations as 
: -~ Rdy?=+Sdxdy+Tdx*=0 (3) 79 
Rdpdy+-Tdqdx—Vdxdy=0 EROR 
Let (3) resolve into two linear equations S 
Р dy—m, dx=0 2. 309) 
dy—m, dx=0 . . (6) 


Combining (5) with (4) and with dz=pdx+qdy if necessary, we 
may get two integrals u,—a, v,—b giving an intermediary integral 
u, —f, (vı), f, being an arbitrary function. 

Similarly from (6) and (4) alongwith dz—pdx--qdy, we may find 
another intermediary integral us fa (Va), fa being arbitrary. 
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These two intermediary integrals can yield p and q which when 
substituted in dz—pdx--gd" "will yield the complete integral on inte- 
gration. 

In case m,—m, either of the intermediary integral may be integra- 
ted to give the complete integral. 

Problem 22. Solve r+(a+5) s+-abt=xy. 

Putting r= ад 20у aga ste 
Monge’s subsidiary equations as dy*—(a+b)+dxdy+abdx*=0.. .(1) 

dpdy+abdqdx—xydxdy=0 .. 2) 

(1) yields, dy—adx=0 and dy—bdx=0 

Integrating them, y—ax=c, and y—bx=c, ў 

Comparing these with (2) we get adp-+-abdq—ax(c,+-ax)dx=0 

bdp + abdq—bx(c,+-ax)dx=0 


х* ax 


and t= 


in the given equation we get 


Their integration yields — p--5q—ci j 3 =k, 
p+aq—c, > = ae ak, 
or ptio- $- р (с) фа) +) 
їр+а4—(у—Ёх) x ке, (с)=#,(у—®х) TEG) 


Solving.(3) and (4), 
›= [iaoe Etak -abh 0s] 
1 x 
and a= zia 06-0-0090] 
Substituting these values of p and q in dz—p dx+q dy, we find 
dis [= (aad) x +02409 bh on x 


х? фу(у—ах) | ф(у—Бх) р 
ul i а е ду 


. 6 а—Ь 
Sd 3x'y dx+ xd 1 
ања PEERY T Tg an 


(4y-ads) | [0709 ban) | 


Integrating, 2== (a+b) + »- +4, 0 —ax) +%, (у—х) 


(iii) Monge's Method of Integrating Rr 4-Ss-- Tt--U (ri+s*)=V, 
К, S, T, U, V being functions of x, y, Z, p, 4- 
А ` dp-—sdy dq—sdx. „_ : 
Putting = — and [= body in es given equation we get 
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(Rdp dy--Tdd dx--Udp dq—Vdx dy)—s (Rdy*—Sdx dy Td»? 
+-Udp dx+ Шаа dy)=0 А 

Say N—sM=0 

Consider, | M-+-AN=Rdy?+-Tdx?—(S+AV)dxdy + Udpdx+ 4да) 
4 ARdpdy-+-ATdqdx-+AUdpdg рге d 

=(Ady+ Bdx-i- Cdp) (Edy-- Fdx --- Gd) (say) 
Then equating the coefficients of dy*, dx?, dpdg we get 
AE=R, BF=T, GC =AU 
Also taking A=R, E=1, B=kT, F= i ‚ C-mU, G=) and 
m 


equating the coefficients of the other five terms, we may find 


kT+ LH =—(S+AV) .. (14) 
AR 
UU 245) 
КТА 
т cn -. (16) 
mU=AR 
Е .. (17) 
mU 
gp CU -. (18) 


From (18), m—k which satisfies (16). 
A 
From (15) or (17) т= 30 =k and hence from (14), 
A? (RT+ UV)+AUS+ U?=0 . (19) 
So if ^ is a root of (19), the required factors of M+A N are 
RT U U 
(^ 4x dendo) ( dX dx da) 
Le. E (Udy +ATdx+AUdp) -yp Ry Ud Uds) 
we thus obtain integrals from the linear equations 
Udy-+ATdx+-AUdp=0 ... (20) 


ARdy--Udx4-AUdq—0 О) 


If u, —f, (ә) and u,—f, (v.) be the two intermediary integrals so 
obtained for finding p and д and substituting in dz—pdx--qdy we get 
the required solution after integration. 


Problem 23. Solve"z(1--q?)r — 2pqzs-r z(1 -p?)t — z*(s?— rt) 
+1+р°+9=0. 

Here R=z(1+9*), S=—2pqz, T=(1+p*)z, U-z'V, 
AO CES КЕ (РЕН) 
-. quadratic іп А is (RT+UV)M+AUS+U?=0 i.e. (ра —2):—0 


"m 2 
ving \= =. 
ging ^7 pg 


pap 
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Now the system of intermediary integrals is 
Udy +ATdx+AUdp=0, Udx+-ARdy+AUdg=0 


ie. pady - (1 4-p?) dp+zdp=0, ИН О] 
pa du. (1- q?) dz-zdq—0 ee» (2) 
Also dz=pdx-+qdy »$ X3) 


So (1) can be written as 4х-Ер(рах+ qdy)--zdp—0 
or dx--pdz 4-zdp —0 giving X--pz—4 

Similarly from (2), у+42=В 

So that р=®—* 
Putting in dz—pdx--qdy and integrating we get the required 

solution. 


and q= —— 


die A ах+2 24у or —zdz=(A—x) (—dx) 
: : ; +(B—y) (—dy) 
-Fe +08527 + const. i.e. z^-F(x— A) 
To-By-c 


IC] General Linear Partial Differential Equations of au order higher 
than the first. 


Such equations are of the form 


ёт nz iz Qniz 
Aoga КА: "10у Ted Ane TÉ +a 
д2 д2 
+M x TN +Pz=f(x,y) 


or [A, 0"+4,р"! р'+... +4, D'^-- By D?*+...-MD+ND'+P)z 
=f(x, y) -where D. and D'= $ 

ie. F(D, D'z-f(x. у). j 

Its complete solution consists of two parts : (i) Complementary 
Function (C.F.) (ii) Particular Integral (P.1.). 

The complementary function is obtained from F(D, D')=0. 
Methods of Solution. 

(i) Complementary function of a homogeneous partial differential 
equation with constant coefficients. 

Such an equation is of the form 

(AoD^-- A, р" D'+4,D" D” +... - E AsD'")2— х,у) 

Taking the trial solution as z=¢ (у--тх), so that D"(z) 

: =m"$™ (y--mx), D'"(z)—9'" (y--mx) 

and in general D'D'*—m'$/***) (y-- mx) 
the auxiliary equatoin of the given equation becomes 

Аут" Amt ^... +А,=0 
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е 
If the л roots given by it be m, т.,...... mn, then the required 
- complementary function is zz, (у+т,х)+$; C y4 mx)... 
té (mx) = 


y 2. 
Problem 24. Solve 5. 009-016. (0° —а0"):=0. 


Putting 2=$(2-- тх), the auxiliary equation is m*— a*—0 
giving m— a 
Hence the solution is т=ф(у-„ах)+ф(у—ах) 
Note. If an equation has repeated roots such as ( D—mD'yz-0, the 
- solution i$ z—x$(y +mx)+ (y+ mx) 
If a root is repeated thrice then z=x*6(y--mx) + xi(y-- mx) 
ў -Fx(y- тх) and so on. 
(ii) Particular integral of homogeneous equations. 
Let the equation be F(D, D^) z=¢ (x, y). Then 


1 
Р.І.= қр py y. 
t ERN 
Case I. If ф(х, у) =е%+° then FO, py = munt pro- 
vided F(a, b) 40 


д D D EUR 2 sin ax or cos ax then express F(D, D') as 
4 'D'?) and write 
sin ax or cosax ^ sin ax or cos ах ided 
KD", DD’, D) - Қау аб, 6) Pv. 
F(—a,—ab,—b*);-0 
Case Ш. If $ (x, y) 7^, then үү à. pn RD, DO) ny", 


expanding binomially and operating ху" on every term. 
Case IV. If ф(х, y) —e***"V which may also arise in case of failures 
of cases I and II. 
яр. ре Сив 
of the above cases. 


Problem 25. Find ihe Particular Integral of 
5 (D*—2DD' - D'*)z —I2xy. 


Em ; 
ңр+а 2745 V which reduces to any 


1 
12ху=12 (D-py? 
BE). 
TUN D ) T 
12 2D' 1 2 
-p(t p +- )»-!®д{(э+ т» ) 


—[ж xr xeu [22-5] 


1 
We bave, Р1.=(т—урр 3 D*) 


12 
Complete Integral is z=xġ(y +x) -90 +X) r 235y x. 
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COROLLARY 1. In case ф(х, y) —f(ax--by) and AD, D') is a homo- 
geneous function of D, D' of degree n. Then < 
D"f(ax 4-by)-- a^f*(ax-- by) 
D'"fiax--by) - b'f*(ax-- by) 
Sothat АР, D')fiax+by)=Fla, byfn(ax+by) 
Пахі) Лас when F(a, b)#0 


flax+by) 


Hence FW, D) may be evaluated by integrating f (ax--by), n 


times with regard to (ax--by) and then dividing by F(a, b) 
Problem 26. Solve A Р f =1дх+9 
ie. (Р®+ р?) 12(х+у). 7 


Auxiliary equation is m*--1—0 i.e. m= +i so that C.F. is ф (y+ix) 
T490-—ix) 


12(x+ 
and pr- ae et 


Hence the solution is (хау) ФУ ix) - V0.1). 


COROLLARY 2. In case, method of Сог. 1 fails i.e. F(a, b)=0, then 
consider 
(D—mD')z-p-mq-x xm» | ee (22) 
Lagrange's subsidiary equations are 7. A еза аа 
grange's subsidiary equations are p —— ут) 
of which first two fractions, ‘give dy+mdx=0 i.e. y+mx=const. 
=c (say). From first and third fractions, we have 
dz E 
dx— i -Emx)- Ас) 
5 ле. xl 
Integrating тетүү = т VQ T тх)“ 
1 
Thus (22) yields (тр) vot mx)e х yy +m) 


1 xr 
D-mbD + тх) = рО т) 


1 d 
Hence ару YWy+m)= тру = Yo-+mx) 


or 4:=х'ф(с)ах 


i.e. 


1 
—(D-mDy^ 12 Vom») 
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Problem 27. Solve (D?—6D D'--9D")z—óx-F2y. ie. (D—3D'yz 
=бх-Е2у. С.Е, is clearly, x $(y--3x) J-9(y- 3x) 


1 еа 
PE =F - (6x+2y)= (5— 3D (+32) 
2 
=2. 5 09433) - 394-33). 
Solution is ze x J)-xé(y 4-3x) +y 4-32). 


COROLLARY 3. General rule. 
` Consider (D—mD’) z=p—mq=fix, у) 
dy dx 


Уу ES S dx 
Lagrange’s subsidiary equations are T= УУ 


First two fractions give y--mx—c 
and then first and third fractions yield dz —f (x, y) dx=f(x, c—mx) dx 
Babe z= f(x, c—mx) dx-Fconst. 

Hence, эсер =| f(x, c—mx) dx, where c is replaced by 
У+тх after integration, $ 
Problem 28. Solve (2D*— DD'—3D'2)z — 5ez-» Le, (2D—3D') 
(D-- D')z— 5e, Clearly C.F, is &(y—x)4-4(2y-3x) 
E 1 gc 5e- 
+00037) 5© '= pip. зру by Cor. 1 


y 


= z D enf er tz) dx= fe dx—xe-*— xez-v, 


Solution is z- Xe E BY —x)+(2y 4-32). 
(iii) Non-homogeneous linear equations (complementary function) 
Consider (D—mD'—n) z=0 i.e., p—mq=nz 


Lagrange’s Subsidiary equations are s pur = 
First two fractions give y+mx=const. 
First and third fractions give n die E ie., nx=log z—log k or 


=k en. 
Hence the integral of given equation is z— e" $( mx). ( 
Note 1. If factors are repeated say (D—mD'—n)?z— 0, then 
#=хе"* By mx) +e™UWy-4 mx). 
Note 2. The Particular Integral is obtained by the methods already 
discussed. 
Problem 29. Solve 


oz Oz əz Oz д2 oz 
OR Ox Фу ^ yit? Gy R23 =e +sin (25-49) рлу, 
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Given equation is (D*— DD' -2D'*--2D' -2D)z 
Я zer sin Qx4-y)-xy - 
ог (D+D"') (D—2D' --2)z —e'** -sin (2х4-у)+ху. 


С.Е. is Фу —)--e-?*Q(y4-2x) and by usual methods 

1 1 2 
Pl.=— тр eet | соз (2x+y) 54 (6xy+9x—2x?—6y—12) 
Hence the solution. 


(iv) Equations Reducible to Linear Form. 
Consider an equation all of whos: terms are of the form 


YS dy Reap s em 
Put x=e" l.e. u=log x and у=е° i.e. v—log y, then it is easy to 
Е Еа А 
verify that if р=-=—_=х ox? р= à; oy" 
„@ š 2 
then x* agi = 200—1), х 3a-DD-U (D—2) etc. 


9* ру 9 pip i 
ome (D'—1), ууз —D'(D' —1)(D' —2) etc. 
; AUS ONE om де 
or in general x"y Эх" бу" =x" э у E 
—D(D—1)...(D—m-- V). D'(D'—1)...(D'—n4-1). 
So that the given equation will reduce to ЕР, D')z=V which can 


be integrated by usual methods. : 
Quo oz Eia gp 
Problem 30. Solve х E mum УЛО a= 0, 


this becomes 


=—, р'= =< 


Putting u=log x, v=log у with D= iu" àv" 


(XD-—1)—D'(' —1)— D'4-D)z—0 ie. (D*— D): —0 
or (D- D'(D--D')z-0 


So that solution is z=fiv+u)+ F(v—u)-f(og xy) +F( log >.) 


=) +>) 
(у) Equations in which Linear Factors of F(D, D')=0 are not 
le. 


sider (D'—D") 2=0. 
prone z= Aesoth», giving D'z— Ages**?" and D'z— Aa? etie 


So that the given equation, yields a2—8—0 i.e. a*—p 
Hence the Complementary function is 2 Ad = Декана») 
or in general, = деа) х 
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7.5. SPECIAL TYPES OF DIFFERENTIAL EQUATIONS ARIS- 
ING IN PHYSICS 
[А] Hyperbolic, Vor and Elliptical dose 
Consider f(x, y, 2) +A, у, 2) -E S — f(x у, 2) 5 + 
Fx, y,5p4d-0 . 0) 


эх? 


Writing it as Rr+Ss+-Tt+V=0, 
where r= = a з= а 
2x1! *— Oxdy’ 

(i) if S" 4RT, the equation (1) is said to be Hyperbolic 


2 
and t= E etc. 


(i) if S*—4RT, А, »  Parabolic 
(iii) if S" ART, ex s» Elliptic. 
(Cit 0544. А i К 
eg cu = i.e. r=t is an hyperbolic equation 
д° 2 
s = ie. r=qis a parabolic equation 


а M NM 
an C Mew RATS i.e. r= —1 is an elliptic equatipn. 


(B] Diffusion Equation or Fourier Equation of Heat Flow 
A parabolic equation of the type V*V— 2: o 52), 
із said to be a ME re ur 
(hd 
Here у= x > te + (in 3—2D); k is the diffusivity and 


re Y, Z, t) is the феде at any point. (x, y, z) of a solid at 
ime f. 


€ ; AREE Е АЕА AEA Noten) И 
One-dimensional diffusion equation is Rk or 


SE SV C 


Two-dimensional » Lap Suede 
ITE a 
Three-dimensional е ev E pie S ov 
ox? cy "923 k QU 
. COROLLARY. In ra bs keat flow, (1) yields V*V—-0 ma), 
es ev sv 
Here V? Va Ta КҮЛЕ ES + эк O's known as Laplaces’ equation. 


1 9 ү av 


Its cylindrical fe EE mol pee ev 
cylindrical form is V*V =~ àrN 79r Jt FE Bg 
v 
8 0 
and spherical polar form is узуш, = POE pools x 
Hd er sin? 90 


QA. EP ME DU 
($$ =: tame 
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[C] Wave Equation _ 
A hyperbolic equation of the type П?Ў=0 .. (4) 
$e e 1 ? 


where E. tata E K ‚с being a constant is said 


ЛӨ: iy et 
to be a wave equation. 


UN i ыс LAO co Сл ad 
One-dimensional wave equation is -zz = 73 gr 

x $ ev ev 1 ev 
Two-dimensional a ors + JF — Ci 

: ^ ey Cy őz 1 CV 
Three-dimensional di art a + у - г 


Methods of Solution 


(i) Separation of Variables. 
The equations introduced in this section may conveniently be 
solved by the method of separation of variables. This method is 
illustrated here. 


е , 1 3; 
Consider fay 3 where 2=2(х, t) Ber ct 
Suppose that zex (x) T(t) 2.46) 

X (x) being function of x only and T (1) function of t only. 

r e, 0X az „ат 
We have from (6), Gu qd and aU 

Р Te . Ty diX- Ulo LIA 
Their substitutions in (5) yield Y de T "dr GUT). 


Assuming that L.H.S. of (7) is independent of f and R.H.S. 
independent of x, each side of (7) can be equated to some constant 
known as Constant of separation. 

According as this constant is negative or positive, there arise two 
cases : 

Case I. Let the constant of separation be — п, Then (7) gives 


2 
} Фе іе, dX +тх-0 mI 
and RB ат. = п? i.e. e kT=0 .. (9) 


(8) gives on integration X--a cos (nx-+2), а, « - being arbitrary 
constants and (9) gives on integration T—be-*n'!, b being an arbitrary 
constant. 

The two solutions when combined in accordance with (6) i.e. 
z=XT, yield 

2 А cos (nx-+2) е0" «+ (10) 
where A(==ab), п and « are constants and they can be determined 
by. the boundary conditions. 
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Case П. Let the constant of separation be л, Then (7) gives 
с —ту=0 апа Z —nmkT-0. 

Which give on a Х=а cosh (nx+«) and Toles 

So that the combined solution of (5) is z=A cosh (nx-++a) eee 


11 
The solutions (10) and (11) can be expressed as d 
2= Áq сов (nx--a4) ен С (12) 
z= A, cosh(nx--a,) re 17:03) 


where the constant 4, corresponds to a particular value of n. 


Since these are the solutions of (5) for all л, therefore summing over 
all values of п, the. ты of (5) is 

z (x, t)= x A, cos (nx4-a,) rid 704) 

n= 


eo 
or 2(х,)= EZ Ap cosh (nx--a,) e&t ... (15) 
n=0 
according as the Mo of separation is negative or positive. 


Problem 31. Solve A - 1% ЭР with the boundary conditions, z--0 
when x=0 and х=] qur all values of t. 

Using (10), the solution is z(x, t)—4 cos (nx--x) е—Кт? 

Initially z=0 when x=0 gives z (0, t)=:A cos « e-^""t—0 


and x=l for all t gives 2(1, 1)=A cos (nl--x) e—kn?t— 0 
So that 4 cos «-=@ and А cos лі cos a—A sin пі sin «—Q. 


Which yield 5—5 апі n= 7 F, et 
With 2-5, the solution is z(x, )=A sin пхе 7 
Note, Here n— T , rd д =, ...are Called eigen values, 


(ii) D'Alemberts' Method. 
Consider the "pase of vibrating cords 


Ou s 
ET =h? n ^. (16) 
which is also known as D'Alembert’s equation. 
Suppose that v= 0) ++ (17) 
м= х= 
ду д 


So that 501, $ oh, Каш 


| 
| 
1 
| 
| 
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ди ди 9v, ди aw ди mu. 9 .9 , 9 
and Xr gt ow ox бу tow Ох ду Fw 
. u 9 Qu а д Qu Фи ди +2 ди на 

- a 8x Nox) Nàv ^ aw) ду дю. ду? ду ow ди? 
...(18) 

ou Qu Buw VQ Iu (2.0 
Also zr =a ort ow 0t Ху Ow ie. sp =h бу — aw 
9*u Q әүүи u Qu ou $4) 
E ) 3«) к 2 бу owt aw 


or àv ow) \dv ow wv 
pes (19) 


du _ 
(16) yields with the help of (18) and (19), арр 


Integrating with герагӣ (о w, we get д — const, =») (say) 


Integrating it again with regard to v, u=f fir) dv-+const. 
=$(v) + (w) (say) 
i.e. u(x, t) - d(x-- ht) +ф%(х—М) ... (20) 
- Physically interpreted (20) represents two plane waves travelling in 
opposite directions with same period. 


e 29 а 
Aliter. Writing D. р?==, (16) becomes 
2, 
Е Р.) и ..:00) 
Я Treating (20) as ип ordinary differential equation with constant 
coefficients such as : 


i 
| 
| 


di аш ‚..02) 
where ; a—h D, ...03) 
We have the solution of (22) as и= A, et +A, e*t ... (24) 


| where 4;, A, are arbitrary constants. 

| Now (22) is formally satisfied by 

S. ud P (x) ee PH) 25) 

: Since (22) has been integrated with regard to t and so the arbitrary 
constants A,, 4; appearing in (24) can be replaced by arbitrary func- 
tions Ф (x) and № (x) of x. Now we know that Taylor's expansion is 


` Using the symbolic operator peas, for n—1, 2, 3...... 


so that Dr f(x)= са Лх) 
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2 
This becomes оюл D.f w+ DESO- 


HE Defot 

һр; D, рл 
=(1+ ae pen 
—eh Ds. f(x) ... Q6) 


Using (26), and replacing h by ht and by —ht in succession, (25) 


yields 
u(x, 1) =ф (x+h) +Y (x— hr) 
which is the same as (20), 


7.6. FINITE DIFFERENCES 

If f(x) be a function of an independent variable x, thea in calculus 
we study the change in f(x) corresponding to an infinitely small 
change in x and denote tbis change by 8x or dx or Лх. Here we shall 
use the last notation. 

The change Ax in x may be constant for all values of x or may 
vary for different values of x. Taking Ax=h (a constant) the incre- 
ment in function f(x) will be f(x-+ Ax)—f(x) which is represented by 
A f(x) i.e. the increment Ax in x corresponds an increment A f(x) 

-in f(x). This A f(x) is called as the first difference of f(x) and the 
interval A as the interval of differencing. In other words the first 
difference of a function f(x) denoted by A f(x) and read as ‘Delta f of 


x’ із defined as : 

A Лх) «fex h)— fix) , Mer (1) 
where В is а fixed constant. In fact it is the difference in values of the 
function for two neighbouring values of x, ^ units apart. 

The second difference Л? f(x) is defined as the difference of the first 
difference of f(x) for two neighbouring values of x, В units apart and 
written as z 

A* fee ДІА Л) АЛХ) Д) Aaa- A fo) à 

„Similarly the third difference A? f(x) is the difference of fhe second 

difference of f (x) for two neighbouring values of x, h units apart i.e. 
S дід) = ALA? FO] cy 
and in genera] the nth difierence is A" f(x) ALA" Дх)], n—1, 2,... 


In finding A fix) by (1) it is clear that f(x) is shifted to f(x--4) and 
then f(x) is subtracted from f(x-I-h). The operation of shifting f(x) to 
f(x-- h) is sometimes denoted by Ef (x) i.e., 

fr h) = Efx) 2. (6) 

As such f(x--2h)-- ЕДА) = E(E fix)) Е fix) 40 

f(x--3h)-- Ef(x -28) = E(E? f(x)) - E* (fo) SU 
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and in general f(x nh) = Е" f(x) ...(8) 


It should be noted that Л" апа E" do not bear n as an exponent 
power but they simply represent the n times operations. ; 


Relation between Д and E. 


т Affe) fach) — fo) 
=Efix)—f(x) 
or Efix)- ^fi) Ах) = (GA DAO), 
so E=A+1. ..- (9) 


. фе. operators E and A are symbolically connected with this 
identity. 

Difference table. The successive differences A fix), (х)... Ле) 
etc. of f(x) for different values of x are easily calculated from a table, 
known as difference table, by subtraction. In any difference table the 
independent variable (say x) is called argument and the corresponding 
value of the function [as f(x)] is said to be the entry. A difference 
table can be coustructed as shown below. 


DIFFERENCE TABLE 


diffe- 
rence AN? f (x)| difference 


x 
AN? f (x) 
a f(a) 
A f(a) - f(a^- h)—f(a) 
ath | f(ath) AN? f(a) 
Af(a+h) 
=f(a+2h)—fiath) 
a+2h | f(at+2h) AN? f(a--h) A* f(a) 
Afs(a+2h) 
=f(a+3h)—f(a+2h) 
a+3h | f(a+3h) A? fia+2h) 
Afla+3h) 
a+4h |fia+4h) 


Clearly each of the Af(x), Д? f(x), ог A*f(x) etc. is obtained 

by subtrżcting the corresponding value from its succeeding value i.e. 
Лх КВ) = At A f(x kh) 
: = AUT Кх КУ 3h) — f(x-- kh)) 

or Afix kh) Af? f(x-Eka- 1h) ДДК)... (10) 
for every value of k and r.* н 

Giving different values to К and r, we get different results of the 
difference table. 

In difference table its first given term i.e. f(a) is called the leading 
term and the differences. A f(a), A*f(a), A fla) etc. are called leading 


differences of f(a). 
Difference of any order can be expressed in terms of the function 


alone. 
(д Af(a) —f(a--h) — Ја). +. (ily 
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G) f ACA fa) Af((ad-R)—f()) — A f(a4-E) — ^ f(a) 
—[f(a--25)— f(a--h)]—[f(a-- /) —f(a)] E 
=fla+2h)—2fla+h)+fla). ... @2) 8 

(ш) A*f(a)— лл? f @}= ACfla--28)—2f(a-- E) - fla) 
= Af(a-2h) —2 ^ f(a--h)-- Afa) 
— (f(a--3h) —f(a--2h)) —2(f(a--2h) —f(a-t №) í 
3 Ш бш EUR Aa лад, 
o A?f (а) = f(a--3h)—3f(a--2h)-- 3f(a-- F) —f(a) .. (13) 
Properties of the operators ^ and E. 
(0 If a is a constant Aa—0 and Ea—a. г. СА 
üi) A(afQ9)—aA f(x) and E(af(x)) -aEf(x) ...(15) ЖЕ 
(Cs E(af(x)) aftx-- h) —aEf(x)- — — 
(uU) лл) Л) and ЕЕ х) Ех) .-. a9 . 
[7 ДЛ) m CA А... times) (A Л... times) Дх) — 
=(AA...r+s times) feo АА Ж 
(») — ACCO-- 409) = ДЛ) AE) B | 
and E(S@)+6(@)}= Hf) + £4) ...(7) 08 
ү Е{/(х)+ф(д}=Дх+Ю--ф(х+В)=Е((х)-+-Еф(х)1. 
Formulation for nth difference 
If we call y, у, Yu...» the values of f(x) corresponding to f(x9), 
Jon - B)... f(x, - nh) then by (1) we have TM 
Ao—J1—Jo 08) 
А?»= ACA) =A (У-У) = АУ: — Ao 


—03—X)—01—J9 —X1—2Y1 o sis (19) a 
А?» ACATY) AQ — 2913-9 — Ау 2i Ae 
=(¥s—Ys)—20)2— y) + iY) Ж 
=y;— 3y +371 — Vo ... (20) 
Similarly A‘¥s=y.—472+ 6-41 t Jo 2 QI 


and so on. 


Clearly, the coefficients in the expansion of A"Yo willbe the same b. 
as the coefficients in the expansion of (x— D" ѓе. 1, *C,, "C;,..."Ca-i | 
1 and therefore it will follow by the induction method that Ў 


ХОЛЕ 2 p. 1 
Dry EE Rcg et VÀ (т) + o 
where A*yo—y, and in terms of f(x) it becomes 
а серет E 
А"Дхә)= 2 Е [nk f (xo -(n—K)A] «+= (23) E 
Problem 32. Evaluate 
(а) Ах(х+1) Gr 2) (x+3) 


© д" (ab) @ л] ту 
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(d) Are?) (e) лах" Бх") 
a(t) @ AG) 
(а) Ax(x+1) (x+2) (x+3) 
—(x4-1) (x+2) (x+3) (x--4)—x (x+1) (x+2) G3) 
=(x-+1) (x4-2) (x+3) {(х+4)—х) 
=4 (x+1) (x+2) (x+3). 
(b) A^ (ab) — A"? (Aab). 
Now A (abe*) —abt'« +0 — abt = ab* (b —1). 
n Д? (ар) = ^ (ab?) (b —1)—(5—1) A (ab) 
—(b*—1)* (ab) and so on. 
А" (аг) — (b — 1)" (ab). 
5х+12 2 (х+3)-+3 (x4-2) 
(0 At grates |а CFI +3) 


3 
m. Toto. 


2 3 
-a dois EFIT 
мю A еу x {ay wi] 
less 9) 
—either 1 i UE Ad Ee asco d 2 
(x42) 6-3) (х+4) (х3) 0 GF) C+D 
; D 


_5х+12 JA [ 2 3 ] 
X*+ 5XF6, TOFI (5+3) (3) (r4) 
1 


xo = [зу (х4) (x42) (x+3), 


[саҳ (х5) (+3) era] 
-- [E (х+2)—(х+4)__ 
EIU Bian 
-з[ (x+3)—(x+5). | 
(х+3) чк (x45) 
5x--12 


2 
or A 12. ]- (0+2) aS G4) EFI) со (х+5) 
e А" (e) — A" (Aen). 
s Aem ent annee ceo (e— 1} 
n Ate — (e —1)y ero ‘and so on. 
Hence Anette (е*— 1)" e*+*, 
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(е) Д" (ax"-++bx")= Л" (ax*)-- A" (bx*7). 
But A" (bx*")=0 
$ (as bx"-! is a polynomial of (n—1) degree only) 
s А" (ax?) ад" (Лх) ал" {(х+Е1)°—х”} 
=aA*{Ax*!+terms with powers less than 
- (n—1) in x) 
=a A" nx—a A"?-n ((n—1) x7*--terms 
with powers less than (n—2) in x} 
=a A" n (n—1) (n—2) x"? and so on. 
Ultimately, Д" (ax")=a (n !). 


uA (е) аа (4); 
1 _ 


a gh ЕРИ dee Gos Ooh 
А ( х )=sH- x ^ xGD 
. 1 (—1)# 
КОКА ТЫ (&)- G+) T2 and so on. 
(—1)" 


oe AiG oe D" 
^ c )-; ОЕ ОЕ) GER) - GET) 
=(—1)" [x4-5)—(1--]*»—(— 1" [x—1]*? 
4) АД) =|х+1)—|х јх (x4-0—1 =x |0). 


7.7. POLYNOMIAL INTERPOLATION 
The process of estimating the value of the function for any inter- 
mediate value of the variable with the help of certain given values of 
the fünction corresponding to a number of variable values, is called 
Interpolation. 
' In otherwords if a function y=f(x) is known for values x;, x», X3,.--, 
xy as f(x,), f(%2),.--, f(x«), then the process of finding the value of f(x) 
for some other value of x (lying between the values, х1, X;,..., Xn) is 
called Interpolation. 

When we estimate f(x) for some such variable value which lies out- 
side the given values, the process is called extrapolation. 

If the exact form of thé function f(x) is not known, or, known, in 
a complicated form, then to solve the problem of interpolation we 
assume that the fuaction f (х) can always be taken as a polynomial in 
x. Only after making this assumption the calculus of finite differences 
can be applied to obtain the value of function f(x), for any unknown 
value of variable x. Moreover the polynomials are the simplest func- 
tions. 

Validity of this assumption of replacing f(x) by a polynomial 
function lies in an important theorem due to Weierstrass, which states 
that if f(x) is continuous between x, and x,, then itcan be replaced 


by a Polynomial of suitable degree in that interval with as small an 
error as we please. 
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The degree of polynomial depends upon the number of given 
values of the function. In general if n values are: given, we can fit a 
polynomial of degree (n—1), no matter whatever be the exact degree 
of the polynomial. 

This limitation of fitting a polynomial of degree (п — 1) only, when 
n values are known, creates two problems : 

(i) If f (x) is of a degree higher than n—1, then we shall inter- 
polate the values of f (x) only approximately. 

(ii) If f (x) is not actually of polynomial form but of a different 
form like exponential etc., then also the interpolated values will not 
be exactly the same. Such functions as exponential can be expanded 
upto infinity, but we can assume them only cf degree (n—1), ifn 
values are given. 


7.8. INTERPOLATION WITH EQUAL INTERVALS, (i.e., when 
function-values are givea at equidistant intervals). 


[1] Newton-Gregory Formula. 
If n is a positive integer; then 


fix-E nh) f(x) "С, A* f(x) "С. A*f(x) "С ЛХ) +... "С, Af). 


We have f(x-4-nh) — Eft) -(1-- A)" fx) — 
={1+"С,А+"С,Л*+...+"С„Л°*) Лх) 
—f(x)-"C1^ Л) "С, A* f(x) +... "C,A* uni 
which is Newton-Gregory formula. 
Here we get f(x4-nh) in terms of f(x) and its leading differences, 


Note 1. This formula can be applied, when there are n equidistant 

terms, and 
(i) we want to obtain an intermediate value. 

(ii) out of those one value is missing which we want to obtain, 

(iii) out of those т values are missing which we want tu determine 
from the (n—r) known, values. 

Note 2. The Gregory's expansion is convergent. But its nature of 
convergence may finish if n becomes either a negative quantity or a 
fractional one, and the formula may take a divergent shape. So the 
results obtained will. be very much approximate and sometimes 


‚ inaccurate also. 


If the function remains a polynomial one, then Newton's advan- 
cing difference formula, where f(x) is expressed in terms of f(0) and its 
leading differences, can be used for all values of x, positive or nega- 
tive, integral or fractional. Also this formula gives highly approxi- 
mate results if f(x) is of any other form than a polynomial. 

[2] Newton's Advancing Difference Formula. By (8) of 57.6, taking 
h=1 we get, f (x) — E*f(0) 


=(1+ AYf0)—-F*CLA +С, AT Y...) RO 


638 MATHEMATICAL PHYSICS 


ог F=f) °С, A 70) +С. Л? f(0) +... «. (2) 
which is Newton’s advancing difference formula. 

So long as f(x) is а polynomial in x, this binomial expansion is 
valid for all values of x if starting value of variable is 0 and interval 
of differencing is unity. 

[This formula can also be deduced from the Gregory formula by 
putting а=0 and h=1)° 

Problem 33. Show that Newton's formula 

Us=Up d- Xa) Auot Xi Лио Xi) Auot... 
can be put into the form 

us—=u tx Aug — xa A utab A*uy—xabe. fug... 
where a=1—}(x+1), b-1—3 (x1), с=1—{ (x4- 1), etc. 

Hence show that the successive coefficients converge slowly and tend 
eventually to numerical equality. : 

"^ а=1—{(х+1),.. —a-i (х+1)—1=% (x—1) 
. Also b—1—3 (x+1), 2. —b=$ (х+1)—1=# (x—2) 

Similarly —e=} (x+1)—1=} (x—3) . 

—d=1 (x+1)—1=+ (x—4), etc. 


Given weet = Aut 2S” asa О OI дац, 


ag —2) (x— 
QU 1) oza (x—3) Ке... 
or хл) Aux ( zx Hu) At 


CES eon 


=p +x Ay (а) Ato +x (—а) (—b) Лио 
+2(—a) (—b) (—c) Л%%+... 
or u, =u +X Au — xa A ugt Xab A*u, — xabc A uy+xabed A us — ... 
It is clear from the values of a, b, c and d etc. that successive 
coefficients in the expression converge. 
Preblem 34. Given the values sin 45°="7071, зїп 50^ —'7660, sin 
55° 98192, sin 60^ — 8660, find sin 52°. $ 


| 
6 | sin 8 | Asin 0 | Дэнэ A? sin 9 
45 | 7071 
0589 
50 "7660 Usi —0057 
55 | `8192 ces teed 


0468 
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- sin 52?—sin (45+-5.1°4)=E* sin 45°=(1+ A)? * «in 45° 
msin 45-14 A sin 454 09 CD. p sin 45° 
(r4 (4) (14—2) 
E 31 


AA? sin 45° 
="7071 +(1°4) (:0589)4-(7) (4) (—:0057) 
+(°7) (4) (—2) (—:0007) 
—77071--:08246 — :001596-- 0.0000392 
—77880032— 07880 approx. 
Problem 35. Given log.x for x=310, 320, 330, 340, 350 and 360 
according to the following table, Find the value of log 3375. 


Em Im 


DIFFERENCE TABLE 
x logx | A log x A®logx | A*logx| A*'logx | A*logx 
‚ 310 | 24913617 
х "0137883 
320 | 2'5051500 — 0004244 
"0133639 Ч 
330 | 25185139 —'0003989 
"0129642 0 
340 | 2:5314781 —70003751 
*0125891 
350 | 275440680 - — 0003546 
“0122345 


360 | 2`5563025 | 


We shall first evaluate log 337`5. d 
“7 log 337:5—1og (3102-10x 2:75) = Е" log 310 


=log 310--275A log 3104225 079 Д? log 310 


i (2775) атэ (75) A? log 310 


42719 0779 (75) (— 25) At iog 310 
(taking approximation upto five places) 
52" Me "rs 2:75 (175) É 
log 3375-2:491364-2 75 (01379)--7—, —- (—:00042) 
4.GTBWUTSICSE. (00003) {leaving other terms} 


=2°49136-+2°75 (01379) — (2:75) (1°75) (00021) 
$ + (1:375) (1°75) (75) (00003) 
—2:49136-L03792.— 00101 4--00005 —2:52832 
Now log 3375=log 10x 337'5=log 10+ log 337°5=1-++2'52832. 
tes log 3375—3:52832. 
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Problem 36. The following table is given : 


1 


x ТЕЕ 


3 К 
fo 6 


What is the form of the function f(x) ? 


3 


| 
| 


11 18 | 27 


x f(x) АЛх) A?) | Дау) 


0 3 

3 
1 6 

5 
2 11 

7 
3 18 

9 
4 27 


: | 
V =f A f(0)--*C, A? FO) 
(as third differences are zero] 
x(x—1) 
=3+х. Жр quse 
ог f(3)-3--3x4-x (х—1)=3++3х-Ьл%—х 
or f(x)—-x*--2x4-3. 
Problem 37. Given f(0) — 1, f(1)2-f(2)—10 and f(3)4-f(4)-- 5) 65; 
find е : E 
ince we are given three relations, so we c. 
mial of second degree. an assume fix) а polyno- 


Suppose f(x) A-FBx--Cxt. 


s. f(0)=1 gives A=1. <... (1) 
and /(1) +f(2)=10 gives (4+B+C)+(4+2B+4C)}=10 
or 2A+3B+5C=10 


or 3B+5C=8 E) 
and f(3)--f(4)4-f(5) —65 gives 
(A+3B+9C)+(A+4B+16C) -(44-5B-1-25C) -65 

or 12B+50C —65—3—62. TRAE) 

(2) and (3) give C=1 and B=1. 

f(x) 9x5 x41. 
Hence f(4)—21. i 
[3] Equidistaat Terms with Terms Missing. 


In general if p out of m equidistant values oft ti 
unknown, i.e., only (n—p) function-values are EU e ae 
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assume the function of degree (n—p— 1). Thus (n—p)th difference of 

the function. will be zero for every value of the variable. Equating 

these differences to zero, we may have as many equations as We like 

(for finding out missing terms) by giving different values to x. 

Л pe 38. Given f(1)=386, f(3)—530, /(5)=810, find f(2) and 
Since only three values of the function are known, so (x) may be 

assumed of second degree. Thus A? f(x)—0 for every value of x. 


A*fü)—0 gives. (Е—1)* f(D--0 


or f(4)—3f(3)--3f/2) —f)—0 
or f(4) -3f(2)— 3f(3) 4- f) —1976. se) 
A? f(2)=0 gives f(5)—3f(4)-- 3f (3) —f2) —0 
or 3f(4)--f2) — f(5)-- 3/(3) — 8104-1590 
—2400. . (2) 


Solving (1) and (2), we get 
1(2)—441, f(4)—653. 
Problem 39. Estimate the missing terms in the following table where 


BERE RED DEI ordi кш RU кыс 
Explain why f(3) differs from 3? and f (5) from 35. 

Аз only four values are given so At fix)=0 for every х. 
As above, A* f(1) gives : 


f5)— if(4) + 6/0) —4f0) +f) =9 s (1) 
and A*/f(2) gives р 
Лб) —4f(5)--6f(4) —4/(3)--/02)=0 (2) 
Substituting the given values in (1) and (2), we get 
f)+6f3)=357 ` 20) 
f5)-f3)—306  . О) 


Solving (3) and (4), Д3)= 10.2 and f(5)=295.8. 

When estimating /(3) and f(5), we have.assumed here that the function 
f(x) is a polynomial of degree 3, whereas it is an exponential function 
3*. That is why Д3) and f(5) are differing from 3* and 35, i.e. from 27 
and 243 respectively. 


7.9, INTERPOLATION WITH UNEQUAL INTERVALS 

In §7.8 we have assumed that values of f(x) are given at equidistant 
values of x, say for a, a+h, a+2h etc, but it may happen that the 
values of f(x) are not given at equal distances but are given at -points 
Say Xo Xp Xp Хз,...› Xn, Where — (3X9) x—x), (X3— X2), es 
(%n—Xn-1) аге not necessarily equal. We define divided differences 
to explain the interpolation formulae in such cases. 
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[1] Divided Differences ; А b К 
Suppose f(x), Хх1),.-- ) are the values of f(x) correspo: ing to 
Vals. A js х, which ne not necessarily equally spaced. Then 
(i) fax) feo. Jea fo yan, Хон) fG—). are called first 
Nog 5.023378 Xa—Xn- 
divided differences of x for the variable-values (Xi, хо), (х2, 1),--.› (Xm 
‚ Xp-1) respectively. These differences may be denoted as f(x, Хо), 
Js 23) fn, Ха-а). 
(ii) Similarly second divided differences are 
fen. х) х, хо): f(x x) ба. xj) ete, 
Xa— Xo. ч X3 —3X1 3 
denoted by f(x: ху, хо), f(Xa, Xa X1) etc. 
(iii) And similarly third divided differences are 
; fts. хә, х) — fos Хз» Xo) 
ха Хо 
denoted as f(xs, хз, Ху, Xo) etc. 
.. (à The Divided Differences remain Uaffected by Changing the 
Permutations of their Variable Values. 
fe- fo Хх) fa) 


FG = TQ x) 5 а) 
та! fed д (Xo, X1). 


Дх. х) — fe, x9) 


Similarly f(x;, x, хо) СООЗ 


{ fix) fx) iH fix) Ахд } 


(ЕЛЕШЕ Я) (Xm Xo) + Tox) 
fiXa) Six) 


ану Supe шна eee нл. 
C (а хә) (хаа). 1 — Xp) (1—3) k (хох) (хех) 
= хо. ху, X2)=fl%1, Xo X) etc. 


The nth divided diffe.ence is sometimes written as: 


ZN Қа) -f(xo» %15-+-%n) 


03,02, ., 0n 


= Дх) 
(хо ху) (Хоа)... (хо Ха) 

Z is the summation of all x's. 

[3] The nth divided differences of a polynomial of the nth degree 
are a! i i i 
"too UU + == 

Problem 40. Find f(2, 4, 9, 10) where f(x)—x*--x* +1. 

e xy or fQ, 4, 9, 10)=25, [See Table on the next page] 


ena 


: 
| 
DOW FERIIS eo ttem tip c T7 io a "Rz 
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x|- fœ е) КС) ANF (2) 
2 21 e : 
73—21 
57126 1274-126 _ 164 
JS. 92 sa) 
6643-273 _ =/IN%f(2) | 364—164 _ 
ey eae 4,9. 1022. 723 
9| 6643 3458—1274 _ 564 = /NYQ) 
10101 --6643 _ 3458 1024: 525. 4,9, 10 
10—9 -/ iN) 
10 10101 : 9, 10 


[4] Newton's Divided Difference Formula 


y+ fixo) аге the (n+1) values corresponding to 
values xo, X,....X». With these (л -- 1) values we can fita polynomial 
of degree n. Thus nth divided difference f(%, Xo Xg;.-.,Xn)7- Constant 
and (n--1)th divided difference Кх, ху, Fay X= where x is some 
value other than X, X1, Xn- 


fs Xu) Лохов) 0 
2: X—Xn 


Suppose /(хо), fix) 


хо, Xis. Xn) = 
2f, ху,...Хь-а)=Д\х2ч.--Ха) 
or Жолы i cd Slt e SIR a 
nal 
oa) fta) E Qe) Soy X0 
X—Xn-2 
оха) E Qe Xn) Pos Ха) 
+(x—¥n-2) (x—Xn-1) fo Хо Xn) = Pronta f 


or f(xxo Xir Xn) mf ухаа) (GC Ха-а) for s s 


EQ 3-9) (x—Xn-2) fü» хува) QC Ха) (х 
ý (х= хал) /\хо› Хр Ха D 


or /f(XXo Xv. 


Д\хху, Xv хаа) m ft Xir: 


and so on. 
The last but one step will be 
Дх, х) =f), ху)+(х—ху) foo Xy Xa) 
+(х—ху) (х—х;) х хә, X) 
+(x x) (x— xa). (Q2) foo ХО 
o0 f) 
x) (xx) (х) fis Ху, Ха) 
хо) Nn fixo. Xn) 


fofo) tE) ASM + ANA) AN 
хр 1, Хз, 


х=% 
ог Дх) =Д\х„)+(х—хе) fixo 


or 
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pax) (кх) (хаа) LA fio) 


Xp) X2, Xn-1 


+(%—%) (хх)... (хха) ZI” Хх) 
Xp ХХ» 

which is Newton's divided difference formula. 

[5] Newton's Gregory Formula as a Particular Case of Newton's 
divided Difference Formula. 

In the above Newton's divided difference formula, if we put х= хо 
-nh, x:=%oth, %2=Xo+2h, Xs=Xot3h etc., we get the various 
terms as under: 


(х—х,) Дхе, x)= 
anh АЈ) ал fix) oC A Дх) 
io) (кх) эл, хь) Ql) God к) Ae sa) PA 0 


Xs — Xo 


A^ fix)— хо) 
00 (71 0—9 


2G Vat frvt Ләә) 


HAD at fige uA? fe) 


nh Лх) Ях) senh Ххх) 
X1— Xo h 


Similarly, а 
(x— xo) (x—23) x— x) хо Xis х» ayat 0-9 дада, 


and finally, (х—х,) (x—2).--(x— x3) Slo» Xas Ха-а) 
iH (n—1) (n—2)...(a—57-1) inh x 
тоет ШУЛУУ Af) 
="Cp An fo). 
Substituting these values in the Newton’s divided difference 
formula, we get 
ҖАх+пһ)=Д\х)+"С,Л fixo)" CA? Дх)... "С, AXo). 
Problem 41. Find the polynomial of the lowest possible degree which 
assumes the values 1245, 33, 5, 9 and 1355 when x has the values —4, 
—1,0, 2 and 5 respectively. Also obtain the value of the polynomial 
at ihe abscissa 1. E 
We have to find a polynomial satisfied by (—4, 1245), (—1, 33), 
(0, 5). (2, 9), and (5, 1335) and the value for *1” is to be interpolated. 
The difference table is given on the next page. 
se L(x) =f Xe) + (x— xo) fo x1) -(x— 8) (x—23) (хө, Xi Ха) 
: TF (x— xo) (x —23) (x — x3) AXo ху, Xas Xs, 
-E(x— xo) (х) (x— xs) (X— Xs) fixo» Ху, Xas Хз, Xa) 
= 1245—(x+4)404+-(x-+- 4) (x+1) 94—(x-4-4) (x4- 1)x.14 
TQ) (x+1) x (x—2) 3 
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муо) | имло) | имло) 


Лх) =5—14х-+-6х2—5х°--3х*. 
when x=1, f(x)=5--14+6—5+3=—5. 

[6] Lagrauge's Formula. 

Suppose (n+ 1) values of f(x) are known as f(xo), оха), fen at 
points хо, x1,...,x», Which are not necessarily equally spaced. Thus 
f(x) can be taken as a polynomial of degree" and one of the 
possible forms of f(x) can be taken as under 
Хо) = Ao (х х) (х—х)...(х—х„)+- А (X=) (x28). 

ФА, (х— xo) (ху) (хха). (Xn) t --- 
FA, (хх). (*— Xn). 

At the point х=х,, f(x) f(x). Putting х=х and Дх) = хо), we 

get 
Aim op ге мы у ш, 
9 (x—2) (Xo — ху)...(хо—Х) 
Also at the point x=x,, f(x) f(x). This substitution gives us 
Р fe) 
E (5— X) (5 —3)). 03 >a) 
tud Xs 

Similarly, — A x) 
d y 

(x. — Xo) (Xn Xa). (Xa — X» 
With these values, we get 


(x—x1) (Х—ху)...(х—хһ) 
ELE CORE] (бсо). B (Xo— Xa) Хх) 
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(хх) (x—23)...(x—2x4) 
i (ху—ху) чус е дыш 
(х= хо) (х=) (х=-х,)...(х—хһ-1) 
(ха хо) (хах) CHE MERE CUN Ды 
which is Lagrange's Formula. 
Problem 42. By means of Lagrange's formula, prove that 
() уу=уз—`3 (У»—У-)+ 2 (Ys—X-s) approximately. 
(ii) ¥o=4 (у. 1-7-1) 8 Q8 —X) —3 0a —3-3)] approximately. 
(i) Here we are given y_;, Y-s, Ya and ys and у, is to be determined 
p c(3d-30-9 
UU (—5:3(-5-3)(-5—5) 7 
ud (14-5) (1—3) (1—5) 4 (1+5) (1+3) (1—5) Д 
C345) (73-3) 03-3) 727 BES (3-3) (3—5) 
+ (14-5) (13-9) (1—3) у 
(5-5) (5+3) (5—3) * 
О 40264 0029-0 


(72) -8) C- 19) * 2) (79 (78) 
(6) (4) (—4) (6) (4) (—2) 
019 —2 ?** (10) (9 0) 2° 


OF y, — —+% У-У-У — s Ys— 29-5 5y-3— 38 
=Ys—3 (%5—у-;)+`2 (y-s—Y-s). 
(ii) Here we are given the values of y-,, у- Yi and y, and y, is 
to be determined. 
y... (4-1) (0—1) (0—3) (0+3) (0—1) (0—3) 
ПСЕ Зу Сз 3) ЕГЭ) 7-1 
(+3) (+1) (3) + (+3) (+1) (—1) Ў 
03) +) 0-3) ^^ (3+3) (3+1) (3—1)°* 
oF Jo aY- Hia Y — $878 
=35 (УУ) ra [(%з—))—(У-1—У-3/] 
or = Youd Оз+У-)—& B 03—»)—3 0a —»-3). 


7.10. CENTRAL DIFFERENCE FORMULAE 


When applying Newton's Gregory formula with (п--1) known values 
of the variable, we assumed the function as nth degree polynomial, 
for finding out any intermediate value, but actually the polynomial 
happens to be different from nth degree, so Newton's formula gives 
an approximate result only. For better results central difference 
formulae are introduced. 
-... Suppose function f(x) takes the values f(0), f(1), f(2), f(3), Д4), 
Д5), Ј(6), /(7),..., equally spaced having unit interval. 
If we shift our origin to the 4th point then f(x) will become f(—3) 
K-D, K-D, fi), f, fD, ДЗ)... : 
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[1] Gauss’ Forward Formula. 
- Newion's advancing difference formula (in which interval is 
unity and zero is the starting value of the variable) is ^ 
Ло) =) С; AOC: A? ХО) +С. AS()4-...-* CL A* fO 
as A*f0— A?L—D-- A* fC-D 
: [7 A'f-D— A73 C40—fC-0)1 
‘and A*f(0)— A*f(—D-- A* ND. d 
Similarly, A* f(0.— AS Д—1)+ A* f(-D4- А%—1) 
j © =A DHA fOD, 
At f(—0— A5 f(-2)- A* fi) etc. А 
In general Atfip)=A™ Др—1)+ Д” (р—1), for every integral 
values of r and p. 
Substituting these transformations in advancing difference formula 


we get 
fGQ)- 0-7 C. A ЛО) С.Л? f OHC A*f(0)-- CLA fO 
: +°C,ASO+-..- 
=flO)+7C, A f(02-*C, {AfD A? f(-0) 
470, (A ADHA f -D) C {At {D+ ASC-D) 
i +C. CAST DE AS f(—1)) and so оп 
or fo) f) С ЛАОС. A* Д—1)+@С,+“С,) At Д—1) 
FEGH) л^Д—1)+@С,+*С,) AS-I) : 
HEC +C) A‘{(—1) and so on 
ог SAAHA OHA SDH C,A'fC-D 
HACA A DH CANS +С Л*Д—1)+--- 
: and so on. 


(Now we have to transform A's of f(— 1)into A's of f(—2) after 
4th term, and then A's of f(—2) into A’s of f(—3) after 6th term 
and then after 8th term A's of f(—3) into A's of f(—4) and so on.) 

дел C ^ ЛО) СЛ? Л D+H CGA fI) 

ac (A* ADHARC (53-2 
+л°Д—2}+*"С, LANDE АД=2}+--- 
or Л) = ЛОС, ‚А f() 37 C л f +С ЛЛ) 
AICA RADHE Ct C} ASK—2) Я 
HACH YC} AM—D+EH СС) NC» -- 
ог /(х=Д0)-+*С, А f-^C,A* f —07?C aA fce- 0 
ес, Ле Д2) 2) +92) 
42C, NAD+: 
ог f(x)=fO+7C AfA HD+ GAO : 
$C AS 2) * C ASfC-2) H7? *CASC-3) 
$C, AT Д—3+-- 
Co AS2) 9 N'L-3)H- A* 79) 
which is Gauss’ forward formula. ; 
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If origin is not 0 and interval is not unity then, in general, 
f(a--xh)—fía)3-* Ci A f(a)--" C, A? f(a —8)3-7* C4 A*fía— B) 
< +C AS fla—2h) 47°C, A*f(a—28)- ..- 
This formula contains the odd differences just below the central 
line through f(0) and even differences on the central linc.: The 
table will make it clear : 
[2] A central difference table can be prepared as follows : © 


Ах) | AS | AVG) | Д0) 


л 


-2!Л-2 Af CÓ | , 
-1 jf) ayn ЁС? Jam | 
fo» AS C3) 

B fo arc» к А20 apy A 
1| ла) Ae T DIR CASCO 
2 з) : ^f (0) 

sa ASO | sea | Oe 

AT fQ) 


[3] Gauss' Backward Formula. 

Here Newton's advanciag difference formula is so transformed as 
to bave a formula involving odd differences just about the centrai 
line through f(0) and even differences as before i.e. on the line. 


г fG)—f(0)3-*C, ^ ЛО) °С. Л? f(0)4-*C, A*f(0)--* C, A* Д0)... 
=), CA Д—1)+ A? NDH C (A* f(-1) 
Ў T ATfC-DHETC; CA? (—1)+- At Д—1)) +... 
—f0)47C,A Д—1)+@С,-+*С„) Д 1) 06:70)... 
АЗД—1)+@С,+*С) At Д—1) 
TCCr*C;) ARI.. - 
or Дх)=0)+*°С,Л NDH C,A* Д—1) 
TCI AT f) *" C,A* f(— —D-*?"C,A*f(—1)4-... 
or ROARDA ADYGA Д—1)+°*с, {A* f(—2) 
: HAIC D??C, {At f| 2) AS f-2) a... 
or Дх) = ЛО) С, A f(—D--** C A* f(—1) 
FPGA f( —2)-*CLA* f(—2). 
Thus the backward formula is 
SOSCA A-DF CGA ANHAR- 
H FCA f(—2) 1 * *C, A*f(—3)4-... 


DIFFERENTIAL EQUATIONS к 649 


Ш саѕе originis а and interval of differencing not unity, then 
f(a—nh)—f (a--n (—h)} (taking A apum 
А f(a)—f(a--h)—f(a) —f(a—h)—f(a) — — ^ Да—®). 
A* fía—h)—f(a--E) —2f (a)--f (a—h) 
—f(a—h) —2f(a) +flat+h)=A* f(a— h). 
Thus even differences remain as such whereas odd ones change 
their signs. 
2. f(a—nh)—f(a) —C, Afla "СЛ? f(a— 
(0С, SA'*f( (a— 2h) FDC A? f(a—2h) — с AM gaik. 
[4| Newton's Stirling Formula. 
T dca Á Pecan pus у 2j Ае), formulae. 
Е 4)--"C,A f(a) -"C, ^а 
а+п EAA Nah Cy A* fía—2h) 
T Re AC 
делаю 07D A*fe-W 


=fla)+nAfta)+™ 


Eno Dan A* fla—2h) 
eE» ee дуа–20+.. 


O 2A fle) A fla ze 5 7 A? f(a—h) 


n (r* —1?) 2A? f(a—h)— Re 2h) 
RENAL D 2 
mime At fla—2h) 

Pi oe 1?) (02—22) 2^5f(a— ‚Ле A*f(a—3h) 
l5 
п? (n?—12(n*—2?) 
Tu 
> Лат) —f(a) 4n LMA Лат лада 
i 12) A? Ла i A foa 2h) 


A* f (a—3h)+... 


LER 18) (п2—27) д'Ла-29+ A* f (039 
Б. 


р Á Zeno m A* fía— —3h)+... 
which is Stirling's formula. E 
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If a—0, h=1, and n—x, we get the ae as 
ЛФЛ Л) MAD 
É 


доло A+ 


4% Met bd ert AS —D+ ASE) 


dus 
EN 1) (02—23) 


E 
anD ARD y. 


The central ser table shows that this formula involves the 
mean of the odd differences above and below the central line and 
even differences ps the central line. This gives Very good results in 
successive approximations as it decreases or increases uniformly. 
[5] Bessel's Formula. 
Gauss backward formula is а 
fQ9—f0)-*C. A KDH CAAO 
CARE LYH CAROD. moss (D 
And forward formula is ў 
NONO аа fd 
AGANE DAT AA CES + .Q) 
Shifting the origin * 1 in backward formula (1) ie. at 4 in the 
original data, we get . 
fix) - fü) +27, A ЛО) +С, A* FO) 
LC AM(—DE MOM D+- cs (3) 


Taking mean of (2) and (3), we get 
fi9eiLA0-- ECHC Af) 


2 
4c, ДОЊА 0 poc, prc) ACD 


A CD A34 Fac; BC IAS NDE. 
eS 1) A* f(0-- A ED 


—— E 


4C, 


cis LAO) +/+ G— -ÐA fo 


4675 : en NÉÁ- ‚+ х (х—1) (х—2) 
4_ 


(х=) (х+1) з (x—1) (х2) 


ПОСЕ =» 
12 


X AS 2+... 
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which is Bessel's formula. з 
If we replace х— $ by 1, i.e. x by 24-5, we get 
кен) AONA ДО) 
> °_ (ү 2 К і 2. (1€ X 
a (0° A EA K nyet m лал) 


i Ne 
E 


js ee = 0 HARDAN —2)} 
TT к-не ал MD 


which is rather convenient shape of .Bessel's formula for practical 
purposes (but only if x > 3} NS 
Here we have alternately mean of the differences falling on botb 
the sides of central line and differences lying upon central line. MES ie 
[6] Laplace-Everett’s Formula. 
Gauss forward formula is 
/(х)=Д0)+хЛ AOL CA fL- ) 4-9 S A* N-DE ACAR- 
б pC ASNH . - (4) 
me At f (а) = Л f(a-- E) — Д? Да). 
With the help of this relation, eliminating odd differences from (4), 
we get 
Д\х)= Д0)-Е°С {Д)—Д0Ф}+°С, А*Д—1)+°С„{ A* fO) 
LARA- H CANH Cs (лл) A fC72) 
eCe f(—3) +... 


or Дэ) (1L—3) AO) 9С, 0-065 AAD 
асло) Са") A KDC ARN) 
46CC) ARDE CARD 
Со") д°Д—®+.- 


одеа 90-7812 7] AD 


ПЕТИ ET 
(xr 1)) EDO (+D) d 
+®Ы” aor (GEES) er 


+o at JC 


or f9-a-» mo pz] геа) 


цене eg asare ] 


i 1 (3) -| (5) 
лон £372 a-net] 
If d—a)=t in tlie Ist part of the formula, then we get ; 
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лә-{ 04555 p 79020 A 29. | 


+ pite D LU ду е e» =Ў 62—29 лад 
©] 
which is the Everett’s formula: 


Problem 43. Given ил, и, иу, Ua, Ua, us (fifth differences. constant), 
prove that uy, ee сео -by any central difference 
formula, where au, us, bu, +t C= Uy Ms. 


Bessel’s formula is 
1. (уз 21 (y 
wem per Т0 Aet Ача HUS A ды, 


410-09 (е6) Аы. A's 
E 2 
2-99 1899 Atha» 
pr differences constant means that differences above fifth are 
zero}. У 


Putting /==0 іп the formula 
1, 2 ЭКЕ YY rs E: su, 
yat Inu] Аа 4f BC 2 Dua D 
=} (ини) 4 чады ү AS Аша 


ани) m Fn а ана) ^ 
"ule 5 7 E61, Aug Fia а а Gus A Fa) 
mp (utu) dc (йа мои а take (5 uc E22. 
—3ua Tua) 
ог uy = Hutu) тт {Ilua Hua) — 9(15-1- 4) + 6us + uo) 
+16 (0+4) — 16. (15-15,)). 
Shifting the origin to —2, we get 
му m (а-и) tate {3 (Us Ho) —9 (иаш) +6 (05-14) 


+16 (ug +s) +6 (u+ 
=їс++їт a—954- 6c--16c— 165) (u, +a) 4-6 (0,4-u)) 


or ugy=he-+ «i (3а--22с—25Ь) 
= €: 25 кна (a=0) 
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7.11. APPROXIMATE INTEGRATION 
The approximate integration or numerical quadrature deals with 
the evaluation of approximte area under a curve by determining the 
- value of a definite integral with the help of a given set of numerical 

values of the function under integration. For this purpose we 
approximate the function into the form of a polynomial applying some 
formula of interpolation. The degree of the polvnomial 
the number of known values of the function. With л known values 
the function. can be supposed as a polynomial of degree (n—1). Now 
approximating the form of the function, we can integrate it within 
desired limits. 

[1] Trapezoidal Rule 

Suppose there are two values of the 
function f(x), f(0) and f(1), represented 
by H and K on the curve. There can 
be unlimited curves passing through 
these two points; the simplest of them 
will be one degree polynomial, i.e. a 
straight line, say f(x) — A-- Bx. 

Assuch area under the curve bet- 
ma {0, /(0)}, (1, Л1)) and the axis 
of x is : 


=f Ao dx= f, ema 


-[ Ax TET -A 0 


Suppose |, fie) dx—If(0)-- m fil). 20 
; =I (A)+m (4+8) — [БуЛх)=4+Вх} 
j MC 


=(1+т) A-+mB. 
Comparing (1) and (3), we get 
1 : 1+т=1, m=}, 
* i=}. 


* Substituting these values ‘of / and m in (2,4 же have 
f, feta o АЮ, 
[2] Effect of changing Origin and Scale upon Trapezoidal Rule. 
‚ Suppose x— Lx (where a and are constant and z is a new 
variate}. 
So that z=a+xh, giving dz=h dx or dx=- 
When x=0, z=a and when x—1, z—a- h. 
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Also we have р f(9 2417000). 
on dz 
е Fat vie fet 


на h NL 
or [ қо а-а. Ща+Ка+®1— р fla) dx. 
[31 Extension ef Trapezoidal Rule. 
We have by taking л intervals each of length h, 


[oo acm esr rne m 


-hü (Mot flat nb} + Да+®)+Да+2Ю Y Bases. 

ї -„Да+п—1Ю))] 
— distance between two consecutive ordinates 

x [mean of the first and the last ordinates 

+sum of all the intermediate terms]. 


[4] Simpson's 1/3 Rule. 
Consider three equidistant 
-points Н (0, O}, К (1, fy} 
j2, D} and L 0, FDY, where the 
function f(x) takes values 
АО), fd) and fO) respectively. 
"here are unlimited number 
of curves to pass through 
these three points H, K and 
X L, and second degree curve 

will be the simplest one. 


aH, f(1)] 


Fig: 7.2 ; Suppose 
fo9)— A3 Bx-- CX. 
^ f9)— 4. ч 220 
fü)- 4--B4-C : a) 
and fQ)- 4*-2B-4C. ...(@ 
The area between the curve BIKE and the aris of X В . 
З f; fx) о} (A-EBx4-Cx3) dx Р 
LJ ° 
[crine ice I —2442B41C ...@ 
Suppose [лә dsl QE mf) of 
—IA--m(A -B-4-C)4-n (4+2B+4C) 
i [by (4), (5) and (6)] 


=A m+n) +B (т2л) С (т+4л) ...@ 


aida EEN V rr MES dl 
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Comparing (7) and (8), we get 
1+т+п=2 
т-+-2п=2 f, + 1=4m=jn=}. 
m-án-i J 


Sathat r fo) dx= AOH ЛЮ f) 
hé r fo) dx ЛО) АД) ЛО). ‚..@ 
which is Simpson's one-third rule. i 
| Ама. [^ feo dee | Uto foveant f) ds 
=f Hotta AOA AON PAO d 


[snos 2 cx fia fT; a^ Ло) | 


—2f(0)--24 f(0)-3 A* fo) у 
—20)-12 L( 0) H A-AA 


es a f(x) dx—4 MOHO: 


[5] Effect of Changing Unit and Origin оп Simpson's $ Rule. 
Suppose х= 2—2 ШЕ х=. 


Thus fix) dx =4 (fO) +f), changes to 


а?л h 
[^ лоас Utrera. 


In particular. f f(x) dx=} ((—1) +4110) +D) ‚..@0) 
ү ; 
Also when a=0 this yields i 
Б : 
[ло de= S noc ano crm ДЫ) 
[6] Extension of Simpson's $ rule (for all even values of n). 
anh a+2h ah 
We have f (x) х= | Дх) ax+| ^ f(x) 4х+... 
i a a at2h 
anh 
+] у. 
anah 7 


a! Uto Af) Hia 29) 0а 28 Aat ID ++) ; 
| +. +{Да+л—28%)+АДа+п—1®)+Да+люй 
= 3 ЩЛФ-+Да+лю}+4 Ute +ю+Да-Е3®)+-.. + Да+п—1Ю} _ 
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42 { fla+2h)+flat+4h)+...+fla+n—2m}] --- (012 
=(one-third of the interval) ((sum of the 1st and the last terms) 
+4 (sum of the odd number of terms) 
+2 (sum of the even number of terms)}. 


[7] Simpson’s ith rule. 
Consider four points (0, Д0)}, (1,/(D), (2, 22} and (3, fO) ` 
of instead three as taken in [4 


Then Required area= f fo. dx. `. (13) 


For the sake of convenience let us double the unit of interval and 
then shift the origin to 3. By this transformation we have the four 
points (—3, (—3)}, (—1, K-D, {1, FW and {3, 43); as given and 


` во we have to find out the value. of the integral * fo) dx, where 
есет, a third degree polynomial with four given 
values. j 


Suppose [^ Да) dx=m Д—9-ЕЛ3-Еп (ADEA 


or ie {A+ Bx4-Cx*- Di?) dx—m (24+ 18C}-+n {24+2C} 
{с f(—3)=A—3B+9C—27D etc.) 
or prr FE GE BEV а @лтєэл)+с (18m2) 
ог ` 6A ВИА AE (18m--2n)C. 
^. (2m+-2n)=6 and 18m+2n=18, 
` giving 16m—12 or m—£ 
; арі: 2n—6—2m--6—$—1 or n=}. 
Substituting these values of m and п in (13) we get 


[ло à: DOE Uc- 00) 


3 
бог is f(x) dx= [2 (f(—3)--(3)--6 DHD — ... (14) 


which is the form of the Simpson's sth rule. 
- Shifting the origin to —3, we get 


[feo а= 42 ODIDA ...09 


which i is another form of the formula. 


Making the interval half of the present one which is 2, e, making 
the interval unity, we have 


fj 109 ax: цо) 449-43 ears CENT 
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Note. Like the brd rule, the 3th "d can also be фм by 
evaluating the integral. 


[ л» а= кш а= | (1+ AY f) dx 


-f fits xa 06 1) x) лар ues At los 


T Ier )at+ 4i )л A*} 10) ax 

и EXC p rm 

-304-3f0«(3— 5a - 22) 

-319-2 |} 10-70} + ‚5йла-эло+ло) 

» i +4170- —ээ+зл)—Л®} 

=(3-$+7 -3)m«2-251^ пн) 
+4 3 p 


— 3 (0). 49))-3 MOHON. 
[8] ке of Changing Origin and Scale Upon иһ Rule. 
We have |? Ла) xt I0-:/09)-73 (+AA 


x =x, so that dz—hdx 


Suppose 2 
d id M da= ЭЁ ((8)-fta-H39))--3 (fi) 27] 
. (17) 
[9] Extension of Simpson's {th rule. (When л isa ee of 3.) 
atnh 
[^n а= [^ f ace [gon ж+| fo de. 
diss JI dx 


= hy fa +flatnb)}+2 (flat 38) +flat 69 - + (a+-n--3h)} 
Ме (f(a-- B) -f(a--2)- +f(at+4h)+flatSh)+...)} ++. (8 
3 (sum of the first and last term) 


А (sum of 4th, 7th, 10th etc. terms)-}-3 (sum of the remaiging 
2nd, 3rd, 5th, 6th, 8th, 9th, etc. terms]: 
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[10] Weddle's Ruie. 
If f(x) is given for certain equidistant values of x say xy, X+h, 
Xy+ 2h,...and the range (a, Б) is divided into л equal parts each of 
width А i.e, b—a—nh and if x,—a, x,;=x)+A,...%,=a-+nh=b, 
assuming that (n+1) ordinates уу, y;,...¥_, are equidistant then bya 
х—ху 
h 


[ram [em ost [eene tz? 


E 


[од (УА s gt AYO c 
h| n 2 An AXES Mr тт) ate 


charge of scale, u= 


» dx=hdu, the general quadrature formula is 


+ ... upto (n4- 1) terms ] ++ . (19) 
Putting n—6, and neglecting all differences above the sixth, we find 
хона 
k ydx—h [овд аду, atat e 2. Yo 


1 
m A+ БА» ] 


Replacing the last term by А» and neglecting the error а. 


A% made, узме is 
Xota d 
m vci [cn seen] 


nr хо h 
Similarly, [as ea тва ut), | 


Xon) 3h 
к. ydx— | Je Vast Yast} mons 
trata) n being multiple of 6. 


^ хол 3h 
Adding altogether, | 3E deo es TS Os ++ 5s 
Ven] ...0%Ф 


which is Weddle’s rule. 


Note. The trapezoidal rule, Simpson's td rule and Si n's èth 
rule can successively be obtained b а! 
respecively in (19). \ У Pulling, пт], tnl and тыз 


Problem 44. Evaluate the following: 
2 
(0, | тга dx and hence find the value of log, 2. 


ү 


ee НОИНР ҮТ _ 
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10 = : 
(ii) | 285 by dividing the range into eight equal parts. 
з 


їх. 
(i) We have [s f G) dx—3-3 {Д®+4ДӘ-+ fi). Й 
ре O m 
Eus aii түр +5 rote 
цон) 45. 2..@ 


‘Now putting х?= in the given integral we get 
[am f Hit} toe. ae * anf Jog, 2 «+ -(3) 
OE em Lo yum re e о ДҮ, 

2. from (2) and (3), log, 2=3 X ту» $1 = 6944. 

(ii) Dividing the range into eight parts by means of 9 points 
ofthe x-values- as 2, 3, 4, 5, 6, 7, 8, 9, 10, the extended form of 
Simpson’s 4rd rule gives. 

10 D 

f Дх) dx ICA) H-f00) LAAHAA +4 {f3)+/6) 
i OMS)... (9 

But feoir 


1. f(2)=.333, f(3) 5.25, f(4) —.20, f(5)=.166, £(6)—.143, 
AN=.125, f(8)=.11 1, fi9) 5.10, f(10) —.091. 
Substituting these values in (4) we get 


10 
f f(x) dx=t [(.333+.091} +2 {.20+.143+.111} 
+4 {(.25-+.166-+.125+.10}] 
=} [.422+.908+2.564]=1.298. 
10 dx 5 

Hence f. ET 1.298. 

Problem 45. Jf из is a function whose fifth differences are constant, 
^ из dx сап be expressed in the form pu-a-t quo pua. Find the 


values of p, q and a. 
Use this formula, after making necessary changes їп the origin and 
scale, to find the value of log, 2 to four places of decimals from the 
1 


I 
equation „ Т+х dx=log, 2. 
(i) As fifth differences of the function are constant, so 4, must be 


' of fifth degree such as 


u,—a-- bx 4 cx! - dx - ex* 4- fx. 
1 1 
en | us dx= [ {а++5х-Есх%--+4х?+-ех*-+/55} dx 
- zx. 


5 


c e 
=2 {++}. v d 
Now pua 4и, риа =2р (a--a*c ate) - qa. Э э» 0) 
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i 


But f и, dx —pu e + gigt piia. 

Now equating the coefficients of a, c and e in (1) and (2), we ia 
2=2р+4...(3), $—2p2*..(4) and }=2ра* . (5 
KA “= 1 -{. » 


Substituting this value of «* in (4), we get p=. 
And then substituting this value of p in (3), we get @=}. 


Thus Г и, dx {S(ua +u a)-Bu,), where а=}, 
(i) +: E и, dx=} (5 (tint Wn) + 81). 
A f к, dx=} {5 (инаи, а) 8и) (shifting the origin to —1) 


р My dx— (5 шанаа uma Bug). 06 


(Dividing the - by ý 
1:—. 
Ti ` cup 
1 SERE TANT, EU S A er 
and Маја on): pr = 1+ т E " ME 
esc these values in (6), we get 


„| 8х2] 131 
fx Ts dx= f es 8х2 DEI әм. 


1 i А 
But f ПЕТР dx=log, > *. log, 2=.6931. 
т 
Problem 46. Calculate | Pair AE by 
0 


@ trapezoidal rule 
(ії) Simpson's rule (using 11 ordinates) 


Dividing (5 0, = = Jinto 10 equal parts so that hase we have from 
‘rigonometric ар 


Ji-sin 0— 0.0000 ува 5 0.8090 
y.-sin у =0.1564 Ji—sin m =0.8910 
yg=sin T =0.3090 y,—sin Z09511 


3r 
Yeti june Ju sin эр 20.9877 
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y,—5in 7 —0.5878 Ju=sin 7-—1.0000 
. ».—sin $-omn 
( Required value of the integral 


—h Or +n) +O tyst- Б) 
=ж} 05355531 {=0.9981. 


(ii) Required value of the integral 
h d 
=a TYnt20s Yep Уу) +r +y Уе Уе] 


mol 14+5.3198+12.7848 19.0986 0.0524 1.0006. 


Problem 47. Use Weddle's rule to find the value of |"? log x dx 
4 


Total interval—5.2—4—1.2. 
Dividing 1.2 into six equal parts, h=0.2. 


By Table we have 
x 40 42 44 46 48 50 5.2 
log, x 1.3863 1.4351 1.4816 1.5261 1.5686 1.6094 1.6487 


Required value of tbe integral 
=(0.2)x jo | 1-3863-+5K1.4351)+ 1.4816+-6(1.5260) 


+1,5686 45(1.6094) +21.6487) | 
* 221.8278 approx. 
[11] Picard’s Method 
Consider Ф fo, y) .- (21) 
Suppose it is required to find its solution under the condition y» 
when х=хо. 


Integration of (1) gives y={ Sx, у) 4х+ € 
When x=, Y=Yo л є=»—| f(x y) dx 
So that »-*| f(x, э&- | fe y) ax 
Ed E Ах, y) dx 02 
Now (22) is integrated by successive approximation. 
The first approximation is found by putting y—y, in the integrand 
of (22), whence we get. 
north, Дх, Yo) dx 
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` The second approximation is obtained by replacing y by y, in 
R.H.S. of (22) 
ie. »-»t |. Ах, уу) dx 


‘and so оп. 
In general the nth approximation is 


Yn au Ах, уһ-у)4х. 


Problem 48. Solve Z extr where y=0 when x=0. 
Here x,=0, y,—0 and f(x, y)=x+y" 


^ First approximation is у, =у,+ Е de Yo) &х=о+|' х dye 


7 fle, уд=х+0%=х 
Sécond approximation is 5 


»-» |, f(x, уу) dx, fiy) F) =х+г 


=0+ f" (x+ 4) oS 


Third approximation is 8 
»=%+ | f(x, уз) dx, Дх, =x F ++) 


x x 
> Pi ERE +400 
x 
e (+) = 
xo xt х : 


Nu i 20+ 160 + 4400 ` 
Which gives fairly good approximation, 
[12] Extension of Picard’s Method. 
_ Consider simultaneous equations 


2 = f(x, y, 2), РА =g(x, у, 2) z. e (23) 


subject to the conditions y—y,, z—z, when х= х, 
The first approximations of (23) are 


ven | Дх, Уо, 20) dx, E g(X, Уо, 20) dx ... (24) 
In general the zu approximations are 
Уһ= wtf. f(x, Yn-1» 2а) dx, z,—z,-- |. SOC, Уп-л› .Zn-1)dx 
° хо 


Problem 49. Solve Ports, © oxy where y=2, 2=1 
when x=0. 
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Here x,—0, y,—2, z,—1, f (x, у, z)=x-+z and g(x, y, z)-x—y* 
First approximations are »=?+[' (x+1)dx=24+x+ = 


а= eo amie = 


Similarly second and third fpreorimaroné can be «ташы: 
[13] Jess ads Method. 


Consider ФУ ух, У), Y=}, when х=х, | 
Assume that у= F(x). Then тано! s nd yields 
F(xy -h) - F(x,) d-h Feat Pt Ty [s F"(x)4-... ... (25) 


Here Р (= =Дх, у) De 


Tae p— T ‚=, г=®/ ahs =з; T 


At у=у» when x=Xo, let р=рь, @= dy, "= 3= Зу, f= fo. 
Now Р) FF - (37245 ера 
"d 0 L acer 


F'(x)— ага = £ )- (z+ 2 T P 


д 
"biu Ro E EY 


; eri ERU P 
з 
Hence Ехо) — FG) hf, + к. poth) e 6 ot 2fo So 


Ho to-- Poo fud) + -.- Q0 
Here the first term represents the first approximation i.e., 
F(xo th) — F(x) — hf, і.е. y —Yo- hf(xo, Yo) ... (27) 
The second uio eril i be taen as 


y-yy-hf x VES №) (ay ... Q8) 
whence у e s vU we A 
1/1 
(ао M) рве Мат (ims 
PE LIIS) 
giving kı=hfo + 4h? (pot Sedo) +th® (rot 2fefotfata) .  ... (29) 
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From (26) it is observed that the difference in the two values of К, 
found from (28) and (29) is in the coefficient of A*. 
In order to find the extra terms in h*, Runge-Kutta replaces 
‚ f(x, th, yo +hfo) by k'"' —hf(x,--h, yo+k”) where k" —hf. 


Qu h, Yo+hfo) 
The modified formula therefore becomes $(k'--4k,--k") ` 


where k’=hf,=3k,-+$k,=k, К, —,) and k,=4 (Kk -k"^). 
Hence this method is applied in the sequence: 
ЕМ; К" —hf(xy--h, Yo+k'); Е" hf (x+h, уо") 


h iX a m 

kı=hf (ati »t ak 92 k= 2 WE ) and 
Е). 

Problem 50. Apply Runge-Kutta method to find y when x=0.3 from 

2x» where y=0 when x=0, 

Here x, —0, y,—0, h=0.3, f(x, y) m x-4-y* and f, f(x, у„)==0. 

^k -hf-0 

К' hf (xy +h, yo4-k') 50.3 x f(0.3, 0) 50.3 x 0.30.09 

k'" —hf (x,--h, yo3-k") 0.3 x f{0.3, 0.09) —0.3 x NOD 


kı=hf (+2, »+®-)—оз x f(0.15, 0) —0.3 x 0.150.045 


к= +k’) =} x 0.0924—0.0462 
k=k,+3(ks—k,)=0.045-+-0,0004=0.0454. 


7.12. PERTURBATION METHOD 
[A] First Order Differential Equations. : 
When dealing with plysical problems, we frequently encounter a 


differential equation of the type ` ) 
ФУ y=0 with у (1)=1 (say) TOU 
which nas been disturbed by a small effect. We thus modify (1) as 

9 нує, у(1)=1 2 o0 


where € is arbitrarily small. 


We have now to determine by how much the solution of (1) has 
been changed on account of the presence of the disturbing factor €x. 
This change is known as a Perturbation. 


Su; Уо(х) is a solution of (1) satisfyin, 1)=1 and assume 
the solution of (2) as : : PX 


Wx)=Yo(x)+-(2), р(х) being perturbation S 1.9 


= 
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Expanding y(x) in a series €, such that 
d Deren redes ...@ 
ETE. EUS 


AN the first term €y,(x) is known as first order perturbation, 
second term €*y, (x) аз second order perturbation etc. 

With the, substitution of (4), (2) yields ; 
WHEN ELEY +. Vet n-- € E y. nex. um 
or (у +y) +H +2уде+(уу WINAVI +... = Ex 2 (7) 

Equating like powers of € on either side, we get 

Bes. / 4-993 —0, у, -299)1 x, уз -2yoYs +V —0, etc. ++» (8) 
ving these equations in succession, we may find y,(x), ух)... 
ДӘ: „in (4) and each of these functions satisfies the initial condition 
У(1)=0. But y, is a solution of (1) and hence we have 


у01)=1, у:(1)=0, у,(1)=0 2 e 
Now in order to solve (1), substitute (4) in (2) to give 
0 HIHO 2995) € O4 + 2st Y; EH... €x . . . (10) 
Equating coefficients of €°, Є, €*, on either side of (10), we Lay 
Jo +y =0, y,*--2y,y,—x, Уу 2991-1! =0 .. (0) 


of which first equation gives for у,(1)=1, у= L, and then second 


one gives +2, =x which with y,(1)=0, yields, 


о Е 
YE (= ы ). 
With these values the third equation of (11) gives 
PEST 1 1 
Me Z2y-—313 “—2++г) 
hich with y,(1)=0 yields у= —L (2 —%х 1 )- 2. 
whic Уз yi y= 16\7 x )- is 
With these НМЕ (4) yields” 
1 2177.732 
yo yf * £(v-i +)-% S 9-1 +2) 109) 


This follows that the solution of (1) is 1; but where the distur- 


. bing function €x is present, the first and second order perturbation 
terms are respectively the second and third terms in (12). 


[B] Second Order Differential Equations. 
Consider ап equation Е +у= 9 д 2163) 


With »(0)—0, »'(0)— 1. «++ (14) 
(13) is the differential equation of S.H. M. 
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Taking the шо function as —2€(y' У, €being small, (13) 
can be modified as 
у'+у= —26(у')? ++ (15) 
with y(0)=0, y'(0)—1. 
If y (x) is a solution of (13), then suppose that 
y= tH +e Vet... ... (16) 
giving y" =y" 4- €x, Єз"... 
So that (16) will satisfy (14) under the assumptions 
Yo(0)=0, y,(0)—0, (0) =0,...; yo (0) —1, y,'(0) —0, »,'(0)—0... 


17 
Substituting (16) in (13) and using the terms upto €*, we find av 
Yo" FEV еу," +o + EV + E= – 26100) +60)? 
t-€*05)-2€9 y, 4-2€y/ у» -2€y,.] - + + (18) 
Collecting the coefficients of like powers of €, we have, 
(уо у) +0" уз) EHO +Y) C= —2(0')” E—4 01 vi 


19) 
Equating the coefficients of €*, €, €* on either side, we find 


Yo" +¥o=0, Yi yim —2 0905, A" ya —499 i .. Q0) 
of which the first equation in view of (0, »/Q-1 gives a 
solution y,-sin x, Yo’ =COS x .QD 
and then the second equation gives Уу ш соз?х ee (22) 


So that a general solution of (Ән is 
vds sin x+A, cos x--£ sin*x—3 cos*x; y,' =A, cos x—A, sin 
х—і віп x cos x . (23) 


-. A particular solution of (23) satisfying y,(0)=0, y,'(0)— =0, is 
yii cos x—$ зіп? x— cos 3x; y, —3 sin x—{$ sin x cos d 
ísin x cos x=—3 sin x—£ sin x cos x . (24) 
With these substitutions in the third equation of (20) [i.e., » from 
(21) and y, from (24)], yields 
у" уа —4 (—3 sin x cos x—£ sin x cos*x)=$ sin x cos x^ 


sin x—3° sin?x ..Q5) 
Its Complementary function is 
Ye=A, sin x+ A, cos x ... (26) 
While a particular solution; 
of Y, +y¥2=$ sin x cos x is y,— —$ sin x cos x ` 
of y. y, 4 sin x is y, — E соз х t ERAN 


of y," +ya=4- sin*x is у=} sin 3x—2x cosx j 
Hence with the help of Q9 and (27), a general solution of (25) is 
JA; sin x+ A, cos x—$ sin x cos x—$x cos x—t 


sin 3x, r (28) 
Js UV cos x— A, sin x-rS(sin*x—cos'x)--3 d yt 
(xsinx—cosx) —4cos 3x J 
"Using the initial conditions of (17), (28) yields, 
A470, 4,— $$ Fd) e (29) 
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Hence using (28) and (29), a particular solution of (25) satisfying 
Уз (0)=0, y, (0) —0 i$ 

yi—31 sin х—} sin x cos x—$x cos x—4 sin 3x „.. (30) 

Making substitutions for уо, y; and у, from (21), (24) and (30). to 
(16) we find the solution as A 

y=sin x-F€($ cos x—$ sin'x —$ cos*x)+ € (41 sin x—$ sin x cos 
x—# cos x—1 sin Зх) «s+ (IR 

This follows that in the absence of disturbing function the solution 
of (15) is sin x, while in the presence of disturbing function —2€(y^)*, 
the first and second order perturbation terms are respectively the 
second and third terms in (31). 


ADDITIONAL MISCELLANEOUS PROBLEMS 
2 
. Problemi 51. Transform the equation AS d. A to spherical polar coordi- 
nates. If) depends on r and t only, show that the equation can be written in the 
form 


СЫ 1%? 
an Waar) 
Hence show that the general solution is of the form 
Ф) m L-Cfte-er) gren) 


Explain the physical meaning of this solution (Bombay, 1965) 
Hint. Use the transformations x=r sin 0 cos $, y=r sin® sing, z=r cos 9. 1 
Problem 52. Obtain Newton's formula for interpolation, Using this or some ` 
other formula find the value of the derivative at a point, 
The following table gives the corresponding values of x and y 
x 3 4 5 6 7 8 1 


y 205 240 259 262 250. 224 
Find the value of x for which y is maximum. (Bombay, 1970) 


CHAPTER $ 
HARMONICS : 
(With Special Functions) 


8.1. INTRODUCTION 

Їп the previous chapter on Differential Equations A v already 
mentioned that an equation of the type Ar rte or in 
terms of ‘del’ operator 7, V*V—0 - .. Ф) 


ів known as Laplace's equation. |t frequently appears in applied 
mathematics when discussions are dcm cu ig sound, electri- 
city, heat etc, wherever the theory of potential is involved e.g..if V be 
the Newtonian potential due to an attracting mass at a point (x, у, 2) 
not forming a part of the mass itself then V satisfies (1). Similarly if V 
be the electric potential at (x, y, z) where the electric density is zero, 
then V satisfies (1). Moreover if a body is in a state of equilibrium as 
to temperature, V being the temperature at (x, y, z), 
Eo and V satisfies (1). 


The equation (1) can be transformed to spherical polar form ty 
using the transformation x=r sin 6 cos $, y—r sin 0 sin $, z=r cos 0 


во that =x 47, gun? Z, Dotari VHF 
2 


дг. дез. er uo Р UMS MM 
and jr нп сок бу М => sin Osin $, а= 908 6, 


Q0 _cosð cosg ?0 cos@sing 20 ^ sino 
-_ iy T * ez m ——à 


E Xue. r 
9$ 5іпф 0$ cosg оф 
3x — rsin6 dy rsné oz 0 
‚ди ди or ди 90 ди % ди. б 
whence dx ar dx ta ax tag дх дг sn @созф 


BLAN PPPENTTTSTENICTME 
^c» (z =(sin cos $5777, ag 7 sin 6 Og 
: QV cos8cos$ 0V sing oV 
(sin 0 cos 5+ r 90 r sin 0 ô$ 
" BV 2sin 0 cos 0 cos’ 3V К 
i Kobe соу 
2 sin 0cos 0 сов ф 3V 2 зіп фсозф OY 
S т? 90 r ar d 
sin 4 cos $ 9V соз? 0 сов? ф 2'V 
F тї apt r or 
cos! 0 соз? ф ӘУ 2 cos 0 sin $ cos ф a°V. 
ъа a sino 2824 
cos'0 sin $ cos g AV , sin? ¢ 3V cos 0 sin'$ OV 
r sin’? 9$" т а r'sinó 99 


віп? ф V зіп фсоѕзф OV 
Hasin OW t Psing $ 


a 
with similar expression for » by replacing ф by 3 +¢ in this ex- 


pression ў ‘ 
pe ay 2 (2) - (о " z- os 8 ж) (cos П aV sind a) 


gTa (22 90 or r 00 
3V 28іп 0 соѕ 0 OY  2sin68cos0 90V віп? 00V 
=cos? 0 [d r дг 20 А ot or 
sin? 6 ôy 
+ p Ort 


With these substitutions, the spherical polar form of (1) is 

тү 2 av, | V cot dav 1 eV 
trate ар н wise c0 
Which may be put as 


11529 oV 1 9 E SU 1 oY 
ail? a) + aint а (8905) ан Ea ee 
Also if u==cos 9, it takes the form 
fun Piae ea c 
r^3 *as (1 vw) ор tic a dU EO! 
The subject matter of Spherical Harmonics is partly concerned with 
- {һе development of the functions which will satisfy this equation. 
A homogeneous rational integral algebraic function of (x, у, 2) of 
. degree n in the form г" Ay ¢) in spherical polar coordinates which is 
a value of V satisfying (1) is said to be a solid spherical Harmonics of 
nth degree and the function f(0, $) is said to be a surface spherical 
Harmonics of nth degree. Since Laplace employed these spherical 
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Harmonics in determining V, these are also known as Laplace’s co- 
efficients. 
nnd „ д ev 
In case V is independent of $ ie. i79 and so E 70, then (3) 


reduces to 

SE) CE 0 PP 

"ат tsin б дө (sin 9 8g )=0 RES. 

If we put V—r"P, P being a function of 0 only and then change the 

"yai variable 0 by the transformaton.p=cos 0, the equation 
(5) yields 


4 gi? B 

Frat) uw) gine Р 0 -. (9 
which is known as Legendre's equation and will be discussed a bit 
-Jater. 


A function satisfying (5) or (6) is said to be a Surface Zonal 
Harmonics. A special class of zonal harmonics is sometimes known 
as Legendrean Coefficients. 

There are equations belonging to such a form which cannot be 
solved by any of the methods discussed in the previous chapter then 
we claim to find a convergent series arranged according to powers of 
the independent variable, which will approximately express the value 
of the dependent variable. For this purpose the series solution of 
linear differential equations will be discussed in the next section and 
then in the subsequent sections the series integration method will be 
used to discuss the solutions of very important equations that often 
occur in investigations in applied mathematics such as the equations 
of Riccati, Bessel, Legendre, Hermite, Laguerre and the Hypergeo- 
metric series. 

Note. Bessel’s functions are known as Cylindrical Harmonics. 


8.2. METHODS OF INTEGRATION IN SERIES 
[A] Power Series Solutions of Linear Differential Equations, 

We know that a linear differential equation is one in which both 
the dependent variables and their derivatives are of the first degree 
and these do not occur as products of dependent variables and/or 
their derivatives. 

A series of the form 

йаа, (х—хә)+-аз (х—җ)#+ а, (x—x) +.. ... (1) 
where Go, а,, а3,..., Xo are constants and x is а variable, is said to be 
а power series, and it may converge 

(1) only for the single value XX 

(4) absolutely for | x—xs |<€ i.e. for values of x in the neigh- 
bourhood of X, and diverge m pen [<€ while at the end points 
xo: €, it may either converge or diverge, 

(Hif) absolutely for all x i.e. for —0-«x-o, 


acia No als P 
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The set of values of x for which the series converges is sai 
to be the Interval of Convergence and Seed by. gesis said 


In case a power series converges on an interval 7: | x—x, | <А, 


R being a positive constant, then the power series defines a function 
f(x) which is continuous for each x in /. 


If f(x) be a function defined by a power series i.e. 
f(x) dota, (х—хо)+а, (х—хо)* 
+a, (x—xo)*...for 1: | x—x,| <R ... (2) 
then the power series obtained by differentiating each term of (2) 
defines the derivative of f(x) on the same interval J i.e. 
/'@д=а,+2а, (хх) Заз (x—x)*--...for 1: | x—xo |«R 


We can thus define the successive derivatives f"(x); f (x)... and 
so оп. 


It is clear that f(x,)—ae. f (x9) 945, Cfo aye 
As such (2) yields © 
/(х)=Лх)+/' (хо) d (х—-х%+....... 


+5 (хх). | x—8 R 4) 


which is Taylor's series expansion in powers of (x—x). 
If x,—0 this becomes é 


fo=fO+f'O) oe xa IO PE 


А mW ETE NET 
which is Maclaurin's series expansion in power of x. 

Two functions f(x) and g(x) defined by power series such that 

Дх)=а,+а, (X Xo) tar (х—х)?%+......‚. | хехе | <R 

g(x)=bo tb, (*— x9) tba (хх), | хх | <R 
will be equal if and only if a,5,, 4:=b;, a=b, etc. 

A function f(x) is said to be analytic or regular at a point x=x, if 
it can be expanded as a Taylor's series expansion in powers of 
(х—х,) for every x in the neighbourhood of x, and it is analytic on 
the interval I if it is analytic at every point of the interval. 

Now consider a linear differential equation with variable coefficients, 
such that 

y — f, (x) YY +... FA) У f(x) у= OC) +++ (6) 

Where yr > etc:.., then a sufficient condition for the existence 
of a power series solution of (6) is that each function f(x), fi(x),...fa-1, 
(x), Qux) is analytic at х= хо and the solution which is unique must 
satisfy the n initial conditions 
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(xo) Ao, ' (39) =a.. Yx) a... 

There are two methods for solving such equations by series integra- 
tions. 

(1) First Series Method in which the series solution is found by 
successive differentiation. 

(2) Second Series Method in which the series solution is obtained 
by undetermined coefficients. 

We explain these methods applying on the following Problem. 

Preblem 1. Apply Power-series method to find the solution of the 
following linear equation: 
; vd у (+) y'+xy=x with the initial conditions y(0)=1, 
y'= 

We have y" —(x+1)y' -x!y =x NE 

Its comparison with (6) of 58.2 gives 

Љо) =, fi) —x—1, 0(х)=х. 

АП these functions being polynomials, the series solurion of (1) is 
valid for all x, since a polynomial is a finite series and therefore the 
functions f(x), f(x), Q(x) each being polynomial, every solution of 
(1) has a Taylor series expansion valid for all x, 

First Method. Suppose we seek a solution in the form of Maclaurin 
series. Then replacing f(x) by у(х) in (5) of $8.2, we get 


yo» Qi Te Ee Oe iq 


Initially when x—0, y—1, y'—1, so that (1) gives y" (0)—1 ... (3) 
We thus know the values y(0), »'(0), »"'(0) and in order to find the 
values of succeeding coefficients, let us take successive derivatives of 
(1) and evaluate them at x—0, y—1. Differentiating (1) т.г. x, we get 
y" —(x4- Dy"—y'4-xty'2xy-1 ---@ 
which yields y'''(0) =3 - s RS C7] 
when x=0, y=1, y'—1, y" —1. 
Again differentiating (4) w.r.t x, we find 
3? — (x- Dy" —2y" xy" --4xy'--2y —0. 
Which yields y‘*(0)—3 ... (6) 
when x—0, y=y' =y" =1, y" —3. 
Similarly y')(0), y*(0),...etc. сап be evaluated. ) 
Substituting these values in (2) we get the required series solution as 


2 3 
Yep а ecc ew 


s Second Method. Suppose the series solution in powers of x has the 
form 
У(Х)=% t ax 3- a X* - 24x? a x54... х ... (8) 
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Since у(х) is valid for all x, therefore its two s i ivativ 
will also be valid for all x. The two successive derivati. of (8) ace е 
у(х) a, -2ayx-4-3a,x* o- 4a,*-... Т9) 
у(х) 2a, 1-6á5x 4- 12a4x*4- .... 7 +++ (I0) 
Substituting the values of (8), (9) and (10) in (1) we get 
2a,-625x4-122,3*4-...—(x-- 1) (a,--2asx -3a,x* - 42433 4-....) 
+ (taxta Hax c a XH...) X 
Le., (224—4;)--(62—2a,—a, — 1) x4 (12 a,—3a,— 24, - a,)x*4- ... — 0. 
This being an identity in x, the coefficients of powers of x vanish 


separately i.e. 2a,—a,=0 i.e. а= A 


6a,—2a,—a,—1=0 i.e., y= ate th 


3a,+2a,—dn 


| 
i. sus 
12a,—3a,—2a, -a,—0 i.e., a= LR INS Dru | 


Comparison of (8) with Taylor series i.e. (4) of $8.2 yields, /(хо) 
=y(0)=a,=1, f(x.) =y (0) a, — 1. Р 
1 


f 1 1 
As such (11) give а=, =, = 
Substituting these values in (8) we get the required series solution as 
3 4 
убд=1+х+4-+-5- peso. 


Problem 2. Find by power series methods a particular solution of the 
linear. differential equation: 


у“ i-o, x30 and y(1)—1, у'(1)=0, у''(1)=1 


Here f(x) = — i AX -l, О(х)=0 etc. 
GD а. {жу (xc DE 
Ans. yx)mbt-——b-—-6 в 15 
' —..0<х<2 

[B] Ordinary Points and Singularities of a Linear Differential 
Equation. 

Consider a linear differential equation of the form 

YHE) yo +... FA (x) у ERO) QG) (7) 


А point х==х is said to Бе an ordinary point of (7) if each funetion 
Fy, FQ2QF.4 and О is analytic at x—x, i.e, each function has a 
Taylor series expansion in powers of (x—2x,) valid in the neighbour- 
hood of ху. 

Whenever x=%, is an ordinary point then (7) bas a solution which 
is also analytic at x-x e, the solution has a Taylor series 
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representation in powers of (х—х,) in the neighbourhood of Xo 
A point x=x, is said to be a singularity of (7) if one or more of the 
functions Fy(x)..., F, ,(x), O(x) are not analytic at x=x,. 
If we now consider a second order linear equation 
Y" F (x)y'+-F,(x) у=0 ++. (8) 
F,, Е, being continuous functions of x, 
then if x=x, is a singularity of (8) and the product functions F(x) 
(х—х,), and F,(x) (x—x;)* both are analytic at х= хо, then the point 
X=Xo is said to bea regular singularity. In case one or both of the 
product functions are not analytic at x=x, then the point x=x, is 
said to be an irregular singularity. 
[C] Frobenius Method for Solving a Homogeneous Linear Differential 
Equation. > 


Consider, : 

Y" +F) + Е,(х)у=0 +++ (9) 
.In case (9) has an irregular singularity at х= хо then it is too 
difficult to find the series solution of (9) here, but if it has а regular 
singularity at x—x then the series solution of (9) can be found out 
in the neighbourhood of x,. For the purpose of finding the solution 

in later case, Frobenius introduced a series solution i.e., 
yz(x—2,)" [25 -- d, (x—x;) H- a (x — xo)? +45 (x—%)*+...], аа о 


which is known as a Frobenius Series. 

When m=0, (10) reduces to the usual Taylor series and hence 
Taylor's series is a special case of Frobenius series. 

, In case m is negative or has non-integral positive values then (10) 
15 not a Taylor series. 

Assuming that x, is a regular singularity of (9) and F, or Е, or both 
are not analytic at x—x, but (x—x,) F, and (x— xo)? Е, both are 
analytic at x=x,, it follows that F, has (x—x,) in its denominator 
and/or F, has (x —x,)? in its denominator, thereby showing that either 
Fi) (хо) ог Fx) f GO/(x— x} or both exists. In either 
case if (9) is multiplied by (x—x,)?, it will transform to the form 

G—xy"x—x)feQ»y-Re)y-0 9 — ...q 
where f(x) and A both now become analytic at х==х,. а) 

Existence of a Frobenius Series Solution. 

If хо isa regular singularity of (1 1), then it has at least one Frobei ii 
Series solution of the form (10) if it is valid in the common ШЫ of 
convergence of f,(x) and f,(x) of (11) except possibly for х= ху. 

Without loss of geaerality, taking Xo=0, (11) reduces to 

ah E Y +A) у=0 .. + (12) 
where f,(x) and f,(x) are analytic at x— 0 and therefore each functi 
has a Taylor series expansion in Powers id i чов 
hood of х= 0. Let us assume PAM i, fie neighbour- 


AG) e b, bx d bat. +» (13) 
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Л) m e ex eux +... y+ (14) 
Ro deos Frobenius series j.e., (10) and its next two derivatives 
: y—4,X"-F ax" Бахт... Бахт"... ayz0, ... (15) 
y'zaymx"-!4-a, (m4-1) х”-Еа, (m+2) хт... а, (тп) 
Е : + (16) 

y" =aym(m—1) x"-*-Fa,m (m+1) x" +a, (m+1) (m--2)x* 

e We (т-Еп—1) (m+n) хт"... +. 07) 
у(х) will be a soluti i : identi 
Ae їн on of (12) if (13), (14), (15), (16), (17) í identically 

x'[aym(m — 1)x**--a,m(m 4-1) x+... +a (m-+-n—1) (m+n) 
xmn- a] 

abb ba.) agna ras Pr HD Hn (тл) 7 
xmi +... 


4 (co e x tex? 4...) [a9 4-a4x 7*3 4- ... a x79" 4...) 250 
A e+» (18) 
If we expand (18) and collect the coefficient of like power of x, 
then we get 
а, [m(m —1)4-bym- co] - [ay{(m-+1)m-+-bo (m+1)+ co} 
ra (bym 4- )]x 3 4-... [as ((m--n) (m--n—1) 4-5, (тп) 60) Gna 
(b, (m--n-—1)4-6,) + 4, (b, (m--n—2) - c3) +... 00 
ее (batena ... (19) 
This relation being an identity, each of the coefficients of x*, k=m, 
m--1,..., m--n,...is zero. But since 2,30, therefore the first term in 
(19) gives 
ds m(m—-1)--bm4-c4—0 .. . (20) 
which is known as Indicial Equation. This is quadratic in m and hence - 
has two roots say m, and m,. There arise three cases according as 
тузт, and m,—m,=not an integer; m, +m, but m,—m,=an integer; 
m =M. a 
i "Case L When m, m, are distinct and their difference is not an 
Integer. у 
Let us first put m=m; in all the coefficients of (19) except the first 
one and then equate each equal to zero. We are thus capable of 
finding а, 4,,...2,,...in terms of dp. Substituting these values of а, аз, 
—...а„һ, in (15) we get the solution у(х). 
With similar procedure taking m=m,, we may get another . 
solution. 
Problem 3. Solve 2x*y" — xy' - (1 —x*)y —0. 
Let the series solution be 
yza,x" - a xm p ay emp isa XT ues 4,40 Sc Sar (M) 
© во that y max" 3-- (m-- Da x" - (m--2) арх"... 
emu Vm na mint... 


y" —m(m— ax (m--1)m a,x" (mn) түл pe 
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Substituting these values in the given equation, we get an identity 

(m—1) (2m—1) аох"--т (2m4-1) ax? --(m4-1) (2m4-3) а,—а} 
xp... -(m--n— 1) (2m 4-2n—1)as—as-,)x7*^—0 (оу 

Since 1,520, the coefficient of first term vanishes if х=1, $ Le., 
roots of the indicial equation are 1 and 3 which are distinct and 
not differ by an integer. 


The coefficients of x"*" equated to zero gives the recursion formula; 


1 
ds ura Ompa) an-z for n22 ы (3) 
since all terms except the first two in (2) vanish if az, a;, ...satisfy (3) 
The second term of (2) gives a, —0 since m(2m-+-1)40 for m=1, $. 
Р " 1 
When m=1, (3) gives n= 25 у= PS 
Putting n=2, 4, 6, 8,... we get (since a,—a,—a;...—0) 


1 
а=—уа, 

1 1 1 
а= 4—99 7.5.4990 7.4.5.) % 


1 1 
6:13 4772:4:6:5-9-13 ^» < 
lence: m (D, say sax [| 2-5 t 2.4.5.9 


x 
+ 24:6.59.13 +] 


Again when r=% ,13) gives a,— — ea 
р ? ( a) 2n 
Here also a,=a,;=a,=...=0 
1 1 
and 0473 — у= у уйу 
b 
а= 1 а, 
4 2:4:3.7 °* 
1 
96:3:4:6:3:7- 11^ СС 
ау лу EE +3 RE a 


ve x 
2:4:6:3-7-11 1" 
The complete solution is 

у= Ау, By. 


HARMONICS à 671 
xt xt SA 2 
=ar 1435 45355 d 
x[ 1+ xs +5559 +. |в х[:+ zs 
xt 
OPE VERVE aa 


where a, has been incorporated into the arbitrary constants A and В. 
Problem 4. Solve x5y' 4-x(x--Dy' —(x?4+-P)y=0 


2 9 82 
Ans. »-Ax[1- gta — 948 x] Ч 
+в -xtix xta ] 
Problem 5. Solve 4xy" + 2(1—x) у'—у=0. 
ES WEE a Ll 
Aus. e xd rjr“ ppt) 


= A XE em 
+BY [rtt 13:577 | 

Case П. When m,m, and their difference is an integer. 

If m,, m, differ by a non-zero integer, we can write them as m and 
m-+-N where N is a positive integer. Then the indicial equation (20) 
can be written as 

(m-I-N) (m-- N— 1)2-b(m-- N)4-69—0 < (1), 
since m--N is a root of (20). 

Comparison of L.H.S. of (21) with the coefficient of.o, in (19) 
shows that both of them are exactly the same except that л is repla 
by N. This follows that the use of smaller root m in (19) to find a’s, 
will make each coefficient of x* zero and so we shall be stopped at the 
term in which aw appzars and whose cosflicien: is zero. Consequently 
the equation. for aw can not be solved in terms of previous a's unless 
accidently the remaining terms also add to zero. In such cases, the 
equation will be satisfied for all arbitrary values of aw. We may then 
continue to find values of ам, Q3» in terms of a, and aw. 

Now there arise two possibilities: 

Possibility (1). I (19), the coefficient of an is zero and the remaining 
terms in the coefficient of x"*" also add to zero. Then the larger root 
m--N will determine a set of values of a'sin terms of a, and the 
smaller root m will determine two sets of values of a's; one in terms of 
a, and the other in terms of aw, whose linear combination will yield 


the general solution. : 
Problem 6. Solve жуну (г) у=0, (which is Bessel 


equation of index 4). 
Clearly x=0 is a regular singularity of the equation 


xy’ tay'+ (spe) >= peer 
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Let its Frobenius series solution be 
y= a,x"? a xt s. TO) 
Derive y' and y” and put these values in (1). Proceeding first like 
in Problem 3, we shall find, the indicial equation as : 


mm—1)+m—1 -0 Le. m—1 =o on) 


Giving m=+ + wnich differ by an integer unity. 

The indicial equation may also be found by comparing (1) with 
(12) of § 8.2 [C] whence we get fi) — 1, fiG)— —4+-х° 

So that f(x) 51-5, -b, x+5_x?+... which is (13) of $8.2 (C) 

and f,(x)= —ipxm 6x ox ...which is (14) of 58.2 (C) 

Comparison gives, b,—1, co= ES ‚су=0, a1, remaining b's 
and c's being zero. Ч 

Substituting these values in the indicial equation (20) we get (3) 
giving m— —1, 4 so that М={—(—{)=1. 

Taking smaller root —} and setting the second coefficient of (19) 
to zero, we find a, [3 (—1)--$—i]--a, (0) =0 ie. 0a, 4-025 —0. 

Since the coefficient of a, is zero and the other term in its 
coefficient is also zero, therefore we have the first. possibility. Thus 


а, and a, are arbitrary. ? s 
In case of т== —{, the recursion formula by setting the coefficient 


eius Г) н) 


Fan- 
(0) +а,-, (1)=0 
ie. а„= A. for n>2 
which yields, 
1 
а= —> % and а= -4 а, 
Po BS at ndn mf 1 
s 123104: 0 d) 09935037 120 ^ 
1 2:9 1 1 
а= —304= —720 а а= DUE EID а, 
etc... eti. 


Substituting these values in (2), we get the solution fur m= — 


1 1 1 А 
xaxcm p eden 
Y= ( 1 2 + 34 x* gg *t- eet 


raus x! 
( 1— 6 HID 3040 +.) 
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Possibility (2). Іл (19) the coefficient of aw is zero and the remain- 
ing terms in the coefficient of x"*" do not add to zero. Then the larger 
root m+N will determine a set of values of a's in terms of ay. In this 
case there will be only one Frobenius series solution of (12) and a 
second independent solution will be of the form 

yx) u(x) —bu у(х) log x, n2 0 : 344422) 
where N is the positive integral difference between m, and m; 
у, (x) is a Frobenius series solution of (12) with the larger root m+N 
and u(x) is a Frobenius series of the form 

u (x) = хь, x+5,x*+..-) 4 »»(23) 
where m is the smaller root of (20). If we substitute (22) and (23) 
with their necessary derivatives in (12), we shall find that у(х) is a 
solution of it provided. 

x! и" хўи’ fau bs (2ху Cfi D у] ...24) 

Substituting for u, u', u”, y, and y,’ in it, we get the values of b's 
in (23). These solutions are known as Logarithmic solutions. 


Problem 7. Solve x!y' —x(2—x) y'+(2+x*) y=0. .. (1) 
If we divide (1) by x*, then we observe that x=0 is a regular 
singularity. 
Let the Frobenius series solution be 
yox"? (dg + a x-- a x! +...) .. (2) 


Comparing it with (12), Л (х)= —2-r x, Л)=2+х* Beal) 
So that (13) and (14) give on comparison 
by —2, by-1, Co=2, 610, 471 C) 
the remaining b's and c's being zero. 
Hence from (20), the indicial equation is 
m(m—1)—2m+2=0 ie. m:—3m4-2-0 EO 
giving m=1,.2 ie. m=1, m,—2 which differ by N=1. 
Taking m=1 and setting the second coefficient of (19) as zero, we 
ave 
a, (2—4+42)+a(1+0) =0 i.e. 0.а,+а,=0 ...(6) 
So that 2,30 but the coefficient of av=a, iszero and hence т=1 
cannot give a solution. 
Now taking т==2 and setting the second coefficient of (19) equal 
to zero, we find 
a, (3.2—2.34+2)+2a,=0 іе. а,=—й ic 41) 
Again by setting the coefficient of x™** of (19) equal to zero when 
m=2, the recursion formula is 
a, [(2-: 0) (1+-n)-—2/2-+n) 4-2]2-(1 2-2) ani +a,2=0 


Le (na) а= — (n41) 2-4 — an-s for n22 ...68) 
When n=2, (8) gives ба, =: —3a, —а4,-=345—0 by (7) 
29 +09) 


i.e. a=- 3 
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| When n=3, (8) gives 122, —42,— —3 а; a, ty (7) and (9) 
£e. d4—— Z^ and so on. 


' Hence from (2), the solution * 


л=ах 1 ix X— х? Ec ] ... (10) 


А second solution of (1) will 2. x form 
y«(x)eu(x)— b, уу(х) log x, x20 as N—1, «ex (11). 
where u(x)— X(bs - byx 4-b,x* ^ ......). 
Case Ш. When m, —m;. 
In this case only one Frobenius series solution is possibic. 


Problem 8. Solve x*y"+-xy'+-x*y=0 (which is Bessel equation for 
"index 0). 


Given equation is * x*y”+-xy’-+x*y=0 (0). 
Dividing it Бу x* we observe that x=0 is a regular singularity of it. 
Let the series solution of it be 
у=х"(а+а,х+а,хФ+..) c . 2) 
Comparing it with (12) of $82 (C), we find 
fiC)-l, f(x) = 
So that (13) and (14) of $8.2 (C) give on comparison 
bl, £970, c, 20 c,—1 ...(3) 
other Б'ѕ and c’s being zero. 
The indicial equation (20) becomes here 
m(m—1)+m=0 ie. m*—0 giving m—0,0 .. (4) 
Taking т=0 and setting the second coefficient in (19) бя to 
Zero, we have 
а,(1+0)+а(0)=0 ie.  a,—0 . (5) 
in setting the coefficient of x^^^ in (19) equal to zero, we : find 
poe rsion formula a,[n(n —1)--(1) (m)]+an- (0) +an_, (1)=0 


a2 ‚п>2 RECO 


i.e. а= — 
So that ü,— — > dy 
a= —зг a,=0 =¢,=a,=a,= т 
1 ami 
am eg % 


1 
"EFE a, etc. 


i 
а= —6г e 
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Hence from (2), a solution is 
e х* се 
y=(say) »-a(1- LEX E -3at-) ON C) 
A second solution may be found by (22) with N=0 as 
ш 1+$+ 
yaental $- it xt ist x8... +y: log х), х>0. 
Another Method. If the indicial equation has equal roots say m=«, 
о, the two independent solutions are obtained by putting m=a in у 


and = both. The second solution will always consist of the product 


of the first solution or a numerical multiple of it and log, x, added 
to another series. 


Problem 9, Solve х(1—х?)у"+(1—-3х%) y'—xy-0 $421) 
со 
Let the series solution Бе ya, Xm Dene) 


Then substituting for y, y', у” from (2) to (1), and equating to zero 
the coefficient of х" we get the indicial equation as m*—0 i.e. m=0, 
0 if 2,5-0 

Also equating to zero the coefficient of хт", we shall find the 
recursion formula 


En" 
pe S - an-s for n>2 which yields when m=0, 
1) 
diim eP an-z for n>2 } .. (3) 


While the coefficient of x™+! equated to zero will give а, —0 


Д? 2 
dr do and a4— 3* а;=0=а;=а;=... 
Ы 15.3! 123-9 
а= Gr = этаж 0o and a,— зд % 60. 
Hence a solution is 
p, 123° 
n=a LE s жр tt | Los 4) 
_ (т+п—1)# 
But from a,= mnm, än- We find 


т+1 \* m+1\*/m+3 \? 
y» [1 (22) xt т+2 (E =“+..]..-® 


If it is substituted in L.H.S. of (1), we get a single term а, D 
m#0) 
Its partial differential coefficient w.r.t. mis . ( 
2a, mx"-!--ay m*x"-! log x which is zero when m=0, 
ð d ad 
It means a. x(1—x?*) Ga t(l—3x) л; -x |у 
+a? x”! log x 
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2 
ге. } x29) #ү+а—3х%) 2-х I ramen 
+aym*x™ log x 
(the differential operators being commutative) 


So e is another solution and hence from (5) 


+1 1 
ук+ 2 т? ee ] 
When m=0, у= 145 Lt pu T x4... ] 


ду 2:3 7 
and so Z =y, log х+ [ 3 XO aaa х*+... Jen m= 
(6) 


When m=0 ket А (5 ache and in (6) a, —b, then 
»-«( Ith wee x... Jea (say) 


ee S EAA RE 


and 2 mbu log x+b Hh “+; х+.. }-ъ бау) 


Therefore the complete primitive is 
y= Aut Bv 


2.32 eae s 
m(atblog S [v Fatt gee xt... ы [ж +1а+-] 
Problem 10. Solve xy” +y’. ume 
Pd x* 
Ams. y=(a+5 log x) [ iR tar mang ] 
1 E PI 
e [£e (HD RE (13)-] 
Problem 11. Solve x? (x-4- 1) y" +x (x+1) у -y 0. 
xt 
Ans. у=ах ( 1-342 _* +... + (1—x). 
Problem 12. Solve in series xy’'+ 2y'+-xy=0. 
x! 
Ans. yea [ 1-1 "car B «] Tbx? [3 1-44 aie ] 
[D] Particular um (P.L). 
, Consider My" xy ey 1. A 


Complementary function is the solution of хуу” --ху'+у=0 and 
will be obtained as above to give is r 


———— -"—— ЕТА 


HARMONICS ? 683 


E TOPA EA E zu 
CR-a (1 meu хунь (х I ) 
To find Р.Т. put y=C, x" in (1), so that m (m—1) С, хта? 
which yields 

m+2=—1 and m(m—1) C,—1 ie. m= —3 and then с=т; 
method, and 


With т= —3, find the recursion formula by the usual 
this is here 


С=с) Сез Bring Cio gi Се с. 254» 
i с=з 4338 C, ete...- 
Hence PL 5- ( 14% EE tte ) 
-2x? (rte e x.) 
Thus the complete integral is yeCF.4 P.I 


8.3. LEGENDRE DIFFERENTIAL EQUATION, FUNCTIONS 
AND POLYNOMIALS WITH PROPERTIES 


[A] Legendre's Differential Equation. A (Agra, 1961, 63) 
This equation is of the form 
2 а а 

2-9) Fa- 2 en (n+l) y=0. EN 


The equation of such type can be solved in series of ascending or 
descending powers of x. Suppose, we have to integrate it in а series- 
There is no singularity. at x=0, so tl 


of descending powers of x. j i T 
solution of the equation can be obtained in the form of a series 


developed about х==0. 
Let us assume the solution of the given equation in the form of 


series: 


d'y 
and jet 


20 
. Substituting these values in (1), we have 
со 
ZU — 5) (k—r) (k—r—1) 172—2 (kn) xt? 
r= 
+n (n4-1) ж] a =0 
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or È [(k—r) (Ег) 224 (141) 200—0) 
= —(k—r) (k—r—1)} 7] a,=0. 
со 
ог 2 Acn (k—r— 1) x4 (n (4-1) 
у 


—(k—r) (k—r-4-1)) х) a,=0. v) 

The relation (2) is ап identity and therefore the coefficients of 
various powers of x can be equated to zero. 
` Let us first equate the coefficient of x* the highest power of x {by 
putting r=0 in (2)} to zero; then we get 

а, (n (n--1) —k (k4-1)) -0, 

where a, being the coefficient of the first term of the series cannot be 
Zero, 1e, а, #0 and thus 


п (n+1)—k (kK+1)=0 
or n’+n—k?—k=0 
or 1 n —24-(п—)=0 
or (n—k) (n—k+1)=0 
which gives k=n or —n—1 V3) 
Again equating the coefficient of x*- to zero, by putting r=1 in 
(2), we have 
{п (n+1)—(k—1) k} a,=0. -.-(4) 
From (3), {n (n+1)—k (k—1)) £0 
and therefore a,=0, 


à Let us now equate the coefficient of x*—, the general term in (2), 
(k—r4-2) (k—r+1) a4,-- (n (n-1)—(k—r) (k—r4-1)) а,=0 
= —__(k=r+2) (k=r+1) di 
id ар 0) ©” е 
Putting К==п, the recurrence formula is 
___ (n—r-2) (n—r4-1) 
n'-En—(n—r) (n—r4-1) 47? 
(n—r4-2) (n—r+1) 2, 
n'--n—n*-nr—ndnr— rir 07a 
(n—r--2)(1—r1) 
== баяу аа ... (60 
Again putting k=—n—1 іп (5), we have the recurrence formula 
(—n—r+1) (—n—r) 
тп (пг) (п) 
(п +7—1) (n4-7) 
лї-Еп—(л-Ег-Е1) (n7) 77 
(n r—1) (n7) 
= One QrrrED а sec (n) 


a= 


as a=— 
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Case I. When k=n, we have by putting r=2, 3, . . in (6), 
f n (n—1) 
4773 Qn-1) * 
(п—1) n—2 
ау=— ons ) a, 
=0 since a,=0. 
Similarly as, аз, d; . . - etc. all the a's having odd suffixes are zero. 


_(n—2) (n-3, „_” (n—1) (n—2) (n—3 
a=- gn) ^7- 24Qn-1) 013) ^ o 
(by putting value of a,) 
ay (n—1) (n—2) (n—3).. n—2r4-1) 
In general, ay (— 1) 275 57 (2n—1) (2n —3)..(2n—2r 1) ^* 
(by putting value of a, etc.) 
Hence the series solution when k=n, is 
ES _ щп—1) n (n—1) (п—2) (n—3) 
у= [= ZOr-p a4 n- D On 3) х.) +++ @) 
where a, is an arbitrary constant and is equal te 
1:3:5...(2n—1) 
TOUT om +++) 
where n is: a positive integer. 
This solution of Legendre's equation is known as P, (x), Le. 


1:355...(2n—1) [= n (1—1) хз 
28 


P, (x)= 02-1) 
n (n—1) (n—2) (n—3) t 
‘ + 2-4(2л—1)( —3) es] as » (10) 
Case II. When ke —n-—1, we havé by putting r=2, 3,... in (7), 
= (ntl) (04-2), 
T 2 (14-3) 


Now a, will contain a, and hence is zero. As such dy, Gr, ds . - . all 


are zero. 
(n+-3) (n--4) 
a= ES “ 
(n4- (12-2 (0-3) (n +4) , by putti rs 
2-4 Qn4-3) 7+5 ao, by putting value of 2 
(n--1)...(n--27) x: 
In general, а= 742r (2n-- 3)... 0n 2r D 
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Hence the series solution is 
(n+1) 02) s 
(п-1) (14-2) (02-3) (n+4) 
T7724 Qn43) Qnr-5) +...) а) 


5 jn 

PN ^s erts АВНА ee (12 
vn 477135. (n1) Ee 
this solution is known as Q, (x). 

шее {=з @+1)0(т+2) as 

.. Ох) 35.0910) xt 242n-+3) 

(n+1) (14-2) (0-3) (174) „, ] 
*24-m-3)0»5) к"... ... (13) 

The most general solution of the Legendre's equation is 

` у= АР„(х)+ ВО„(х). -.. (14) 
where A and B are arbitrary constants, 

Note 1. Jf the infinite series as the solution of a given differential 
equation is reduced into a finite series, then the solution is called as 
polynomial. P,(x) gives Legendre's polynomials or zonal harmonics 
or Legendre coefficients (n being a positive integer) of first kind and 
On(x) gives Legendre's polynomials of the second kind for positive 
integral n. 

ote 2. The importance of a solution lies in its convergence and the 
ivergency may be seen by ratio test e.g., lim | tnts 1 
no | ee s from (8) 


or (11). 

Thus the series (8) or (11) will be convergent if | x | >1 i.e. the 
above solutions for Legendre equation are not convergent in the 
іпіегуа1—1<х<1, In order to find the convergent solution of (1) 
we seek for solution in descending powers of x. 

Suppose a series solution of (1) is 


о 
y in ipu. 4,40 : Eus (15) 
о 
-So that у’ = Patria, xari 
r= 


D : 
y= zm (k+r—1) a, x 9-2, 
Um 
Substituting these values of y, y’ and y” in (1) we get the identity 


S Uer) eor 1) на (k+r—n) (k+r+n+ 1) хан] a, LO 
ræð . » (016) 
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Equating to zero the coefficient of x* (when r —0) the first term in 
(16) under the assumption 4,40, yields K(k— 1) —0 giving k=0, 1. 

Now equating the coefficient of second term i.e. х “+! to zero, we 
have a, (k--1)k—0 giving a, #0 for k=—1 while a, may or may 
not be zero for k—0. 

Equating the coefficient or es ш i.e. xmi to zero, we find 

А _ (k+r-nk+r+n+ 

the recursion formula a4, = Т2) (0) ` EFFI а, ...07 


Putting k=0. (17) gives an ED а, ... (08) 


And putting k=1, (17) gives an= mE a «++ (09) 


Case I. When k=0, we have by putting r=0, 1, 2, 3, 4, 5, 


+. in (18) 


(n—1) (n+2) 


= а and a,—— [3 А 


a= n(n—2) T P 1) (n F3. a, De? gm (dr 


and in general a,,=(— 1)" пи gna, 


Y (Dr (n D (n —3) 0210) (n-2) ... (42) 


Hence the series solution for k=0, is 


d [ 1 rp gi 02 Crea, i ] 
pue (а+2) экы, a e» MEA) 4 ise 


f n5 S ++ (19) 
* Case II. When k—1, we have from (19), 


а= =, й and 2, —45—4,—4; 67... —0 


+a, x[1- 


Pas T ; 2s 


(—1' (00 (n3)... (1-2 +1) (n2) NED, 
а,;=-—— ESI ° 
Hence the series solution for Ё==1 is à 
А X 1-09 т ga C62 gu» erba] 
B bs ..- Q0) 
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The solution (20) is included in (19) in the coefficient of a, except 
that a, is to be replaced by ao. Hence setting a, —0 for k=0 also, 
the solution (19) reduces to 


ye [аен „ |]. ш, 


И may be shown by ratio test that the solutions (20) and (21) 
are convergent in the interval —1<х<1. 

Calling the solution (21) as S,(x) and (20) as Т, (х), the general 
solution of Legendre equation in ascending powers of x is 

y=A S,(x)=B T, (x). 2 (12) 

where А and B are arbitrary constants. 
[B] Legendre Polynomials. 

If we put л=2/ (say) i.e. if n be taken as an even positive integer 
then (21) gives the Legendre polynomial as к 


»-a| CIS + T 
na n—2)...4.2 n MA BD |. ..03 


While (8) gives 
ya, х 1288 Dou... 


2(2n—1) 
p is E 
TCU 72) 20881) 03) — Ол—1) * ] Eun 


(23) and (24) will be identical if (24) is multiplied by 


(ауа n(n—2)...4-2 (n+1) (n+3)...(2n—1) 
E! 


and then the solution (5), (21) will become identical. 
Again if we take, n as an odd negative integer then (21) is identi- 
cal-with (11). Also if п is an odd positive integer then (20) reduces to 


am (n—1) (n--2) 
›=в[. зар +... 


_ ав 00—10) 1—3)... 2 (24-20... (208—1) „ 
I Ls ] 


2. «(25) 
and (8) reduces to 
© n(n—1) : 
vea аа - 
= ln 
+” зу acp ]--09 
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which become identical when multiplied by the coefficient of last 
term in (26). 

Further if л is an even negative integer, (20) and (11) become 
identical. 

These discussions follow the conclusions : 

(i) For integral values for л, the solutions (8) and ( 11) have great 
utility of them. 

(ii) For positive integral п, (8) is а polynomial but (11) is an 
infinite series and the complete integral is a linear combination of 


(iil) For negative integral n, (8) is an infinite series and (11) isa 
polynomial. | 
(iv) For positive integral n, in (9) or (10) we have chosen 
1.3.5...(2n-- 1) 
a= | n » 
(v) For negative integral n, in (12) or (13) we have chosen 
Іл 
1.3.5... (nF) _ 
(vi) For positive integral л, the polynomial Р„(х) has the expan- 
sion given by (10) ending with term free from x i.e. 
1.3.5 ... (2n—1) 
pie Eu Deco eu de Meri Lo LE 
P, (x) EA 1) Ds 
n(n—1) ... (n—2r4-1) хте 
2.4... 2r(2n—1) (2n—3) ... (2n—2r+1) 


п[2 1.3.5 ... (2n—2r—1) 
-f (СЫЕР Гир ^^ ‚.. (27) 


a= 


or more concisely 
"E s | 2n—2r 
Р, pas (=I) A ЕН ea E TE FS [r in—r |n—2r 


Evaluation of the values of Po(u), Pi(t), Palu), Palu), Pale), Pile), 
Pu), and P,(u) etc. 


| Q8) 


xit 


We have 
Pu) 1.3.5 = In м0), "T 
oca] 


n(n—1) (п—2) (—3) „ү ] 
unt... 


+24 .Qn-1)Qn—3)- 
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Qu! pu no-D ues 
= Jen! zi 20n—1) " 
п (n—1) (n—2) (n—3) „е ] 
24Q0n—DQn—3) б 7 
Fetting n=0, 1, 2, 3, 4, 5, 6, 7 etc., we have 
T(2)-1, | 


! 
мурт [н], other terms vanishing | 


=p, 

! 
Pd ут [u—1] other terms vanishing 
4:3:2 3—1 302—1, 


= 2.2-2.2 З 309 


6! 3:2 
^ МӘ. Qu yc 

Similarly P(u)—1 (359 — 309*-1-3), 

P,(v) = (6395709? 4-159), 

P) (23105 3150*--10502— 5) 

Р.и) =; (42907 — 693954-3159*— 359) etc. 
[B) Generating Functions for Р(х) 

P,() is the coefficient of h^ in (1— — 2yh Fh?) ?, | 
We have (1—2uh—h*)71/* | 
=[1—һ (2к—Һ)] >? 

IHA оре 15 М Qu) 523 № Qu 


1.3.5.. duod 
еб Deb 


| 
| 38. f ..(29) 
| 


Qu—hy4- 


: (by Binomial expansion) 
The coefficient of h” in the expansion 


Pe 1252 91:395: (Q3 : 
—7 746.2. ОУ" 346. (n =) Qui 
1.5..n—5) o sc 
i 246. n4) (2:)7 57€, —... 
13. mQm-Dp. иа). 
РЕКЕТ ОЕ SMS { Zay "5 


n(n—1) (п--2) (n-3) „ 

| +2221 ое V pedit «] 
zd wn ZOZI) use 
S ) 


2Qn—i)" 


sl) n—2) voc —3) 
aay "+ q 


Se PI eee 
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which is P,(u). 
: eo 

Hence SEDE TAE HIS H2 ++» (30) 

n Ў 
(Agra, 1967) 

COROLLARY 1. P;(1) is the coefficient of л" in (1—2/44-h?)??^, ie, 
in (1—h)* 

As such P,(1)=coeff. of л" іп (1--h--A*4- ...--A"-F...) —1, which 
is however a distinguishing property of Legendre's Polynomials. 

COROLLARY 2. Putting p=cos 0, we have 


рс» 8) (1—2 (cos 0) h+k}? 


zz (1— (eft +-e-)h+ ef. eio 127172 
z(1—69) 1 (1— dS 

1.3.5 
Tie X re Rene. 


1.3.. 2520 А 3i 
+ 24... het.. 
1,3: ая 

E rete] 
Equating coefficients of h” on either side, 

Р„(соѕ 0)= Ie (enit етті) 


1 1.3.5...(27—3) 
2 2.4.6...(2n—2) 


x[ tthe enm» 


{eln-2) 40 rein i) 
E2 1.3.5:.050—5 ge J gti) to 
ау е MEC 


51355. (210—1) 
e. 2.4...2л 


120 "f 
cos no+ 5 — ©оз (1—2) 0 
1.3, 2n(n—2) КО ] 
GETER -D n3) cos (n—4) 0+... 
1.3.5...(2n— 1) 


-2. oe oe cos n0-- r1 cos (n—2) 8 


n(n— 
Hac core... ... en 
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COROLLARY 3. We know that 
(1—28 cos 0-+№2)-12 
={(1—h)?+2h (1—cos yt 


=} (1-44 sin 
гч! ac М 


=1—һ (1—Л)* 
=, 1+5 саа: Ai HEEL 


Nr Eg EI ү =} 


4h віп? 0/21 1 
-1sf KEDA ha piu 
1.3.5...(2r—1) (—1) 4'ht віп? 0 
ah 242355 Е e | 


1.3.5...(2r —1) 27.27 hr віп?" 0/2, 


= ig 2c D УД у (ч 
Equating concent of А" on either side, 
Picos =L. + Ў (ty EBSD yr sin 7 


‚ну (2r+2)e. 2r 14-(n—r-DY 
(0—1) ! 
[ since coeff. of "1 іп (1—A)-@r* is 
(2r+1) (2r+2)...(2r+1+n—r—1) atc. | 
(n—r)1 “ 
Р, (соз 0) 
ы cay 1:3:55--Qr— 1). (nr)! "Eun "A 
1+ 2 САУУТ eet sint 
E х 
ite v QD 1 пт) t (n—r+1) (173-2). (п) 
PAL 1) arl 2702) 1 (пг) 1 
х2°-2' sini 


art E iy e oe tr) uin 


_п тиз sin? 4+0=0 torpet 2) int 
0-2 4 1)n ne ъд ( fid 
3131 Е M T mc 
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up Сюе), ш сше in 


12.1 (14-1) 
Ret c n GP (n+1) (0-2) OHN i Ay 
1.2.3.1 (1+1) (1+2) iom Si 


=F( —n, 241, 1, sin?) ... 32) 
“Replacing @ by 64-7. ; 
P,(—cos.0)«- (— 1)" P,(cos 9-r(—. п+1,1, cos") ... (33) 


іе, P (cos 8)—(—1)^- F(—n, n--1, 1, cos? 6/2) 
{би АЕ). HERE кырр 


І Pa ai {eF (2—1) cos $}* dg. (Vikram, 1962) 
It is easy to show that 


н. ch т 
f; axbcos $ Tap) When at > b. 
Let us put a—1— =a Led y Y ош 


АБУ RT ES [ LET ML. RU =; 
Then (ane 1—hpthy/(v?—1) cos $ 
or шашы [1—^ {uF (6—1) cos ф}Г* dh 


at | [2m over с» 9] æ 
where À is sufficiently small 
=E P |е) cos $a 
Equating the coefficients of h” on either side, we have 
Pay) = 1- [ {uF Vv (2—1) соф}, ... Q4) 


` which is known as first of the Laplace’s Integrals, 


COROLLARY 4, If we put u.—cos 0. 
P,(cos 0) - | (cos 8 T isin 8 cos $)" @. ... (35) 
° 


Nu w 
COROLLARY S. P, w-4f Eve) cos p ` 
We have as above 


- dé т 
f. a—bcos — (a —b where a*>b*. 


Putting a—uh—1, b—-Fhy (u*—1), we get 
л т 
Yü-2ukFE) Jo h (nV (002—1) cos $)—1 
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Duc kno uon deu e 
2u 1 
b/0- +) 
Ms —— + 
| ия [аети 


rr 1 n 
1 | { ау 0 cos HS 


с Лр 
ог Aie „(8)= — h (usc (8 —1) cos $} 


° 

Ju кыш 

|, [жт (ux (и*-—1) соз a 4 
юш зк EUN 

n=0 k "її fp Ey (и1—1) соз p)" 


Equating coelicients of pu on either side; we get 


рес осиро 
PG | o BEVE — 1) соз 9) 
which is known as Second of the Laplace's Integrals. 


‚. (36у 


COROLLARY 6. It is obvious from thë above two Laplace's integrals 
that P, (0)= Р-п (ш): E07 
[D] Recurrence Formulae for P, (и). : 
I. nP, (и) 2 Qn— 1) иР„-(и)-— (n—-1) P nlb). 
(Agra, 1953, 61, 74; Vikram, 1963) 


со 
Suppose V—(1—2uh h° y'= >Р alt) 
с п=0 
оғ ү? (1—uh+-h)=1. 
Differentiating w.r.t. h. S 
w- (1—2uh-+ k) EV? QR 22)--0 


or M (l--2gh+4°)+Y (h—p)=0 


or (1295-2) X. nh Р, (ы) (а) 2 HAP alu) 0 
п=0 n=-0 
T..dv 9 m-i р (у 
| dE: o" [AC 1 
The coefficient of й": equated to zero gives 
при) —2u (n—1) P, (u)--(n—2) Р, (Ы) Poa (2) - & Pale) =0 
or nP.(u)e (2n —1) uP,-.(9—(n1— 1) Р„-3(0). Qc (38) 


! 
| 
| 
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Note. Jf n— Im, then this result reduces to 
(m-- 1) posti) - (2m +1) Palu) — mPa) ‚ (39) 
(Agra, 65; Vikram, 63) 


=n {иР,(и)— Р„.(и)} 


=—(n+1) {u Pale) - P a(2). 
We have uP,(u)-- Pail) ` 


“тү {ut Vit- eos g)" d [i+ (2—1) cos gdh 


IL (и5—1) S 


=H {u+ v(e3—1) cos d) fu {и-Е У(и?—1) cos $}—1] 8 


E. erver- Dexér [14 F084] % 
we zap jee 1) cos jj^ yy 
в п 


л o) T on (uPD P) 2.@0) 

(Agra, 1965) 

‘peices n by (—n—1), as P(t) m Pot) and as such P544 E 
=Р,.1(), we get 

0-62 ue АРЫ) i1) (ЫРЫ) Pas). «+ (AN) 


Ш. By Legendre's ic aus we have 
-p РКЫ) зы Pl <n (n41) ppt 


du? 
This may be written as 
£ fey SO taney puo 


or d (n {иР„(и)—Р„-(шШ}Й=п (1-1) palt) from (40) 
or a АРА). ne n py — P9 (п) РА) 
Ie dBat np (a). „@1) 


от 

(Agra, 1954; Vikram, 62) 

IV. gu n by —(n+1) and applying Pa) Pal), 
Р--а(и)= Paill) ctc., in (41) we get 

Е ЫБ eO арыю 2700) 
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асн ан AEN 
w 1 
к/т) 


uL iuum ur M Бшш: 


[ 
ү h {Fv (02—1) cos — 


Lors зина 
w 1 1 `~ h (px (u?— 10) cos 4) 
M nois Р | |e eke 1) cos 9 . 


1 [* 2 дегш ен {=н |6 
iei [2 тау таш id 

1 

т 


° 
oft i 
z [ Wt (uE4/ (u*—1) cos $^ 


п=0 


Equating coefficients of р on either side; we get 


CEP в у, 
P) УТ cos FA Аки 


Which is known as Second of фе Laplace’s Integrals. 


COROLLARY 6. It is obvious from the above two Laplace's integrals 
that P, (H)=Potnsiy (и). А AEB 
[D] Recurrence Formulae for P, (и). 

1. nP, (6) -(2n— 1) uP,- (u) (n— 1) P (i2). 

(Agra, 1953, 61,74; Vikram, 1963) 


oo 
Suppose V—(1—2uh-EIf)Hna EAP al?) 
Se | 


m 
or c V? (01—uh--)—1. 
Differentiating w.rt. h. ` 


2-0 (1-20 H+ V (20—2н)--0 
or TK (leh LY (h-u)-o 
ог (1—2u/--) 3^ nhe P, (и) (hv) € Je P,u)-0 
п=0 n-0 
| Pri dV. 00 m-l 
| HE мело] 
The coefficient of 7-1 equated to zero gives 


nP,{2)—2p (n—1) Р, (и) (0—2) Pe ai) Pons (8)— Р, (u)—0 
or nP (Gu) - (2n—1) uP, (4) (1— 1) Руш). ...(38) 
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Note. Jf n—1I--m, then this result reduces to 
(mr D) ричл(и) - (2m +1) uP.(u) —mP;, (и) ++ (39) 
(Agra, 65; Vikram, 63) 
dP (t) 
du 


=A {иР,(и) — Р„-(ш)} 


=—(л+1) {u Pale)-- Р„(ш)}. 
We have P, (u)-- Р„.у(и)- 


=E? ftvt eos dp a — NET 
-F al {u+ vV(?—1) cos d)? [u {u+ v(u?—1) cos $}—1] 48 


К {+ V((9— cosg Г Lose] 4 
gt an fetve —1) cos my 


IL (u2—1) 


FAO m (uP) Pau): o 09) 


(Agra, 1963) 
ГУСТА n by (—n—1), as P„(u)=P—nn (£) and as such P inn B 
=P m(t), we get 


-n SOL. —(n+1) (ЫРДЫ) Pra). - С) 


Ш. Ву Legendre's ELA we have 
qa— SEO) co, Pel) sp) p (eo, 
This may be i as 2 
ác 100-0 Oh nines) 


or di (n (P. (0)— P, (п (1-1) pafu) from (40) 

norm RO. Pay) — Psi Paa) 

or ow a, ао, nP,(u). 0) 
m (Agra, 1954; Vikrar:, 62) 


Iv Replacing п by —(n-+1) and applying P_._.(u)=?,(w), 
Р..-.(0)= Pasit) etc., in (41) we get 


a HD SAO nt D PO 1.) 
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Addition of (41) and (42) е 
Qn) Poi. Р,1(0)– i Py). ‚. (43) 
Cie: 1952; 55, 61, 74; Vikram, 62, 63) 
Now (43) may be written as 
| d Pon Ort) P) 3-3; Pail 
Replacing л by (n— 1), we get 
d Pin Paa) E Peale) 
=(2л—1) Р,_(р)--(21— 5) Pte Pult) ... (44) 
[ since by putting n—2 for s, 
АР) ол —5) Pu (e) у, Pal) | 
The repeated application of this replacement will give 
d, РМю=ол—1) Р, .(0+01—5) Prale) HON) Paalu) +.. 


ending with 3P,(u) or P,(u) according as m is even or odd. ... (48) 
This is known as Christoffel's Expansion, 
Again multiplying (40) by (n4-1), (41) by п and adding, we have 


(24-1) (4—1) ад B). m (n+1) (Pens(#)—Pailt)} ...(49) 

[E] Some Important Ei 
[1]. Р(—)==(—1/" Р,(и). ‚+. (50) 
We know that vigne 2907) 


рди)= 1:55 к=) [е "(я AOD а. J} 


ла 
= 74.6.. 2л) |n [6 eh. '+...] 


2л) n(n—D. a 
-Fpl -22n ean de ] 


(2л) ze 
Neuer rev TD (~a... 


OENE O EU Ге prs ED тл) (e+... | 


ш) п(л—1)(—1)* 


- 2" л. п (= 1)" p- 5 Оя] n CIF pay x 
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Je» XT n (n—1) ET 
= f£. Fay tA | 
=(—1)" Р„(и). 


Note. If n— 2m, this gives Pyu(—tt)=Pym(t4)- (Agra, 1985) 
If n=2m+1, we have 
P, —Wu)——P, . „ «а (91 
(0) ami(e). s Фу) 
Te] Rodrigue's — 
Pius di à) e- 1.62) 


(Ко "s formula) 
(Agra, 1656, 60, 63; Vikram 63, 64) 
Let фес А 
d пра neas AP, 


i.e. (02—1) =з. : 
Differentiating this (n+-1) times by Leibnitz's theorem, we get 
det det DAT EY 
(1) Aui +C, Qu) xui "Са O) = 
1, 
cube were, WS] 
or (a De E pd {> ар" =0. 
Putting pas, we have 
(f— ni4 +2 Zz —n (n+1) z=0, 
which is Legendre’s equation, one of whose solution is z and hence 
it is satisfied by Cz or LA where C is an arbitrary constant. ` 
Hence 2) C42 =c (E Y ве 


убн» 


=C [ In (u+1)"+ terms containing (u—1) as one of the 
factors} 


on differentiating л times by Leibnitz's theorem. ` 
Л PQ0)—C2* |n, where P,(1)=1; <. C= E X 


Hence P) ( х) (6—1). 
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[ej] Series solution of Hypergeometric equation. i.e., to integrate 
eda Zett) 9 —apy-0 ...(59) 
in series of ascending power of x, and to show that its complete 
primitive is AF(a, B, v, x)4- Bxi-* F(a-- I—v, B+1—y 2—y, x) where 
A and B are arbitrary constants F(a, B, ү, x) stands for the series 
‚128 „у e @+1) GH) a, (а) (+2) 8 (B+) (8+2) 
Pep EXTR) Гуте ре rt ег 


+. +++ (54) 


x © 
Suppose у= Qe 
r= 


~ 0E Pakta 
oe dx r=0 Ld ; LI 


oo 
dria (ktr) (dr — 1) xt, 


Substituting these values in the given hypergeometric equation, 
we get 


Eu (123) (ktr) 0) 299 (841) x) 
X (K4-r) x£*9-1— a. x**"] 2, =0 
oo ^ 
or | E (ccr) (etr Doer een) oh (en (ktr) 


+@+B+1) (k-E 1)4-28) x**] а,2=0 B5: ($5) 
Being an identity, let us equate the coefficients of various powers of 
x to zero. 
Firstly equating to zero the coeff. of x*-! by putting r—0, we get 
(k(k—1)-yk)yay-0. ^ 


A0 Е (k— 1)--Yk—0, since 2,550 - bein; coeff. 
ог k*—k—yk=0 or k (k-14+9=0, EM iios s 


which gives k=0, 1—Y. iS (56) 


Pd equating to zero the coeff. of general term, i.e., x*** in identity 
(+r) (74-10) 4-ү (k+r+1)} а, — (etr) (k+r—i) 
$ +(@+8+1) (k-i-7) 3- x8). a,=0. 
AO aD EG D) «+@)-а8 
(Er Y) (Ру Ger 4-1) 7* 
Kt te Gebr) B (ktt, 
(crEDGELEY) A 
a Verg) (k+r+a) dens 
Ere) (cbr) 7n - pem 


HARMONICS 


Case I. When k—0. 
(a+r) QGTD, 58 
an (HD "eT 
Putting r=0, 1, 2, 3... successively. 


amta, 
_ @+N C+D, _ z(-ED8(-D , 
4-7 Xp сҮ =q2y7@+D Gt)” 
2G H20412., _ &(@+1) @+2) $ (6+1) (9-2). +2 


З.(ү-+2) зүү 


Hence the in оова is 
a. с @+1) В (84-1) 
^ - [rei TD ^ 
: а (24-1) (24-2) B m (8-Е2) s+] 
+ 3123x600 FD 


=a, F(a, B, v, X) dg 
Case II. When К=1—{. 
@+г+1—0) ВА) д 6 


quc oo Qr ern 
Putting r—0, 1, 2, 3, ...successively, 
fe Cont -yeti 
` =y- 
ПЕЕ 
(2—ү+1-2 
_ (3170) @+1—ү+1) (8+1 выно 
(2— S ы e 
D aos Mi Ree tae ORCS 
Hess the s series B solution | is 
oy, («+1—ү) (8+1) 
= 4 1-Y. EXCEPT EE 1-7+1 
yaa) ert ==» 
КЕЗЕ ИСЗ TED @+1— OG аар, J 
2- por y Me 


=a" Кх+1—ү, $--1—y, 2—ү, х). ...(61) 
Hence the complete primitive is [ 
yz AF(s, B, ү, х) --Bx'-? F(x--1—1, 8--1—Y, 2—Y, х) ... (62) 


where А and B are arbitrary constants. 
Problem 13. Show that 
1.3.5...(2m—i) 


Pones(0)=0 and P4,(0)-(—D* JG 
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We know that 
13.5..:.0»—0)[ , (n—1) 
Pu) xs usd Lam 20n—1 pe 


n (n—1) (n—2) (n—3) B 
T7 24n—1) Qn—3) +] 
; 1.3.5.42 (2m+1)—1} 
2 Ран (таа?) 
(2m-+1) Qm-1—1) 
xen рел piene] 
S (mE D ss =0. 


$0 that Pan (0) =E s FT 


Again, we have 
1=-20h-+ 2 Ы Р 


„Ө heo PAO At Phy)... 
Putting u—0, we get 
P,(0)--AP,(0)+h?P,(0)+-...+h?"Pam(0) 
=(1+# 12 
-(1—(—9)?? 


a He 
=н стн. К xm аа. 


expanding S Binomial Theorem. 
Equating the coefficients of x*" on either side. 


em 1.5.(2m—1) , pm L35.:(2m—1). 
hg MART ЕУ а а hs e. 


‘Problem 14. Show tha. the Legendre's equation 
0-22 -uZ n (п+1)у=0. 
changes into the рлу form 
x (I-95 (2 FZ, =0. 
Hence show by € that its complete primitive is 
4r(- 5. I aos +5 mot nt? i, s) 


Given =x; ~. w=. 


Now GR am E. 
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a ee) 
=2 +» 
substituting these values in the given Legendre's equation, we 
get a- ha k+ Z )-ax Pin (+1) yor 


or x (1—х Le +122225 er 


or x(1 -92 +(4-F E t TRED Ae 


А we have alread: аа о 
a or or ae lepers ATE : 


x 1—9 22 y 9+ WZ —epy=0 


is AF(«, B, ү, x) -Bx17* F(a-F1—1, B+1—y, 2r, k). 
sindicus кера we have 


y=}, atptind, е) 


te, — В 
Now зе ens 
atin (n4-1) 
eset 21 
oe ea and T 
Solving ant, e=—t. 


Hence by comparison the complete primitive of the transformed 
hypergeometric series is 


аң © pru). =. EE e) 
Problem 15. Show that 
Pacos 0)emcast 5. F ( —n, —n, І, ia.) 
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We know from the first Laplace’s Integral that 
рд], HEVE- cos d) ar 
Js Pa (cos 0) 
= 1| (cos einn 0 cos g) 4 (taking positive sign 
ее аал МӨ» 
Ei [ cost. isin S cos dene sin Sete 
+i ва усон eT d$ 
-4f [coe foosS-+isin-s- edet sin let feos E 
+i sin eT dj. 
-ir (m singet) CE sin ev) dé 
=L cos 5 И (1 +i tan sey (1 +i tan e-té | d$ 
=t cor [T$ 1+ni tan Len тт tan* fet Ll 
x} 1-kni tan 306 2 tant ее... tls. 
Here the diagonal product will give cosines of multiples of $ and 


when they will be taken in groups, they vanish in limits of i - 
tion. We have only to consider the column prodücu, Le. pot 


P,(cos gat enl [ 1-tan3 pum on 


yos 


> 


ot Cte ENSURE 


[212 | 
g 
tant —... i 
d 9 9 п? (n—1) 6° 
-- 0 Trn а-л, T2 TE tan‘ > —... ] 


moo S| HET (e) 


(л) (=n+1) (=n) (~n+1) е ү 
+ р + m) cus ] 


moot к, —n, 1, —tan* 2) 
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Another form of Problem 15. 
Show that i - 
Р.(соз 6)=cos" 8 ң-5 , 4-5,1, ат 0) 

The first of Laplace’s integrals gives 

P. (cos s-[ (cos 0-+i sin 0 cos $)" dg , 

o 
-lew 9 | (1+ tan 0 соз $* dp 
o 
= соз" 0 | fi+ni E PRAN 
т ° 12 
tan? 0 cos? 4-260 7D. tan? 0 cos? $+... 1 aj. 

In limits from 0 to 7/2 all the cosine terms having odd powers 
‘vanish, : 

*. Р, (cos a= eos" JT en хап? 0с. [ap 
о 


1n 
—cos” ee 20—.— 
== 7005 — FE tan? 6 32 


QUE. aru 2) (—3) sant o, түз +] 


(—inc inc Hic tan? 0) 


=cos* [п 
С 3п)— Bad ЕТТЕ —in+5) " 
124 04-1) xai iM ‘| 
=cos" 0 F[—3n, 1—1n, 1, —tan* 0]. 
Irem Properties of Legendre's Polynomials of the First 
To show that 
1 
| Pal) P.(u)du—0 unless т=п (Agra, 1963) 
e y 
у. 
=mi if m=n 
or = = aim » in Kronecker delta symbol m, n 
being positive integers. (Agra, 1963; Kurukshetra, 1965) ` 
Rodrigue's formula is , 


P IET (x) (ui—1y. 
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With its application, we have 
1 
fi Pate) roe 


wis ral (EN om (е 
sen LG em (E e, 


TR) (а) wwe] 


1 зе дүз rh ee mica 
Tum ix dx) eR) 
| (3—1) a] 


(the-first term vanishing for both the limits). 
Continuing the process of integration by parts m times on R.H.S., 


Ry Р, m(t) Palt) du 
(—1” руа Vr, sin dN Е 
TUE т i Ge) Gn) wr a 
me (4Y e-o LU m 


x Р„(ш) Р„(ш) du 


riim f Эй (1—1) de +++ (63) 


Mes 1)” [2m nmi 
=н "Fe prs Ls) e» T, 
_ с рт 
CU man 
Again when m=n, from (6 te. we have 

2 » 

[те се (и®—1)" du 

6 —1)" [2л 

er E Рә) а 22 EE UN (1 —iy di 


1, 
т [а-та 


put pocos 6, dus: —sin d 6 


z Їй=0 when m#nandn>m. ...(64) 
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1.3.5 ... (2—1) f° 


s ipinél 
UE IUE КО E , Sim "t 09 qe 
222x135 .. Qn—1) [ 8 ice D di 
2^ |n ° 
= 135.55 (2n D 2n (2n--2) ...2 
x "|н. (Оп +1) (2п—1)... 3.1 

LULA 2 

a7 = ‚. 465) 


“|n (n+) 2831. 

Problem 16. Show that ik ps [e (4-1). 

E 5 

We have proved that 

ар„(и) зе y у 

Fa = (2n—1) P, a(u)--(2n—5) P, 4(4)-- ... ending with 3P,(u) 
or Р,(и) according as п is even or odd. ; 

‚„[* {4Ри) y 

Ў 3 3 du. ii 

1 . 
-[|`ол—1) P, (4)- 2n —5) Prale) + `- ending with 


ЗР,(џ) or Р,(и) according as п is even or odd] du. 


Here on the R.H.S. the product terms vanish in limits and only the 
square terms are left. 


DLL 


== > ges ЖЫ — 5) 

(2n—1) атут О" 5) та гетии В 
ОАА РЕ 

ог 8.550371 according as п 


* ^ 2 
ending with 3*, 21 
is even or odd 
=2[(2n—1)+ (2n—5)+(2n—9)+ ... +3] when n is even 
Vor eq 
=2 [(2n—1)+ (2n—5)+ ... -- 1] when n is cdd. х hen te) 
Now we know that in an arithmetical progression having a as its 
first term, Z the last term, d the common difference and N thc 

total number of terms, 


—a-4 (N— ) d, i.e. м-н. 


In (1), N= 13 


ium-2-7. la+ = 2" 13+ 2n—1]=n (n+1). 


n 
de 
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2n— 21-1 


ја (2). МЕ al 


2 sum=2. (ZEL E ien 


We see that the sum in two cases is the same whether is even 
or odd. 


Hence I {= oy dp=n(n+ "i 


1 

Problem 17. Show that | (1х3) ter dx= 
-1 

From 1есшттепсе formulae (45) and (44), we have 


(xt) F200 ти) ор, х9м), ...@) 


unn 
+1 ^ 


and 509. (л-ру, (уу-(2л—$) Pu 


+(2п—9) P, E .ending within 3P,(x) 
or Рух) according as n is even or odd. .Q 


Multiplying (1) and (2) together and integrating within the. limits 
—1 and 1, we get 


1 a $4P,(x) n (n3-1) 
|, aco Га [р eno 
— P. (9) (Qn—1) P, ()-Qu—3) 2.49.3] dx=0 
1 a $dP, G1? 
[а-ы раш] sima 
other terms vanishing 


La (n n (2n=1) 2 
2n+1 720-11 


E A 


Problem 18. If (и, $, 2) and (r, g, а th 
ordinates of the same point d if En 6, Vibe iig Me = Qu 


Peg) C- D 77. ё) (4) 


Неге r=y(x- ARo 

ab yy ? zu, 2) say, 

зо that, У Taylor's theorem, we have 
Hy, 2—6) = (&-H(z—k))3g 


HARMONICS 


va 0 PLON 
=ф(и, z)—k Oe $(u, 2) $(u, 2) 


61)" HEY а) 


Also, ф(и, z—k)= {u +(z—k) y"? 
={u 4+2? —2zk +k}? 
— (r*—2r cos 0-k--?)?* 


= 1—2 cos 0: x 47" 
A om (+y Pa(cos 6). 2e 


F n=0 
Equating thecoefficients of К” in (1) and (2), we get 
11 (-I^"fí?w 
vog Palcos m шү (к) Фи, z) 
1 n 

or P,(cos o=- (5) L, 

Note. Relations between polar and cartesian co-ordinates: 

x=r sin @ cos $, y=r sin @ sin $, z—r cos 9. 
Relations between cylindrical and cartesian co-ordinates: 
х==и cos $, у==и sin $, z—z. ; 

[G] The Associated Legendre Polynomials 

Laplace's equation in spherical co-ordinates may be expressed a8 

Qv), 1 2 i DE ] P 
or tamo 00 ( йш tart o5 +++ (66) 
Assuming that V is a product of single-valued function, let 
V=R:0-9; 

where R is the function of r only, © is the function of 0 only and ® 
is the function of ¢ only. 


ду ак V ФЕ 

Then Ec dr? e.o a? 
ду 00 
LE. 


ms pe 
dd ur ML e 
Substituting these values in (66), we get 
d: 155. 4f. dà 1 ao 
10-0 2 TE о A( sin 049.) ROG 0 
так), 1 4(4 949 | de 
от Rdr *escs a (5036 +з a 7? ++ 0 
(on dividing throughout by в.Ө.Ф.) 
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a( s 6—— ge A) 

rnt d(rR), sino “\ ae) 1 9 68) 
ЕВР ESI MC com 

Consider the equation (67) ш ŁH.S. contains ф, but the 


. L.H.S. does not. It follows that ——- constant (say) n°, so that 


s d 
du 2.2.069 
2 Е: RAT Ф: 0. (69) 
The roots of this equation being + in, its solution is 
(0 — 4 cos nó + В sia ng. AEA GL 
Now the equation (67) by the substitution — E 2 n? becomes 
do 
d| sin 0 — 
ғ d(rR) 1 ( do 9) т 
Rd tose ade sé pe 


It is obvious that the first term of the equation (71) does not 
contain 0 and the second and third terms do not contain r. It- follows 


that the first term ie. x fen) must be Constant. 
г d'(rR) 
ш ү CP m (m+). ЖО) 


[Its solution may easily be shown to be КС" prn] 
Putting this value in (71), we get 


1 E 
m(ml) gy. FCD 8) ur s e) 


. dO 
1 af: gn 0s) п? 
Le. "MiB de О + т +0 | 920. +++ (73) 


Taking © (cos 0)—z(x), i.e. replacing © b: 
Mies P £ 9 by z and cos @ by x, (73) 


739 2-2. [нн €: = f= -0. ...(74) 


If we now put z=(l— x)": y 
dz : 
i.e. "S =— ny (1 — х?)'#/9-1 +l- x?) 2 
dz үп | 
апа dac (1—x2)nm-1 2 —ny хе m-t 


—(1—2) x! (1 — xt): v 4 (01— CANET. T. 


then the equation (74) transforms to 


Hamm eg 


em ФА Se UEM 
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0—9 "2 a К? (1-1) х4 im (т+1)—л (п+1)]у=0.  ... (75) 


In Ae to find the series ка of this differential equation, let 
us suppose that its series solution is 
у=Хаъх*, 
so that D = Ikan xt and 7 p Ek (k—1) ax". 
With these substitutions, (10) eis 
X[(1—3?) К (k—1) x*3—2 (n+ 1) хх! 
4r (m (m-4-1) -n (n+1)} х^) a,=0 
or ХК (k—1) x*-? 
4- (m (m4-1)—n (n4-1) —2K (n-t-1)—K (k —1)} x*] a,7=0. 
This is an identical equation. We therefore, с^ equating the 
coefficients of x* on either side, get 
((k--2) (k+2—1) аы 
+{m (m+1)—a (n--1) 2k (n+ 1)— —k KR ük- 
or (k--3) (k+2) a4 -(n* —n*-m— —n—2nk —k —k) а= 
or (K-41) (&2-2)24444-(m—n —k) (m4- n3 1+k)ax: -0 


x (k--1) (x2) 
or ‘a= (mn Enn KEET ауз. dde (76) 
If а,:=0, then it is obvious that d-5-—45-477 44-277 =O. 


But a,=0 if k==—1 or k-- —2. 
= "10 (m-I-n3- V k) 
Now dyi—— — 1) ed 2) a, gives the sequence of 


coefficients 
mE m аа 
Ree (m—n—2) (m3-a- ЕЗ) а 
15 34 
_ (т—п)(т—п—2) (m--n--1) (m E п+3) 
tee ty P iis > de 


+ etc. 


dibus s CEYO 


DIES mE d, 


_(т—п—1) m {тр боп) о 


Taking a, and a, as unity, since they. are arbitrary, we have the 
two series solutions of (74) as 
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в ода [ x 
jme панањ] 


"en (т m 


аа о бд=а—х®'[ x D ert e 


бтп D (m—n—3) min 2 (піла) „__ 1: 
15 


where Р"(х) апі О" (х) аге called as associated function of the 


nth order and mth degree. 7 
In case when (т—п) is a positive integer, P(x) or О" (x) will 
terminate involving х"-" and in that case x 
> (т—п)(т—п—1) „аз 
=(— ху"? Ses d. малы! До: Жиз MISI 1 s 
z=(—x*)"/ E ps 2:Qm—1) x 
(т—п) (m—n—1) (m—n—2) (m—n—3) „„,_ Я 
F 2.4.(2m— 1) (2m—3) | T ИИС ЖЕЗДЕМ a 
where the bracketed expression ends with'a term involving x° if 
(m—n) is even ard x if (m—7) is odd. 
If т and л both are integers, then 
2" mj m-n a 
Stem С "0. 
With the substitution of this value of z along with x=cos 0 (77) 


becomes 
ү | (2m) sin" 0 
Р\ (Хх) am n u 


2^ m imn) L*- Torey 7€ 
тп) (m=n—1) (m—n—2) (m—n—3) m-n ' 
Тш! «Ge D dace ы se (78) 


where the bracketed expression ends with a term involving x^ if 
(m—n) is even and x if (m—n) is odd. 


Further.if we differentiate (75) w.r.t. x, then we get 
D , В, 
ax) 42 - ps2 (nti) А] ®> 
41-2 06 1) bm (т) (а): =0 
Я UAE S CAT dy : dy 
ie, (1—х E —2 (n+ 2) x xs thm (mt D—0 0 (n2) 5 =0. 
Я ...(79) 
Clearly if y satisfies (75) for п, then Z satisfies (79) for n+1. Thus 
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for n=0, y becomes identical with P,,(x) and so & P,(x) satisfies 
(75) for n—n and the solution of (74) is 


рч (x). (1a) “Р, p . .480) 


These functions are called the ES Legendre Polynomials or 
associated harmonics. 
Note. The associated Legendre functions of the second kind are 


оло)" 20500. 80) 
Now (80) yields on putting n=0, 
P$ (х)=Р„(х) SH (82) 


From (80) the values of associated Legendre polynomials can be 
found with the help of (79) as 
P,!—(1—x?)!*zsin 0 when x=cos 0 


P,}=3x(1—x?)!/?=3 cos 0 sin 0 when x—cos 8 (83) 
P= ERGEN у= 5 3. (5 cost6—1) sin @ s 


A generating function for ue Legendre polynomials may be 
derived some that of P«(x), in the form 


po. ln(e 
„Ён М та А 
Now ua no two indices in Associated Legendre polynomials, 
several recurrence formulae can be derived, but we summarize 
here below a few of them. Уе have from r3 
(2n+1) P4) 7 A Pa- A 4 p, su) 
Its differentiation, i^ шде w. E g yields 
det deu 
(2n+1) P x PuU-—-L dum Pail) — dur P, (9) 


Multiplying throughout by (1—45)'"-?7*, it becomes with the help 
of (80 


(2л++1) (1—68) PY (ы) = Pr (2— pat) . - (85) 


‚. (84) 


n-l 


—(n4-m) (n--m—1) P3 (2) —(n—m4- 1) (n—m +2) РИ (н) 
; .. (86) 


and with similar few results 


Qna Pr()- (nm) РУ, G)—m-DPz4 0) — ..-@7) 
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pr Юл Рт(ы)+-[л(п-+-1) - min — РУ? (и)=0 
« (88) 
acer. j-i Lpr WF (atm) (n— “mD PW) 
. - (89) 
Further using Rodrigue's formula, orthogonality of Legendre 
p functions may be shown as 
a: | em de 
Е PP (и) Ри(и)й2=0 ог =F xü [am .. (90) 
according as q7-p or q—p. 
If it is transformed by the transformation t.=cos 6, it becomes 


|е; (cos 0) Ру (соз 0 sin @ 89-0 when р | 
0 


2 | gm . (91) 
-ari (ewes "es J 
2 |etm 
бт "UY "Ter q-m 5,, » in Kronecker delta symbol. 
If we now define a function 
n U+ [lm EE 
Pecos (A/ AEE ee ТЕ Jen (cos), - Imt : 
LES - 307 
then f> (WP (и) dal ... (93) 
So that P?" is orthogonal w.r.t. 6. 
Also we introduce a function ®,, =l ems 
(9) HE 
т 
then f 9, (9) 0,9) d 1. |" eim emb dmt, mg 
.. (94) 


oo that Ф, ($) is an orthonormal function w.r.t. azimuthal 


AS such the spherical. barmonics 


YPO, $) - cos 0) On сан | 


Р (cos 6) etme 
. (95) 


(44 
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The spherical harmonics У” (0, $) are a complete orthonormal set 
of functions i.e. 


T Yes [ONE ... (00) 
| H= 


We can also show that P," (u)=(—1)"- Пат m =P; (u) ...(97) 


Q7 —constant xr? ҮТ (0, $) ... (98) 
Y =(=)" yy" +++ (99) 


Also few of the spherical Harmonics are 


у, cs 
y= van NEED 


-A 5 3 (3 cos? 0—1), «>. (100) 


Y E 15 €'* sind cost 
n-A ue Xn 


Addition theorem of spherical Harmonics is 
үө, ө=дү/ 2 (vt п) „а (Ps (cos, үр... йо) 


ІН). Legendre's function of [second kind i.e. Neumann's Integral for 
Q, (x) where x>1. 
We have from (13) 


Q.x)— 


i$ sin*6 etc. 


x (n+1) (0-2) 
seine Р. ЕЕ Мыны АЫ, 
135. n1) [9 T7043) 
‚ Ak D (17-2) (1-3) (n+4) yh ] 
F 2.4.(2n-+3) (2n +5) pA 
2" H in 2 +27: ox er) 
Sari, 7 [rn 3) On £5) Qn 271) ан 
Neumann’. 5 formula for Legendre's function is defined as 
1. P(x) d: 
(УЭ 2204» ... (103) 
where | y | 2:1 and z is a positive integer. 


The recurrence formulae for Q,(x) can be summarised withost 
.proof as they have no utility in physics: 
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L (п+1) Q,(x)—(2n—1)x 9,50). —1) 0„-(У=0 ... (104) 


I Q'eu—O'ns= (2041) On c ... (109 
ш. (^—1 On’ = BEEP Ora) Or «++ (109 
Y. P0. (3) -Q)P. 3) = i 

Q9 MG iren; уо) 
V. P, Q..-0,P =t oe «++ (108) 
VI. Pea Osea T .. (109) 


Relations between P,(x) and Q,(x) are 
(1—x*) (Q«(x) Ps (X) —P«(x) Q4'(x)) —const. . . (110) 
where п is a positive integer, 


со dx 
and Q,(x)-P.(9 |? aT 


$.4. BESSEL'S EQUATION, FUNCTIONS AND POLYNOMIALS 


PS (111) 


[A] Bessel's Differential Equation. (Agra, 1961, 66, 74) 
This equation is of the form 
d а, 3 
S pez: 2o (0) 


, There is singularity at x—0, and this is non-essential ог removable 
singularity and hence the given equation may be solved by the method 
of series integration as allowed by Fusch-theorem. 

In order to integrate it in a series Of ascending powers of x, let us 
assume that its series solution is З 


со 
у= 2 ах", 
r=0 
dy @ 
= Ў а, bir 
S ae (Kr) x 
2. oo 4 
A ar (ktr) (k+r—1) xt. 


Substituting these values in (1), we get 


© 1 
2 [+ (dr — 1) хар фл) xen 
nen x : 


« 1 -5) æ] EA 
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or LA (К+) ет) —8) нен a; 0 
Ф 


or $ ат) tgs] amt. E 


The ка (2) being an identity, let us equate the coefficients of 
various powers of x to zero. 
Equating to zero the coefficient of lowest power of x, i.e, x*?by 
putting r=0 in (2), we have 
(0%— п?) a, —0. 
Being the coefficient of first term, a,#0. 
к2—п?:=0, ie, К= п. ... (3) 
Now equating to zero the coefficient of x*-} by putting r=1 in (2), 
we ре 
{k+1)?—n*} a,=0. 
But from (3), (6--1)2—л2520; ~. a,=0. eO (9 
Equating to zero the coefficient of general term, ie., x* in (2), 
we find  {(Е#+г+2)+4—т}а,ь+а,=0 


а, 
x ана TEFrF2-n) Ет) a. 
Case I. When k— +п. By putting r=0, 1, 2, ... in (5), we get ` 


PUE ЧЕ 
: 2 (2п+2) 
and аү=аз==а;...=0, 
Gic шен аа лик 
4 Qn-F4) ^ 2.42л++2)(2л+4), 
LA at 
ат RAED: 7246 prem (жы 0+9 


E 


‚ш "cay а 
4 DAS ar (2п-+2) Qn--4)...(2n4-27) " 
Hence the series solution is 


y-a, [=- хм UAM LIT НЫ ] 
5 290 3(2л+2) + p Ола)" 
E 1 1-340212 +74 ОЕТ Gat - 
Bc -—1)" xt +] 
“Fade n4)... n+) + 


Cy хт 
mont E TALX (1) Fr) m 
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If a RED ‚ this solution is called as J,(x). 


Thus $=. a 
Mem pring iy", S bs ald TF) 


"+2. 
- 0-*(5) алик Nene 
Case П. When = — n. 


The series solution is obtained by replacing п by —n in the value 
of J, (x), whence, we get 


© Я x yer 1 
dsm Y (Ar (s) "mm ® 

The complete primitive of Bessel's equation is 
A JAx) +B Ju), (Agra, 1961) 


where n is not an integer, А, B being two arbitrary constants. 
* COROLLARY. Besscl's equation for n=0 is 


Zi 2 + ym0, (Nagpur, 1965) 


© 
Its series solution by the same substitution y= Len" (as above) 
r= 
is obtained to be 
+ ae 24 x 
yma, (173 3x7 Rang) 
If a," 1, this solution is denoted by J,(x), I.e. 
Mo x 
Јх)=1— Rt Pa ware +... 29) 
where J,(x) is called Bessel function of zeroeth order. 


In fact J,(x) is that solution of Bessel's equation for n=0, which 
is equal to unity for x=0. 


Note. J,(x) їз called Bessel’s function of the first kind of order n. 
[B] Generating Function for J,(x), Le. to show that 


e^) 01-140 3 t"Jn(x). 


a-—00 
We know that 
eie Ae. 
9 у 
=A T 


$9 xr 
Wee v Wr +++ (10) 


| 
r 
i 
T 
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Similarly, e7*^* == ы — IAIN 
Multiplying (10) and (11), we get 
Nou O. (ерее 
Meque Е LT RH 
In order to find the (rth term, we should replace r by m+s and 
then imc of 1" is 


Е zu 1 
2) 2*0 ae "SI" 25b, Р (= (2 у (nds)! s! 
wx) ...(12) 
Again the cocfficient pl rt" » obtained by putting s=n+r and 


s D-- х" 
then coefficient of 17" == E Yn Fi ^ x dias 


IE Po we J"a aT: 


ca Ж m 
mJ. (X) 122(13) 
since Л. (x) = (— 1)" Ja(x), where m is а positive integer. 
It may be shown as below: 


oo x We 1 
J-la) Y. GAY (3) meum 
which tends to zero if —n+r 4-120, ie. rn—1 (^ T0200). 


Hence all the terms upto nth, vanish and therefore the limit r-0 
may be changed to rn. 


4 o x -ntr 1 
Fue d CAE (4) nme 
Now putting pete where s isa кү, integer, we have 


JT) fco (+ (3) TC LII 
Po ($F) erst 
E. 3] rESIToT 


з 


143 E (X) saa 
or Л.„(х)-=( AC (3 st l@+s+]) 


z(-1).). +++ (014) 

Agra, 196. 
„Нерсе from (12) и (13), we have [АКы 
ertum ы Ed rx). 4 "LN (15) 


ne +0 
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COROLLARY. Putting t=e'# and} me *5, we get 
etm Ў eno) 


п= —o0 


sin $— 7, Jy (x) ef 4-J— et 
or е“ и n(x) eff -J-.(x) RO еы) еа)... 


/ Li cos (x sin $)-+i sin (x sin $) 
~~ =Л(х) +(x) (e'$—e5)--J,(x) (estet... 
v [since J,(x)—J-.(x) when п is even] 
А 4 (x)--2i sin $ ЛЉ(х) +2 cos 2$ J,(x)+... 
Equating real and imaginary parts, we get 
cos (x sin ¢)=Jo(x)+2 cos 24 Ja(x)+2 cos 44 J,(x)+ .. (16) 
and sin (x sin $)—2J,(9 sin $+ 2J,(2) sin 36-+2J,(x) sin s -an 


Replacing ф by ++ we have, from (16) and (17) 


cos (x cos $)=Jy(x)—2 cos 26 J,(x)+-2 cos 4$ J,(x)... . (18) 
and sin (x cos ф)=2 cos $ J,(x)— zo cos 3$ J,(x)+2 cos 5$ мә: ye 


' [C] Integrals for J,(x) and J,(x). 
AC = ү cos (x sin $) d$. 


We have by (16), 

cos (x sin 4) —J,(x)--2 cos 2$ Ji(x)--2 cos 4$ J,(x)+... 

If we integrate both the sides of this relation with respect to ¢ 
from the limits 0 to $, then we see that all the integrals except 
first of the R.H.S. vanish, thereby giving 


[ соз (x sin $) die JA E d="J,(x). ... (20) 

п. бд=-- f7 con (nx sin 9 d. 

We have already proved that 

=J, 2 J, 2 Ji SW 
Weed мон sin: ^u Dr T Apa 00 
+2 sin 5$ J,(x)-- ... ties (22) 
If we multiply (21) by cos пф, (22) by sin ng and integrate between 
limits 0 to 7, we have 

Г, cos (x sin $) cos nj 8—0 or = Jn(x) ... (23) 
according as n is odd or even. 
and sin C sin g) sin ng dior Z4 or O ‚.-04% 


according as л is odd or even. 
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Adding (23) and (24), we find 
[rtes (x sing) cos ng-tsin (x sin $) sin nj] фет Л) 
o 


whether n is odd or even 


or F соз (пф—х sin 4) d$—7 Il), 
о 
ie я], cos (лф—х sin 9) d$. 
(5) | cos (x sin $) cos?" ф dg 


ш. LO FED di 


If we expand cos (x sin $) in the powers of x sin $, the ee 
n Ый д 2 = 
term is (—1)" gp Sin” 6 
General term of R.H.S. of (26) 


BRE Ye —v[ a5 Qn! sin?” ф со?” $ d$, . . . (27) 


where | sin?” ф cos?" d$ 


=2 [= 5 sin?” ф cos?" ф аф peres ва dict 


- [, Es ome | L lor = 50 n D! 
1. qr? (| — 1) dt 


2+1 241) 
o MEI 
(2) Cz) гг» 
= aI Эл? `7 (т, n) Lm 
г apt + 2п+1 Г(т+п) 
ETEN 
ut aS ту r( +5) 
к c men т 
Substituting this value in R.H.S. of (27) we have 
-emai er sin? $ соз?" ф d$ 
2-12-31 var(n+ i) 
Г(п+г+1) 


х 


Ус 2 y Cr СИ 
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PUT NP C Meu е 07007-3). 
-05) 0". то Pe Т Or Qr-1) (2r—2 


ч уе Ur r! bns r+1) 


210—1)". (4 E aaa general term in J,(x). 


Hence J,(.)= E түт x 3 X 31d cos (x sin $) соз?” $ dj. 
.. (28) 


[D] Recurrence Formulae for J,(x). 
L We know that 


LUC 6 | Mm. 
Je Ў(—1) Tren) 7 


where n is a positive integer. 
Differentiating it w.r.t x, we get 
nt+ir-1 1 


; e x AF 
AT a ET 3 


Multiplying both sides by x, we have 
хл (х) 


о A 1 x NR 
= Br Sree) 


о Been) nitr Ernie 
nÈ (—1) Sem sicco 


SES 
r!(n+r)! 


x rrr 
(2) 
5 со : Tbe eie 263 x п-1+27 
от Xa (x) Min ter (-1y. CES VINCE NSY! (3) 


[since on R.H.S. the second term vanishes for r—1 and 
hence limit-of r=0 may be replaced by г-=1 
Putting r—1—5s, we have 


5 об й 1 ^ x atts-1 
Wean) +x BW" c erp (4) 
=nJ,(x)— gs ek S9) 
2r т+2г-1 x 
п. Again х0). x (Ay. een ( i) з may be 
written as 


xx) 2 C1 y EE @+) vh p 


ri(nzr! \2 
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oo 

1 x ne 
=—n Ў (—1)-—————-4-— 
Bes Y aera) 


E у 1 хүн 
d NC гиг)" (4) 
= —п(х)+х„-(Х). (Agra, 1962, 64) ‚.. (30) 
Sum and difference of (29) and (30) give 
HL — 24,/(09)—J.409—J44(09 » - BI) 
IV. 2я/,(х)=х (Л.а): ^ (Agra, 1964). - - (32) 
v. E елд) х0). EN 
Here S(x J (о) eme 34,6) 409) 
=x! (nJ, (x) - xa (x)) à 
=x" (nJ, (x) —nJ, (x) Ја, (х)} by (30) 
xaX). 
VI. Similarly it is easy to show that а 
L ача) аен (9). NC 


Problem 19. Show that ==]: cos (x cos 4) dé satisfies the 
Е o 


differential equation MU Ф py and that y is no other thar 
Лх). ў 


Given yet’ cos (x cos $) dé oat) 
If we differentiate it w.r.t. x under the sign of integration, we find - 
Ba 1" сов ¢ sin (x созй) d SO) 

and Z-[ —cos? ф cos (x cos d) dé. =) 


Now from (2), we have 
dy. --di sin (x cos ¢. sin $ } 


a 
dx ó 


SN —x sin ¢ cos (x cos Ф). sin $ d ] (integrating by parts’ 
o s 
-— iE sin? ¢ cos (x cos $) d$ 


o 


=a" (1—cos? $) cos (x cos d) dé 
E 


722 PT ; MATHEMATICAL PHYSICS 


= =-4f соф с cos ф) ах 5. соз? ¢ cos (x cos ф)4ф 
=—ху—х = — from (1) and (3) 


{ Ge fe cay уу 
br ae ty ax 127—0. 
Ra era (se Y dé satisfi 1 дуу 0, 
Hence ye : cos (x cos ф) d$ satisfies = ERE x cct 


which is the Bessel's equation for n=0. 

Since y=1 when x=0, taerefore y is no other than J (x), as .Jo(x) 
being the solution of Bess:l's equation is unity for x=0. 

Problem 20. Prove that Ju) f 2.) sin x. 


(Agra, 1962, 66; Kanpur, 68) 
We know that : 


$n x x 

s= гт]. 1—22 (31) 2427 (1-1) (2) =} 
X ? ay des 1m] x? x4 Si 

S 29 (5) ral i eae +24214 -] 


МГ ae] 
М з {> ta | 


=) 
sin x. 
Problem 21. Show d 
(i), Jy (x) —J. (x) and (ій) 24, (3) 9 (х) — Јах. 
From recurrence formula (29) we have 
xA, (x) nA, (x) —xJ444(x). 
Putting 7=0, we get Jy'(x}=—J,(x), 
which proves the first result. 
Now differentiating it M пароша throughout by 2, we get 
x)=- 
o de 24 (3) — 409—400] 
by recurrence formula III. 
=J,(x)—J,(x). 
Problem 22. Prove that Jnss-+Jnss=— (1+4) Inne 
From recurrence formula IV, we hie 
2nJ, —3(J, 4 Jai). 
Replacing n by n+1, we get 


2 
= (n--4) Љы= Ing tH Inss. _ 
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Problem 23. Prove that 

cos x —J4(x)— 2J,(x) + 244(3)... 

sin x— 2J (x) — 2J4(x) 4- 2Js(x)...- 
We know that 
cos (x cos $)=Jo(x)—2 cos 26 J,(x)2-2 cos 4$ J,(x)... 

and sin (x sin $)—2 cos ¢ J,(x)—2 cos 3$ 07 cos 56 Js(X)... 

Putting $—0, we get 

cos x=J_(x)—2J,(x)+2J,(x)..- 

sin x—2J,(x) —2J4(x) 2- 2J4(x)... 
Problem 24. Establish the relation 

4.60 ло) Ie б) Ls) — 7 BE. 


We ane that J,(x) and те are the two solutions of Bessel's 
yl dy MU a К 
eqution © Tut xx i 1 a) y=0 y= DoD 


Hence, if »y-AG), 3 = Ф) „ (x) and T we have from (1) 


Mo) Jn um -£) J40)—0. 4) 
Similarly putting y=J_n(x), we get from (1) 
М 1 ^ т 
1,0) о (1-5) додо. 2.0) 


Multiplying (2) by J-,(x), (3) by Jn(x), and then Maps (3) 
from (2), we have 


„'(х) Лх) Ја" () Ao) (Ua (х) Jos) Jos (x) Js) =0- 
Put z—J,' (x) J-4(x) —J-«' (x) Лбх). 
Az mJ (c) Jos Go H- Ju (e) (x) I-n (х) Ja (0) In" (X) In) 
=p" (x) /-„(х)—/-„^(х) Jal) 


Wu ш ы EM 
Thus 2+5=0 ог Y x 
Integrating, log z=—log x+log C,.where C is some arbitrary 
constant 
e. 
x 
Ç 
‚т=—. 


or J,(x) 7-(х)—/-„(х).Һ w=. 


Equating the coefficients of + on either side, we get 
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1 
ZI TTC Ue De dae 
2n 
or o Cari Nent Rica 
: 2 2sin nr, $ 
Cuna - ^ Tal =) = iu 
(Gamma functions). 


Hence Jn'(x) /-„(х)—/-„/(х) Jot SE sin лт. 


[E] Orthogonal Properties of Bessel's ДА 
To prove that 7 J (ur) J.(u'r) r dr—0 where и and р’ are 


different roots of J» (1. а)=0. 
Since J,(x) is a solution of Bessel's equation, 

dy ld 

tx 2«( 1-5) у=0 . + G5) 
therefore putting х= ur de calling y —u in (35) we get j 

1 oe 1 du n 

# dF tu u dr am +( 1-35) u=0, 

. dy du _du dr 


пату 1 4 (1 duy 2148] 
and Te v dr а drJ- шї ап 
Multiplying throughout by y?r3, 


һ ФЕ т олат) u=. ‚..06® 
imilariy putting x—=u'r and calling у=» in (36), we have 
№ POL. Ф ит п?) v0, АЕ) 


If ме muitiply (36) by T (37) by t and subtract 
(r.vu* ~-ruv’) + (vu' — uv’ )- (9 — 9^2) ruv 0, 
du dv 


where == and v= 3; etc. 


ТЕСТКЕ + +8) 
where u=J,(ur) and v=J,(t'r). 
Integrating (38) w.r.t. г between the limits O and a, we crt 


( dur) Ju! (ur) w- IE) Ju Qr 2} I 


+ [ (2?— w°?) Jalur) (ш) r dr-0. 


n 
17 
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The first term vanishes for both the limits since 
J,(u2)—0, J,(u'a)=0. 
a 
Hence [> qu J(ur) шт)” dr=0, 
[LJ 


he, fi Jaler) Ји) r dr=0 asu*—u^50, ... (39) 
LJ 


[F] Bessel's Functions of the Second Kind (Neumann functions). 
Bessel's equation of zero order is 


dy ldy,,. 
Tax ax 79. +++ (40) 


One of its solution is J,(x) so that x Jy 4-0 
Let the other solution of (40) be 
у=и Јх)+у 
и, Y being functions of x. 
Then y' —uJ, --u'Jy--V' 
Y'—uJy 4-2 Jy 4- Jou" 4- Y" 
Substituting these values in (40) and using AULA 0, 


we get (r++ vv H-J, (e “)+ш = 


Choosing и such that wet u'—0 i.e. E. 
Integration gives log u’=—log xji.e. w=} 
giving u-log x 
then the above transformed equation becomes 
veh +2 „'=0 à 
or 7+1. vv J, : л = —J, by problem 21. 


But the recurrence formula 2n J,—x (Jn-1+-Jni1) gives on re- 
placing л by n+1 
2(n--1) Ju m xs 
1 
+ Ju (041) Ju X Jn 
Replacing л by n4-2, this gives 
x 


3 7043) ы 


ie. Jem 1) Jon H3) Jat Jem 


i.e. 


726 MATHEMATICAL PHYSICS 


сапр the process we find 


i = (n1) Joss (04-3) Ља E (1-5) Sut 


панї, > Л=2ЛҺ—4 +6... 
Thus +L y v A [2—4 60s. 
= (—1)"/2—1 nJ; , n being even integer 


п. =D у (у 
n 


—1y2-1 
But c J,(x) is the particular solution of 


"Ule AG ead pe ms 
X x? ДЕ Лх) x 


—1ул/2—1 
Thus v=} пани J,(x) (by comparison). 


Hence the solution of (40) is 


у=.Мх)1ов хх 2 (172-1 J,— Y, (say) 


But Neumann gave the solution of (40) as 


Xp 
> me Us ) 1 
м) Л) log x— 3 (ol у [1731] 

s . (41) 
wbere Nax) is said to be Neumann Junctions of the second kind of 
order zero. 

Weber gave the solution of (40) as 
2 XE 2:9, A» Gay? 
=^ ares ДЖЕТЕ, pris) 
Үух)= = [vo 5t ] RAGS) aes ) (Py 


1 У 
( 1+5 + экету} where + is Euler's constant defined as 


‘i ў iea (42) 
oHm (АЕ, mlog m]. «s+ (43) 
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From (2) and (3) it is easy to show that 


2 
Yo(x)=—= {No(x)—(log 2—ү) Лх). ++. (44) 
The complete primitive of (40) is 
Y=AJ,(x)+BY,(x). 3 . (45) 
In case of Pu s equation of nth order, i.e. 
ard dy f 
Juge [cR = ]»-e ...(46) 
the Кок primitive is 
Y=A'I,(X) +B'Y (x), - e (47) 


= рр 25 
where Y 2 [т+ов i] Lih d : тес -р) [ 2 T TS 
7 p= PO 


Imt Gaye c 1,1 1 
—— ў =N A E — ws T 
d Aude fuss ELIO 
| HE 4 SEU. - + 08) 
‚ when n is integral. 
But if n is not an integer, then 
ya Ј,(х) cos пт —/-„(х). ...(49) 
sin nz 
16] Besscl's Functions of the third kind (Hankel functions). 
These are defined as Н! (x)= J,(x) 2-IY,(x). ... (50) 
A? (x)—J, (x) Ai Y.(x.) 260051) 
Thus addition and subtraction cf (50) and (51) give 
љо) f HOH 
and Y,(x)=—}i f HPO- 
[H] The Modified Bessel's Functions. 
Bessel's differentia! equation of nth order is 
diy 4 dy, «(4 SER 52 
ах? x dx? aP ° zem 
dx dz 1 
Put x—iz, so that zi Lej dip 
dy dy d dr 
^ dx dz dx i d: 


dy dfidy dy d: 1 dy dy 


dx* ахх dx) dz dx Р dz а 
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With these curn (62) becomes 


1 1dy 
ui id TET y (iz) }y=0 
dy lidy D 
Le; d 22 (1+5 )v=0. e. (53) 


Since the complete primitive of (52) is у= AJ,,(x)+By,(x), therefore 
the solution of (53) is obtained by putting x=iz and that is 
Y=AJ,(iz) +BY, (iz). ... (54) 
Now we know aw 
(х/2)"+" 
m+ È С 121 (nr) 
Putting х=зї2, s become 
iz imc2r 
Mi= 5 O- 1r эте tr jen 
со zmir 
=n түт. mn 
<. (Èy = (0)7=(— 1)" and therefore 
(—1y- itre(—1)r—1 


со gir 
or pne. i о) ... (85) 


Неге i-*J,(iz) is ge by J,(z), which is known as the modified 
function of the first kind of ges n. Thus replacing z by x, we get 


xir 


at ^x). ` z on 3r n үа! ‚+. (56) 
w | (n+) =Г(п+г+1). 
If we put n=0, its s particular case is finda as 
W= 2 Eu 
e (x[2*  (x/2)* 
| (2 У Capt Gee. G0 


when 7 is integral, the modified function of the second kind, 
i.e. K,(x) is related та the modified function as 


Kx) YR E ye e iy* 


+9 E UE бше [ tog $- $369 +0 


Heer]. ++» (58) 
where VcTD-(-- 4H +.. +)—ү ...(59) 
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ud ri (1+ 5454.4 = )—т. ...(60) 


But if n is not an integer, then х 
= (х) —4(x)] 


K,(x)= ЕР ... (61) 
In particular when n is an integer, we have 
E sq ld E 
Km нова ue E Gert ete ++ T 
«+ (62) 
Hence the complete primitive of the equation of the type 
dy , ld =] AS 
ах х 2-(1 x 170 
is y—AL(x)-- BK, (x). ++» (63) 
[I] The Ber, Bei, Ker, Kei Functions. 
Suppose we have an equation of the form 
ФУ , ® ipxy=0 ANT 
Ya T dx У X 
This may be written às 
Y dy. лу 
Be yu S 


Obviously this is a modified Bessel equation of the бгйег zero and 
therefore its solution is 
y=4h(xpvi)+BK (xp vi). ++ 465) 
In order to express this solution into real and imaginary parts, we 
introduce four new functions, namely, Ber (i.e. Bessel real); Bei (ie. 
Bessel imaginary); Ker and Kei are their analogues. 


These are defined as 


Tx i) Ber (x)--i Bei (x), .. . (66) 
Kx Vi) — Ker (x)+i Kei (x), ‚.. (67) 
4 ‘J 
where Ber (x)= cs H5 ass (68) 
зом хү Ge G0. 
and Bei c-(3) E D ... (69) 


- Problem 25. Derive Bessel’s equation from that of Legendre. 
We know that Legendre’s equation is 


2, 
(12) $2 259 п (а) y-0 Nr 
Differenting it N times, we have by Leibnitz's theorem, 
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"y М(М—1 aN 
cms 3 sin S. 


$c —2 or У 4n (n+l): T =0, 


pir 


a 


qu s 
de 


[N42 ам. 
Le, (1—5) Cai P ial 


+ (4-1)—N Q1). 5 =0. 52 


If we ga =N M , the equation (2) becomes 


ey —2 (М1) x аи (n+1)—N (N+1)} 2=0 .. . (3) 
Now м. EL sagi 
їе, 2=Ү (1—›%)—#У * 
A do -n 4Y 
so that 0-2) + = 


+¥(-2 -Ja-9- IN-1(—23) 


wor. 


-(—x)- +Nx (1—х2)—1%—1 y 


we LY 


and 25, - (1— at) WEST мх (1—9) м2-141 


Lat-i- оу IN-. e 
am xti iai x) Nc? (Cz 1) 22] Y 
or $-a- х?) + zr +2Nx (1--xt)- 1N-1 a 


TN {1+(N+1) x5) (1— m iN-2 y, 
Substituting these values in (3), the transformed equation is 
(1-295 + ONs—2 (N+) а) -NND 
2Nx' (N+ », N{14+(W+1) x! 
Be gD HED rao 
ug dividing throughout by (1 —x-iN] 
or (I=) AT 9,40 fn (n+1)-7* =} veo, (4 
dxi T T «++ (4) 


Now in order to change the independent variable, pa 
Xan (0529, te 1552. 


a — 
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and Xen y/(1—29) gives =, 


dY  dY dX —nx dY 


80 that dx a Өсүш 
а-ФҮ_ d —nx 
de aa )- dx (vate te dX. 
EIL [yq Vü- =x) x AYAN 
de "| 1—x d +Vd—x) dx Ф. 


жр dY nx dY 
GES ae "ах _1—х° dX: 
With bw substitutions (4) becomes: 


nx? = A dA ie ue gr тйлй 
te, (1-2. у Ora) ay co pre 
Toy (1-х) 


« (24-3) кугы 


es to Áo: limit when n—co, we have 
1 dY Ne? 
an xy хах (ice =) ¥=0 
which is clearly the Bessel's differential equation. 


Problem 26. Integrate in series the Bessel’s equation of zeroeth 
order. (Nagpur, 1965) 
Bessel's equation у 


dy n 
ei x rx 1-5) y=0, 
If n=0, this equation reduces to 


d'y 1 dy 
Ge ty dx 79 se) 


which is known as Bessel's differential equation of zeroeth order. 
Inorder to find the series solution of (1), let us assume that its 
series solution is of the form 


у= Ў a,x, 


r=0 


dy со 
sothat -== X а, (К+) x1 
dx r=0 


and ду, 2 а, (k+r) (k+r—1) xt; 
dx? т=0 
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-* Putting these values in (1), we get 
© со 
$ а, (k4-r) (К-Ег—1) xt? + X а (Ег) x**74- Z a, x*—0 
r-0 r=0 r=0 


or E e+ (r1) ertt xt] 0,0 ‚..@ 
-r= 


The equation (2) being an identity, we can equate the coefficients 
_of various powers of x to zero. 
ating to zero the coefficient of lowest mr: of x, i.e., x*? by 
putting r=0 in (2), we have 
4 {k (k—1)+k} a4—0, i.e., ka) 0. 
Being the coefficient of first term 2,250 and therefore 
k=0. e) 
Now equating to zero the coefficient of x** by putting r—1 
in (2), we get 
{(k+1) kK+k+1} a,=0, ie., (k--1)* a,=0, 
which gives a, —0, since (k+1)?<40 by virtue of (3). 
Equating to zero the coefficient of general term, ie., x*" іп (2), 


{(К+г-+Е2) (k+r+1)+k+r+2} а +а,=0, 


Е. (k--r-2? аа а, =0 
а, 
ог ав) eee (4) 
since by (3) k=0, 


Now a,=0 and putting r=1, 3, 5, ... in (4), we have 
a,=—ja,=0. 
Similarly, 2;=0, a,=0, 
i.e. а,=а=а;=ау= ...=0. 
Again putting r— 0, 2, 4, ... in (4), we get 


а, 1 1 
ay a=- Cm T 3:20 


XP. ete... 


gu — 


CT PIE SUE TENE тйл FE 
Substituting these values in у= В аи we get the теша series 


solution as $ 
Wool аа E 
» zi l-z tgp ree ] 
Note. This solution is denoted by J,(x) when а,=1. 
Problem 27. тк the equation 


dy 1 
B) A Zhe- y= (Agra, 1964) 


EL 
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The given uus may be wanton as 


1 dy ( MEER 
p ded Seo Po we i)» =o 
(on dividing throughout by x°). 


This is the same differential equation as discussed in $ 11.4, [4] 
under the head Bessel's differential equation. Here n*-4$. 


Problem 28. Solve the dijferential equation 


pas +(E—x*) ф=0 such that 0 as | x |->00. 
(Agra, 1962) 
The given differential equation is 
аф 
ge t(E-**) =0 Ane (5) 
Put p ve-—xt[2 
so that Rus. ment —vxe- X2 
x dx 
and zt Ten —2xe zenk уе l2 yy2e—xt[2, 


Substituting these values in (1) ud dividing throughout by 
e—x"/2, we get 


ane, © d HE-1) у=0. А ie) 


“dx b 
Let its series solution be ; 
oo 
y= E (ax, ... (3) 
dv 


then the Rene о а, (k—r) x 


а?у 


апі Де” Ei а, (k—r) (k—r—1) x*7?. 
г=0 
эү чн these values in (3), we get 
i Po (k—r) (k—r—1) xe re 


27 2 к HERD, b raa r=0. 


o i Pæ- E—— 34+ (E-D—2 6-0) 371 = 0. 
ia 


. (4) 
Tbe relation (4) being an identity, the coefficients of v various 
powers of x can be equated to zero. 
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Let us first equate the coefficient of x* the highest power of 
x [by putting г=0 in (2)], to zero; then we get 
(E—1—2k) a,—0. 


This: gives kic: i5) 


since 2,30, being the coefficient of first term of the series. 
Now equating the coefficient of x** to zero, by putting r=1 


in (4), we get 
{E—1—2 (k—1) а)=0. 
Here E—1—2 (k—1)#0 by virtue of (5) and therefore, we have 
a,=0. 
Further equating to zero the coefficient of x*, the general term, 
- in (4), we have 
(k—r--2) (k—r+1) a+ (E—1)—2 (k—r)} a,—0 
- (k—r--2) (k—r--1) 

97 ат  E-I-2(k—r): ^. 


дыга ыыы 


Е—1 
Е—1—2 sh 


E-4-3—27) (E+1—2r 
„(з= 


Putting r=2, 3, 4, 5, 6 ..., we get 
(E—1) (E—3), 
— — de 


aT. 8.2 
am = = Жр 
Similarly а,=а=ау= ... =0 
ше EI. 


_(E=1) (Е—3) (Е—5) (E=7) 
924 ао, 


E—9)(E— 
dim DE 11) s 
ЛЕ (E—V(E—3YE—5YE—8YE—9)(E—11) 
ram 8.2.4.6 Mac UT. 
Substituting the values of these coefficients in (5), we get 


a] x (E-0/2— ee x E-512 


а, etc. 


у= 


(E-D E-n E-S (E-D) ig. 
= 8 24 XE sn —... | 


| 
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Putting this value of v in j-ve—2?/2, the series solution of the 
given differential equation (1) is 


jay si x(E-1)/2 fee on x(E-5)/2 


i AHS) (E—3) (E—5) (E— eS x(E-9)/2 — ] 
82.2.4 тє 
Problem 29. When calculating the dependence of the current density 
upon the distance p from the axis, we come across a scalar equation of 
the following form in cylindrical co-ordinates: 
u 1 ди  4rop ди 
dis ае дг 
Find a solution for и which is a periodic function of the time. 
Suppose that u=¢(p) е! is a solution; then 


Qu d$ ы 
7 ар dẹ 
ди_ Фф gwi 
and e dp [s 
also amie gle) ef, 


Substituting these values in the given equation, we get 
d'é,1dé 4nay. 


de COR at 
a 10, 
or TEE van =0, э) 
where &?— DE 


Now in order to change the ек variable, let us put- 
x=kp, so that © ee =k. 
е = dé. Ps y de 
5 Ny de „леш x 
p D$ 0х pe FH 
and T z + at) do rd dx dx- de =k dx 
With these шый (1) reduces to 


dé 1 аф 
de tx VIRAL 0, 


which is the Bessel's differentia! equation of zeroeth order, as we have 
already discussed in Problem 26. Its pr is 


#=влх)=в [1-3 RUPEE z: rU: * Peet ] 


Hence u—a,J,(x).e**, where a, is qu amplitude factor 


ask) еі 
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60 mah vo ovn) | en 


=al ba { V (nouo). ©} tibei ] venen) £1] eet 
which is the required solution. 
Note. Ber and Bei functions. 
The real and imaginary parts of the function Jyx/—i), are known 
as ег (x) and ‘bei (x)’, i.e., 
Rxv —i]=ber x, 
I[J;x/ —i]—bei x. 
рома 30. Find the integral of the differential equation of cylindri- 
wave 


Suppose that u=v(r) eft, 


ди dv iwe atu " d'v Lj 
ws дг э ЕЛ d or — dr Е 
і bu 
Awe 
a. a = =іоу(г) е 
апі са —o!y(r) ей“. 
Substituting rn values in the given wave equation, we get 
1d» о? 
i pln "dr c Go perm 
dx o 
Now put =, ѕо that dv 
ү ау dv dx cmi 
id dr dx dr сах 
dy o dy o? dy 
and E = (> )== Gd 
With these NOM done the Сазанов (1) transforms to 
qebrlg res 


which is the Bessel's differential equation of zeroeth order and 
therefore its solution is 


v=a,Jy(x) (as in the previous problem). 
Hence the required solution is ^ 5 F 


ro.\ , 
u=a,Jy (=) eut 
Ve $ 


Problem 31. Prove that \/ (6) Љу) = E cos х 
(Agra, 1966) 
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We have 
$ (—l)s үст a 
Jax) = o |5 | 0+9 m+s) ( 3) 
x AE Lud „since 0 —1 


а Xp pD 202 r3 
x x A 
oes xe тол ER (0 ? 
x" 
=F Path ster 2. UE LnF + 24. mu REN al 
Г(п+1)=|л 
Putting vp dg either Pu we get 


ло а itunes] 
n ps тЇ 25 oe EUM 


xn 
UBRIgpym TRUST: 5 2 35 з 57 NX Z46519 t ch 
"m VE E) Jus) 3b 25 +7437 7137 -ST i | 
ae A A UN m 
"oy cvs T, Beane —73,4.5.6.1.9 
[ы M) Вх 
"iss Т9: 
| Q-D» uio (7-1) хе (9=1)x" 
с ac e кт E 


Ti [еда le. ele. 
ЛЕ д4 а 


ыя +] 


Problem 32. Prove that 
һб) x G GO 
Jx) m+- (0+2)— (п+3)—... 
We have the recurrence relation, 


Je) us) 2A) 
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bee д0) 2 o) Jen (2). 
Replacing л by (+1), this becomes 
I= 280 y, a 69. A e 
Јах) 1 1 
Now ———————-— from (1) 
"A 7 JA — 20D E 
Je) Ian) Јах) 
Joa) 
1 
SnD JC) — zum- 
x Jl E 
Jeux) 
1 
“Ter ї эр 
REED p) Je) 
Jarl x) 
1 
= 2(п+1) 1 
x 2(n+2) 1 
X  . Jeux 
2х) 
1 
2 CED 1 
rane zea a р: 
nuo 2-3 
me. 
nS x/2 
x 
Cr saa D 
x _2(+3) 
x —... 
by repeated application of (1) 
xh (х2)? 
= (mED— Seer ID) 
ат тута 
X2 4 
7) GRP 
(n2) — (x25 — 


a+ 


^A —— 
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8.5. poe as ЕНЕ OR GAUSS EQUATION AND FUNC- 
IN 


[A] Hypergeometric or Gauss' Differential Equation. 
This equation is of the form 


xl +fr—(@+8+1x} Zap y=0 Аз) 


where x, B, y are parameteric constants. 
Here x—0, x=1 and х= oo are the singularities, since on dividing 
(1) by x(x—1) we observe that coefficients of 2 and y become in- 


finite when х=0, 1 or œ. Thus we can integrate (1) in series about 
x=0 or x=1 or х= оо. We therefore discuss the series integration in 
three cases. 


Case [a,]. When x=0, then taking the series solution of (1) as 
со 
y=:2 а, х^" ВД) 
т=0 


We have already discussed the solution in $8.3 E[e,] and obtained 
the solution as 

y AF (a, B, ү, x) --Bx-* F(a--1—y, B+1—y, 2—y, х)... (3) 
where А and В are arbitrary constants, 


В е) (B41) 
and F(a, B, y, х)=1+ lY haa i 


(ED à 
а(а+-1) («--2)8(8-- D) (8-2) x3 
+ тоза) C007 
Case [а,]. When x—1, is the singularity, then the series solution is 
obtained by developing the series about x=1, by making a substitution 
Х=1—х іп (1) ...(4) 
dy dydX бу & ax 
ae ata Ч ШЫ 
Edi su e 
and (ах) dx dX: 
Substituting these values in (1) and arranging we get 
(X) Z HQ tat X41 1a ар 7-0 
: 25549) 
which is similar to (1) except that y is replaced by 1--x--2—Y and 
x by 1—x and hence by (3) the solution in this case becomes, 
y=AF (a, B, 1--«--B—Y, 1—3)2-B(1—3)'-? 
F(y—2, ү—8,ү—%—8+1, 1—х) ...(6) 
Case [аз]. When х= оо gives a singularity, then the series solution 
of (1) is obtained by developing the series about x—9o, by making а 
substitution 
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х= 31000) ; 225300 


. (1) dr cag 
d: p 
ra- EX0) уату tob y 0... (8) 
Let its series Bp be 


yes Е а, X** ‚ az 0 .. (9) 


© 
kirl 
So that a2 2 a, (k+r) X! 


Фу 
а = 
Substituting Vit values in (8) we get the identity 


(cer) (k++ 1—2—B) Е) +28} X 


(К-т) (k4- r—1)--(2— y) (k+r)} ХЕ] a, z0 .. . (10) 
Equating to zero the coefficient of X* (the first term) in (10), we get 
[k (k—1)+(1—a—8) k+-a8] а,=0 
a +0, ^. k(k—1)--(1—«—B) k+a8=0 
ог K*—(«--8) k+aB=0 
or (k—a) (k—)—0 giving k—a, B ssl 
Again equating to zero the coefficient of x**' in (10), we find the 
recurrence relation as 
{(k+r) (k+r—1)+(1—a— p) (k+1)+28}a,—{(k-+r—1) (k+r—2) 
TQ-—» (k+r—1)} a, =0 
фе. (k+r>a) (k+r—ẹ) a,—(k-+r—1)(k-+r—y) a,-.=0 
(&+т—1) (7—0) | 
(Ета) (rp) ^71 +++ (12) 
"i 067—1) («+/— 
when ka, (10) i een = 
«(a =y, 
fo tat a тет) 
Pe (2-1). (x--1—y) («-2— ) 
12.06-18) (6-20) 
Mist (21) (a+2).(a+1—y) (2+2—y) (a+3—y) 
1.2.3 @-+1—B) («+2—В) (83ү) ^» ete 


=? Qe Umm + 1) xen 


or а= 
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2. Solution is y—2, X* F(x, «4-1—Y, «+1—8, Х) 
at Ho a ol (s &4-1—Y; «4-1—8, i) Уе (13) 
and similarly when k=ß, the solution is 
»-axctr[s 1n 8++1—в ] E 
. Hence the complete integral is 


1 
y-—Ax^F (a, «4-1—y, x-1—P, 4 +Bx | в, B+1—y, B+1—4, x] 
‚..(15) 
where A and Б are arbitrary constants. 
We thus have found all the three possible solutions of Hypergeo- 
metric or Gauss equation, i.e., 
(i) for x—0, exponents are 0, 1—y by (3) 
tin for x= oo, exponents are —«,— by (13) 
(ii) for x—1, exponents are 0, y—«-—f by (6) 
These results may be shown by a scheme as follows: 
0 oo 17 
y-P| 0 а ОС : .. (16) 
1—* B ү—&—В 
where the R.H.S. is said to be the Riemann-P function of the 
equation. 


In symbolic form, F (е, P, ү; »-F[ a x] 2 (17) 
which is known as Hypergeometric function. : 


© 
We also denote F (х, 8, ү, x) by = 00), (8), yx ...(18) 
k=0 Ce |k 
[B] Particular Cases of Hypergeometric Series. 
(i) we have (expel ene: TED a Ln ec oda. 
=F(—n, 1, 1, —x) 
1 xt xt 
Gi WP TI 11. Sie ннан ae 
(ii) log(1--x) x 2*5 4 + 
zaps eco ree ЛА s 
=x[: 2*t3* p] [ч 
=x F (1, 1, 2,—x) * 


(iii) site Ia T$ ie XH... } 


и HH 
[Hs HERES] 
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LU 3 5 
=F ri ] 
3 y» 7 
(iv) tan tx—a— 5. 


= p 
=х [e Heo | 
=. b$ -] 


2 3 
Q0) @=14xt+ + ite 


12. 
Ec ni x п(п+1)12 1 | 
qu i п 1212 E Te 
Ium E ња]. 
m3o0 n 


[C] Simple Properties of Hypergeometric Function. 
(1) Symmetry property. The value of a hypergeometric function 
does not change by the interchange of parameters « and p. 


х _ 2 (о), (B 
F(a, В, v, Be da th [E T 
© (8). (ade 
t na ОЕ а 
=F (8, х, v, x) 


B р e Ba ] 
> dC Ее ... (19) 
. (2) Differentiation of Hypergeometric Functions, We have 
© (а), (B) 
=> 
F (x, B, ү, x) A Ge |E 
Its differentiation w.r.t. x, yields, 
d _ 2, (1 i (вру уу 
BAR v Э) м лау” 
it vanishes for k=0 
EN $ (2), (Bori 
р=0 |р Y) 


©. 0.(9--1),.В (8+1), . 
= EDS Oall) (24-2)... (a-1-p). 
poo  |P YD, аар) (12), ee Р ру 


=a («+1), etc. 


on putting k—-1=p. 


t4 
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«В $ («- D, (8+1), 
TUE p=0 FX 


= Рен pHi, yH) ; AI E 
© Ro B y AES E E 


— iren. B+1, y+1, х) 


= 6. EED EHU ды, pet YHH, ә) 
(21-1) 08-1) T "розов bout 
ala 
Ye 84-2, y+2, х) +. (21) 
n the process z times, we may have 
a («--1)...(&+т—1).В (8--D...(8--m—D 
dro. В, ү, x)= Eu ULIS Ерт 1 
2 Е (+m, B+m, y m, х) 
= Sen F (а, Вт, ү+т, х) 20» 
In symbolic form (22) can be written as 
d" a, 61 (0 (Ba Гат, Вт. 
de dw UR 


© 
COROLLARY 1. When x=0, Fia, B, Y, шш з о x 


x «B, «(x DE В 2 (9-1) 
= tim [14 Bt t] 
=1, since all the terms except the first vanish. 
Similarly F (а4-1, 8--1, y-+1, 0)—1 
Hence from (18), it follows that 


[£Zre&v»3»].-3- | 


COROLLARY 2. Had. the parameter « been a negative integer зау 
— №, then we should MS 


F(N, p, y, х) = 5 Nah s 1.04 
FCN B y, x) = ® TEO: (24) 

^ since it vanishes for = №, N+1, N+2....etc. 
Similarly if 8 were a negative integer say — M, then 


M 
Е (и. — zm (а). (— М), 
(к,—М, ү, х) a ale Ga xt (25) 


t 
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In case а= —N and у= —(N--M), М, M being positive integers, 


m о (М), (8) 
F(-N, 8,—N—M, 3-E Nie" ‚.. (26) 
IN 


where —(—N)s=(—N)(—N+1)...(—N+k—1)=(—1)* Zk 


N+M 
Similariy (-N-My- C D ee 
(см. _ IN [NEM-k IN 
So that NEM: INE [NEM [NEM 
КУМ) (N--M—k—1)...(N —k4-1)] 


Let eae e d 


Е 


k k (B „> 
(i) 0) do» en 
Here it is noteable that on the R.H.S. the terms do not vanish for 
k=0, 1,2, ..N and they vanish for k=N+1, N+2,..., N+M; but 
the terms do not vanish for &—N-- M 4-1, N--M 4-2,..., since the 
term corresponding to K=N-+M-+1 is 
_ N+M+1 N+M+1 (@)х+м+т amet 
is NFM К “у ) [N+M-+1 C 
Conclusively the series which stopped for «— —N or B— —M at Nth 
and Mth terms respectively, starts again when x——N and y=— 
(N+M) or likewise when 8— — М and ү= —(N4-M). 
(3) Integral Formula for the Hypergeometric Furictions. 


à со 
ere node Е eae 


where (heme (D 6-2. pe e TRE =a 


T(y+k) 


Similarly (8),= TM. S) se Led 


Also we have B (m, n)= үү". (Beta function) 


. @ T+ |. Ty ^ гу Merk), Г) 
NEST rg Г(ү+Ю) Pe Ik) ^ I(v—8) 
Ce TY I(84-k) Г(у— 6) 
, Ter(q—8) ° Torr) 
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Ty — T(OT(-9 _ Ty у 
prea- -B Tep “BOP ВЮ 


[ (1—:)7-8-цй+-1 dt 
© B(P, 0)  a-artate dx 


(1— 1)7-87 н-т д 


=т= B) 


ВБ ос 


With these dirt we therefore, have 


F(a, B, ү, x)= Beye эб, тю, (оь xt f (1—1)7-8-! (8*1. ш, 


), 
=? Fuer T Y (2), xt {а 
Erg, 1-2 Arad 
a interchanging the order d intergration and summation) 


Nico —£yY- B-1(1 — xt)-. 
E = 5. (1—1)Y-9-148-1(1— xr)» dt 


Grp OH (а) re une 
d Conci, 89, [2 (xt)*+...=(1—xt) 


We thus get the integral formula for hypergeometric series as 
1 1 
F(a, B, ү, х) | 1—)-а-®-(1 уа... (28) 
(e Вт, 0р |, 0-9 (1—0) 
which is valid for | x | <1 and Y» B0. 
COROLLARY 3. Gauss Theorem or Gauss Formula, 
If we put x—1 in Г, we have 


Fs, 8, D ge L— - ую], (1—1)-8-199(1 —tysdt 


ix 1 __ДУ-В-«-1/р— __В(В, ү—®—В) ‚.(29 

=, ү—Б) fia ee русу Eur! 

ГРГО 

MEFO ; 
Ty Г(ү—«—6) 

Fes т Dene OPI p) АО 


which is known as Gauss's theorem 


* Using B (Р, Q)= (27) yields 


COROLLARY 4. Vandermond's theorem. 
In (28) if we put «== —п, we get 
5 p Den) 
Boe Fite DeFT 
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— 120-1) 12...(ү—8+п—1) 
= 12...(-2—1). 12..(v—8—1) 


0—8) 6—8--0..(—82—1 — (¥—B (3) 
Yr 0... (0-1) ETUR one 


This is known as Vandermond's theorem 


COROLLARY 5. Kummer's theorem. 
In (27) if we put x=— 1 and 1—8—«--1, we get 
— —1)=—= 1 : — f2)-e 8-1 
F (s, b, B-a+1,— D=- |, 01-070 
Put =y so that 2t dt=dy 


T(B—a+1) ^ Lye E dy 
-re p h t- 7 t 


&4-1) {ї eic 


2i Ы) fB 
2 X) 
| В 
LÀ Te-ai) 727079 
PERPE) r($ +1—а) 
2 
2 y=B—a+1 gives, ү—ф=1—® 


cern ($+) 
Re 2) 


(op dividing and multiplying by P) 
Which is known as Kummer's theorem. 
[D] Linear Relationships of Hypergeometric Functions, 
If we put 1—1—p in (29) we get 


1 1 1 1, —p)}-2, 

F(a, b r = eas | P 0-09*0—a DR. 
gay" T. Ар {—® 
55 | авер re ge 


BE, Y—8) 1 
ог Ke, Bi mg 0-80) F(s 1-8 у=) 
by using (28) 
=(1—x)* қ а, Y—B, v) 1v (33) 


"7 by symmetry property 
B(8, Y—8)— B(Y—B. p). 
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Similarly it may be shown that 
F(a, B, ү, 3- qr. В, v; zu ) 22. (34) 


With x= ‚ (31) yields 


F(a e у) ев —D ‚..@5 
If B=1—«, this gives 
F(s, 1—4, Y, 5 ;)-*r ® ү+&—1,ү,—1) 
y+e—- 
2 


2*Гү г( 

~ rto) (19+ 
epe) 
“Tote (1-52) 

eue) eee 

„(&—1+ 

Gaines) 


2 (1) srt (r2) r7 2e ze o т) 
d (1-1) G4-3)...(q— 124-9 


nerit m (ya) (ү+®+2)...(2ү+2«—2) 


us 
xag using (30) i.e. Kummer's theorem 
Zt 


12-а |2 
(i 
r( X|)r xti 
ES eu dac] 
(on simplifying) 


Further, we have shown the solution of the hypergeometric series 
for x—0 as 


y AF (а, 8, y, )+Bx F (@+1—y, B+1—y, 2—7, х) by (3) 
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Which is convergent for | x | s .é., in the interval (—1, 1), 
and the solution for x=1 by (6) 
у=АЕ (а, p, 1+»+Ё—{ү, 13) EB aj Е (y—a, y—8, 
yY—«—8--1, 1—x) 
which is convergent for | 1—x | <1 Że., in the interval (0, 2) 
Clearly the solution (3) and (6) are convergent in the common 
interval (0, 1) in which there exist a linear relationship between 
different hypergeometric functions. 


Let the relation be Fla, B, y, X)—AF(«, В, 1t+a+fB—y, 1—x) 
+B(1—x)’-*-#F(y—a, y—8, v—«—B--1, 1—x) .. (37) 
If we put x=0 in (37) we get by Cor. 1 of $ 8.5 (C), 
F(x, B, y, 0)—1-- AF(c, В, 1+a+8—y, 1)2-BF (ү—«, ул 
ү-«—Ё 
y—«—B-4-1) га) 
+в ТО уау: (030 
by Gauss theorem (29) 
Putting again, x—1 in (37) we get with the help of Gauss theorem, 
ГүГ(ү—а— 8) 
» Y, I=AF(a, p, =y; Ө) LL 
Қ, В з F(a, B, 1++=+В—т, 0) гуа) T(y—8) 
C INE) SE ч 
i.e. A=) Tp) Since by Cor. 1 of $ 8.5(C) it may be 


shown that Ха, B, 1+a+8—y, 0)=1. 
quee. this ое в А in (58), we find 


T(1--x2-8—7) T(1—7) 
T(2--B—») Г(1+«—ү) 


Гуа ВАТ T(1—7) 
+В) Ie) 
г(1—ү) Г(1+ү—«—Ё) 


sin r(y—2) sin z(y— 
T(1—2a) T(1—8) 


p) 
= sin zy sin x 0—0 +8 
by using Гр T(1—p)—— 
. I(1—«) ra [3] 
“M-p TU ap) 
sin ту sin z(y—«—ß)—sin z(y—«) sin «(y —8) 
.  $sin'zy sin n(y—a—ß) 
I(1—2) T(1—8) E 8—1)  -—sinz«sin пб 
FA sin тү sin n(y—a—ß) 


or 


POD) аа 
Qu DAAE Sean 
DUA F(1—8) T(«--8—)) Farlar TOT(1—8) 
Тү) т z ms 


Түгү) 
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by using Гр Г(1—р)= e 


MNI гав: =y) 
SEVAY 
Now (37) yields with the substitutions for A and B 


Fla, B. v, xm pe Ае, P, Lach 12) 


Ty TI w 
BOM) vre-a Fes xB Ye PL IH)» (39) 
which is the required relationship. 


If we now replace x by 1 in (39), we get 
- 1\_ГүГ(ү—«—6) з 1 
F(ab n Tene re p, (o b 1+1 i) 
p Deka уэе epee pained 
"Tare —. (ie =) F(x еа: TAS pli 1) 
But from (33) we Шс 


Е (= В, ү, 1— к )=(х)` F(a, ү—8,,1—Х) 
=x* F(a, ү—В, Y, 1—Х), 


F(s, B, v, 1) x F(a, а—ү+1, 


Г(ү—а) l'(v—98) 


2b-r HL 173) 4 TERE а o 


F=(y—«, 1—«, y—a—B+1, 1—x) ... (40) 
where 1<x<2 and 17 17-4 D. 
[E] Various Representations. in Terms of Hypergeomeiric Functions. 


le] 1f we put х=(,—л)и+ л Le u= h (41) 
i 1e 
dX тг: 


yy d 1 dra ey 2 (1) 
Sothat Jx = du dx т du ane a? — dx Ce du 

1 d*y 
—(n—r du 


-, ÆT in the equation cd (x— уу: dd x44 


к-)-@ 0 yap... (42) 
Then we find the Gauss equation or anc equation, 
Фу b nts b аў С 
u (1—u) Gat 5 rum. ЗЕ – D ... (43) 


Its series solution by usual method or ptis with $8.3 E(es), 
is y=AF (а, P. t. mE и? Fa—y+1, B—y+1, 2—Y, Ao г. (44) 
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nra) b ELM 
where AE ny a+p+1= = and «B= z .. . (45) 
КУ qu 
д эта (soi) m (RR) "ren emnt 
Ds X 
х 
2—Y, LI) ... (46) 
COROLLARY. Tschebycheff's equation is à 
(х—1) Ga 22 4x D ту=0 ШО (47) 
A PC. 


Comparing it with (42), we get 
n=l, = —1, r—0, a=], b-1,c-—m, x=—2u+1, «=n, 


В= —n, y=} and hence by (46), the solution is 
M ES: 1—х yn 
eA F(r.—n; bo— )+в ( 7 ) 


F (ore 2 58) 48) 


2 
with the help of (48) and $ 8.3 E(e,), the Tschebycheff's Polynomials 
may be found as 

Т, (х)=1, T,(x)=x, T4(x)--22*—1, 1 (49) 

Т, (x) =4x°—3x, T,(x)=8x*—82°+1 S 

[e.] Legendre's Polynomials have already been discussed in problems 
on Legendres Polynomials. 

[ез] Elliptical integrals of the first and second kind are 


vn 
мон | Oa КО?) 
ad B= "а-а sin’g)!” dj 5) 


respectively. — 
We have k(x) = [ js (1—х° sin’g)1? dj 


af g BED GED gn g ag 
9 k=0 


(29 Gir [nh cos 
i |k | Шр 
БЕ, O (ix rQoke-bD Мт 5 
a z [k ТЕР) 2 by Gamma integrals 


= Хх (0. т 
ко |k |k 2 


p 
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=3 Loe (x9 since | k —1:2.....(6—1) (e 
=> Р@ 1; 5) ... (52) 
We can similarly show that 
EG) Cd 1534) .. (53) 


Problem 33. Solve in series 
х(1—х)у'+4(1—х)>' —2y—0. 
Comparing it with the hypergeometric series we get 
atpti=4, ү=4, ap—2 
ie, а=1, B=2, ү=4 or «—2, В=1, y=4 
For the first choice the solution is. y, —F(1, 2, 4, x) 
=F(2, 1, 4, x) by symmetry property 
Заа ЖА 
=1 TX +79 T + т Melee 
For the second choice the solution is y,—3^* F(—2, —1, —2, x) 
= x-*(1—x) since the third term vanishes as опе 


of x—14-2 or B—y+2 is zero. Moreover fourth 
term has zero for its denominator as ү=4 


Hence the complete solution is 
y-AFU, 2, 4, +B 
Problem 34. Solve in Series ; 
e-m ft (4-2) rae 
Comparing with Gauss equation, we have 
«184122, spl, у= giving «9. roy 


So the solution is 
y AF (а, B, ү, X) - BX-* К(«—ү-+-1, B—Y--1, 2—7, x) 


оз ES 1 
-4r(5: L3 2 ғ (o. 0, T. x) 


x 1 ше r( 1.4, 3 
=4F (7 2! pem since F| 2'5' Э) 
За 5° 1 
=1+ +40 +112 5 FC, 0, p х)=1. : 
“Problem 35. Transform y' 4-n*y—0 to hypergeometric form bv the 
substitution u=sin®x and prove that } 
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(i) cos nx F (5. — Jim x) 
PEN К КОА Md r3 i 
(ii) sin nx—n sin xF( 27^ 7+ 7 Ms sin x) 
т т 

for —3$8*& 

Given equation is у'+ту=0 А) 

Also given that u=sin?x MINE) 
which gives a =2 sin x cos x—sin 2x 

dy dde _ ly goal? Е от. 
So that 7. = dx =sin 2x77 апі =2 cos 2x7 віп? 2x 20 


Substituting there values in (1), 


dy 
2 ULLA Ps a) e ZEN уна 
4 sin?x cos?x Ti +2(1 а 0 


or u(1—u) Aw )& zm +5. у=0 e Q) 


ni 


which is hypergeometric form, with Y a+6-+1=1, Батл 7» 


i.e. а=, 8=— 13, ROSE and hence the PTUS is 


Ze 
var (Fo cp gua) tan E E 
=AF Є -5 joe )+В sin x 
l+n 1-n 3 . ^ 
RE? aaa jw) we (4) 


where 1sin x |<] i.e. -5<х<5 


But sin nx and cos zx are the ae of (1) and so of (3), We 
can therefore take from x 


Sin me AF (5- э, ` 5 = + sin ate sin x 
UL 1—n 2. six). ‚ (5) 
When x=0, A=0 and so Ча” mar (^ "3, sinx) 
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Which follows that when x--0, B=n and hence 
Sin nx=n sin xF (=> Tu 
Also, cos nx—AF (T -7 L u)+By u 


e(42* I i 2 where u-sin?x . .. (7) 


when x—0, 4—1 
and differentiating (7) w.r.t. x, we find’ 
Since x32, 250 3 убн 
—n sin nx=A(—n*) F (5 , dct? и —6 


ages 2 
3+п 3—n 5 1+п, 
DF: be (1? on 3. 


F(—— 737173 


2 


Where и=вїп?х and de =sin 2x 
When x=0, B=0 i г 
ap (BS nt vu 
So that сов nx=F (4, 7" +> sintx ) e (8) P 
$.6. CONFLUENT. HYPERGEOMETRIC EQUATIONS -'AND 


' FUNCTIONS 
[A] Confluent азов Differential er 


We have x(1—x) Lo 22 d. aepo. es sd) 


Replacing x by = Х we have 
(pjege со 
Its solution as compared with the hypergeometric series, is i 
F (= В, v, * 
Hence it we let 800; then ive reduces to 
x Энх) 2 _ay=0 0 


Whose solution is pe F (« В, т; 8 +) . (4) 
We call the equation к @) as the confluent hyper-geometric differentiat 


equation. 
Now since (B). —B(8-- 1) (8--2)...(8--k— D), therefore 
) = 


б-ка CH) oH) Cg 
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As such (4) may be ies as 


: Bes ГО x* 
Lim F(a, В.т. 
PAR e dd + o x Е. 
Here F(a, 7, x) or лш, ge (a, ү, x) showing that there is one 
parameter of the type «'and one of.the type y, is the solution of (3) 
and is said to be the confluent hypergeometric function. 


Note. Since equation (3) has a removable ( non-essential) singularity 
at x=0 so its on may be sah Ate directly by series method 


=F(a, y, x) (вау)... (5) 


about x=0, choosing the series as ут. 3 ^i xe, 


Substituing for y, &, ' Tå У ід (3) and equating the coefficient of first 
and the general term (i.e. x***) to zero, it is easy to find that юше 
equation k(k+y—1) =0 gives k=0, 1—y when a,40 - . (6) 

k+r+a 


and the recurrence relation is а= (r+) (EFFED © enn 


which for k=0 gives 
«(«-Е1) xt 
уа ert] 
© (а), 
= 
| TR 20 ЖҮ 
and for k=1—y gives 
yeaa е] 
where &'—a— --1 and ү'=2—ү 


x*=a F(a, y, x) ... (8) 


me eU Vn ID 


=a хі! F(a x—1, 2—y, x) vs (9) 


where F(a—y+1, 2—y, x) is said to be the confluent hypergeometric 
function of the second kind. 


The general solution is therefore, 

у=АЕ (а, v, x)-Bx*-Y F(a—y+1, 2—y, x) .«. (10) 
Tt is valid for y 0. 
By ratio test 


CUM (ass т. Qu. atn А 
[e -| (3), EI (nn “|+ +n) (л-+Е1) * 


which +0 аз п->со i.e, Fa lai forall x, it is obvious that the 
series is convergent. 
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[B] Simple Properties of Confluent Hypergeometric Functions. 
[1] Differentiation of Confluent Hypergeometric Functicns i.e. 


d 
dx F(a, ү, у= F(a+-1, y+1, x) ius dy 


which may be similarly shown as in case of hypergeometric 
functions. ў 


dex 1 
ңө, ү, o= (ЖТ), Petri) 20» 
and in general 


(а), 


dix Fe, 1.3) QD Қат тт х) 5003) 

When х=0, F(a, y, x)=1 ‚.. (14) 
[2 Fla, B, х) la TD 

and [5 н, ] oe + 06 


In case « is a negative integer, the series stops after a certain num- 
ber of terms but when ү is also negative then the series restarts after 


a certain number of terms, as shown in case of hypergeometric 


functions. 
[2] Integral Formulae for the Confluent Hypergeometric Function. 


(9-0 1 —— [qyp STU 
We have UU TN. 1-9 IR (1—1)179 i9 dt (17) 
Just as in $8.5 [C-3] 


со x 1 1 
= > 2. 1—1)7-*—% 99-1 qt 
о Be 1-9 1.079 
1 1 оо (xt) 
=o —1)-а- pt 5 ту 
Bla, ү—а) f. =n ko l£. 
1 


1 
merce [тауса 
оша. 


ысу рон. 
А Mut E e 
TY? gat pat (ype 
=Tal—s) шен (1—2 dt ...(18) 
; rirTm 
using B(/, m) Ут) 


which is the integral formulae for the confluent hypergeometric 
n ction. 
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COROLLARY 1. In (18) if we put 1=1—р, then 
F (s, S creas |, €" 0-07 pn? dp 
‚рү: e : 29 pY-«-1 1 a-l 
=ГаГ(ү—а) [. TP (1—py** dp 
ERE VON T(y—2) Га 
Te Г(ү—@) TY 
F(y—«, ү, —x) using (18) 
=e" F(y—a, ү,—х) ... (19) 
COROLLARY 2. In (18) if we put x=0, then we find 


Бо, ү, iu с P (1—0)7-*-1 dt 
» Y 7 T Та) Jo 
Ty 
= Teng CON О 
DIOS DER ep 
~ Ta T(v—«) Ty A 


i.e. F(a, y, 0) —1 2719420) 
[c] ieee Representations in terms of Confluent Hypergeometric 


[су] Elementary Functions. 


©. 
We have F (a, y, x)= У Ch xt 
k= 


EX 
© x 
Putting y=a, we have F (x, х, x)= 2 -© =14—~4—~% 
Oe perte 
=e 
Similarly, - Q1) 
x 
Fel s 3e (ret) G2) 
© ine eo ee 
PUOI eS В 
) k=0 (2): к=о k+l 


E Jog sree 
Vus xm HE |2 dux | 


е —1 


“ше 15703) 


F (—2,1, x) =1—2х+5- 


Е (n, n+1, -»- 1710-4, ...04) 


751 


` HARMONICS 
[c;] Error Fuaction. 
We have erf (x)= I e dn (see Ch. VI) 
° 
2 [7 xt 
УСЕ da 
Ут rA Ук 
x EN © (екн. 
2L Rte VERD 
x$ (-)D* xt 


NOS 
Мтк=о- [E ОЕ+1) 


^s (2k4-1) Qk— 1) Qk—3)...1 
-2krl—-—— Qk—1) aka 


(эзи) 

130915752 С 
зо 
z(19-57- G), 

== F(} 5. -*) ‚..0%9 


[cs] Fresnel's integrals. The f first and. second kinds are respectively, 


co zone (nenne (WE 


and ms > = es (С) уе e] enj.. d 


where so- €" dx 
>. by [c], ву |У" xe 16 $c | 
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EVA ж AEA ZENS A 
Trenn $ Am 


2 
v Drew" F( 5.5 E ) 


22: 
3 тё 
Similarly $ IN se - nett 5.3. T) 
1 3 хб? 3 =ni 
Неке C (9-7. [ F(>, Fae i Am 2772 221 
‚... (28) 


TEREE e 


[ed Bessel (Cylindrical) Functions. 


LK. 
«ET 


DE ipu epn -1 - py dp 


We have J, (x)= -eyi ен gr 


Put 2p=1 +t, J,(x)= 


^ BI et s[n 241,2 | ‚.. 00) 


Since by petting a=n+4 > Y=2n+ 1 and x for 2ix in 
F (s, y, x)= 
we get 


F n44, 2n+1, aix | гон) 
E [+4 | n44 | 


f ёш mt (1 — iyd de 


Tenis], oa, 


Problem 36. Solve in series the Whittskar Equation ecl 
1 
Puy brun 


ipeo br i W (x)—0 and represent its functions interms of con- 
Ялта: hyazeg eometric functions. 
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Ет 

Taking W (х) =х7?е-+ у(х), к= 1—8, т=— +з, the equa- 

tion reduces to 4 
Фу i2 Еа 
х Дел» ae ay=0 

Which is confluent hypergeometric equation and hence its 
functions by putting «=4—k-+m and y=1-+2m in F (а, y, x) and 
x’) F(1+a—y, 2—y, x) are F(4—k--m, 1+2m, x) апа x^ 
Е (à —k—m, 1—2m, x) respectively. 

Thus the solution of given equation is 

y=AF [3 —k-+m, 1+2m, 2 х=ғ[5 —k—m, 1--2m, x] 
where A and В are arbitrary constants. 

Also Whittakar's functions are 


Wy, „(тена -1 —k+m, 1+2m, x) 
and WA, отет i-em, 1—2m, x} 


8.7. HERMITE EQUATION, FUNCTIONS AND POLYNOMIALS 
[A] Hermite’s Differential Equation. 
This equation is of the form 
Lu —2x 2 +%у=0 Ж 
where v is a parameter. 
Suppose its series solution is 


Es 
у= X a,x, 0 2 (2) 
Lá 


=0 
So that 2 — Ў a, (фт) ees 
dx r=0 i 


dy @ 
and T= LE а, (k+r) (k-r— 1) хен-2 
r= 
Substituting the values of y, 2 and EZ in (1), we get the identity 
© 
| [(#-+г) (k+r—1) x**773—2 (k4-r— v) x] a, z0 «+. (3) 
r= 


Equating the coefficient of the first term (i.e. x*-?) (by putting 
r=0), to zero, we get 
a, kK(k—1)=0 giving k=0, 1 as a,#0 ... (4) 
Now-equating to zero the coefficient of second term (i.e. х^-1) in 
(3) we get E 


760 MATHEMATICAL PHYSICS 


a, k (k+1)=0 i.e. 1а, —0 when К==—1 and a, may or may not be 


zero when k=0. 
Also equating the coefficient of x to zero, we find 

ана (k+r+2) (k+r+1)—2a, (k+r—v)=0 

giving the recurrence n 
Scu 2 (k+r—y) 
m= (krr4-2) eU 
2 (7—у) 

«hen k=0, (5) becomes ea TIDI” СЕ) 


and when k=1, (5) becomes аа 205-5, 


Case І. ya k=0, putting r—0, 1, 2, 3,...in (6) we have 


а=—1[у'% 03— — E. 
n EU а 20009, ax) Ж 


127 


а 


EO) 
.. (9 
а) 


|2r+1 
Now if a,=0, then a4—,74; —43r4 =.=. 


TOS © 
But if 4,340, then (2) gives for k=0, у= È a, x* 
r-0 


Le. y—a,--a,xd. asx*-E a+... 
My} Ag x? + a x54... a5x4- a4 x1 - ax 
„=> xu T Unc. 


rien. ‚@—2г+2) x . -] 


он 25; 20-1) DER eu 


(= "ds mm w(v—2r+1) xH.. Mo. 


A [1-2 YX, (›—2)...(у—2г+2) xl 


ой үс зур {у 
[^E coz. 1)6—-3..(—20-1) xn. ...() 


HARMONICS —— 761 


Case П. When k=1, then a,—0 and so by putting r=0, 1, 2, 3, 
...in (7) we find 


а= — 2í © P , 
a= 267073, 
s occi ZEDO- 6-210, 


| 27+1 
Hence the solution is 


5 26-D .,2!6—-0 6-3 
—X Gare ОЕ ГООЛ. 
(0027 6—1) 6—3)..6—27-1) a, 
gc os e+... | 0 


clearly the solution (10) is included in the second part of (8) except 
that a, is replaced by a, and hence in order that the Hermite equation. 
may have two independent solutions, a, must be zero, even if k=0 
and then (8) reduces to 


у= Е “н а 
+17 v. « б—2)..у—2г+2)х'+...] ЧЕ 
The complete integral of (1) is then given by 


za; at 20724. 20-1) 
»-4[: [2 xt 4 х* EE EIE E x? 
2? (v—1) (v—3) 
+20009] ... (1) 


where А and B are arbitrary constants. 
[B] Hermite Polynomials. 
The Hermite polynomial H, (x) is defined as 
7 


e axe © LM 
f(x, )=е EA H, (x) ja: ... (43) 


for all integral values of л and all real values of x. 
(13) can be written as : 
f(x, noe? (inre re n o) au г 


+t HO єч. 
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So that 2 font) EAS] „+ md | =H, 
Of" 1-0 Lm 
aff — ©) E 
= UT ү ... (14) 
If т put x—t=p i.e. t=x—p=0 for г=0 ew ER 


and g=- а ѕо that zi Br Cire E -=p 


[Beer], =f e= rË 


e 


. (15) 
. From (14) and (15), we therefore have 


Hy (x) e? (—1)" (=) - (16) 


From (16) we can calculate Hermite polynomials of various 
degrees such as 


, H(x)-1 H,(x)=16x'—48x?+ 12 
H,(x)= H,(x)=32x5— 160x3+ 120x 

x)—4x'—2  Hy(x)=64x*—480x'+720x7—120> ... (17) 
Hy(x)—8x9—12x Hj(x)—128x'—1344x5--3360x3 | 


1680x J 
[C] Hermite Polynomial in Terms of Confluent Hypergeometric 
Functions. : 


со in 
Wehave E Hax) —e ^ е0. QUU 
п=0 a 


A (2х)* (x) 
-[ Lec А ee] x 


[oi an 


Equating the coefficients of = on either side we get 


Hs) - xp — Т0 Ne ETETME О у ш 


E 
өм ioa x) ee 
Aliter, we have E POR = = (15-8 _ „их 0 


2x)"" co 
$ Gor $ 


OO и, 
4 Hx RR c» Е m3 .. . (19) 


= 
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Even Hermite polynomials are, therefore 


2n A 
Hee i Cay rix xy 


=(—1)" = F( =n, $33") 00 
Similarly odd Hermite polynomials are 


3 
слу 2 E һә Е (м) 01) 
[D] Recurrence formulae for H, (x) and to show that H, (x) isa 
solution of Hermite Equation. 
‘Hermite equation is y' —2xy'--2ny— D for integral values taking 
ven. 


Also, 1m ree ae ... (22), 
n=0 us 
I. Differentiating partially w.r.t. x, we have 


Gibt © " 
2te Ux- _ i CONTR 
n-0 p 


© H,(x)" со Гы 
ie. Ree nm 2 Hx 
` i.e. 2 az La pices (x) n. 
which yields on equating the coefficients of a on either side, 
2 т БИРҮ ji 
Tb Н „-1х)=Н, (x) 
ie. 2n Haa (3) - Hy (х) ‚ (23) 


JI. Differentiating partially w.r.t. ‘r’, both sides of (22) we "m 


со сї 
2 (x—r) e*t E Ha) ар `~ п=0 corresponds to the 
vanishing of R.H.S. Eng: 
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© ү” © ot © rc 

or 2x Es ; Н.) p 2 2 à Hx) а= PA H,() PE 

Equating the coefficients of i" on either side we fiad 

2x На 0) 5 Нь (x) _ Ны (х). 
mn 1—1 т. 
Le. 2x Hn (х)=2пН„-, (х)+Н„(х) .. (24) 
HI. Eliminating H,-, (x) from (23) and (24) we get 
2x Н, (x) - H,' (x) - Hy (х) 

or Hy! (х)=2х Н, (x) - Ha (х) ‚+. Q3) 
. IV. Differentiating (25) w.r.t. x we find 

H,' (х)=2х Н, (x) -2Hs (х) -H's (x) 

Ри F'n, (x)=2(n-+1) Н, (n) obtained from (23) on replacing 

n+l: we have 

Hy" (x) -2xH,' (x) +24, (x) — 2(n-+ 1)H,(x) 

or Н", (x)—2x Н, (x) +2n Н, (x)=0 ... (26) 
which clearly follows that y=H, (x) is a solution of Hermite 
equation. : 

Note. е2 " is known as Generating function of Hermite Poly- 
nomial. 

Problem 37. Prove that 


O Hy. (9-7 D72( 5 ).. 


(D Hames ()-C- г" (5), 
i-es 
id E =0 
d" A 2" 
e де} B. el- em 
(i) Even Hermite polynomials are 


_ от (-D m (2x) 
Him 0) i, pK iu 


(—1)” m „2m Qm—1)...3.2.1 
— dm ОЁ” т(т—1)...3.2.1 
m 1/1 1 1 
=(—1)" 22" = i T1 (4 +т—1 ee 1)" “(т jn 
(ii) From recurrence relation I, we have on replacing п by 2m4-1, 
"imu (3) —2 (2m+1) Hy (x) 
- "ч (у= 20m 1) Hom (0) =2(2m+1)-(—1)" 2%( 1) 


Н„- (x), for mcn 


2 Hy. (0)= 


HARMONICS 165 


by part (i) 
=(2m+1) (—1)” 242 [Emea] 


—(—у" Gm) [5 - (z0)-(2 50-1: )] 
3 
-cm ae (2). 
(iii) Odd Hermite Polynomials are 
2mii2(—1* |2m+1 (2x) 
Н, (x)= а SR @m+i—2k) _ 2K) 
Н, „аз (0)=0, since all terms containing x become zero. 
(iv) From eue relation I, we have 
Ham (x) -2(2m) Hom- (х) 
am (0)=4mH zm- (0) 
=0 by (iii) 
(v) From recurrence relation I, we have 
Н'„(х)=2п Hr- (х) .. 


Le. E H,(x) {= Has (х) 


Le «9 {2 ao] -m 2-0 Har c 
by id (1) 
—2л(л—1) Ha-a (x). 
Similarly -Sr | Ha 6) }=2°л (0—1) 0-2 H0) 
Proceeding similarly m times we find 


x | H, (X) lem n(n—1)...(n—m-+1) Н, (х) where m<n 


e 
= pam 

[E) Hermite Functions. 
An equation closely related to Hermite equation is 


Hy- (х) 


d 
D +(A—x*) p=0 707) 
If we change the dependent variable ф to y by the substitution 
pte y ‚.. 08) 


So tbat A 2e e —y e-?I2. x 
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Фр e dy _ -eng _ —x2/2 __ узо х]: 
and 4; — € da 25e qe (6 xe t) 
We get from (1) 


y'—2xy'40—1) y=0 ... (29) 


If we put À—1—2», then (29) reduces to Hermite equation i.e. 

y"—2xy'+2vy=0 

It therefore follows that the genéral solution of (27) is given by 

р=е—22/2у 
where y is given by (12) of $ 8.7. 

Thus if the parameter А be of the form 1+2n, п being a positive 
integer, then the solution of (27) will be a constant multiple of the 
function ф„ defined by 

n(x) ee >"? Hy (x) .. (30) 
where H, (x) is the Hermite polynomial of degree п. 
Here the function },(x) is said to be the Hermite function of 
order n. 
Recurrence Relations for V,(x): 
Differentiating (30) w.r.t. x, we have 
Y'n(x)=e 12 H'. (x) —e 72 x Hy (x) 
—2ne- 2 Hp (x) —x e-*12 Н„(х) 
7 H'«a(x)=2n Н„-(х) by Q3) 
(00 nlsi) — (2) using (30) 

А 2n dux) xo. X) 2- V^. (x) 15101) 

Also from (25), 2x Н„(х)=2п Н„-у(х)— Ha (x) 
which may be expressed by using (30), as 

Qxe~ 7/2 H,(x)=2ne—*"/2 (x)--e-*? Н„,(х) 
Le. 2хф„(х)=2лф„-(х)-Е+фл+1(Х) 2:2(32) 

Eliminating 2n ф„_у(х) from (31) and (32) we find 

js (х) ф(х) 2x ф(х) — C9 

ie. (х) = хр, (х) —– (х) i 028633) 
[Е] Orthogonal Properties of Hermite Polynomials. 

Now since H,(x) is a solution of Hermite equation, we have 

H'(x)—2x Н'„(х)++2п H'.(x)—0 by (26) 

If we put y=e—*7/2 Н„(х) i.e. Н, (x) ye"? 

So that H',(x)—y'e 1/2 xy e*t? 
and HY (x) —y"e2 --2xy' е1? + y(14-2) е2 
then we get y"-F(1—x*-F2n) y=0 «+. (34) 

Since yce-*/2 H,(x)=0,(x) by (30), it therefore follows that 
_ dn) satisfies (34) and hence 
Ф'»+(л+1—) $,20 2.8435) 
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for a function &,,, this relation is 


U" m+ (2m-+ 1 — x?) bn =0 z.. (36) 
Multiplying (35) by фы; (36) by Yn and subtracting we get 
2(m—n) up, oV 9 37) 


Integrating over (— со, со), we have 
2(m—n) |2 Ym Üa de= [E 0 ea s 
^ о u a , u 
[ese E [rm а 
(on integrating by parts) 


=0 ' ф„(х)э0 as | x | оо for all positive integral 
values of n. 


oo d 
or Hee, Фм dx=9 тп 


Symbolically Im, „= [^ Yapa dx= |^ e — Н(х) Н.х) dx=0 
-0 -0 .. 
when тп ... (38) 


In particular Taxis 2470 0.2439) 
Now from (32) we have 2xt,(x)=2mba—s()+4n+1(*) 


m 2х0.) Yaa dx—2n Ў jai) Yona (2) dx 
| Yn-1 Фан dx—0 by (39) 
—2n Ina; я-ї ... (40) 
Also Ya(x)=e—*”!2 H,(x) : 
=(—1уеї? 2. ( ск) by (16) 
Thus (40) gives 
-{°,, X ane. żle s (е) dico Р 
со 


-1 
рее) 
at eos?) 2 ay pe LOS 

^к) 


Hs (САС) Се 


(on integrating by parts) 


—0-- In, „Гы aa 
=Iny n by (39) 
^ I, p= 20 1,1, 8 .. . (41) 
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Applying (41), repeatedly by we have 
In 5—2n In- n-1—2n An— 1) fa а-а 
=2 п (n—1)-2(n—2) Tamis п-з 
=2'n (n—1) (n—2) Һ-з› n-3 


where Io, o= or dx= у= (See Beta and Gamma functions) 


„ y MILES .. (42) 
Combining the two results (38) and (42) we have in terms of 
Kronecker delta symbol 


Im n= [es (x) Н, (х) 4х=2"1п ук 5, ... (43) 


where 5,,,=0 when тл 
=1 when men. 
(43) may also be written as 


Im nm | о O h CO de [е е" Hale) но) а 
a2 |" VT Bm n 22.00 
Again 2хф(х)=2л Yas (х) Фан (х) gives 
[Eo мд dmn or Ty wt 
=0 for тё&п=1 
со 
and (7, ход dans) 4х=п Һа wer onn 


={ 2°! qul у т asabove 
=2" (п+1) у т for т=п 


Hence Lu xis). Codxe2n| M41 ут Sm, n ... (45) 
Further 2л ja (x)= Yn(x)-+'n(x) gives 
foo HOV dem dn [© dala) #0905 


© 
-[ хфы(хХ) Фа(х) dx 
=0 ifmzn-l 
and =2n Ini ал —27? | Мт if m=n=1 
=2"|п Va —2=%|п ут rijn ут 
Непсе us Pml) ф(х) dx 273 | п VT Sms n ... (46) 
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In the last if we take m=n+1, then 
[sy 9-60 и xo |“ des 9-00 d 


- храм) фм) dx 
=—2" kl Мт T. 


Problem 38. Prove that H,(—x)=(— 1)" Н„(х). 


We have 2 


$ Hon as pix it Cpu 
=0 |7 


оо л/2 (—1)* Фо» 
> X SS’ 
n=0 k=0 [k jz —2k 


Equating coefficient of m on either side, we get 


но. = 


(SpE la Q3 
| k |п—2К 


Replacing x by —x we m 


(—1)* |a (—2х)"-°* 2 


н.ж) =, T [E jn—2k 
ae (— —1)%— D |” (2x) 


Problem 39. Prove 5" хе 


[К 10—26. 
T (C gu 


-(— 1)" [Е Е [n—2k n—2k 
=(—1)" Has) 


—х® Н„(х) Hm (x) dx 


ар ут [2% |^. бы, vit 2" |п+1 Satis ml 
Integrating by parts we have 


[Lee нах) Hal dx= [- 177 Hala) Hal) ar 


Tet peo Hate} dx 


ec (H^ (x) He(x)-- Нбх) H’m(2)} dx 


en 
оо 


эл Hs) Hol )-+2m Н.) Ha) dx | а 
by (24) 
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ag | ut Н„-(х) Hf) &+т|® e-7 H, (x) 


ы Н.-х) dx 
=лМт 2" |п—15„,„,+тут2%|л Be, ny 

(by orthogonal properties) 
= ут [277 [n Sm 4-2" pL Bair, 4] 


V бл, 0-177955, т. 
2 со -e 
Problem 40. Verify, Р„(х) = Vein | t" ет“ H, (xt) dt. 
— 40 


Problem 41. Show that if m is an integer, |^. x ет H,(x) dx=0. 


8.8. LAGUERRE EQUATION AND POLYNOMIAL WITH PRO- 
PERTIES 


[A] Laguerre's Differential Equation. 
This equation is of the form 


xy" +(1—x) y' +уу=0 


5:50) 
Dividing by x, it is observed that x=0 is а regular singularity of 
(1) and hence it has a series solution. Let its series solution be 
© 
y= z a, х” 4,750 * (2) 
r= 
со 
y'= У а, (К+) xa- 
r= 
д eo 
and y"= Žž a{k+r)(k+r—1) х*+-з 
r= 
Substituting these values in (1), we get the identity 
eo 
> [ачу жна (eere | a,=0 +» (3) 
r=0 


wating to zero the coefficient of x*- (the first and the lowest 
term); we get 


K*—0 Le. k=0 as а,50 ...(4) 
Again equating to zero the coefficient of x* in (3) we get j 
(k+r+ 1) am—(k+r—y) a,=0 
which gives the recurrence relation 


k+r—y Я 
аы үрү _ E) 
For k=0, this yields, аы ттр а, 


A a= —эа=(—1) vd, 
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utc а Мус D 
4 3p =f 1f (y а 


Similarly а=(—1©--р—® а 
—1)...(У— 
а,=(—1)" EU o TED am TED а, ў 
Hence the solution is 
x ds Уу—1) a 
zeal ict t 
v(—1D...(—r-ED 
=D. A Prey ЧЕМ, 
cipe ED nu o 


æ (—D*I 
k=0 (lk) Wok 

In case v is a positive integer put v=a, 50 that Laguerre equation 
becomes 7 

xy’+(1—x) y'+ny=0 for positive integral п. 2 (8) 
When v=n (a positive integer) and ао=ји then solution for (8) 
8. eee be the Laguerre polynomial of degree п and denoted by 


о о et Per ens e qe ] 


. (7) 


=а, 


lt. Р. 
2..9) 
Then the solution of Laguerre equation forvto be a posi tive 
integer is 
y=AL, (x) ... (10) 
From (9), it is easy to show that 
Ln O=, (0) 22—442 | 
L, (x)=1, І, (х)=—х*-+Е9х*—36х--+6 eoe 


LG)-1—x,  L,()-921—16x*-72x1—96x--48 J 
Also L, (x) being the solution of (8), we should have 
xL" (x) +(1—x) І, (х) +0Ln (x)=0 EX (i2) 
[B] Laguerre Polynomials with their Representation in Terms of 
Confluent Hypergeometric Series. 
The Laguerre Polynomials La (x) are given by the relation 
—xt 
со і; 
d-) $ B rae’ CA) 
azo |? 
where л is a positive integer and x is a positive real number. 
(13) can be written as 
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2 LOT L E 1-t 


[a 
n=0 
xu (—1y xt 
il к тр п ТЕ d-» (iF .] 
оло js xi 
Èo а= 
zc x dem a= 


> 2 Си Rs e[ 14-1) 4 EE (E42) ay... 
pD) +0 п +] 


erm etes DEG) = Wk+1+) 
Cea Er cO ысу TED 


Equating the coefficients of /" on either side (coefficient of i^ on 
R.H.S. being obtained by putting l=n—k), we get 
LAX) 9 С (К), ye ШЕ?, 
т к=о | К БЫА 
I(k-1cn—k) Г(т+1), 
Неге (+) ER) = m TEF) 
1 (=F _ (— D* n(n—D)..(n—k--1) 
_ [п—К) 


n 
a ar _ Cn. 
[A a 


2. (14) yields 
ln (=n) 


L= | m m. э-ү 2 æ 
tah wo dE» o EX 


(—n) (—n) (—n+ у 
р Ee 
(<п)\(—п+1(—п+2)_ 
ТРИ c n ] 
= |n_F(-n, 1; x) .. (15) 


From which it follows that L, (x) is a polynomial of ss nin 
x and that the coefficient of х" is (— 1)". 
[C] Recurrence formulae for Laguerre Polynomials. The generating 
function for Laguerre Polynomial is 
—xt 


7-0-0) È ze 1” by (13) ... (16) 
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-I. Differentiating w.r.t. ‘1’ it gives 


= “цу & E cT л 24 
n n-0 |^. 
Using (16), we have 
LX qan $ LO. уш зу аш 
dog 070,2 77, 70-0 8 вт 
_ 2 nom 
n-0 In 


E Lr s Lx) 17 21902 ы" o 
n=0 | n=o [n—l n 


Equating to zero the coefficient of /", we find 


І.(х) , Гмбх) L(x) Enns (9) En (х), Lo €, 
JG merkt ce cA 
ie. Ln, ()--(x—2n—1) Ls (x)? Га (х)= +. (17) 
Il. Again differentiating (16) w.r.t. x we get 
t EM $ rr 
(jet : 
t о Г. (х) _ оо L'n (х) 
ог -(15) (1—1) RUE fec 2 p 1* by (16) 
or t F emm = +а—)7 Lem ig n =0 
n= nh n=0 Hn 


Equating to zero the, coefficient of 1", we get 
L&(x) — Ls (х) + Lia (3) _ 9 
т. [n—1 1 
ie. Іл (х) —n L'n- (x) --n Ln-1 (х) =0 ... (18) 
Ш. Now differentiating (17) w.r.t. x, we find 
L'an ()—(x—2n—1) Ln! (3)-- Ls (ATPL (x) —0. 
Differentiating it again w.r.t. x, we have 1 
"ыы ()-F(x—2n—1) Ln"(x)+2L'n +n Ln (х)=0 
Replacing л by n+1, this yields 
за (x)+(x—2n—3) Lin HHI Га (х) 217 (х)=0 (а) 
Whence from (18), 
Ly (x)—n (L's- (9) si) 
ог L'an(x)=(n+1) {L'n (x)—La(x)} (on replacing n by п+1) (b 
AOL's) (n--1) {Lr (х) Га, (ә) (on differentiating) (с) 
ог Г” (x) -(n--2) {Ты (х) — L'an (3)) on replacing п by ntl) 
Thus we have from (a) 
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(п+2) (^s Q)— La G9)-F(x—2n—3) L'nax(x)+(2 +1)? Ln" (x} 
T2L'44 (2)=0 

or (x—n—1):Z's4 (x) —пЇ/в (x) +(+)? L,'(x)—0 

Eliminating L”n+(x) and //» by (b) and (c), we get 

x L^. (x) +(1—x) L'n (x) +n La(x)=0 019) 
which clearly shows that у= 4 Ls (x) is a solution of Laguerre 
equation. 
[D] Differentiation formula for Laguerre Polynomial (Analog of 
Rodrigues formula) 

We have. 

1 со х) 1" 

(1-03 NO - ape by (13) 
n= 


Differentiating it w.r.t. *'n times by Leibnitz theorem for sucessive 
анин, we have 


e T ante -Erja O+ Lnn (х) 1+... ‚ (20) 


since all terms upto the term containing 
(^ vanish when differentiated n times. 


Now a [a e | qe ES 
So that 
ie [trece] dem 
Similarly 
Lim | 0—0 e sé (xte*) 
And in d 
Lim im A 0- -i)e EFE (x e) 


Hence Vis to the limit as 2+0, (20) yields 
а 
ие) ... Q1) 
[E] Integral Property of Laguerre Polynomials. 
Laguerre equation is xy"+(1—x)'+ny=0 
for positive integral л. Е .-.@2) 
If we take y. ode Es: es ч. dt 
"^ 2x J 1—1 It 


ET RO Е 
So that ep Ta 4 52-03) 


xt CE TH- xt | 


апа =i ju-y ey dt j 
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Then Laguerre Polynomwais being the solution of (22), its L.H.S. 
becomes with the substitutions of (23), - 


xt! 0-231. u^ 
о росс. [m ыс 


-apih A 


which should be zero for the contour being closed and hence L.H.S. 
of (22) vanishes for 


xt 
sik tas, 
E Tcr dt ‚. (24) 

It means, for this value y is а solution of (22) and therefore we 
may bu L, (x) which is an already established solution of Q2, as 
І, (x)— Ay, (x) A being an arbitrary constant . (25) 

Now for x—0, we get from (9) and (23), La (0) —|n ... (26) 


and y. O= зу Gad 


= EJ X 2тї by contour integration 


.. (27) 
So (25) Bis for x—0, with the ipi a! (26) and (27) 
n (0)—4»,. (0) ie., | п=4 
Hence from 25. 
І, (х)= | п y, (x) 
xt 
-EpL 17* dt by (24) ... (28) 
xt 


Now by contour integsation, y,—coefficient of r* in (1 -tD? Mu 
-xt 


Hence (1—t) te 1—7 = È M T oL. e ... (29) 
which is the generating fiios of Са» Polynomials, 

[F] Orthogonal Properties of Laguerre Polynomials. 

The Laguerre polynomials themselves do not form ап ortho- 
normal set since ће Laguerre equation is not self-adjoint, We, there- 
fore, introduce a шка 


$«(x)— те" L, (x) ... (30) 
and then will show that $'s form an orthonormal set i.e. 


o fn (2) o) as [? eomm e Edats n 
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Over the interval 0<х=0, when Sm, ,—0 for тёп 
=1 for m=n. 


Since L, (x)= e x (2° е") by xs therefore, we have 


r er x" І, (x) jac еа х" e $0 е) dx 
[== (х” e) dx 


Integrating the R.H.S. by parts, we get 
о а= 
jh €* x" L, (x) dx=[ x dry ar 


=i m [^m его" ee dx 


Сау |m ji deor e”) dx 
=0 if n>m. 
Similarly, | e* х" Lm (x) dx—0 for mn. 


Now Lm (x) being a polynomial of degree m in x and L, (x) that of 
degree n in x, we have 


© 
| €? Lm (x) Ly (x) dx=0 if тзп. 


wr ez T (x) i dx=0 if тёп e. 82) 
In case т=п, then the term of degree n in Ly (x) is (—1)* x^, 


“| со e x" Ly (x) dx 


Se Dfe axes a an е) dx 


=(— Dale eT. (x^ e?) dx 


- feo й 
=(= jn К ^^ ете dx (on integrating by parts п times) 
oo nè 


eon 00 gan Lats) gy 1 1.03) 


Combining Gn ai.d (33) we have 
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[ә о а [7 ro, eh dca 


Note. 9, (х) satisfies the equation 
xs Hh GO (ne 4) 9. 09-0 
{G] The associated Laguerre Polynomials and Functions. 
For positive integral л, Laguerre differential equation is 
xy, (1—2) 31-xy—0 where »=®. and у= T 


Differentiating it m times by Leibnitz theorem, we 
XVmtat "Cs Joi. (1 —X) Ут "C1 Ym E 1). 20 
Or XV mat (mM—1—X) uit (0—m) Уһ —0 
Writing y, — Dy — D"L, (x), for n>m, this can be рене аз 


x DP (у„)+(т+1 i$ D (Ym)+(n—m) y, —0 .. (34) 
From (34) it follows that 
Ум= - 1, =? (х) (say) «+ (35) 
is thd solution of 
ху" +(m+1—x) у t (n—m) y=0 .. (36) 


where m is an integer such that m>0. 

The.polynomial L7 (x) introduced here is said to be the Associated 
Laguerre Polynomials of degree n—m. 

Jt may be shown that in terms of confluent hypergeometric 
functions, 


—1)” (| л? 
І" (x)= Er (nm, т+1, х), п>2т ...(37) 
ог =(m+1), F(—n, m+1, —x) ... (38) 


; 

| 

| ES 
| From Ls (x) 2€ Р" (xn e”), Dex 
| 

| 


we may infer tbat PPM т) 
I =D e totem EEE.) 
-xt 
кые, со 
Frome !—'=(1— 0, | АЕА cr m С ‚ we may conclude that the 
generating function for до eS Laguerre polynomials is 


(-1)" me “Phage т E ... (40) 
Note 1. The generalized ipee Polynomials are defined by 
m+n 
E со LEC- n, т+1; x) shi ware LIN 


where л is a positive integer or zero. 
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This is a solution of xy'' --(m--1—x) y'+ny=0 ... (42) 

Note 2. The associated Laguerre equation (36) is not self-adjoint and 
hence does mot form orthonormal system, but it can be made so by 
multiplying the weighing function е" х". We thus define the integral 


со 
Íp, “| Yos m Yor m X° dx . . (43) 
For 4=1, where Js, m =е*? x‘ L® (x) ... (44) 
known as associated Laguerre function is the solution of 
ta 2y' a | n— Se. £4] a 
x'4y [n vp Uds Га |S 0 


which is obtained by putting 
poet? x«i y je, у=у e" ee)? in .. (45) 
xy -(q--1—2) v'+-(n—g) v=0 (analogus to (36), v—L, (x) 
Р ...046 
we bave agi 


Ym тее 3 DA LA (x) and урне XDA Г (x) 


So that Ip, =] е9 x 17 (x) LY (x), xt dx ...(47) 
п 2 (—1)™ 
Problem 42. Show that Ly (2x)=| n 20 илт La- (x), n>m 


where In Gu em e». 
We have L, (x) 1 
L, Wezi- 
Replacing x by 2х, І, (2x) -1—2x н 
=2(1—х)—1=2Һ РҮН (x) 


1 217^ —1)" 
=|1 2 MEE 


— m=0 
Also, 1. о» Tp ü- tene 124x224 (1 -+) 


- n 12 —4(1—x)+1 
=% L (x)—2 Tift L Gg ir^ (х) 


S 2 217» (= А 
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and 74 (3x)= =176- —36 х-Е36х%— 85)- 16: E6352 t 


-»(i- lc dms +) 4231-2) 1 


2:|3 3 13 
L2 LG-1p i50: +2 —=— Тт L (х)— T4350 
3 2» (—1)" 
аа рт] т. L3-m (х) 
4. == 
Similarly Z, (2х)= 14. ы at a (х) 


; We can thus generalize ‘his ета аѕ 
те CoD ie! 
1, (2x)=|n 3 E ime а e) 
а 43. Prove the folio: 


0 4. ele (х) = (x) 
(ii) Г (x)—n L(x) +0 Ez (x)=0. 
(i) We have L? (x)=D™ La (x) 


^ D [ LT о] La (х)= Le" (x) 
(il) L.H.S.—D^ (e* D^ (x° e-*)—n D^ (e* D (x7 e*)) 
+n D"-! (e De (xt ev) 
=D" (e* D^ (x* ез) е" D^ (хе e-*)} —n D™ (e* D? (xet) 
Fer D* (x7! e*))--n D?! (e* De? (x1 €*)} 
=D" (e? D^ (x^ ec*)3-e* D” (—x* vies Td ore 
i 1 1 n 
n рт! {ее D1 (x7! e*)4-e* D^ pons мее e») 
=n D" (ев Dn (x e*))—n D" (e* D^ (x?! €-*)} 


Problem 44, Prove the following: 
() L (х) = —18--18x—3x* 


(ü) 12 (x) 144—96x-- 12x 
(iti) Li (x) 24. 


22 (—1* 


i 
Problem 45. Show that L? (2x)= pg ce 2 mpag 2 


aX) 
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Problem 46. Prove the following: " 


o S maLo) 
ш $ RO=. 


(0) Is) n--m—1) 17 (x)—(n+m—1) Ге (а) 


Problem 47. Establish the completeness of Laguerre functions. 
We have considered the sequence of functions фу, (x), $a, (х),... 
ф(х) such that 


f фы) ф(х) dx—0 for тёп 


Then we call the functions $,(x), k=1, 2, 3,...to form an ortho- _ 
gonal sequence for the interval (а, Б). 4 


b 
In addition if |: {$,(x)}* dx=1 for all values of п, then we call 


the functions as to form an orthonormal set. 
In case there is no integrable function }(x) (40) such that 


$ 
[ Wx) a(x) dx=0 for all values of л, 


then we say that the sequence is a complete orthogonal sequence. 
Problem 48. Find a series solution of 
(i) xy'--0 4-3) у'+у=0, Ans. y=e* Lx) e 
(it) xy* +(+ x) y'+2y=0, Ans. y=e* L,(x)—e*(1—x) 


(iti) xy*(0--) ч y=0,  Am.y-e* Ly (x) 


(iy) у (i жг: E- 1 Ut 0, Ans. у=е7*/° x!* Ly (x)=e*/* xin 
Problem 49. 7f and f(x) defined in (0, co) is B eui as 
ft) C» Lx C, LC, Lx). eO 
Pee Lyx) f(x) dx 


ir m [ао Jax 
Hint. Integrating over 0 to co after multiplying (1) by e” Z,(x) and 

using orthogonal properties i.e. L e= L,,(x) L(x) dx=0, mn the 

result is obtained. d 

50. Show that the Laguerre and Hermite Polynomials are 


then show that C,— 29. for k=0, 1, 2,... 


Problem 
related by 
Hys(x) -(—1)" 2°" |ә. Lat) 
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and Ham+(x)=(—1)" 20? m x LU? (х). 


8.9. RICCATI's DIFFERENTIAL EQUATION 
In general form it is x Z—ay+by =x" К) 


But the ра. ticular form Ф усх" ...0) 


is commonly known as Riccati's equation. 

Considering first (1) and changing the independent variable x to 2 
by the transformation z=x* and dependent variable y to и by the 
transformation y—uz, it becomes 


dub unt re e) 
which is of the form (2). 

Now considering (2) and making a substitution у= , it becomes 
du 
dx 
which is of the form (1). 

There arise two cases: 

І. If n—2a, (1) can be integrated in finite series 

Put yeux? in (1) which reduces to 


ха й pate ul-cx? 


du 2. oynan 
ae =cx"*4=c¢ for n= 2a 


x u--bui—cx" where men—2 2. (4) 


or x2 


or ut xt) dx 
which is integrable as variabies are separated. 
IL Jf nite is a positive integer, (I) is iniegrable in finite terms. 


Put CON in (1) which reduces to 
^ x" x dy, 
d: 


—aA--bA*--(n—a--2b4) ane a ae 
1 J = 
Choosing А such that -——а4А--БА?=0 r.c. 4--ajb so that the substitu- 
tion becomes ›=+; and the reduced equation is 
1 


d 
x D (ata) нент eco 
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which retains the form (1) except that а has: been replaced by 
a--n; b by c and c by b. 
Making a second substitution y= x thelast equation re- 


duces to x = o3—(a+2n) ya by, ex? ...(6) 
ea П such k transformations we find, 

хах Ф» _ (аА) Jit cy, — bx* when k із odd Den ir 

E (a-- kn) PE when К is even ‚.. (8) 


In Via case the equation is integrable in finite terms by I when 
n=2(a-+kn) i.e. if am is a positive integer. 


Now with the choice A=0; the first substitution у= reduces (1) 
1 


tox 2 —(n—a) yy4- cy! —bx* uns (9) 
which is the same as (5) except that the sign of a is reversed. 
The second snbstitution yt yields 
з 


xf nca) аот c +++ (10) 
Making such & transformations, we have 

х Bt (апа) yit ey =bx when kis oda ob 

and x 9% (kn—a) Ye+by,2=cx* when k is even x«n(12) 


In either case tke ee is integrable in finite terms if 
n=2(kn=a) i.e. ee m 2а a positive integer. 

But since REG is Li condition for integrability of (1), we have 

т+2+2=2А(т+2) 
à erac 4k 

Taking negative sign, m=— 2k—1 
and taking positive sign, т==- A uu when k' -k—1. 

4k 
"kXi 
where k is zero or a positive integer. The intégration is carried by the 


substitution y —yi ne where Yı із supposed to be a known particular 


Hence Riccati's equation is integrable in finite terms if m= — — — 
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ше of the equation, whence the transformed equation becomes 
near. 

In fact Riccati’s equation and its general form are particular cases 
of the equation D LP Qy- Ry 


where P, Q, R are functions of x, since the substitution 


a i z reduces it to the form 
YR dR 
ae -(0+ ER ЈЕ 2 PRu=0 
which is integrable. , 


CoRROLARY. Relation pues Riccati's and Bessel’s Equations. 
Riccati’s equation is 2 рехт ‚+. (13) 
which is non-linear first order equation. ў 

Put by= re so that 6 2. 1 A i y 


then (13) becomes 
ZY bevxm—0 ` .. (14 
Taking 5c—a*, this yields ; 
ФУ —gany-o S5) 


when b and c have same sign (in case exponential functions occur 
in y 


and datei «+ (16) 
when b and c have opposite sign (in сазе or дом occur in]y) 
Changing x to z by gz—x* when => m+i=t (say). 


The reduced equation is 


2.114 Ф ез0 2..7) 


which is T€ in finite form ds 


рзд зк СЕ wath. 
= ут) 1— A 2kii 
1.2. if n is an odd pnus (17) can be written as by putting n—1=2p, 
Фу 2p du 
da vp 0-0 eo) 


which is integrable in a finite form when p is an integer. 
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Reducing it to normal form by the substitution yr?ew, we have 


Ф 1 
e y FEED, 1 (09) 
Jf we further reduce it by the substitution w—t Vz , we find 
z dà +z а [(-ку=—( +4) t=0 
da dz uo) и 
1 2 
dt їй ,| (be (2+) 
o 5142 a | А 427 ео ‚.. (20) 


which is clearly Bessel's equation with solution 
А Ли» (~c) В Jal (z( 5c)! ^) 


Problem 51. Solve P cos x—y sin x+y? 


Since y=sin x is a particular solution of the given equation, we 
therefore, have y, —sin x. 
T l dy } 
Put y —sin x+y i.e. dx =соз X—7 
The reduced equation is 
dv ч 
di +v sin х= —1 


which is linear in v and hence its integrating factor 
=el sin x dx _ e—cos x 


Thus the solution is 


у. e7 X= A — | e^ 695 * dx 
or у= А еС03Х —gcos Хх} „—соз Х dx 
Le. y=sin x+ [ A 2608 X — e608 «| Bc "xp 


oem nent cem af осон ae 
y—sin x 
810. THE DIRAC-DELTA FUNCTION WITH ITS FORMAL 


PROPERTIES 
Consider a function S(x) which is zero everywhere except at x—0 


and tends to oo in such a manner haf S(x) dx=1 eaten) 
with . 8()=0 if t40 
= if t=0 21:02) 


This is known as Dirac-delta function and i i 
physics wherever exist functions with non-zero кд е 
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: interval e.g. an impulsive force acting for a short while is defined as 
B(x—E) by lim c e- (х—8)а 
a->0 


where the constant C(a) is chosen such that | 2 -Ddr 


and hence using the mean value theorem of integral calculus, we 
have 


7 р ло a- rO. 
Let us again consider а пи 


a= э; 57 —а<х<а } ў 
es x] 4) 


Then, [® з) d= |" i [5o e [воа 
=0+ a A) | 


=i ...(4) 
In case f(x) is integrable in the interval (—a, a), then from mean 


value theorem, {°° fO) 5.(х) dx= zl. f(x) ax=f(0a); | 8| & | 
Let us now define 3(x) — Lim 5,(x) | 
a>0 
As such (3) and (4) yield 
3(x)=0, when x D б) 
оо 
and JA, t NO 


which define Dirac-delta function. 
Further, since we have 


[е ло) в,а) |" Ло) алва), 1011 


© Јо) dx defi) * HO 
which by change of variable, reduces to 
[E f916-2 а-о) ae) 
or symbolically, f(x) 5(x—a)—f(a) 3(x—a) <.. (9) 
In case f(x)—x, (9) yields, x3x—0 +». (10) 
In a similar manner we can show 
5(—х)=5х +e 1) 


- Max) 1509, a>0 . 2..@29 
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s(a) = fe (805—0) + (x +a), а>0 аз) 

Now assuming that 3'(x) ie., differential of 3(x) exists and 

regarding 8 (x) and 5'(x) both as ordinary functions in the rule for 
integrating by parts, we have 


[En лю гооё&= [лә а) E- fro sme 
—0—f'(0) by (7) 
-—f'0) ++ (14) 


If 39 (x) be the nth derivative of 5(х), then similarly we find on 
repeating this process n times, : 


„лә 8% 6) xe C FO) ENT 
Problem 52. Show that the function 8(x)= Lim SH Ое) is a 
Dirac-delta function. А 
We have 8(x)= Lim Sin Gres) 
7, 8(x)--0, when х0. 2230) 


and i a 0960) „;[® sin Qrex)- dx, the function being 
-о тх e Tx 
even. 


2 
== =1 AD) 


It follows from (1) and (2) that the given function is Dirac-delta 
unction. 


wla 


8.11. RIEMANN-ZETA FUNCTION 
If s=0+í t where с and г are real and if €>0, then the series 


UM 
tom a 
is a uniformly convergent series of analytic functions in a domain in 
which c;1--€ and hence the series is an analytic function of s in 
that domain. This function (3) is called as Riemann-zeta-function. 


The generalized zeta function for a 1-- € is defined as 


$l 
(з, а)= NEU dE ra 
where a is a constant. i 
If O0<a<! and arg (a+n)=0, then t(s, 1) (s). 3s. 3) 


? wA мыо of (з, a) as an infinite integral, when o>1+€ and 


— 
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© x#-1 
The expression of C(s, a) as a contour integral is 
—s) [(040 (—2)t es 
Usa E 2n "cater, 


2ni Јо 1—e* «GO 
Riemann's relation between (з) and (1—5) is 
21 “Г(з) (s) cos (фәт)=т° (1—5) ‚..(6) 


Hermite's formula for $(з, a) is 


t(s, а= +2 [^ (ary) ái (s arc tan} yl А 


а 


ау 
mE 5m 
a .. (o,a)2i—a vine ace XB) 
and i Я. (5, a) bs =log Г(а) —{ log (27) 2 (9) 
0 (0)= —{ log Q7) .. (10) 


ADDITIONAL MISCELLANEOUS PROBLEMS 


Problem 53. Solve the equation — xy" --xy' --(x?—n?) y=0, n=constant, in, the 
neighbourhood of the point x=0. What are the singular points of the equation 
(Bombay, 1965) 
Problem 54, Prove that if the functions Р|(х) are defined by the equation 
1 


TOL усы; со 
VIE „юп 


` then Р(х) їз a polynomial of 1% degree, satisfying the following relations: 


(a) [^ , Pie) Pr (x) д2 ар 

(b) (+1) Ры (х)—(214-1)х Pix) HIP, (x) -0 (Bombay, 1965) 

Problem 55. Define Bessel functions and obtain the series solution of the Bessel 
differential equation for n=0 either by the use of operators or otherwise. 


stow thar [ 7, 0] о 2. (Nagpur, 1965) 
Problem 56. What are Legendre Pt lals ? Show that 

(i) (M41) Pmt (x) 9 (2m-1)x Py (x) mPa. (x) 

(it) (33—1) P'a(x) =тх Pa (x) -m Pa (3), where Ры{х)= 2 Pala) 
@) Psm( —x) =Pam(x) 

iv) Pamt1(—*)=—Pamii (x) (Agra, 1965) 


Problem 57. Write the differential equation satisfied by Bessel's function of 
order n. 

Express the following Bessel functions in terms of trigonometric functions: 

(0 Jual), (0) J—1,2(x); (й) Jugla). iiv) J—3, a(x) 


(Agra, 1966, Vikram '67) 
Problem 58. The generating function of Legendre Polynomial is 


: © 
T(w, s)=(1—2 wsts*)"12= E s! Pi(w) 
е. s)-( i iC 
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Using this prove the following properties of Legendre polynomials 
i fiy Рио) о) deir dm 
(й) Pmi—w)=(—D)™ Paw) 


jos ; 
n. v CI+) Р%)=0 for wALT (Agra, 1967) 
Pligg &9. Show that 4x?—2 is a polynomial solution of the differential equa- 
, 
where к is a positive integer. (Vikram, 1967) 


Hint, Given equation is Hermite differential equation and show that 
Hy(x) -4x*—2. 
. Problem 60, Show *that m (cos ху) (cos xy’) dx= + x 8(y—y’) 


with y>0,'>0 and 8(y—y') being the Dirac-deltas function. (Agra, 1968, 
Problem 61. The generating function for Bagge! functions of integral orders is 


Gtx, Beet I DL ® Јах) 
(a) Show by direct substitution dn pd satisfies the equation 
AE px 38 асв w) G=0 
usa this result to show that J_(x) satisfies Bessel’s differential equation, 
at OF x ФУ any у=0 


(B) In the generating function, putting h=d®, show that 
со 
cos (x sin9) =Јо(х) +2 Р T Jan(X) cos 2n8 
n= 
eo 
Sin(xsin9)-2 Е b Janti (х) sin (2n-+1) 9. (Agra, 1968) 
n- 


Problem 62, Solve by series integration, the equation 
a=) $2 —2x Ф 440-1 y=0 


5 dx? 
where 3 is an integer. Discuss the nature of the solution for X—1, 2, (Vikram, 1969) 
Problem 63. Write short note on Bessel's functions, (Vikram, 1969) 


Problem 64. Solve the equation 
q— 9—25 D eni у=0 
where n is a positive integer. If Р(х) is the Polynomial solution, prove that these 


functions form an orthogonal system. 5 (Aera, 1969) 
Problem 65. (a) Solve the equation in series E 


a + x24 (#- +) y-0 
d 1 
(B) Show that |L; Pal) P, (9) dx=0 unless т=п 


2 
СЕЗ ый ылы 
mn, n being positive integers. (A gra, 1970) 


i 
| 
| 
І 
1 
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Problem 66. Obtain the solution of the Bessel's differential equation 
E Tx 2 TGot—m)y-0 
їп the form of a power series. Discuss this solution in the neighbourhood of x=0. 
Show that Lx" Iq(x)]=2" Je (0) (п=1,2,3,...) (Bombay, 1970) 


са A 
Problem 67. (a) Show that Bessel functions defined by 12—11 


. © 
= E Jy(x) t” have the integral representation 


љо) [7 cos (x sin 9—n9) 29 "(Agra, 1973) 
° 
(b) If = and В are the roots of the equation Јо(х) —0, show that 
fi хЈо (ах) Jo (Bx) dx=} Bag J’: (€) (Agra, 1971) 
Problem 68. Explain the significance of spherical harmonics and discuss some 
general properties of harmonic functions, de (Agra, 1971) 


Problem 69, Prove that the polynomial solution Р(х) of the Legendre equation 
а—›) ФУ ar in) у=0 


1 2 
satisfies the orthogonality condition [ 2 Р„(х) Pm(x) dx= Intl bnm 


Show that this property allows for the expansion of an arbitrary function f(x) 
into a series of Legendre polynomials provided that f(x) is sectionally. continuous 


in —1<х<1ала G2) is sectionally continuous in —1<х<1, (Agra, 1972) 
Problem 70. Prove that (Jo(x)}?+2[Ji(x)P-+2[J4(x)P+-....=1. (Agra, 1973) 
Problem 7i. Prove that the function y= -Ery (x2—1)" 


satisfies Legendre's differential equation 
(xey D 2x Ф да+) у=0 


Hence obtain Rodrigue's formula for Legendre-polynomials Р(х). 
Using this formula prove that 


[ d хт Р(х) dx=0 for т<п. (Agra, 1973) 


2n 
ES 74, 
mai (Agra, 1974) 


Problem 73. Express tlie electrostatic potential at a point P in space, due to two 
equal but opposite point charges such that the distance between them is small com- 
pared to their distance from P, in terms of Legendre-polynomials. (Agra, 1975) 

We know that the potential at a point P (x, y, z) distant r from О (origin), 
and e from z-axis such that OP makes an angle 0 with z-axis, due to a charge q at 
z-—Lis given by 


1 
Problem 72, Show that [ н x Р(х) Pa-i(x) dx= 


q^ а ^ 1 
t = 
$ (г, 9) Vu t being inductive capacity. 


Here p is given by ~ 
gc (7202—27 $ cos 0)1/2 


«Нр 
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1 r r ' 3 1 ) $ Т 
жа ЕЕ ү сте SS Pr MN 5 
t [1+ 4 соз °+( = ) 2 cos? 2 4 ] on expanding by Bino 
. 2 
mial theorem under assumption (X) -2% cos 0 1<1 
T. EAT 
=+ Е р, (оог) (T) пт 
n=0 t 
where coefficients of = being polynomials in cos 0 are termed as Legendre poly- 


nomials, such that 

Р» (cos 8) —1, Py (cos Ө) —cos-0, 

Ps (cos б)=-у (3 cost 0-1) 7 (3 cos 204-1) 
Ps (cos )=1-(5 cos? 0—3 cos 0) -r6 cos 38--3 cos 9) etc... 
In case г>, we have on interchanging г and ¢, 


PRI 
1 Ф px (cos 6) Gy 


а Frai 
Let us now consider the potential at P due to a dipole consisting of a point 


+4 ata point z=d on the x-axis and an equal but opposite charge —4 
at O, the origin, such that the distance of P is very large as compared to d, 
In view of the last relation, the potential at a distant point P is given by 


zl. 
= ач е —t) 
9 bp 2 аү_ 
ueri тено (E) 71] 
24 ага dub Enc 
i [+2 cos (2) ($ cos? 6 pe 1] 
= ft cos 8, neglecting higher order terms as d<<r. 
Problem 74. For Bessel function Jp, (x), find out a and b, where 
E Ja (x)= Ja- (2) +b (а) (Agra, 1975) 
Hint. Compare with the recurrence relation 
Ina (2)—Ints (2) = 2 Jn (2). 


RE 
2 


Ans, а=-— ,b—— —— 
Problem 75. Solve the differential equation 
diy ў 
axb) S 2x 2 н (н) y=0 > 
where lis a positive integer. Discuss the orthogonal properties of the functions 
obtained as solution. Te PEA iie 1976) 


Problem 76. (a) For Bessel function 3, (x) prove that 
Jn 607 |" cos (9 0—x in t) tn 


an ™ hence show that = т | EE at 


| 
| 
i 
; 
| 
| 
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(b) Show that the recurrence relation 
Jw Gm Uca aHan 00! 
follows directly from differentiation of E i 
In (=> ie cos (n 8—x sin 0) dà (Rohilkhand, 1976) 


Hint. For (a): In a section it has been proved that 
1 


Js @ => [ cos (nü—x sin 0) 40 . 


Put 0=0, Jo (x)= JF cos (x sin 0) dà 


2 (7/2 3 З А 
= zj cos (x sin 9) d (being even function of 6) 


Now put зіп 0=¢ so that dg ITE 
2 [1 cos xt 7 

Hence noi |e 
Problem 77. (а) Derive the Rodrigue's formula for the Legendre polynomial. 
(b) Using Rodrigue’s formula prove that 

| xm Pa (x) 4х=ои m<n, (Rohilkhand, 1976) 
Hint. For (5): Using Rodrigue's formula; we have 

1 1 1 dM 

[mr @ = usar (“уота 


On integrating R.H.S. by parts repeatedly; the first term always vanishes and 
we are left with 


(-1)™ | рау" 
f x" P, (x) T SEE fe (5) (x2—1)" dx е 
1)" |та үст, D. 
- Ele) @ -"], 0 for m«n. _ 
Problem 78. Show that the coefficient of 1" in the expansion of 
el (—173** equals l E cos (n $—x sin $) d$ (Agra, 1976) 


Hint: The coefficient of t” in e (0—171)® 0 ig P, (х) which is also equal to 


Ы cos (пф —х sin $) dé and hence the proposition, 
Problem 79. Show that two independent solutions of Bessel's differential equation" 
duy 4x29. 4+(x2—n2) y=0; cannot be obtained by series integration method. 


dx 
Explain how the second sotution is obtained in this case. If Jo (pd) is Bessel’s function 


of zero order and 2770, show that 
[ г eÀ Ja (pr) d= узта` (Rohilkhand, 1977) 
Problem 80, Define associated Legendre’ polynomials and prove their Orthogona- 
lity condition. 
ү A (x) are the Associated Legendre’ polynomials, show that 


ibm. \пл-т m 
P. G)-C-20" Гает, (х). (Rohilkhand, 1977) 


CHAPTER 9 


FOURIER'S SERIES, INTEGRALS 
AND TRANSFORMS 


9.1. DEFINITION AND EXPANSION OF А FUNCTION OF x. 
A Fourier series is a representation employed to express a ‘periodic 
function f(x) defined in an interval say (—7, т) a linear relation 
between the sines and cosines of the same period, viz. 
f(x)—a,--a, cos x4-a, cos 2x--as cos 3x--. ..--a, cos пх+... 

+b, sin x4-b, sin 2x 4-5, sin 3x+...+5, sin nx4-. . . 


со со t 
=a+ È a,cosnx+ X b,sinnx. Reeth) 
n=1 n=1 


In order to determine the values of the coefficients ау, а, апі 
bn, let us, first integrate both the sides of (1) between the limits 
—т and т, whence we get 


ji f(x) dx=a, [Г К dx other integrals vanishing, 


» 1 1 
ie. «-x[. Да) dx rc Ду) Ф, 
replacing x by v to distinguish from f(x). 


Again multipiying both sides of (1) by cos mx and integrating 
between the limits —7 and 7, we get 


Г Sx) cos nx ёо," cos? nx dx 
— —nx J 
other integrals vanishing 


=F" (14-cos 2nx) dx = on 
—x 2 
s «-[. f(x) cos nx dx -[.^ cos пу dv. 


Further multiplying both sides of (1) by sin nx and integrating 
between the limits —7 and т, we get as above 


„= E. Ду) sin nv dv. 
Hence 


т oo x 
f(x) =] Lf0 EEA cos 2 _ O) cos nv dy 


coo л 
+1 > sin naf Ҳу) sin пу dv ...(2) 
п=1 . EN. 
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The expansion on R.H.S. of (2) is known as Fourier's series for f(x) 
and ар an, b, etc, are known as Fourier's constants for f(x). 


Now (2) may also be written as 


1f ayat 2 f7 UB E 
к лә |" fo) х+= Sr [if cos n (x—v) dv ‚.. (3) 
which is valid for —zx«x 
Deductions from (2) 
(i) If f(x) be an odd function of x, i.e. if f(—x) = —f(x), then 


[ * fo) de. 
Also {> cos nv f(v) dv 0 
and iie sin пу Ду) dv—2 & sia nv f(v) dv. NO 


2:9. ж 
Assuch f(x)=— Bs sin nx | sin лу Ду) dv. 


(ii) If f(x) be an even function of x, i.e., f(—x)=f(x), 
со 
f=" fo) +. 2 cos nx E cos nv f(v) dv. ... (5) 


COROLLARY 1. To find a cosine series for f(x) when 0<х<т, let us 
assume that i 
oo 
f(x)2ay4- >; а, COS пх. ... (6) 
п » 


Integrating both sides from 0 to т, we have 
Е Дх) а= |" а dx other integrals vanishing 
° 
Ein 
1 | т 
. =— y) dv. 
eir A fo) 


‚ Again multiplying both sides of (6)by cos mx and integrating 
from 0 to.z, we get 


k cos nx f(x) dx=a, F cos? nx dx 
9 о 
other integrals vanishing 
=> E (1-- cos 2nx) dx 
LJ 


1 
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o =| fo) dva 2 E cos пх | EUIS. o0 


COROLLARY 2 To find a sine series for f(x) when 0<х<т. 
Е (Agra, 1961) 
Let us assume that 


{w= I D sin nx. 


Multiplying both sides ке sin nx and integrating from 0 to т, 
“we have |, f(x) sin nx ах=1Ь„ E dx, other gn vanishing - 


T 
- 
ie. : „=? [ sin лу f(v) dv. 
2000 т : 
Hence fo) р маре Ду) nv Ф. FANG) 


Important Remark 
We generally take A „оше series expansion in the interval 


(—7, т) with period 
f9-3- E cos s simx)J..e зш. tme 
lan cos nx--b, sin mx)+...... MES н 


oo 
= У (а, соз nx--b, sin nx) 1249) 
2 gi 
ses Aer Ael age cu] 
| 
a=} prs f(x) cos nx dx ... (10) 
and b=} E f(x) sin nx dx 
In case the interval is (—/, J) with period 2l, we have 
© À 
fe)-2 + a (2. cos = +5, sin =) v 000) 


if mR af 
when 4,= 7 m Дх) cos 7 dx and acr, 

fe) sin "ах ...02 
[These are obtained by replacing x by = in (9) and (10)] 
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9.2. DIRICHLET'S CONDITIONS 

A function f(x) is said to satisfy the Dirichlet's condition in any 
interval (a, b) in which the function is defined, if it is subjected to 
either of the conditions. 

(i) f(x) is bounded in (a, Б) i.e., there exists ап upper bound M 
such that | f(x) |<M for all the values of x in (a, b) and the interval 
(a, b) can be divided into a finite number of open sub-intervals in 
each of which the function f(x) is monotonic. 

(ii) f(x) has a finite number of points of infinite discontinuity in the 
interval (a, b), but when the arbitrary small neighbourhoods of these 
points are excluded then f(x) remains bounded in the deleted interval 
and the interval can be divided into a finite number of open sub- 
intervals in each of which f(x) is monotonic, Also the infinite integral 


b 
| Дх) dx is to be absolutely convergent. 
e 


Here below we clarify some terms used in these conditions: 

Monotonic Functions. A function f(x) defined in (a, Б) is said to be 
monotonically increasing if x, х,Є (a, Б), x; x, fo) fox) 
strictly monotonically increasing if Ху, x, € (а,Ь), х„> ху + RxD >f) 
monotonically decreasing if x,, x,&(a, b), x,«x,2f(x,) f(x) and 
strictly monotonically decreasing if x), x, € (а,Ь), x, «x, э, TENESI ENN 

If f(x) be monotonically increasing in [a, b], then for any point с 
such that a<c<b, f(c— 0) and f(c+0) both exist. 

Similarly, if f(x) be monotonically décreasing in [a, b] then for 
a<c<b, f(c—0) and f(c+0) both exist. 

A function f(x) tends to the limit / as xc i.e., Lim f(x)=/, if for 

хс 


every €>0, there exists 8:>0 such that | f(x)—/ 1<6. In case x is 
‚ any point of (a, b), then it satisfies the condition 0<| x—c |<. 
Right handed and left handed limits. 
ie. Lim f(x)and Lim f(x) 
х-*с+0 .+(с—0) 
When a function f(x) tends ќо Газ x tends to с through values 
greater than c if for every € 0 there exists 57-0 such that 
|J(x)—1 |«€ and x is any point of (a, b) satisfying the condition 
, €€x«c-F3, then we say that the right handed limit exists and _ write 
fict+0)= Lim /х)=]. 
х+(с+0) 
Similarly, when f(x) tends to / as x tends to c through values 
smaller than c if to each €>0 there corresponds 520 such that 
хЄ (а, b)'Y(c— 5, c)» fx)e (1— €, 1+6) 
then we say that the left handed limit exists and write 
f(c—0)— Lim Дх)=1. 


x+>(c+0) 
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Iff(c--0)—/(c—0)—1ie, Lim f()e9 Lim f(3)—l, 
x>c+0 x>c—0 
then we say that Lim f(x) exists at x—c. 
x-—c 


If c is a limit point of (a, b) then f(x) is said to be continuous at с 

if and only if Lim f(x) exists and equals f(c) i.e., if 
xc 
Lim Дх)= Lim Д) о). 
x>c+0 xc—0 

‚А function f(x) is said to be continuous in an interval (a, 5) if it is 
continuous at every point of the interval. 

Discontinuities. A function f(x) is said to be discontinuous at a 
point х=с of its domain if f(x) is not continuous at c. The dis- 
rontinuity of f(x) at c arises in either of the ways: 


(i) Lim f(x) exists but Lim f(x)£f(c) 
xc xc 
(ii) Lim f(x) does not exist. 
xc 
In first case the discontinuity is said to be of the first kind or a 
simple discontinuity while in the second case it is of the second kind. 
Actually we classify the discontinuities of five types as follows: 
(1) Removable discontinuity. When f(c--0) and f(c—0) both exist 
and are equal but differ from f(c) i.e., f(c--0) —f(c—0) 4 f(c). 


(2) Discontinuity of first kind or ordinary discontinuity. When 
Лс--0) and f(c—0) both exist and are finite but have different values 
while f(c) may or may not be equal to eitber of them. 


(3) Disconntinvity of the second kind. When either /(с--0) or f(c--0) 
or both do not exist. 


(4) Mixed discontinuity. When only, one of f(c--0) and f(c—0) 
exists and the other does not exist. З 


(5) Infinite discontinuity. When either of f(c+-0) and f(c —0) or Ke) 
or both are infinite e.g. if feo 


1 
0+0)=Lim f(0-- /) Lim y=% 
0+0) Lim fi ыш 
х ; 1 
—0)=Li —h)=Lim -;)--ә 
0-0) oe )=Lim (= 


$ 1 
and {=F =% 
Hence f(x) has an infinite discontinuity at x—0. 


Nore. We denote by [a, Б) closed interval, [a, b] open interval, [a, b) 
semi-closed i.e., closed on the left and open on the right and similarly 
(а, b] open on che left and closed on the right. 


* 


FOURIER'S SERIES, INTEGRALS AND TRANSFORMS : 797 


9.3. ASSUMPTIONS FOR THE VALIDITY OF F OURIER'S 
SERIES EXPANSION, WITH ALLIED THEOREMS 

The Fourier's series expansion and the determination of Fourier’s 
constants is valid under the following assumptions: 

(i) The expansion of f(x) in a series of sines and cosines of integral 
multiplies of x is possible in the given interval. 

(ii) The given function f(x) is single-valued, continuous and im- 
tegrable in the given range. 


(iii) The series Gets (a, cos nx-Fb, sin nx) is term by term inte- 


grable "i the series is uniformly convergent in the interval 
(—*, л). 

(iv) The given function f(x) given ir the interval (—т, =) satisfies 
Dirichlet's conditions so that the sum on the R.H.S. of (2) of $9.1, 
has a limit as n— oo and is equal to f(x) at any point x (—т<х<т), 
f(x) being continuous and it is equal to $ [ f(x+0)+/(x—0)] when 
there is an ordinary discontinuity at the point; also it is equal to- 
i[f(—7--0)--f(—0)] at x=+7 when the limits f(x—0) and 


f(—7-4-0) exist. 


THEOREM 1. If a function f(x) is bounded and integrable in [0, a], 
a>0 and is monotonic in some-interval [0, c], c being positive and less 
than a i.e., 0c ca, then $ 

Lim | Дх) sin nx LRF Is IX dx where f(4-0) «f(0-- 0). 

n-o040 x о х 

Suppose that f(+0)=0 or without affecting the result, f(0)—0 and 
take a positive number h<c. 

We have by second mean value theorem that if f(x) is continuous 
in [0, a--], derivable in (a, a--h) then there exists at least one 
number à between 0 and 1 such that ~- 

f(ad-h) —f(a) — hf'(a4-0h), 0<0<1 i.e., 6€ (0, 1) 
Thus there exists В' Є[0, A], such that 


[Lo $S anro |" Se ace gp [tras 
=f» f}, 


sin nx 
x 


dx since f(0)=0 


E 
=f(h) E = dv on putting nx—» 


"^ sin x Т 
=f(h) E TU dx (changing the variable v to x) 
.. (1) 


Now js ir dx being convergent, there exists some k>0 such 


9 
that | |, mz dx |<k, for every 129. 
LJ 
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nh 
ге | Sa p af E alae...) 
o 


Also we have f(R)-»o as h-(0+0) PRE] 


from (1), (2) and (3) we conclude that given an €>0, there ES a 
520 such that 


| f Sx) sin. dx<2k | ЛЮ <$ for 0c h«3. 


But f Дх) sian dre f fo) inne m. ass? Лх) ан A dx 


suivre the second iioi on the right tends to 0 as n—oo and 
there exists a positive integer m such that for every п>т, we have 


if fo) sin nx dx + =e 


sin nx nx 


dx=f (+0) dx 


Ina [Seg case venum Јо) by (Дх) —/(0)) we have 
Lim |" Leao ËR aio 


nG cj. of . 
But f sirar d um af? 827 dy as neo 


4 { в sin nx © sin x 
Hence Lim ү fe) 82" avg o) | mte 


/ Hence T лә ES F зах 


Note. The theorem is also true when o cac. 


THEOREM 2. If fix) is bounded and integrable in (—т, т) and 
ит in [—c, 0) and (0; c) where с із some ‘positive number less 
ti T, then 


© RE 

r ter 2. а= 079 

where f(+0)=f(0+0) and f(—0)=f(0—0). 
We have i х 
T m 1f" ра Ld 
reti ax. fle) de E ДӘ) 2 cos nx dx 

z (qu x 

xl. Дх) he E cos nx { dx 


sin (m+) x 


m 


- |, Хә). dx (by summation) - 
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1 Й sin (m+) x 1f* sin (m+) x 
ex| del re | fo) —— ae 
sin > sin > 


Replacing x by —x in the first integral on the right we have 


cuo, ырыу ТАРЫ (2m+1) x ЫР 
=з? E (л 2х) Sane ах? 


n i 

s S(2x) sin От) х dx (оп replacing x by 2x) 

=. L/C-0)4-/(4-9) Lr SEX dxasm-o Бу theorem 1. 
LJ 


If we take f(x)=1 for-every value of x, then we find 
А т 
+®=з [annt anda — |7 cos nx dt. 
Hence we get АА 
1+1 ù% sinx 00 sinx у 7 
1= {+1 ү dx ie AX deme 
© Ө 
So that Md 2 а= LIE) 
2 n=l 2 


THEOREM 3. If f(x) is bounded dnd integrable in | —, 7] and if it 
is possible to divide {—n, т] into finite number of open sub-intervals, 
in each of which f(x) is monotonic, then 

© 

iac zi (a, cos n&--b, sin nE) —1Lf(6—0) 4-f(6--0)] 

y for—n<t<n 
=Hf(z—0) +f (—т+ 0) for Ет. ` 

In order to prove it, let us first prove a lemma. i 

Lemma. If f(x) is bounded and integrable in every interval and is 
periodic with 21 as its period, then ү Дх) dx= E /(а+х) dx, 
a beitig any number whatsoever. t 

` Putting a+x =y, we have 
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[rera mer 
=| mai meme 
Again putting y=z—2n, we have 


n Ду) у= [ы f(z—2x) dz=— ү " f(z) dz- — {27 
Sly) dy 


a fats а [ro a) 
Now we come to the main theorem. We have 


tat 2 ‚= cos n&+5, sin лЁ)= As f(x) dx+ E 


i |: f(x) (cos nx cos n&+sin nx sin n£) dx 
xl. Дх) [+2 2 соз п (х—Ё) Jax 


E S(x+8) Е +2 E S nx 1: dx by Lemma 


n 
=2п 
z Jets p sin ims Ds dx (by summation) 


sin E 


E f(x--£) Sin en Dx ge BEE xb fix t) fi = Le 


sin7- E sin 


-i[l fcx an arp dx 4! xL fo s Lorie Dx dx 


sin: sin > 
(on replacing x by —2 in the first integral) 


[л-р SD cer ләнә 
n5 


dad (on replacing x by 2x) 
eo 
дааа EG cos neti sin яр (AEOS) 
© sin x 


dx as т->со by theorem 1.. 


p^ 


P 
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ТЛЕ -ОФЛЕНО) 5 as in theorem 2. 


= ЇЛЕ+Ф®-+Д&—0)] when m>, 


we can thus restate this results as follows: 

Af f(x) is bounded and integrable in [—т, x] and if is possible to 
divide [—m, n] into а: finite number of open subintervals in each of 
which f(x) is monotonic, then the Fourier series серо to f(x) 
converges for every x and if S be the sum function of the series, then 

S(x) — M fGx4-0)4-f(x—0)] for every x in (—7, x) 

: S(x) - Л 0) 700—7 0)] for every x= 
and S(x4-21)—S(x). 

Note 1. Here the relation S(x+-2n)=S(x) is very useful in determi- 
uing the value of the sum function at a point which does not lie in the 
interval [—т, v] 

Note. 2. If х= be a point of continuity of f(x), then 


Тат z (а. con ne л nte EEO EEO 
n 4 
= LOO qe 


Conclusively if f(x) satisfies the conditions of the theorem 3 in the - 
interval [—7, 7], then.the sum of the Fourier series corresponding to 
fix) is actually f(x) at all such points x of [—7, т], f(x) being conti- 
nuous and at points x, the points of discontinuity, the sum of the 
Fourier series is #[ f(x+0)+ f(x—0)]. 

Note 3. Half range series. 

If f(x) satisfies the conditions of theorem 3 їп [0, x], then the sum 
of the sine series Z b, sin nx where b,— 2 А Лх) sin nx dx is equal 
to 3 [ f(x--0)2-f(x—0)] at every point x s. 0<х< and із zero 
when .x=0 or т. 

: "med an odd function F(x) in [—7, т] which is identical with f(x) 
in [0, 7]. 

Thus, F(x)=f(x) in [0, =] апа F(x)=—F(—x)=—f(—x) in [—7, 0] 
so that F(x) satisfies the condition of theorem 3 in [— v, x} provided 
f(x) does so in [0, т]. Hence the sum of the series È b, sin nx with 


— Í * F(x) sin nx dx is $ [F(x-+0)+-F(x—0)] 


=H x+0)+f(x—0)] at every point x in (0, т) 
and this sum is=}H[F(+0)+F(—0)]=0 for F odd at x=0 or т. 
Similarly if f(x) satisfies the conditions of theorem 3 in [0, =], then 


the sum of the series 3 g+- аһ cos nx where an= ERN Лх) cos nx 
п f 2 
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dx isi f(x 4-0) 3- f(x —0)] at every point x in (0,7) and is equal to 
Д+0) for x=0 and Д\т—0) for x—7. 

Note. 4. Interval [0, 27]. 

If f(x) satisfies the conditions of the theorem 3 in [0, 2m ] then the 
sum of the series + at (an cos nx--b, sin x) where an 


== 25 Fx) cos nx dx, = i^ f(x) sin nx dx, 
7 ds #[Дх+0)+Д0х—0)] at every point x jn (0, 27) 


and is 3 [ f(2m—0) +f(+0)] at x=0 or 21. 
Also it is periodic with period 2n. i 
Writing x—y--7 so that y varies in [—7, т] as x varies in [0, 2x], 
let us assume that f(x) =Ду+т)=К(у), whence F satisfies conditions 
of theorem 3 in [—7, т]. Аз such the sum of the series 
paot? (an cos n y-FBa sin ny) where 


€ pe F(y) cos ny dy and &-[. F(y) sin ny dy, 


is } [FO +0)+F(r -0)] for —т<у<т and 
is } [F(x — 0) + F(—-7+0)] at у= т, being periodic with period 2r. 
Changing the variable by the substitution x=y+7, we have 


wr. F(x— т) cos n. (x—7) CE cola {е f(x) cos.nx dx 


В„= $i F(x—n) sinn (х—т) a Car" f(x) sin x dx 


and cos лу=(— 1)" cos nx and: sin ny=(—1)" sin nx 

So that 4 [F(/--0)-- F/—0)] =H ДУ+т-+0)+Ду-+х—0)1 

=H ++ 0) 

and } [F(x—0)+F(—"+0)]=4 f(2"—0) +f(+0)] 

Note 5. Interval [—1, 1], / being a real number. 
If f(x) satisfies the conditions of theorem 3 in [—l, П, then the sum 
function of the series + a,-- (a, cos X +5, sin = where a= 

1 3 ре 
: jf cos dx and һ=г|_, foo 1 dx 

ts Lf 0) fo) for —1<х<1 _ 
and is  Lf(—0)4-f(—14-0)] for х= +l, being periodic with period 21. 


Putting y= E and considering the function F(x) such that 
дә=/ (2)=Fo) 


aei Biggs in [—x, 7] as x varies in [—/, П, we can prove the 
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Note 6. Interval [a, b] in general. 


If f(x) satisfies the condition of theorem 3 in [a, b], then. the sum 
of the series 


tat? ( an соз Ea b 


2птх ‚ 2nnx 2p 
-Fbs sin Tes ) where an= i5 


3 2птх БАН Ыы ‚_ 2птх 
I(x) соз — 3 dx beu f(x) sin Еа 
is ИКх+0) + f(x—0)] for a<x<b and is 3 [f(a4-0)-f(b —0)) . 
for x=a or b, being periodic with period b—a. 
The result is obvious by putting y= EE bta 
in [—7, л] as x varies in [a, b], (the transformation is obtained from 
y=Lx+M such that у= —я when x—a and y-7 when х=, by 
determining the constants L, M). 


dx 


7 $0 that y varies 


9.4. COMPLEX REPRESENTATION OF А FOURIER'S SERIES 


We have f(x)— Ў a, еа з A] 
aL n 


where eR. f(x) e" dx and а=, E f(x) e™ dx 
+ oe (2) 
Here c, and a-n are said to be conjugate imaginaries. 
In case we consider a function f(t) which is periodic with a peried 


= a then we can write 
о n 
ft}= E аме", f(t) being defined in (—о0, о) ... (3) 
п=—СО d 


Where а= 27 and f+ T=) _ 20 
Now R.H.S. of (3) being real, the coefficient of the series on the 
В.Н.5. of (2) must be such that no imaginary terms occur. 
Integrating (3) over 0 to T we have Г 
2x|o 2з / © ) со 
== У ает! |й= LZ. 
nee mean its 
a p est dt, AA @ 
° 
(under the assumption that term by term integration із per- 
1issible). à 
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У Eua que cl 
` =0 when n70 ` f ==] | -35 
(ете —1)—0 


| 2r, 5i 
=Twhenn=0 '/ | Jer tes =r 
LJ 


T roe 1.(T 
^. (5) reduces to | f(t) dt=a,T giving a, -1] Kt) dt 
„0 о 
=f) (зау) ...(® 
where f(f) denotes the mean value of f(t). 
Now multiplying (3) by e-*"** and integrating over 0 to T, we have 
|: S(t) е" dte a, T, other terms being equal to zero. 


e 
This gives ъ=т], Дд) ee dr... (7) 


Replacing n by nin (7) we get d-n= TL Sit) e»t dt... (8) 


_ From (7) and (8) we lude that а-„=а„. 2 (9) 
In order to find the real form of the Fourier series, (3) can 
be expressed as 4 


-1 со 
У а„е”#+{+ o X ает 
—со n=l 


= 


1 [2] 
= У ap etat. X а, е" 
со n=l 


(on replacing n by —n in the first term) 


со + 
or Д)=254+- E (a, еа, е!) а «+. (10) 
n= 


eo © 
=а,+ È (a,+a_,) cos not + X i(a,—a_,) sin not 
n-l n=l 


"7 e"»t=cos not +i sin not and e™=t=cos not—i sin nof 


If we put а,--а_„=а,, f (a,—2-4)— 6, and %)=2a, 
then we find 


© © 
/Ф=77-+ 5 а, совы ads B, sin nof +. (M) 


which is the same form as (1) of $9.1 and : i 
ха (1) of $9.1 and же сап thus determine the 
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f T 
аат |! f (0) еее etno) di 
=F). ftt) cos not dt 2. (12) 
and вака, 2 |" f) t (е еее) de 

о 

dei а 

-40 sin not +. (13) 


The introduction of the term F term in (11) enables (12) to give 


general term «, applicable for х, as well. Tn either of the forms real 
or complex the constant term of Fourier series is always equal to the 
mean value of the function. 

Important Note. The students are advised to commit to memory 
the following two integrals: 


@ fen sin bx dem 7 an jsy (a sin bx—b cos bx) 


b 
- z sin (bx—a), where r= У 22-2? and tan cm 


(il) [e cos bx dx= LE (a cos bx4-b sin bx} 


b 
- = cos(bx—a), where r= y a+b, !(апа=--. 
Problem 1. Obtain Fourier's series for the expansion of f(x)=x sin x 
in the interval —n<x<n. Hence deduce that 


RMA OME) КАЕР А. : 
и ат, 1969 
t37—7 (Vikram, 1969) 


uum АЗ ТЗ 

Here x sin x їз an even function of x and we have already shown 
that when —т<х<т and f(x) is an even function of x, the Fourier's 
series is 


f=} [ Ду) dv+ L3 cos nx [ f (v) cos nv dv, 


wheref(x)—x sin x ; .. f(v)v sin v. 
Thus, 


^ іре. 2 * 
x sin x= L| узіп у dv+— ЎУ cos nx | у sin v cos ny dv. 
T Jo т п=1 0 


Now ү » sin v dv=}—y cos v Е +} зіп IN =r 
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and Г y sin v cos nv ai: у (sin (n--1) y—sin (n—1) v) dv 
эц eget peser 
- { = 
Ч ЕЧ 


соз (n+1) = cos (n—1) x 
[= pH Т" 1- ] 


А т cos пт T COS nt Е X 
a[ m+1 пі |] being an integer. 
© 
Непсе х зїп рау ое сал. 
T n=l x Tap 


Corresponding to n—1, we have 
[ y sin Y COS vé[ v sin 2v dv 


[E pner 


Hence 


oo 
x sin xe—l1—4 Dee > оз SUM 


cosx , cos2x соз3х , cos 4x 
--{-% у=. e» me i] 


‘Putting x=n/2, we get 


5-=1- ae 133 3s- 35 TG 
or х= i 
: =v +75- start 


and cosines of multiples of x, which 
(Agra, 1969) 


(Agra, 1962) 


Problem 2. d a series of sines 
will represent Е in the interval p 


1 
Бесе that — È PES zt 


We have 
epe. рау > Ecos mx |" (v-+¥*) cos nv dy 


+, E LM ars da àv dv. 


e feof SST 
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H т т 
E (Уу?) cos ny ө-т ролт 
+f у? ча "т 22 {= nV ay 


ете] 


4r cos лт 
zm 
and k (У?) sin nv a tsm y" +} sin nv ү 
s = e mr 
s 
-i* sem] ap. Y: СОЛУУ 
| 2х com 
| =— = 
Hence the Nes is 
* © cos nx cos nx © sin nx cos mm 
к 25 ga bi $08 BX CO8 RE 9. E и 
] ni п=1 
: pepese se] 
sinx , sin2x · зіп 3x у 
1 [ee ae | 


т? 1 
=3-—4(х— 3 cos 2x + ap z cos 3x+... ) 


+2 (sin гал sin 2х-Е$ sin 3x...). 
Second part. We have : 


ў 3 
х+озе=л-—4 [соз x— qe 08 234-3, cos 3х+.. | 


+2 [sin x—} sin 2x 4-3 sin EY JJ. 
Я At extremum т and — т, the sum of series 
=Дт)={ [Д—т=0)+/Д-+—0] 
={ [— zn pn]- mi 
Putting x—7 in the ко series, we ке, 


Ле) +4 [- or tar E +. 1 


п? 1 1 
or ЕСИК 22913: 
Ld CENA 
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Problem 3. Find the series of sines and cosines of multiples of x 
which represents f(x) in the interval — «x, where 


Д\х)=0, when —1 «x«0, 


= , when О<х<тп 
т? 1 1 
and hence deduce -,-— Iba 


© 
Let /(х)=+ X © cos nx--b, sin nx), 
xm 


0 
. where а= |" f(x) dx= xl Дх) axe | А Дх) dx | 
Dp т? 
= | *[ =16° 
1 т 
dam | f(x) dx cos nx 
-H[f f(x) cos nx dr ү f(x) cos nx dx ] 
=f —cos пт]=0 for n even 
ara for n odd. 


2n? 
Similarly 5, — Єў. 


4n? Der 


So f(x)= ie, [X cos cy = sin nz | 
г. а +(-+ cos rt sin х) уза 2х 
e cos at sin зх... | 
Now fi) a= (0+ F) =F 
So Дт)= рава ex Lek) 
ог асн ote. 
Problem 4. Find Fourier's series for f(x) in the interval (— тп, x) 


. where Дх)=т+х when —т<х<0, 
S(x)=n—x when 0<х<т. 


Dn——— ÉD uÜ—Q— ae ee PL 
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Hint. Here а 7’ а„=0 for n even 
= ir for n odd, 
bn=0. 
So foes EC x cos 3х-- d cos 5x-... ) 
2° 29 5 
Problem 5. Obtain the Fourier series for a function f(x), where 
f(x)-cos x for 0<х<т 


Д(х)=-— cos x for —т<х<0. 
Let f(x)—a,-4-Z (аһ cos nx--b, sin nx). 


|", Дх) dx=0, 


а=. [fe cos.nx dx=0, 


т 
b=} E Дд sin nx ату [1-C- 17] 
=0 for n odd 
eain for neven. 
=r "m (m —1) 


^ Дх)=— HD ein Ie sin 4x.. ] 


Problem 6. Find the value of bi 4 using Fourier series. 
n=1 


n-oo 
Let х= 2, (аһ cos nx--bs sin пх), 
n= 


1 т 
а |" хаса KER 
а | aba at die [0 t 
n }—т n 
b,—0. 
Hence x*— $—4[ 12 cos х1 cos 2x+ - cos abs] 


т 1 1 
cp D 2x +] | 
т? 1 1 1 2 2 
[ее |е] 


Eci e 2 1 m 1 
оз xxt aya 
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OI 
Hos 27 mie 
E 9] m 
or e ms 
- 1 NÉ с. > 
Problem 7. Prove that : GI F using the Fourier’s ser.es. 
n= 


DI 
L.H.S.—- 3-3 at toe 


[Eien a | Tcu 11 
=p gt at. tpt ab b m 


n=1 
© oo © = 
pro агза и 


ince © 
[ cess m^ 


Problem 8. Using Fourier's series prove that 


Or m 
EA. 
nai 90 


Hist. Take the function f(x)—3*—2x*x* and proceed similarly as 
in Problem 6. 


Problem 9. Find a function of x which is equal 10 kx, when x lies 
between 0 and 1|2 and is Е (—x) when x lies between l|c and I. 


Given that f(x) kx when 0<x<//2, 
f(x)-—k(-—x) when 12<х<1, 
We know that, when 0<у<т, 
1 (= 2 oo 
Лу)= zl. Ди) du4- т cos »[ соз nu f(u) du. 


Putting y= "when 0 <x<i, and um™, te, du^ dv, 
we get 

тхү 1 рт 22 пх f? уту пту 
"CD (Cyn conf (on лу a 
This may be expressed as 

y 1f' eo 
$e) т], Ф) 42 Ў соз "Т | *(0) cos 7 dv, 
n=l ° 


we fep wf oa 


—————— 
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-[* ede], Kk (L—») d 


k 
-$ puft], 


E kP kh ЕР kp 
8 


and |! 0) cos -dv 
-f “er cos T aee f k(—) сов" dy 
=% fy sin me pe E т” {чет}, 
-кр чат} LAM 
cap^ dp ei] шү 


eec T] 


za cos T oos m—1 ] ог n==4m+2 and 0 


for other values of n 
Hence if nis of the form 4m--2. 
kP 290 TX, 4k? 
ser. EITAS T =) 
Ы ЗЫ dí. nex 
~ 47 n arm 1 
kl ЗЕГ 1 2nx 67. 1 10r. 
=g spa T. аз m tig or p+ ] " 
[when n=4m+-2, where т=0, 1, 2, . <^ ne2, 6, 10...]. 


Problem 10. 7f Лх)=х for eet 


Дх)=т—х for $ <x<r, 


express this function by a sine series and also by a cosine series. 
(i) To Express as a Sine Series. We know that 


E E i. z С 
f= > = sin ~] Ху) sin лу dv 
n=l 9 
Here 


Pw sin mv dv 
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-[" у sin m ep, (1—») sin nv dv 
LI 


id ee m im nya He modnm d 


_ nm R n ç l. m 
=- Rug tin qq e g eue a "у 
2 Qnm 
40 
Hence fx)= I cain T. sin nx 


2 


E sin х sin 3x4- sin sx—... | 


(i) To Express as a Cove Series, Ws know that 
N= +, fo) dL z cos mx |" f(v) cos nv dv. 


Now |“ fo d= [^ elt ‘a C=) d 
= T 4 i ту— zl. -"+ ыс T- 
and |" cos nv f(v) 21" y cos ЛУ es m (т—›) cos лу dv 


pu ulum 


i пу СОЗ nv 
cee Т 


mone l/m т. т _ COS mm 
zn ex —1 H = sin + sin OE 
nie eme 
Ta 2 
1 n 
-a -Fcos п®—2 cos zi 


=— Д.п is of the form 4m--2 and is-zero for other 


values of n. 
Hence the cosine "on when п is of the form 4m4-2 is 
д) 1-5 F © cos nx 


T n=1 т? 
т 801 
—Dx is соз 25+ arcos xt...) 
by putting n=2, 6, 10, etc. 
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Problem 11. Find a series of sines of multiples of x which represents 
x in the interval (0, x). Hence deduce that 


g Ix 
7 =I+ E Tate 
Draw graph of the function. 


со 
Let х=а,+ È a, cos nx. 
п=1 
k TE 2 
а= if х 4х=-у 3 7 


E | 
agen M x cos nx dx=0 for n even | [or conne Serie 


у =—4/(лт?) f ог odd.J 
Hence the coefficients of cosines of even multiples are zero. 


Now х= 3 [= xt cos 3x-— -] 
Putting x—0, we have 


T 4 1 1 
o- Arx] 


т? 1 1 1 
or ult зк Ее Ку + >“ 


Graph. In the interval (0, т), the line y=x gives the curves 
represented by the series. Hence f(x) represented by the above 
Series contains cosine terms only. So thisis an even function and 
therefore the curve is symmetrical about the axis of y along which 
f(x) is plotted. 2m is the period of the. series, hence the portion 
between т to —z, repeats indefinitely on both the sides and the 
sum is continuous for all values of x. 


у= ((х) 


Infact the graph ofthe sum of m terms of Fourier series fot 
f(x) approximates to the graph of f(x) the greater the value of m 
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is, the closer is the approximation. Retaining upto three terms of the 
Fourier series i.e. 


х nf cosx , cos3x cos 5x i 
7=% EE рен. 3 UB m 
the graph is as shown below : 
у 
xt 


o 


Fig. 9.2. 
Problem 12. Find the series of sines of multiples of x which repre- 
sents x in the interval x>x>0. Show by a graph the nature of the series. 


-e —3/2 1/2 s 


© 
Неге x= У basin nx, 
n=l 
where ban? f F(x) sin nx dx [for sine series] 


1 2 
Ng cQ cime rope 


: sin 2x 
х=2 |sin x— 


2 ti sin з... | 


The sum is discontinuous at х=т, 
Graph. The curve is symmetrical about the origin. For unrestricted 
y= 


i pem 
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yalues of x, the series represented between (— 7, 7) repeats indefinitely 
in porn the directions. The points +, +3%...are points of disconti. 
nuity. 
Problem 13. Find the Fourier puo for the periodic 
defined by fo)--7if— жр 1 ке ЛО 
Дх)=х if, 0<x<n, 
Hence prove that mE T МЕ + 
Сн Кыйы Е DN YS 
Plot the graph for the series. 


let f= È (a, cos nx-- a, sin nx) 
uS А 


Hee =i р Лә) dx 3 
->f —n dx+ | x dx ] л 
RE 
ru 
And “ml. —т cos nx dx4- f? xcosnxax] 
e 


ES [cos пт--1]=0 y. is even 
= ‚| 
and = == f n is odd. 
° 2 
b= | —n sin nx dx4- F x sin nx dx ] 
-r ° T 
-lu- соз m] = -l for n even 


and = 3 for n odd. 


. т 2 2 cos3x 2 cos 5x 
E fep ec. ИЕ И 
: sin2x , 3sin3x зіп 4х 
og онт UM ug 
One discontinuity occurs at х= 0. 
Hence f= 0/0... — 5 since f(0*)-0 and f(0-) —. 


Putting х=0 in ite е we pare ў 
2 т 
O- рн ]-— 


Lad 
Hence Eu -1 beh. 
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Graph. Discontinuities occur at x=" as fallows : 
y=fx) 


Fig. 9.4. 
— . Problem 14. Find a series of sines and cosines of multiples of x 


which will represent e in the interval —т<х<їт, Find the 


T 
2 зіпћт 
sum of the series for х= 4-т. 


© 
We have f(x)=-——_e* = ау + X (а, cosmx+b, sin nx) 
n=1 


28) к 
. (1) 
Here a=- 4 E f(x) dx= +)". тате е 
Tat Tags" I. 
1 
“Tanke OA Е 25m] 20 


al. ы fix) cos n x dx, п>1 
-r 


т 
Er UE das ETT 


[48 Тл (005 nx+n sin nx) E 


(ет—е=) созпл — 2sinhzcosmx  cosnx  (—l) 3 
TU'(xm)2snhz — (045$)-2s:mhs— 14r — ppm 7 -@) 


Similarly 5,— dx = Хх) віп gau. @ sin nx dx 
а - 
72 sinh See prin A cos na) L- Ems Te Tor 
(=n) (—1)* (en— e) 
uoce Dt ane Z0 
Substituting the value; of a, a,, 5, from (2), (3), (4) in (1) we get 
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сые 2 CD р 
/)=5 sinh т =ł+ a LE (cos nx—n sin nx) 


$ (—1)” cos nx © (ә) 


={+ 2 ре pus sin nx 


1 1 1 
=i ( -rires x+ +2 cos 2x— 1134605 з.) 


(uu sin x— Tu sin 2x4- тува 3x...) 


when —т<х<тт 
Now when x=+7, the sum of the series =} [ f(—7--0)--f(1—0)] 


т T 
= [esr ett Sanne” ] 
T 
"Фак +") 
т T 
=} Zsnhz? cosh tm > сот 


Problem 15. Find a Fourier’s series of f (x) in the interval [—1, П 
where 


farms for —1<х< -4 
=T for << L 


- for 4 «x«l 


and draw the graph of the function represented Бу the series. 

Since the function f(x) bas the same value for positive and negative 
values of x in [—4, Л, it therefore follows that the function f(x) is 
even and so the Fourier's series for f(x) will be purely a cosine 
series i.e. 
nx 


1 
1: pit 1n 2 P 1 
where anf Дх) а= || Ta а= 


со 
Дх)=а+ zE а„ COS 
m 


из 241 * 8 
im 
f: 2 tt xf m 
and ъ= |, f(x) cos "=&=1 |, Teos de + 
E mx , — 2l m 2 n 
а 1 gm Aal = $52 m we 1] 
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i 1 
Clearly the shape of the curve between (^ -i) and (=. 1) 
is given by y= E which represents a straight line parallel to the axis 


of x at a distance г from x axis. 


22 1 
ог x'—ly which represents а 
parabola whose latus rectum 
is Z and the axis of the 
parabola is y-axis. Hence the 
Shape of curve is as shown in 
Fig. 9.5. 


Note. If the values of x are 
not restricted between (—1, I) 
Fig. 95, then the part of the curve from 
—I'to I will be repeated indefinitely in both directions. : 


Problem 16. If the function defined by у= from 0 to -Х and by 
2 


y=0 from ^ to * be represented by a series of sines of multiples 
of x, show that the coefficient of sin nx is 


4 x пт 2 
(ст -5) соз yap rino 


1 TE t 
Also the shape of the curve between (-+ = | is given byy=— 


4 . 
rn 
To what value does the series converge at the point x= 5? 
Sketch the graph of the function represented by the series for 


values of x not restricted to Це between 0 and т ; and also indicate the 


graph of the cosine serles which represents the same function їп the 
interval 0 to т. 


We һауе  f(x)—x* for 0<х<7 


=0 for = <х<т, 
For a purely sine series in (0, т), the function must be odd in 
iun so that f(x) in (—т, 0) is defined such that f(—x)2 —f(x) in 
m 


у= —x! for – 5-<х<0 


=0 for —zcx <S 
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со 
and then f(x)= E b,sin nx, where 
n=! 
т n 
b- | f(x)sin nx dx= 2 х? sin nx dx 
LJ 
n 2 n 
== (- созпх | DN r cos s ] 


I 12 R 
es H- = cos T ( 2x sm засу. aL sin x dx ] 
° 


MNA Ti T sin n ef 2 ( cos ax\*” 
2{- 4n cos $ 2 2 2 (eo n ) ] 


0 
2 
UA oim x o2 оле A 
Vm xe 2t 2 эш е 
which is the required coefficient m sin nx. 
Had we supposed y—x* i( > 0) and у=0 in (-.-+) / 


2 
the form of the Fourier's series would haveb een purely a cosine series. 


EE 
m m o n .n.2 m 2 
21-5 mI + ат Dee 28 


Now, the sum of the series at х=-у is —-у1Лх+0) +/(х—0)] 


-ipG 9-2] 
SEP 


Fig. 9.6 


The shape of the curve between (-= -5) апі (5. z) is given 


by у= 0 i.e., x —axis. 
The shape of the curve between (o = ) is given by y=x* which 
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is a parabola whose latus rectum.is unity and axis is the y-axis. Also 
the shape of the curve between (-5- о) is given by y——» which 


is a similar parabola as in | 0, z) except that it has its concavity 


towards negative y-axis. The shape is as shown in Fig. 9.6. 

The period of Fourier's series for f(x) being 27, the part of the 
curve lying between (—=, x) is repeated indefinitely in both tbe 
directions. = 

Again for a purely cosine series in (—т, 0) the function Лх) must 
be such that f(—x)—f(x) i.e., f(x) in iem 0) is defined such that, 


ух? for -4 <x<0 


=0 for —т<х<—;- 


223" .b5" -27 3" -* 
m SE 


Fig. 9.7 
As such tbe only difference here will be between -— 0) where 


the shape of the curve will be a parabola given by y=x* with its 
Me Towels the positive end of y-axis. The shape is as shown 
in Fig. 9.7. 


9.5. PARSEVAL’S IDENTITY FOR FOURIER SERIES 
Jf the Fourier series for f(x) converges uniformly in (—1, I), then 
ji 1 з 
Ff ОР dem аЬ) 
where a, аһ, b, are Fourier’s constants, ` ; 
We have f(x) e 29. 4 Ы (s cos ЛЕХ ип 17 
2*2 ec 7 aen TE) 0.20 


Multiplying both sides of i 
ex SpA m ad of (1) by f(x) and integrating term by term 
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i ү © 1 mx 
L (G9) |, ло fan LE fe) cos ™* dx 
+b. [дә e] 
9н $ (a,3--b,3), by using Fourier coefficient so that 
n=l 
f fix) dx=l 2 Дх) cos ™* dx=l an and 
A - 
£ f(x) cos 7 dx=! bn. 
E 4f (IOP deo 4E (аЬ) 2.0) 


COROLLARY. Riemann's theorem. An important consequence of 

Parseval’s identity is Riemann’s theorem i.e., 
: i а 

Lim [ Лод sin "= dx=0, Lim [ fix) cos dred...) 

п+оо 4-4 пэсо 4-1 
- 9.6. FOURIER'S INTEGRAL 
If f(x) satisfies the Dirichlet’s conditions іп —т<х<т, and 
E. J(x) dx converges i.e., is integrable in —со<х<со, then we 


have the Fourier series expansion for f(x) as 


eo eo 
f(x)—a,-- È an cos nx+ È b, sin nx, е) 
п=1 n=1 


where а= xl. f(x) dx, | 


a = | „од con mx dx, С) 
апі b=" f(x) sin nx dx. 


This function of x may be developed into a trigonometric series 
for all values of x between x=—e and x=c by putting 


| -— x where z——7 when х=—с 
and т=т when x—c, 
ie., fad=s( E ) 
Then the series (1) may be developed in terms of z as 
(= )-®+а соз Z+4, cos 2z -a, соз 32+... 
+b, sin z4-b, sin 22+, sin 3т+... ut 
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1 fr С 1 
where a= |". (© z) dz, | 
а„= zl. /( :) cos nz dz, У 2. (4) 
ay | 
| 


CE 
T 
іт с 2 
and he. (= :) sin nz dz. 
‚Мо if we replace z by =x, then (3) becomes 


f(x)—a,4-a, cos TE на, cos Axa, соз Э®® +... 


+b, sin T% +b, sin zx +b, sin = 4 UG) 


Its coefficients au the same as Sites of (3) is therefore valid 
from x=c to x=c, where 


a=], fi). Zax- ү Јо) dx 


when z= ae dz= T. dx 
. с с 
t с 


?c Л!) dt (say) 


| 
а= ale eee a | 
; 
| 
| 
| 
| 


I 


l 


2 
1 
т 
1 е 
L | Дд) cos Z=, at .‚ (6) 
175 + MTX 7 
and һе | рн e E (dx 
1 
=--- — dt. 
^ E F(t) sin Td J 
Now if we substitute F values of the coefficients ау, а, az, dg 
+-b,, bz, b,...given by (6) in (5), then we get 


f)-3. F, S(t) ap S(t) cos at 


I 


t. Дд cos 29. cos inis 


NU mi sin н sin Tta 
d 
ир 2 sin = gin FE it. 
=r]. fo [349 5 —— cos = +0052 СЕ 29 qu 


+sin Ts sin TE sin 2 USE. x БЕ J 
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ті тх 


-l MEDIE: +} cos = cos == +sin Tsin =} 
He 2nt cos 27 sin e sin m {+ 

=т| EE: +cos 5 (оов E (i-e 4 
E Jo) 12 26-082 cos FF рж. as 


+f. лы, у cos Tai) 


+% cos (= =) (x-)+ 2 — cos ~ PT (yi) 


+7 cos ( md =) «—90+.-] а 
since 2 cos ф=соз ф--С08 (9 


=x)" fo E cos (=) (х—)+... 
+% cos (-4) @—)+— cos (-£) (x-0 


cos = (x—1) 


E сов 2% rye сов = 6-07 
4E on (xt |а 


=з |, ft) | Lim F s 7 (x1) a 


п-»00 г=—п 


-x|. fo{ Lim I тїк °% 26-0] 


no) r-—n 


5 : с 
If c becomes indefinitely large i.e. аз с >00, = 00, WE have 


б $ co ` » 
Lim d cos ge -9- [* е u(x—t) du 


C00 r——00 € 
(by the definition of integral as the limit of a sum). 
Hence fi) |... fo à [2 es u (= du AD 
This double integral is known as Fourier’s Integral and holds if x is 
a point of continuity of f(x). 
Aliter. We have foL È „(е cos" b, n mE) 


СТ 
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L 
where. a= fe) cos 7 du and һ= E f(u) sin M du 
E 


. (9) 
зо that 


1 ER 
а, COS TP +n sin d RO cos = (u--x) dx 


gd fi 
a 2.41. | NE 
-. (8) gives 
oo 
s=} i fu) dt X [^ cos = (0-х: du ... (10) 


Assuming that PA | fu) | du converges, the first term on R.H.S. 
of (10) approaches zero as /--оо and hence (10) yields 


Atay 4199. oo nt 
fo ps PAES eo) cos 700—5) ах 8212013), 
Putting TTA, (11) can be written as 
Ax) = Lim Ў At Е (n At) ...02) 
At29 n-i 
where Fax [^s cos t (u—x) du “es (13) 
Thus (12) gives 


л) |^ F (t) d=} | dt HR f(u) cos t (u—x) du u 


“ich is Fourier's Integral formula. 
Note. The complex form of Fourier's integral is 
Qx)— x ett? di p flu) edu 


1 [o 
elas para 


MEO eit = du di Де (15) 


9.7. DIFFERENT FORMS OF FOURIER'S INTEGRALS 
Fourier's Integral is 


лә= 30° fit) al? SOS di e) 
Here p cos и (x—1) d [s cos и (x—1) dt 


«[? cos u (x—1) dt 
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Say Т=1,+1, 
Replacing u by —u in J,, we get 


һ=-{!, сози (х0 du- {cos u (x—D du— Hh. 
Hence I= | соз и (x—t) du=2 E соз u (x—1) du. 
Шәй ; z 


Therefore (1) becomes 
fx)= He f af? cos u (x—1) du. ...Q) 


Now as the limits of integration in (2) do not involve the variables 
и or t, the order of irftegration may be changed, Ёе, 


А-1 [= du [е оло cos и (x—t) dt. ...6) 
, 18 


(Agra, 1964) 
If f(x) be an odd function of x, ѓе. f(—x)— —f(x), then : 


a d-[ fi d 
[ло cos и (х— 1) | (t) cos и (x—t) dt 
SE cos и (x—t) dt. ` 
Replacing ¢ by —1, we have 
(„лә cos u eunt d=- fD cos u (x+t) dt 
=-[° f() cos и (х-ы) dt 
А v ÁK-0--f0. 
Thus n. S(t) cos и (x—t) dt 


--[? KO cos u (x4-t) dt+ je ДИ) cos u (x—t) dt 
0 
-[? A [cos ‚ (x—1)—cos u (x+1)] dt ; 
о 


-[? Да) sin ux sin ut. dt 
0 


Substituting it in (3), we%get 


fe- = | du | © f(t) sin ut sin ux dt. e 
о о 
Changing the order of integration this may be written as 
fo)- 2- he f( dt {2 sin uf sin ux du: 2G) 
0 o 


Ср if f(x) be an even function of (х), ie., f(—)-f(x), we 
ave 
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00 o н 
s fle) cos u (х—) def o fit) cos u (x—4) dt 
+)” fit) cos и (x—1) dt. 
Repeating t by —t in the second integral, we get 
des fit) сози (x—1) dt=— Е f(—1 cos u (x41) 4+ 
|5 f(t) сози (x—1) dt 


-| f(t) cos u (x4-t) dt+ D^ fit) cos u (x—1) dt 
-Tof(-0- ХО 


=|? ҖӘ) [cos u (x+1)+cos u(x— 0)] dt 


=2 S fit) cos ut cos u x dt 
о 
Its substitution in (3) yields, 
fo-i R du p fit) cos ш cos ux dt е. (б) 
° ° 


© 
= 2 2 Kt) dt I|? cos ut cos ux du (On changing the order 
0 
of integration) 


Problem 17. Show that the sum function of the Integral formula is 
3 L0) 2-f:—0)] corresponding to the function f(x) in the interval 


0<х<1. 
Ву Weierstrass test, since | D fiu) cos t (x—u) du | 
© : 
<] Ea | flu) | du (which converges), the integral ph flu) cos. (х—и) 
du converges absolutely and uniformly for all values of t. Thus by 
reversing the order of integration, we have, 


: 
ESI ‚© ү fu) cos t (х0) du 1— cm flu) du 
ү cos t(x—u) dt 


1 Е fo) sin 1 (u—x) du 


т ju-—o n—x 
pas Da "a sinlp 
== [ал+ р dp when и=х+р 


if? in | i 
-4f fate Paps L| fot pal dp 
=4 [f(x--0)4- f(x—0)] when l-> by theorem 3 of $ 9.3. 
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Problem 18. Show that | AIT = es x20, 
© 

Putting f(x)=e in the Fourier's Integral form (6) of $ 9.7, 

we have " 


(x) aera [а pe cos ut cos их di= x cos ux, du 
7 Jo o T jo 


со 
[ ет cos ut dt 
LJ 


t 


2 fœ / e Я 
== ý cos ux au | os ut+u sin м) |? 
2 [9 соз ux 5, ; 
т), l4 
: 00 cos ux Ones 
Sob Saut du= 5 PE 
; со du т 
Note. If x==0, this result reduces to [ [ERES 


9.8. A REMARK ON CONVERGENCE OF FOURIER'S SERIES 
The Fourier constants in real form by (12) and (13) of $9.4 are 
T T А : 
-4f ЯО) cos not dt and a= | ДО sin not dé. (D) 
‹ o Us 1 
It is plausible from (1) that «, and Bn must diminish indefinitely as 
n increases since the more rapid is the fluctuation in sign of cos. nwt 
and sin not, the more complete is the canceling of the vatious 
elements of integrals (1) which are known as Riemann-Lebesgue 
theorem. Stokes has formulated rather definite results, according to 
which if f(t) satisfies Dirichlet’s conditions under the careful vigilence 
whether in particular cases discontinuities of f(t). or its derivatives 
are introduced at the terminal points of the various segments, then 
(i) if f(t) has a finite number of isolated discontinuities in a period 


the coefficient converge to zero ultimately, like the sequence 
: 1 12 1 
isi =, yen оз 10) 


(ii) if f(t) is everywhere continuous while its first derivative f (f) 
possesses a finite number ofisolated discontinuities then thé coefficients 


, converge like the sequence 


1 i4 5d 
{> нече RS 


. Gii) if f(t) and f'(t) are continuous but the second derivative f” (t) 
is discontinuous at isolated points, the coefficient converge like the 
sequence Е 
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tv) if in general, f(t) and its derivatives upto (n— 1) order аге 
өы Sut nth derivative in a period has a finite number of 
isolated discontinuities, the coefficients converge like tbe sequence, 


1 1 1 1 
н |1 cms eseese Иш; ---@) 
The above statements can be demonstrated as follows: 
Integrating by parts, we have from (1), 


= H Да) sin not d= L[ £o ers T 


T 2r 
taf fe cos mot й с; T= 2 (6) 


The first term on R.H.S. of (6) vanishes in either case (i) there аге no 
ints of discontinuity of f(t) in the range from t=0 to t=T, (ii) there 
is no discontinuity of f(t) at 1—0 or T. In case there is a discontinuity, 


there exist an upper limit M(say) to the coefficient of E for all 7. 
The second term on R.H.S. of (6) vanishes as пл-> со due to. fluctua- 
tions of cos not. Hence 6, in comparable with M/n. 

When there is no discontinuity in f(t}, we have 


PUITS 
= |, f" (t) cos not dt < 
Integrating again by parts, we find, 


Й H T 
аз Баса E [, f @)sinnot dt. ...(8) 


bo- "me 
If f (t; has discontinuities, take M as the upper limit of the coeffi- 
cient of —; as discussed above, then 8, is comparable with M/n*, 
since second term on (8) vanishes due to fluctuations of sin nof. 


As regards the convergence of г Fourier series, the above state- 
ments'are very useful and so one should see initially how well or 
how poorly the series will converge. 


Differentiation of a Fourier series makes the convergence poorer 
while Integration increases its rate of convergence. Conclusively if a 


Fourier series has been differentiated until it convérges as А. КБ ees || 
n 
no further differentiable. 


9.9. PHYSICAL APPLICATIONS OF FOURIER’S SERIES х 
[1] Fourier Series involving Phasc Angles 
By (11) of $ 9.4 we have 


[^] in со 
fu zt Gq COS seat 2 Bn sin лег SAC) 
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T T 
where „= fit) cos not dt, B= | f(ty sin not dt and 
0 0 


T= 2. (period) EN) 


Let а, cos not--B,sia not=Yn CO8 (not—4,), $n being the phase 
angles. 
=p cos not cos ф, -Үһ Sin not sin $n Mee 
Yiquating coefficients of cos not and sin по? on either side of (3), 
we get 


an=Yn соз ф„ and Ва Үе Sin n e) 
which give Ya= y ap F Bn and d, tan * fa EO 
Hence the series (1) takes the form 5 
co ; 
fü-- ue i Yn COS (not—$.) S ‚..(6) 
е 
со 
«= ЛО X те sin (rot ) ioi) 


[2] Effective Values and the Average of-a Produet. 

When dealing with the problems in eiectrical-circuit theory and in 
the theory of mechanical vibrations, we require to find the root mean 
squere or effective value ofa pericdic function. In terms of complex 
Fourier-series expansion, a periodic function ft) is given by] 


E О 
K= X а, е" where  T--—— (period) ws (8) 
n=—0O had 
The root-mcan square or effective value of the function say f, over 
a period Т is given by 
ГЕ 1 E уйш 
Р= : f9 


1 T со o 
=+ L $ ade Ў ае" | di 
L] 


= —00. m--—o0 


1 T oo со 
-+Í = У dandy ef ™™ = dt 
Т). &-—o т=—© 
© © 
БЫ шоу ш «^ eed) Lus 
п=—© m-—o ° 


(on carrying terim by term integration! 


2 ів 
But | КРЕ a-[ s [Yo for integral m+0 А 
5 У.У 


zx =T for m=) 


J 
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which follows that all the integrals in (9) vanish except those for 
=—п. 
ie 1 2 © 
/.. (9) reduces to fs de Gig ТЕЧ бааз... (П) 
п=—00 UU n=—0 
Regarding a-n as the conjugate of an, the quantity in summation of 
R.H.S. of (11) is the square of the magnitude of an. Also the summa- 
tion over negative values of п yields the same result as summation 
over positive values of ». Thus (11) reduces to 


© 
/]%Е=2 Z [а.а where a correspondsn=0 ... (12) 
п=1 


‚ Again, to find the average value over a product of two periodic 
functions with the same period T (say), let us assume two functions 


со 
fü) X ае" 
1——00 
(24 £ 2r 
and fí(n— È Бет with r=} ЖЕ (13) 
т=—со p 
Then average of the product 
TT 
=т] лол) dt 
o 
1 m со со 
=} f S adn E ы ent | dt 
{ -—00 т=—со 
- 03 X. .4 [5e anri i 
HERES be сод hse É e f (on interchanging 


the order of integration, and summation) 


oo 
pi. аһ b-n [evaluated just as in (11)] +. + (14) 
B) Tapal heus a us first consider the Fourier's problem of the 
permanent state of temperatures. in а thin rectangula. f 
breadth т: and of infinite length, whose faces are Бам se soe 
Suppose we haye to find the temperature at any point of the plate 
assuming that the two long edges of the plate are kept at the consiant 
temperature Zero, that one of the short edges say the base of the plate 
is Kept at the temperature unity and that the temperatures of the points 
in the plate decrease indefinitely as we recede from the base. 

We know from tbe Analytical Theory of heat tha 
temperature at different points of a solid 
solid, is given by . 

ди Gu ди dy 
бте (безна) 
where 2 represents the tim H 
of the solid and a isa RN угам ы aeu 0) 


t the change of 
when heat flows within the 
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їп case of permanent state of temperatures in a thin rectangular 
plate this reduces to 
Фи ди 
EEDE У ылыа Ашу jA 
0=а( get m 


i.e. taking the base of the plate as x-axis and one end of the base 
as origin, the temperature u of any point is given b* 


du дн 
E RT =0, SEU (19) 
provided, u—0 when x--0...(16) и=0 when x—7, - s. (17) 
u=0 when у= oo, ...(18) и=1 when y=0 z.. (19) 
Let us suppose that и= "718° is а solution of (15); then we have 
ди ‚ Ou 
за Apert апа ТАС”: 


Substituting these values in (15), we get 
a--p*—0 or p= tia. 
Thus we get u— Ae*'/^*, where A and « are two constants, 
і.е. u= nettet and u— Ae? ее, 
Adding,  2uz-Ae** (eov. efe") 
= Ае*у.2 cos ах. 


Ж и= Ае°® cos ax. + (20) 
This solution may also be adjusted in the form 
u= Be*" sin ax. ++. (21) 


The solution (21) satisfies the conditions 
u=0 when x «0, u—0 when х=т, а being an integer. 
Also u=0, when у= со, « being negative. 
Hence u may be expressed as a sum of terms of the form Ce" sin 
nx, n being a positive integer, which satisfies the conditions (16), 
(17) and (18). 


1. u=Cye sin x+C,e sin 2x Ce" sin 3x+ . e. (22) 
Again to satisfy the condition {19), if we put y=0 in (15), we get 
u=C; sin x+C, sin 2x+C, sin 3x+... 23) 


If the series on R.H.S. of (23) be developed to represent unity the 
condition (19) is satisfied. For this we have to find the suitable values 
for the coefficients C,, Ca, C;...etc. 

Consider the Fourier's series defined by f(x)=1 for all values of x 
lying between 0 and 7. 

Here /(х) C, sin x-- C, sin 2х+ С; sin 3x+-..., 


` where с,=2 |, sin nx dx, ': f(x)—1; also f(x) is ап odd function 
о 
of x as f(—x)=—fix).. 


Now ү sin nx а -5] = 1. п—(—1)°] 
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=0 if n is even 
and =2 if nis odd. 
Hence 
© 
Г) = >с sia nx 
n= 


аа ^ Е 

= > йыла ка when п is odd and zero wben л is even 
1 

= = ins == сеа п being odd which 


gives the values of the constants C, C, Cs, ... in order that the 
condition (19) is satisfied. 


Substituting values of constants given by Cnt (n being odd) in 
(22), the required solution to give the temperature at any point із. 
и —— [e sin x+$e™ sin 3x+4e™ sin 5x4-...]. T.. (24) 


Note. Similarly we can find the potential function at any point of a 
long, thin rectangular conducting sheet of breadth x through which ar. 
electric current flows, supposing that the two long edges are kept at 
potential zero and one short edge at potential unity. 

Deductions. : 

(i) If the temperature of the base of the plate be a given function 
of x, while the other conditions remain unaltered. 

We have already shown that 


© 
f(x)= = С, sin nx, 
n=l 


where c,- 2 E Ду) sin пу dv. 
Thus we have form (22) 
240 Р т E 
пе 2, [e sin nx fo) sin nv di ] ‚.. (025) 


(ii) Assuming the temperature of the base as unity and th: 
of the plate as 7, we have prove that y and the breadth 


ue d. [e sin x--je-*? sin 3x+$e- sin 5у4...]. ... (26) 
In order to sum the series on R.H.S., let us consider 
log (1-2) | z—432'-4zà-1:*8-.. when |2 ERA 
and log (1—z)=—z—}2?—}z*—}2+_ when Dx ep 


Л 6 [log (1--2)—1og -=+ PE. when [| <1. 
. 27) 
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Now z being a complex quantity, may be expressed as 
z=r (cos 6+i sin 0). 
Then, 
log ae [1-67 (cos 0+: sin 6)] 


> = log [(1+r соз 0)*4-7* sin* 0]--i tan! ES гыш 7 
[- ios cri юв Genera x] 


1 a sin 8 
= 7 doe 114-27 cos 0--P]2-? tan’ i a TN 
Similarly, 
log (1—2)— T log [1—2r cos @-+r7]—i tan? ue 
+. & [log (12-2)—1og (1—2)] { 
14-2r cos 0+/? _, sin 0 a rsin | 
- Ho TESTI ЖЫШ Stan Гру созба 1—гсозё J 
1. 14-27 cos 0+r? 22 279100] - 
-4G log 81 —9r cos 04-r* titan? l-r 
[= tan a--tan^! b=tan™ gll 
Hence from (27), we have 


| EFI: 1+2r cos 6-+r* lar віп 0 
2 [3 log ent qo 


=r (cos TTE 0519007. 


=r (cos 04-i sin 0)+ 


Sita real and imaginary par we get 
14-27 cos 0--r* r? cos 30 rë cos 50 
Mina 3r cor ILA =r cos 6+—3— ++ 5 quss. (28) 
5 &| 

and Jta tan 27 8106 Lr sin Ташна он. 09 
(28) and (29) ате valid for all values of 0 provided г < 1. 

Also e~” is less than one if y is positive. 

Hence replacing r by ©з (29) gives 


т? (cos 36+ sin 30) 
орати EEUU. +... 


е” e e Ol qa 2e sin x 
1 sin x54 sin 3x45 sin 5x+... 2 tan E SEA 
" 1 2sinx 
Р A eer 
1 c Si Xx 
= UT ung y 
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Substituting the value of this series in (18), we get 


-2 апа nx 
u=— tan Shy ... (30) 
For Isothermal lines, u—constant 
2 RT am 
ie ст tan GPS —a (say) i 
sin x ат 
ог Жай ў =tan—- 2. (OD) 
Again 


ur 1 14-27 cos 04-2 1 1--2e" cos х+-е 27 
4 08 12r cos г — 4 ОР 1—2e7 cos хезу ; 
replacing r by e” and 0 by x 


eter 
1 en cosh y+cos x 
Sg dog (age =% 108 cosh y—cos x 


For the lines of flow, ` 


1 cosh y+-cos x _ 
TO» BAD WENT IIO b (a constant) 
cosh y+cos X _ „шу 
ог cosh уба x m ...(32) 
[since u=} log cosh Y+COS X. is the solution for the problem if 


cosh y—cos x 
the isothermal! lines are the lines of flow of the existing problem and 
conversely the lines of flow are the isothermal lines of the present 


problem. 


[4] Transverse Vibrations of a String 
We now consider the probiem of the transverse vibrations of stretched 
string fastened at the ends. Suppose that the string is initially distorted 
into some given curve and then allowed to swing. Let the length of the 
string be | and the equation of the curve to which the string is distorted 
initially: be y=f(x) with reference to the position of equilibrium of the 
String as x-axis and one of the ends of the origin. : 
In acoustics, such vibrations are given by 
у ду 
9 дхї` Ex. (33) 
We have to get an expression for y, which is the solution of the 
equation (33) subject to the conditions 
у=0 when х=0. 2:5. (34) 
у=0 when х==/, ‚..(35) 
y=f(x) when t=0, : ... (36) 
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ә i 
and d =0 when t=0. «+ (37) 
Let y= Ae**9! be the solution of (33), 


2. 2. 
no apent and OY L poteet, 


E] ext 
Substituting these values in (33), we get 
Bata, 
giving 6=+aa 
* у= Ae rat ... (38) 


is a solution of (33). 
Here if we replace « by «i and —ai in succession 
y- Ae (xxt) ed. 
y-Ae- xat) аі 
Adding and then dividing by 2, we have 


y=A cos « (х+ай). „э (39) 
This may further be expressed as 

у=В їп a (x+at). . . (40) 
From (38), E 


y=A cos « (x+at)=A (cos ax cot аа: іп «x sin ай!) 
and у= А cos « (x—at)=A (cos «x cos aat+sin «x sin aat]. 
Wititing y successively equal to'half the sum and difference of these 
values, we can write 
y=A cos «x cos aat, 
z y=A sin ax sin «at. 
Similarly from (40), 
y=B sin «x cos aat, 
y=B cos «x sin aat. 
Out of these four values of y, if we take 
y=B sin ох cos aat, 
it is obvious that this satisfies the conditions (34) and (37) and this 


may be made to satisfy (35) by putting а= when л is any integer. 


Hence we can express 


oo 
у= X b,sin SEEN cos me 4 
peru i : 
ЖУА» 2xat 
i.e., y=, sin = cos E +6, sin "= соз = 


tba sin 272 cos Mu a. ENT 
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The relation (41) satisfies the conditions (34), (35) and (37). 1n 
order that this may satisfy the condition (11) also, let us put ?—0 in 
(41), whence we get ; 

у=, sin +5, sin 272 pb sin 373 +... ... (42) 
If we can however develop f(x) into a series of the form (42), 
then a comparison will give the values of the coefficients 5;, ba, Б» 
etc., which when substituted in (41), will give a solution of the partial 
differential equation (33) under the conditions mentioned above. 

Now consider the Fourier's series defined by 


Дд=һ sin 55 ФЬ, sin 27.1, sin Fry.. 
for all values of x lying between 0 and /. 
Then &-1| fey RES 
o 


(replacing x by-v in order to discriminate). 
Substituting this value of 5, in 
птх nant 
[E EIAS 
the complete solntion of the differential equation (8) may be given as 


КО EI nT птаї [t iQ mmy 
у= IND 7 ©% —] " ft sin —7- dv. ‚.: (43) 


оо 
y= X b, sin 
п=1 


Deduction If the shape of the curve into which the string is 
distorted be given by y=/(x)=b sin, then 
JO)=b sin =. 


1 1 
тј Ду) sin T 4i sin? т 
0 0 


22°] 1 
b 2nxy] 1 
= | Da sin y | =b PE 
Hence the solution (43) reduces to 
y=b sin ZZ dd 
= Т eere -.. (44) 


Note. For more applications see the next chapter. 


9.10. THE FOURIER TRANSFORMS 


[A] Fourier Sine Transforms. They can be subdivided in two namely 


the infinite Fourier si n TT 
forms. rier sine and transform the Finite Fourier sine trans- 
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[a] The Infinite Fourier sine Transform of a function F(x) of x 
deis ne Q«x« ос is denoted by f.(n), n being a positive integer and 
is defined as 


fa [? кх) sin nx dx е) 


Here F(x) is called as the Inverse Fourier sine transform of f.(n) and 
defined as 


Е(х)= zje f(n) sin nx dx jo) 


Thusif — fme, (Е), then F =f Lil ` .--Q) 
where f is the symbol for Fourier transform and f? for its inverse. 
Problem 19. Find the sine transform of e”. 
We have - 
fo) (© е-*їалхах=| (sin meon nx) | = = 
n= |. in nx dx=| TF COS п. “тит 


Problem 20. Find the inverse sine transform of е^". 
С 2(® Е 2F e 
We have f {2 [e?"]— — |: e^" sin nx dn =| Ex: 


(—A sia nx—x cos nx) 
DO NET. 
= Pox 
{a,] The Finite Fourier sine transform of a function F(x) of x such 


ihat O« x«l is denote by fan), n being a positive integer and is 
defined as 


л @= |, F (x) sin 7 dx К (4) 

In case /=т, this кы 
= |, F(x) sin nx dx ses) 

and the inversion formula is 
Rož fi(n) sin nx ERAO) 


whence an is the coefficient ofsin nx in the expansion of F(x) ina 
sine series and is given by 


at | F(x) sin nx dx à 


2 - 
LIO by (5) «x T) 
Problem 21. Find the Fourier sine transform of Е (х)=х such that 
0<х<2. 
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H 


2 
We have fim) Е Қ) si 


+> 122 in the existing case. 


ЗТ ee TER) 
= ү x sin zE 
cos or 
ax pec LM LEA птх 2 = 
1 i Га T + |, "т 008 > ax (on integrating by parts} 
a nx m] == cos nm. 
= соз -7 e. ae sin nir 


[B] Fourier "Cosine Transforms. They can also be subdivided into 
two namely Infinite and finite cosine transforms. 

[bi] The Infinite Fourier Cosine Transform of F (x) T d eo, is 
detined as 


Bf w= |” F (x) cos nx dx, n being a positive integer. E. (8) 


Here the function F (x) is called as the Inverse cosine transform of 
Ja (п) and is defined as 


у= E: f, (n) cos nx dx ... 9) 
Thus if f. (n) f; [F (9], then (х) = ;' Lf, (n) .. . (10) 
Problem 22. Find the cosine po of x^ e. 


and f, ej [* x^ e% cos nx 
dx 


© 
we nave | e"? cos nx dx=——; 
о S 
Differentiating the first relation n times w.r.t. ‘a’ we find 
OR Sd (а 
Ѓ x" е9 cos nx dx-(—1) a (uix) 
|” cos [en tani 2 
[л cos je» tant 
(a3 ns) 


Problem 23. Find f 7> (e^") 


by usual method. 


Hence f, (л)= 


gà 


We have f? {С\%}=2- 8 PX eu nx dii ie 


(—Х cos nx4-x sin п) | A LU XIX 
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[b.] The Finite Fourier cosine transform of F(x) for 0<x<lis 
defined as 


о) |, ко) cos dx 0) 
when /—7, this becomes 
he "= |" F(x) cos nx dx ... (02) 
and the inversion formula is 
Hei £042 E fcon 2.203 
when f, (0)— f : F(x) dx NT 


Also b, the coefficient of cos nx in the expansion of F(x) in a cosine 
series is given by 


bui j F(x) cos nx йх= 2-3, (n) by (12) — ...(19) 
LJ 

Problem 24. Find the finite Fourier cosine transform of x. 

We have f, (n)= i" x cos nx dx 


12 кэш пе a -1f sin nx dx (on integrating ву рагіѕ) 


de ipee] 


0-09-10, ae, 2, 5,.... 
д т хт om 
But if n=0, f, o-[ я а= == 


Note. On the next page are tabulated some useful Fotirier sine and 
cosine transforms in a concise form. 


[C] The Complex Fourier Transforms. 
The Complex Fourier Transform of a function F(x) for — oo 
«x < o, is defined as 
eo 
f= | F(x) ече dx ... (06) 
where e is said to be the Kernel of the transform. 
The inversion formula is н) | S(n) е" dn 2.17) 


Problem 25. Find the Fourier Complex Transform ef 


zs =x, |x| «1 
Fo) fa, |x| <I 


Eum xx uis 
Г] (х—шсучв 
ee my EA cw uy UIs 
1052 22 GER 
ш=и |х s 
Fi om UC ped ERIS 
uut 0 Е 
шуи Tues ( 17) — V ee] ME I Ee ‘хш 509 
[u воо «(I—) - 1] 2 
[e 02] 2 
МІ 29 veu (1—) ( DX “ут(49—Х) 
wc (12) ine] »>x>0. % 
uet oe тъч) 
(«122-0 v e tat pr 
[4 [4 
1) Ер а З таи (5) marp pU» ur 
[ «a- a] $20 = Oey атом Í tx eR 
a (1+) tet A ї—<^ 1 >*30 '5(x— Dx 
I #—1| so, © cx 
X oq taf uxUux—u zal к xws 
ш Ч 21шэх>0 х ` Пет 
u[u'reu(1—) x 215и—?Ч x ых? 
[ qiu(T—)+1 ]+ У Gu Du 2-2 
PUITS [DV ШЫ 
| o 


[ED К] " 3 ° xu d 
T—(x)4txpxuaps (x)y |. zu) up x ws [DUM ža ‘xp xu uis (x4 o —(u)ytf 
susofsupA2[ IUIS 4214004 эпиуит 


xu ц (u)!) X FA 
со 
ғшлојѕиоц 2ш5 42]4n0] 211141 


Infinité Fourier Cosine Transforms 


fo) f? F(x) cos. пх dx, Fami [® fin) cos nx dx 


F(x) (п) 
5 чаган АЕ pre c CH УН ЧС estem t 
1,0<х<а }- sin ла 
0, х>а e п 
x*i, 0<и<1 
е78....-. 
» — 
op Zip 
т 1—24 
рж recs Ai ?7 e 
х,0<х<а oUm a +n) 
Mi oce [Eat] 
2 
sin = өөө | Ге ае 2 ] 
2 
cos T її [соз +. ] 
(1—x?)’, 0<х<1 


0, x>1 and v2 —3/2] " 


Мт 2710: Pvt) an 1:2 
Ferrla(n) 


Finite Fourier Cosine Transforms 


faind=[* Ft) cos nx de, Ft) fio) BA faln) cos nx 
к= 
F(x) Sfo(n) 
1 т,п=0 
1, 0©<х<л/2\...... я! сү S3» 
Кыш ДЕРЕУ, 2/m sin nm]2, п=1‚2,3...... 
n 7/2, n=0 
1/n* [(—1)^—1], n=1, 2, 3, 
73/3, n= 
P 2n/n® (—1)^, n=1, 2, 3,... 
2 7*/4, п=0 
3n8/n?(—1)"+-6/n‘[(—1)"—1], 
n=l, 2,3... 
жүй т/3,п=0 
(i-i) amit, n=, 1, Bron 
ea Ж a K=p 4-5] 
sin Ax...... ats [(—1)* cos à —1], n) 
0, п=т 


зіп тх, ethos Sit mjni—m&) [(—1у+®— |], ném 
соз (тх) a 


sink л? л+л 
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We have fijo | 0—20) = х= [а-ә S E 
: ie x e"* dx ] (on integrating by parts) 
=o 2[ 7 J- aa 
erent ie], iee 
agr nce 


- -4 cos nt sinn= -5 (n cos n—sin n). 


Problem 26. Find the Complex Fourier transform of e"! and then ` 


invert it. 
LJ 
We have fin)= I enn ө dx ES анте dx 
ў «[? g-ü-ims dx 
| ° 


1 1 Жл 2 
=T+in tim ip 
So that the inversion E ке, 
оо o ее 
Кыды, ——ÀÁ be 
Ro) z- |^ ЕЕ ene dx 109 гра which may 
integrated by contour Integration. 
Note. Several other Complex Fourler Transforms have been tabulated 
on page 843. 
'. [D] Parseval’s Identity for Fourier Integrals. 


It is stated as [^ 1) p de=} a Lfin) Рав... (18) 


where fn) is the Fourier transform of F(x). 
Problem 27. Find the Fourier transform of. 
I, |x| «a 
nanio [ise 


оо sin?nx 


Hence or otherwise evaluate dx. 


We.have д®=[® F(x) е" dx -| 1-е dx 


em T. eme_eme 2 sin na 
= |= X РЕ 


th for n#0 


ро). |0 дее de | fm = [© rto etme a Р(х) Kn) 
dx. 1 sinh ax _ sina 
(xl [| pax! ГОС cosh n--cos а 
lanx aon) — ib(a-n) xoshax _ cos a/2 cosh a/2 
е oe AU , А Г : cosh тх ' bgp 2 cosh п+сова 
xt lax AV sin { b (23 x3)1/2) 0, ]n125 . 
o 1xz0 oath ауы, In] <b 
oi 2i a cosh ( b (a3 33): 7} 
I ETES: te (mx dee "i Јо [aV n+?) 
0 »Ixica 
е), RO)>0 
cos (5 (9519, | x | ca | ял Гау] 
sin A л®........... 19 — 0 »lx}>a 


сов À x? 


(d$—x2)15, | x | a 
[0 


}- 


Ру (х), |х|<1 
a EA a E P VT Jena (л) 
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Я i : 1 
For n0, f(n)— ND iL x 


Now using Parseval's identity, we find 
Lh Id x © Asi na iy when 230 


о m 
Eu [Ps зїп? 4зш° na л T: L- 
— sin? пх, — mx. 
Бе? 


СОЕ ОЕ Fourier Transform of the Derivatives of а 
Function. : 


If fin) be the Fourier transform of F(x), then we have to express 
the Fourier transform of the function ШЕ in terms of fin). 


dx" 
We have d the definition of Fourier-transform, 
[= = Id" E. eine dx 
ine dx —f "(n) (say) . . (19) 
Sothat f=? ys es e sete T 
-P. d eine STE dx (on integrating by parts) 


© 1 d"?F 

=—їп j AT pedi under the assumption 5-10 
as | x et —00 

e —in f™(n) by (19) ... (20) 

Repeating the same process under the assumption 2,0 

as | x | oo, r—1, 2, 3,...(m— 1) 

we get after (m— 1) operations, f^ m(n)- —iny* "Roy + (21) 
which follows that the Fourier transform of 5—— Li is (— іл)” times the 


Fourier transform of F(x) subject to the condition that ФЕ wo when 
| x | +00, for r=1, 2, 3,...(m— 1). 


By similar procedure we can find a relation between the sine and 
cosine Fourier sire of the derivatives of a function, such as 


Ko) [= FE cos пх dx [5 E: 
c dea. 
+n f diea sin nx dn, integrating by parts 
cms n fi(n) 12102) 
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"Under the assumptions, 
аР errr: 


decr 89x ro and gmi >an 85 x0. 
Serine nse З оо d™F . 
Similarly, integrating, /;"(п) -f d sin nx dx 
о 
=—n fj" (п) (23) 
(22) and (23) yield, 
fn) = —аһ-1— т fa" (n) . (24) 


Repeating the procedure f (п) may be expressed as the | sum of 

a'*and either f(n) or f. (n) or f.'(m)- fan) will occur when x is 

odd and in that case we can write а-л fi(n) in place of f(n). We 
thus have 


—1 
fein) — "з, CY eua ca CD n /Дл) ...(25) 


and ge" (e, A (AY аш RTH- D) rim fm)... (26) 


Similar procedure ge the help of (22) and (23), will ун 
f^ Че шеш Jon) .. (27) 


f?n(n- — B (— 1) n- аза ае + (71) т” Дл)... (28) 


and fj""(n-—— B (—1* nif Gone na + (= —p pe f(n) 


29 
Note 1. des sis results are easily deducible' 260 
(0) [Ps Е cos nx dx —n* fán) dF ФЕ 
M ae when x=0, de da = 
(ii) | S cosnxdxe тї Jan), ... (30) 


(iii) {23 ап nx dx=n? f, (n) 1 ФЕ 
when x—0, Feu) 


on [^2 -G1) 


о fe ӘР sin nx dx=; 21? F sin nx dx = 7. 2 O2 


Note 2. In case the EM are finite, then consider 


Lie nx dx=n* f, (n) 


D SF sin пхйх=| ғо) sin nx EON [ F(x) cos nxdx, inte- 


о Ox й 
grating a parts 
=—п fn) ‚ (83) 
under the assumption that F(o) and F(v) both are finite. 
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Similarly, eek cos nx dx [ro cos m| mr F(x) 


E sin zx dx 
‚ =(—1)" F(r)—F(0)tn fin) «e + (34) 
Assuming that F(x)--0 at x— and at x=0, (34) reduces to 

ra GF cos nx dx=n fm) «+ (35) 

o 

and (33) reduces to 
"oF sin nx dx=—n [ -E cos nx dx 
о 


=n{(—1)"** F(x)4-F(0))—71* fi(n) by (34)... (36) 
If F(0) — Ет) —0, then (36) yields, 


| a sin nx dx=—n? f, (n) ... 7) 
9 = 
Similarly (34) yields 

X cos nx dz--(—1) F'(x)—F(0)—m fn). — ...Q08) 
In case = vanishes at x=0 and at x=", it is easy to see that 


(31) gives | 
Lb EA sin nx dx=—n* | ki 
and when —— X ' $ M vanish at x=0 and at х==т, (38) gives 


..(39) 


[E -EE cos nx dae — fm PNE 
So that | AE. cos nx dx f, (n) NN 
Problem 28. Determine the function F such that 

F aF 


дз + E 0<х<т, 
with the boundary condition F=0 when х=0 and xex 
$ =0 when y=0 
=F, (const.) when yn. 
F being given to be zero when x=0 and х=т, we have to use the 
finite sine transform i.e, лә |7 F(x) sin nx dx 
` Applying it to the given differential equation we ‘have 


т OF . = ФЕ . 
| te sin nx dx+ E d» Sin nx dx=0 
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with the condition, f=0 when y=0 and | F, sin nx dx 
: z when yor 
т OF : 
By (37) we have, | ae sin nx dx —п? f 
$^ 
5 af e f er. 
Ao и fta =0 where SF af” FF sin nx dx 
f 
ог Ae —nm f=0. 
Its general solution is f=A sinh ny 
Bu /—Р, | sin nx dx when у= 
° 


=F, [- CORE I =0 when n is even 


n 
=—2 F,/n when n is odd, 
So that considering the two solutions for f we conclude f=0 
when п is even 
and f =2% cosech пт sinh ny when n is odd. 


Hence the inversion formula will give on replacing л by 2m-- 1, 


poste È (m41) cosch (2+1) т sinh (2m4-1) у 
m=0 


п 
sin (2m+1) x 


{Е] Multiple Fourier Transforms. 
If F(x, y) be a function of two variables x and y, then assuming it 
to be the function of x only, its fourier transform ¢ (n, y) is given by 
© 
Фп, »-[^, F(x, у) е" dx ws» (42) 


Now if f(n, 1) be the Fourier complex transform of ф(л, y) which is 
regarded as function of y only then i 


fin, 0-9 needy + 4) 
These two results when combined, give 
€ EB ре 4 (nztly) 
Дь) E. ET». » dx dy + + (44) 
and the inversion formula is j 
feux de [^ [7 ла, net comm an at 45 
(х,у = Gre |- J-o п, ђе ( ) n „.. 45) 


Note 1. The result may be generalized for any number of variables. 

Note 2. Jn case the Fourier transforms are finite such that F(x, y) is 
a function of two independent variables x, y where Os xs and 
0<у<т, then the sine transform af F(x, y) is given by i 
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f, »-[ j F(x, y) sin nx sin ly dx dy -409 
and the inversion eg is 

F(x, D=, A Ы fin, 1) sin nx sin ly ‚..(47) 


[G] Convolution or dde Theorem for Fourier Transforms. 


If F(x) and G(x) are two functions such that — 00 <х< со then their 
Faltung or Convolution F' +G is defined as 


но) [^ F(n) G(x—n) dn 


It is worth noting that the Fourier Transform of the Convolution : 
of F(x) and G(x) is the product of their Fourier Кино he. 


ЈЕ“ 1-7 FISIC -— . (49) 
` Since f[F*G]— ер H(x) е" dx by definition 


-[*, Fx) e dx rs G(x) ее dx 


. . (48) 


=f [F]. f [G]. 
[H] Evaluation of Integrals with the help of Fourier Inversion 
Theorem. 


Let le [* €-** cos nx dx and һ=|° e- sin nx dx. 
° ° 
Integrating by parts, we have 
һ=[—т e^?" cos =] Lp ес% sin nx dx Ji- Iy 


Similarly һ=т 1, 


5 ; а п 
These give on solving л = and h— aA 
Thus taking F(x)-e-*^, its sine and cosine Fourier transforms are 


du and 28 respectively, so that the inversion formula gives 
e gj cos nx dn ++. (50) 
and е==1(° gianni ... (51) 
te. [PEERS dne e*t and uc dn. е"... (52) 


9.11. APPLICATIONS OF ime 
AN VALOR PRO TRANSFORMS TO BOUN- 


Probe 29. Find the finite Fourier E and cosine transform of 
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ee where U is a function of x and t for 0<x<l, t>0, 


Li 
We have f, {ete f = sin T dx, by definition 


[ve t) sin = ET. mj: U(x, f) cos == dx, 
integrating by parts 


-0-7 f 4U]- — f qu) 0) 
oU tou птх "ү; 
Also f, TINI cos т" * ax-[ ves ) cos TE 


+7 [oc 1) sin у" dx 
=U(l, t) cos m—U(0, 1)- ^7 fU) +. 
Replacing U by ez in (1), we get 
183-48 
ш: zlee 1) cos тт—Ш(0, sera] by (2) 
=F n 0) cos n+ Ulo, 1) m* -Fr SU) 
Again replacing U by U in (2) we find 
x IET тү шад, S OU (0.0. нт тл} eu 


дх? 
0, г 
LUUD oo UD -= fU) by (1) 
Problem 30. Solve 2 ЕЗ T s X20, t>0 subject to the conditions 


U(0, )=0, U(x, 0) M brum and U(x, t) is bounded. 


Taking the Foutier sine transform of both sides of the given 
equation, we get 
од 
о Or. 
Denoting p U(x, t) sin nx dx by u=u(n, t), we have 
e 


о д оо д? 
a. I D ce ge nm dehy) 


? oo 3 : 
=| sin nx 20 | +a | cos пх 20 dr, on integrating by рап 


sin nx dx= [SU tU патас а) 
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-o-[ | соз пх |, Pia p sin nx.U dx |, under the assump- 


tion, 90 as x> 
=n U(o, Б тб, under the assumption U—0 as xoo ... (2) 
Now u(n, o-[* UG, 1) sin nx dx gives 
° 


щп, a-[? U(x, o) sin nx © 1.зїп пх dx by the condi- 
y tion for U(x, o) 
JE Lice у... 8] 
п п 
^ d 
Using the condition U(o, t) —0, (2) yields A = —n*u or = == — dt. 


Integrating log u=—n*t-+log A, A being constant of integration 
1. ч=Ае—п!!., 


Initially when г—0, щл, t) (n, @)=+—©9®7 by (3); so that 
WM 1—cos n 
n 


Hence u(n, pU emt 


Applying the inversion formula for Fourier sine transform, we 
“ave U(x, hw 2 F u(n, t) sin nx od 1—cos n. е" 
3 т Jo тј п 


sin nx dx 
which gives the required solution, physically interpreted as the tem- 
perature at any point x at any time / in a solid ape 

U 


Problem 31. Use finiie Fourier transforms to solve 50 mI 


U(o, 1)—0, U(x, )=0, U(x, 0) 2x where кл t>0. 
Give physical interpretation of the problem, 
Taking the finite Fourier sine transform of both sides of the given 
differential equation, we have 
[5 an p за пх de= |" 20. чы Sin nx dx ОЮ) 


Denoting by и=ц(л, p U(x, t) sin nx dx, +. . (2) 


т20 . 
we lind [2 an), sin п |" 5 SU tin nx dx by (1) 


| 
| 
| 
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- [ss nx 20 —n [ t cos nx дЫ dx, integrating by parts 
x j е дх 
=0-л|" cos nx = dx г U(o, t) -U(, t)=0 
n x 


=—п [ cos nx.U(x,)| —n? " sin nx.U(x, t) dx 


= —n*u, since the first integral vanishes for U(o, t)=U(z, t)—9. 
Its solution is, и= Ае"! A being constant of iniegration. 


Now from (2), u(r, =f U(x, 0) sin nx ax- [" 2x sin nx dx 
° 
© U(x, 0)=2x 
=2 [^ wal + |, cos, nx dx, 
n n Jo 


I a cos m+ [sinn 1 =—® cos nx 
n n › п 


When  1(—0, u= = cos пт applied to и= е"! gives 


27 
A=— — cos nx 
n 


ие a cos amet . 
Applying the inversion formula for finite Fourier sine transform, 
we have 


со 2 
Ux, y= 2 :(- cosmre-" Э пх. 
n= 


For physical interpretation, U(x, 1) may be regarded as the 
temperature at any point x at an instant of time / in a solid bounded 
by the planes х=0 and x—7. The boundary conditions U(0, t)=0 
and U(x, t)=0 give the zero temperature at the ends while U(x, 0) 
=2x represents that the initial temperature is a function of x. 

Problem. 32. Determine the displacements Y(x, t) in a horizontal 
string stretched from the origin to the point (x, 0) when the motion is 
due to the weight of the string alone. The string may be taken to be 
initially at rest in the position Y=0. 

Taking the axes of reference 
as shown in Fig. 9.8, andthe (у teo (=, о) 
String being released from the 
rest in position Y=0, the boun- 
dary value problem is 


QY _ „ду 
oF = ae E S e d) 
where 0cx«z, 120 and 
:.,. tension - Ж 
linear densi it the boun: 


dary conditions. Fig. 9.8 
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ү—0=27 when 1=0 and Y=0 when x=0 огт. 20) 
Taking finite Fourier sine transform of both sides of (1), we get 
rey ey 
in Sin nx дса? |” A sin mx d+ (7 sin zx d$ .. . (3) 
Suppose that y(n, o=[" Y(x, 2 sin nx dx, then 
= otra [ C07] by GN of $9.10 161 
=—drty+ [=] EMO 
With transformed conditions (2) as ›=® —0 when t=0. 
(4) may be written as 
(D'-c-om) у= -£nh- car] where р=1, 
Its complementary function is A cos nat ie sin nat 


and pv integral is HI 1—(—1)" |= | 14(2 yj 
So the complete integral of (4) is 
^ у= A cos nat+B sin nat 1—(—1)" ] 


9 — Ana sin nat-- Bna cos nat 


Applying the conditions, »-0-2 when t—0, we get 
And za 1-C- ne ] ana B-0 уе 


Hence the solution of (4) is 
Ү=-$а[ 1-С! ]a- ant.) 


Using the inversion formula, we find 


»- Ei [resa nat sin ях, 


п=1 
ал eos тш) sin nx 


2 x(r— 
o b zoa (1—cos nat) sin nx, if we apply 


ra cy {- TAT 
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Problem 33. Let V(x, y) denote the electrostatic potential in a region 
bounded by the planes x=0, x=7 and y=0 in which there is a uniform 


distribution of space charge of density E If the planes x=0 and 
y=0 are kept at potential zero, the plane x=n at an other fixed 
potential V=1 and V is finite as y—©, then determine V. 
We know that the electrostatic potential function V (x, y) satisfies 
Poisson's eqwation which is 
ey y 
By a i socios Aa Pip А6 
V*V=—4r рот tat toe 
==—4тр in two dimensions, 


Here ML , the volume den- 


4n 

sity of charge. x 

> aVv QV 

at =--h where Li val 

0<х<т,у:>0 . (1) i 
with the boundary conditions 0 (= a 

V(o, y)=0, Vix, у)=1 for y>o е 
and V(x, 0)=0 foro cx«7 Fig. 9.9 
also V(x, у) is finite for yo, ox x«&7. wee (2) 


тев the finite Fourier sine transform of both sides of (1), 


“Гг ET Y sin mx dx+ ("5 буз Sin nx de —h E sin nx dx 


. 3) 
Assuming that |; V sin nx dx, (3) gives 
0° 


туи, {1} 0 


since V=0 at x=0 and V=1 at x—7 so that v-0 when y=0 and x 
is finite. 
The complete integral of (4) is 


у=Ае—"У + Вепу QAO 
But v is finite for y co, .. B=0 
Also when y=0 v=0 .. 44 M UE 


Hence the solution of (4) is 


ya hf, BE IS (1—ew) 


Using the inversion formula, we find 
со EE E 
y-2 y MD nC in nr 
п=1 n 
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ADDITIONAL MISCELLANEOUS PROBLEMS 


Problem 34. Expand the function f(t)—Kkt in the interval —T/2<t<T/2 ina 
Complex Fourier series, Plot the function defined by the series outside this range. 
Problem 35. Show that if f(t)=¢(—t) for —T/2<t<0 andf(t) =¢(t) for 
O<t <Т/2 then the real Fourier series for f (t) contains no sine terms. 
Problem 36. Show that if f (t)=—¢ (—t) for —T/2<t<0 and F(t)=¢ (t) for 
O<t<T/2 then the real Fourier Series for f (t) contains no cosines terms. 
- Problem 37. Expand the function of , period 12 defined as follows in the interval 


=6<t<6, 

(t)=0 for —6&t« —3 
=t+3 for —3<1<0 
=3—t for 0<t<3 
=0 for 3—t«6 

Plot the function, 


Problem 38. Using Fourier cosine integral, show that for x>0, 
e 2b [00 cos ux dx. 
т Јо BF 
Problem 39, (a) State the Dirichlet conditions for. the expansion of a function 
f(x) in a Fourier series, Obtain the Fourier expansion of the шуру) 
fi) { ‚,0<и<2 
0,2<:<4 
(b) State the Fourier Integral theorem. Show that if 


к= т [Son ema, teft) [s g (x) eftt de 


Obtain f(t) for the function g(x) defined by 
g(x) =0, х<0 (Bombay, 1965) 
> =], x>0 
Problem 40. Expand the periodic function 
—1 for —n<x<0 
foe [ I for0<x<r 
in Fourier series. : (Agra, 1965) 
Problem 41, Obtain a Fourler series expansion of the periodic function f(t), the 


Period of which is T and theform of which within the first period i.e., for O«t«T is 
given by f(t)=t (T—1) 


Obtain the form of the Fourier coefficients for large n to order (& f 


(Agra, 1967) 

Problem 42. Obtain the Fourier series expansions of the following periodic 

Ue Hon. fach with period T and having the following forms during the first period 
.е. ORL <7; : 


(Fl) ат. 


a) f- (7) 


which one has the more rapidly convergent. expansion. (Agra, 1968) 
Problem 43, Discuss briefly the role of Fourier's series in mathematical Physics. 
(Vikram, (1969) 


Problem 44, (a) State the conditions under which 
Pipe у ЫБЫЗ, fi lei a function can be expanded in 


(b) Express the following function in a Fourier series 


F (x)-xtx*; —к<х<л. (Agra, 1969) 


| 
Р 
| 
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Problem 45, (a) State the Dirichlet conditions for the Fourier expansion of a 

periodic rues From the Fourier series obtain the Fourier Integral formula 
fa [90 fO Me) costa (21 d de (cocco) 


(b) Let f() -1 foro 0<5<1 
апа f(E)=0 for 1 
Use the above formula to show that 
00 tin з oos ak whenkol. (Bombay, 1970) 


POEM 46. (a) Find the [d pm. for the function f(x) —x in the 
range 0<x<n. 


(b) Using the Fourier-sine-integral evaluate fost. (Agra, 1971) 
Problem 47. Jf V is the Temperature at time 1 and k the diffusivity of the 
material, find V from the partial differential equation —— E TET A xri, I0 


With the boundary condition V=Vo for x=0, t>Q 
V0 for t—0, x20 


[ Ans. v-v [1-2 je IN 


Problem 48. Determine the solution of the equation А =0, —o0«x«00, 


Y20 satisfying the conditions : 
(i) V and its partial derivatives tend to zero as x > $6 


(ii) V= F(),5-—0 when у=0 


[ Ans. V (x, у= 2- Fo pas f(x) соз (n*y) e*t" dn ] 


Problem 49. Solve the wave equation £z zt e for a stretched string fixed 


by a rigid supports at the ends x—0 and x-—lif at t=0, 2-0 and у (x, t) -Yo(X). 
(Agra, 1974) 

Problem 50, Find the Fourier transform of the Gaussian Probability function: 
f(x) = Ме (N, ж are constant-). (Agra, 1974) 


CHAPTER 10 


THE LAPLACE TRANSFORMS 


10.1. INTRODUCTION 


The Laplace transform which is a part of the new-growing topic 
known ‘as operational calculus is easily and effectively applicable to 
the boundary value problems of differential equations arising in 
physics, mathematics and engineering. The subject was mainly origi- 
nated in the work of Heaviside who found it useful to solve the equa- 
tion of electro-magnetic theory in the end of nineteenth century. 


10.2. DEFINITION OF THE INTEGRAL TRANSFORM 

All such transforms as Laplace transform, Fourier-transform and 
Hankel transform are included in the term Integral transform and we 
define it as follows: 


» If there is a known function K(a, x) of two variables « and x such 
that the integral 


ilo К (s, x) F(x) dx SEIT) 
о 

із convergent, then the integral (1) is termed as the Integral transform 
of the function F(x) and is denoted by F (x) or T(F(x)) i.e. 


F(x)= TFC) =|” К(а, x) F(x) dx ‚..@ 


The function K(a, x) introduced here is sometimes known as the 


Kernel of the transformation and « is a parameter (real or complex) 
independent of x. 


10.3. DEDUCTION OF THE DEFINITION OF THE LAPLACE 


: Med ORM FROM THAT OF THE INTEGRAL TRANS- 


In $10.2 we have defined the Integral transform of F(x) as 
T(F(x)) E Kla, x) F(x) dx Sa) 
о 


where K(a, x) is the Kernel of the transformation. 
If we take the Kernel, 
K(«, x) = K(s, t)=0 for 1<0 
=e for й 
then the transform 


T(F(x)) =|? e F(t) dt for t>0 2s (3) 
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і küown as the Laplace transform . 
10.4. DEFINITION OF THE LAPLACE TRANSFORM 


If F(t) be a function of t defined for all positive values of t (ie. 120), 


then the Laplace transform of F(t) denoted by L{F(t)} or F з) or 
f(s) is defined by the expression 


со 
L(F(O) Ks) fi) =f e F(t) dt SNO 
where s is a parameter (real or complex). 
If the integral " е" F(t) dt converges for some value of s, then 


the Laplace transform of F(t) is said to exist, otherwise it does not 
exist. 


Problem 1. Find the Laplace transform of the following functions: 
(0 F)0-21 
Gi) F()=t 
(iii) F()et", n=0, 1, 2, 3,......... 
By definition of Laplace transform, we have 
LE) = er F(t) dt ood) 
о 
(i) when F(t)=1, (1) becomes 
Ln» [+1 a-[ 7 Po 1, 60 
7 ° =s Jo 5 
(ii) when F(t) —t, (1) gives 
mI e*t dt 
0 


e «= | €^ d, (integrating by parts). 


=0+ Lip et dt 
о 
[р 


ebd 
(iii) when F(t)=0", the 08 (1) reduces to 


зш e 1" dt 


s>0 


st 
[> е: npe je е". 1"-1 dt, (integrating by parts). 
LJ 
en —1) (оо 
-0 + Am pou | еч. (7? dt 
integrating by parts) 
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=D ea j> 2711. 1"—3 dt (repeating the process of inte- 


gration by parts, whence first integral 
vanishes for both the limits) 


mal) ы = АН, A NAI ic P" rd where al 


LA] m fon 
Tm ee 32 0-or ——- veu ,5>0 


Problem 2. Find the Laplace transform of е“. 
Here F(t)=e** 
Hence by definition of Laplace transform, we have 


Len- [7 et. et dt 
ay T 29 g- 0-2 dt 
e cct sl 
mm а). 
= n $2 for which the integral converges, 


otherwise it diverges for s<a. 


Problem 3. Find the Laplace transform of sin at and cos at. 
We have, by definition of Laplace transform 


цңд=[° e F(t) dt 
when F(t)=sin at, then 
L(sin at} 4L е sin at dt Ў 
TX sin @@—й cos at) T 
& | «= sin bx dx= p (asin bx cos bx) ] 
=a »s>0 = 
Again when F(t)=cos at, then 
Ц cos at}= L € cos at dt) 


- E (—5 cos 24а sin at) I 
[= [em dx alg сов bab sin 62) | 


— 
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s 
—Spa »s>0 

Problem 4. Find the Laplace transform of sinh at and cosh at. 

We have, by definition of Laplace transform 


L(sinh аг} =|? e sinh at dt 
=} Í Tet (ече) > 
e liis eret ш— E etm dt ] 


1 1 
={ т-ны) by Problem 2 


=: "ri 
and L(cosh at ) = [P e cosh at à 
AU ДУЗ ° 
mt | e (etei) at 
I 1 
={ [sets] by Problem 2 
= gig lal 


Problem 5. Find the Laplace transform of the following functions: 
() F(t)=t sin at 
| (i) КҚ) =: cos at | 


By definition, the Laplace transform of a function F(t) is given by 
uno |? na 
LJ 
(i) when F(t)=1 sin at, we have 
L(t sin at) — E €7*'-1 sin at dt . 
-[ tala (—s sin at—a cos at) T 


-o (—s sin at—a cos at) dt 


‘fon integrating by parts, treating ¢ as first function and 
є“ sin аг as the second function and using the result 


Í e sin bx dx -app (а sin bx—b cos bx), while 
the first integral vanishes for both the limits] 
LJ 
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E sorte’ а by Problem 3 for s>0 


TI -,s>0. 


_ (ii) when F(t)—t cos at, we have 
Lít cosarj= |° eet cos at dt 


On R.H.S., integrating by parts treating t as first function and 
et d at as second function and using the result f еге cos bx 
= (а cos bx-+b sin bx), while the first integral vanishes for 
both the limits, we are left with 
t a $ 
L{t cos at}= E ej. е7" cos at dt stall e sin at dt 
(as in (i) 


Lj 
DAC ds Ni тата by Problem 3 for s>0 


Gl. , $20. 


Problem 6. Find the Laplace transform of t*, where a is positive but 
not necessarily an integer. 

Hint: Proceed just like in Problem 1 (iii) and get the result 
47» 0 since if a is not an integer, then | a is not defined. 

Problem 7. Find the Laplace transform of е-% 


Апѕ. - У (replace а by—a in Problem 2) 
«ta a 
Problem 8. Find the Laplace-transform of the following functions. 
(0 F@)=e* sin bt Ans. b|((s—a)*--b*) 
(ti) Fit)=e* cos bt. Ans. (s—a)/((s—a)y*--b*) 


Hint. L(e* sin br) |" e". sin bt de 
( 0 
-[? ea sin bt dt 
o 
gt Й 
=| Ga +e {0-9 sin bt— сов T 
pein ME 
== te 


Note. The results so far derived al. * 
lat ed as following : Jar derived alongwith a few more can be tabu 


T(a+1) 
sg 


merry T 


—— C КҮҮ Oe ee ce T 
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ЩР(}=/ (8) =F(s) 


Fit) 
р 1 1]з, 0 
t ame 11, s>0 _ 

m, n—0, 1, 2... |n. [s** or T(n4-1)/5*, s>0 
19,720 but not neces- T(a--1)/s^**, а>0 jy 
sarily an integer 
АРКАРЫ, CM UTER OBEN 

eat; g-at mE + x5 

sin at a|(st-a?), s>0 

cos at s/(s?+a"),s>0 Ch 

sinh at о; s>0 

cosh at s[(s?—a2), s>0 ) 

t sin T 2as|(s?+a?)?, s>0 
x t cos at (s1—a?)/(s*-- a2)? 

E e% sin bt b/{(s—a}?+87} 

eat cos bt - (s—a)l(s—a)*- b?) dri 

mt ent, n0 I |(з—а)" 

Jo(at) and t Jo(at) 1](з2+ а?) and s[(s?-a2)312 


10.5. FUNCTIONS OF EXPONENTIAL ORDER 


A function F(t) is said 10 be the function of exponential order т as 
"t--00, when for a given positive integer №, there exists real constants 


M50 and m such that 
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lem F( |<М 
or | Fle) (<M е" for t>N А 
As an illustrative example the function F(t)—1* is of exponential 
order 3 since | t* |—£* —e* for all t «0 because 


Lim &*f— Lim - . 


t-00 +o en 
Lim С 
Sum —— pF 
1+0 Lent + t i 
Lim 1 


Problem 9. Show that function t*[— F(t)] is of exponential as t— o0. 
Take m as some fixed pcsitive value, and consider 
3 
Lim (e :*)—Lim S 
100 t>o © 
3:9 on differentiating numerator and deno- 
oe mem minator w.r.t. ‘f by L’ Hospital's rule) 


=Lim ment (by L’ Hospitals’ rule) 
12-00 
SEES 
= Lin mu Сау ) 
=0. 


This follows that | 22|  e"* for all t>0 
2. £? is of exponential order given by 

13—0 (е"!), 1—co for any fixed positive value of m. 
Note. Here the notation *O" stands for ‘of: the order of’. 


Problem 10. Show that the function F(t)=e" is not of exponential 
order as t>o. 


Taking m as some fixed positive value, we have 
Lim е" F(t)=Lim e e? 
12-00 1-00 
=Lim е'(?—т) 
t-00 
= оо for all values of m. 
Hence it is not possible to find a number M such that 


e! Ment for all values of m. 
Thus the given function is not of exponential order as to. 
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Problem 11. Show that the function F(t)=t" for n—1, 2, 3,... is of 
exponential order as tco. 


Hint. Repeated application of L’ Hospital’s rule gives 


Lim e77'.^— Lim um im Z =0 

1-00 1200 foo m" em? 
and so "=O(e™), 1-> со etc... . 

Problen: 12. Show that the function F(t)=e" is not of exponential 
order as t> о. У 

Note 2. Actually, functions of exponential order do not grow in abso- 

lute value more rapidly than Me™ as t increases but in practice there 
is no such restriction since. M and m may be as large as we desire. For 


oer the bounded functions like sin at or cos at are of exponential 
order, 


10.6. PIECEWISE OR SECTIONAL CONTINUITY 

Given a closed interval [a, b) a function F(t) is called piecewise conti- 
nuous or sectionally continuous in (a, b), i.e. a<t<b, if the interval 
can be divided into a finite number of sub-intervals such that in each of 
these sub intervals, the function remains continuous and possesses finite 
right and left hand limits. 

In other words, the function F(#) is sectionally or piecewise conti- 
nuous in the closed interval [a, b], if the closed interval (a, 5] саћ be 
divided into a finite number of sub-intervals c&t«d such that 

(i) F(t) is continuous in the open interval c<t<d, 

(ii) F(t) approaches a limit as t approaches each end-point within 
interval i.e. 

Lim F(t) and Lim F(t) both exist. 
t>c+0 t>c—0 
For example, referring to the Fig. 10.1 it is evident that (ће. func- 


RO 


| 


шу 
„-=----®--- 
meee nang 
* 
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tion F(t) is continuous in the open intervals (a, f4), (f1, ts); (tas Їз), 
etc., һе. act«ty; ty «tt; t E ete, 
The right hand and left hand limits at /, exist and are given by 
Lim F(t€-—F(tt0)—F(t4-) 


0 
and Lim F(t,—¢€)=F(t,—0)=F(t,—) 
[x2] 


where € is positive. 
Similar is the case for points /;, f, and t4. 


‚107. А FUNCTION OF CLASS А 
If a function F(t) is sectionally continuous over every finite interval 
in the range 10 and is of exponential order as гоо, then the func- 
tion is termed as “а function of class A'. 


10.8. SUFFICIENT CONDITIONS FOR THE EXISTENCE OF 
LAPLACE TRANSFORMS + 

Af a function F(t) is piecewise or sectionally continuous in every finite 

interval O<t<N and is of exponential order m for t>N then its 

Laplace transform L(F(t)) i.e. f(s) exists for ali s>m. 


or 
Ifa tion F(t) is of class A, then the Laplace transform of F(t 
Le.» HEG exists. ay 
or 


If à function F(t) is sectionally continuous on every finite interval in 
the range t>0 and satisfies the condition ` 
| К) | € Ment 


for all t>0 and for some constants m and М, then L{F(t)} i.e. f(s) 
exists for all s>m. 


We have, for any positive integer N, 
L{FO}= | Е. еч F(t) dt 


|. е" F(t) a [7 e" F(t) dt 
—H- 1, (say) nex en] 


Since F(t) is sectionally continuous in eve: ite i x 
it therefore, follows that the integral 7, ч ела 


Also F(t) being of exponential order m for 12 N, 1, exists, since 
oo со 
Maie] [Pe no ans [Pre rola 
со 
sfe | Fo La 
<} eti Ment gy 85 F(t) is of exponen- 
° 


tial order т and so 


| F() | &Me"t 


THE LAPLACE TRANSFORMS | 865 
со 
«[ et M dt 
d. à 
eb = for s>m. (Here R.H.S.—0 as s—00) 


COROLLARY 1. From (1), it therefore follows that Z(F(t)) exists for 
gm. 2552) 
If the function F(t) is real valued in щңй= [^ e F(t) й=Л® 
much that () F(t) is Reintegrable (Le. has Riemann-integral) and 
(i) F() satisfies, | FO) 1< Мете for all t» N; M, те, N being posi- 
tive constants, 
оо 
then [ e*t F(t) dt is convergent (absolutely) for mme, 3 being a 
complex number. 
Supposing, s—m--in, we have 
|" Fo |=] eem РО) | 
=e™ | F(t) | 77 | et | =1 for every t2N 
eth Met 
< Me- (mmo 
Hence, if the integral | e—(m—me) dt is convergent, then 
° | / 


| е F(t) dt for mz ту, is absolutely convergent «++ (3) 
° 


COROLLARY 2. L(F(t)) —f()— ү e“ F(t) dt'converges, for all s 
° 

greater than some fixed value s, of s. 

In corollary 1, if we replace то by s, and m by ғ then the proposi- 
tion follows. а 

COROLLARY 3. If the function F(t) is of class: A and ІАЕ) f, 
then lim f(s)=0 : 

$900 

The function F(t) being of class A is bounded over the range 
o<t<N, so that | F(t) | «M; (say) for m<t<Nn. 

Also F(t) being of exponential order m, we have 

| F() | < Му" for t>N 

Let us assume that M: —Max. (Mi, Mi) 
and _p=Max. (m, e) 
Thus, | F(t) | <M e” for t20 
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Pe f e F(t) dt <M p e ert а=м[° єє» dt 
0° 7 


M 
=з-р »s>p 
Here Se as 3—00. 
Hence lim j^ e*t F(t) dt—0 
SOO 40 7 
ie Lim f(s—0, / +. + (4) 
$00 


Note. The conditions mentioned in this article for the existense of 
Laplace transforms are only sufficient but not necessary as is evident 
from the following example: i 


I r 

Let Ro- Jy 

Obviously the function F(t)=r >} is not sectionally continuous. in 
every finite interval in the range t>0, for 

F(t)-»oo as t-+0. 
But 171% is integrable from 0 to any positive value N. 
Also {71% is of exponential order, since 
| Ft) | ie. | 13 | <M for all £0. with M1 and m=0 

as (7175.0 when [->со, р 


As such the Laplace transform of 1717 exists and may be evaluated 
as follows: 


HF) Lit [Pn гї dt for $0, Put пап 
9 
=2 [eem dx, з>0 Lo—prihdnedy 
LJ 
Again put $!/*x —y so that s!/* dx=dy 
Ці) [e+ dy s>0 
о 
=a E 2 [Fees 
- о А 
= A/ for 37-0, even if ;-12-, o9 as 1-30 


Le. the Laplace transform of 71 exists even if the function is not 
sectionally continuous, К 


As an Aliter, the integral [e £7 dt, >20 сап be evaluated by a 
single substitution V st =x t.e. £ = т dx whence we have 
eS 
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2 00: set Da AUR Um 
щгїзү= Ут | е dx= VE MA == о 


Problem i3. Show that the Laplace transform of the function 
F(n—.5,0-n2 —1 
exists, although ii is not a function of the class A. 
Here the function F(1)—t" is not sectionally continuous. and so is 
not of the class A, in every finite interval in the range t>0, since 
1*0 as 1—0 for 05 n2 —1 
Hence the function has infinite discontinuity at t—0 


aso. tim fen nah e) 


pU Ко мез г é 
= Lim =) by L’ Hospital rule 
mr v 


ORAE by repeated application 
too тте" off? Hospital rule 


which follows that F(t)=t" is of exponential order. 

[Or this may be argued thus, 1*—0 as [00 so that t” is of expo- 
nential order with M=1 and m=0, for, 1" < Me"']. 

Moreover, the function  (0>n>—1) is integrable from 0 to any 
positive number N. 1 


Further, L(F())— i r dt Put st=x 
o 
со х \"ах dx 
= "e (s ie d= 
1 oo 
— n x*e* dx 


enm by the definition of gamma function. 


Hence the Laplace transform of # exists even if it is not a func- + 
tion of the class А. 


10.9. SOME PROPERTIES OF LAPLACE TRANSFORMS 
[A] Linearity Property 

A Laplace transform L(F(t)) is said to be linear if for every pair of 
DUM Е, (t) and F, (t) and for every pair of constants C, and C;, 
ve hun 


L(C, Ft) HOF) — C LEO) -CLEQO) 
zx ©, 4o T C, Жз) 
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where f,(s) and f(s) are linear transforms of F(t) and F,{t) res- 
pectively À 
We have L0) 4) [ FA) at 


and ЦЕ) 9) |e FD à 
So that L(C, F(0) С, е €, Ей) d- C LAF} 
and цс) =.) |e" CFM arm ctr 
4 UGE HCE = | GEO SFO) dt by definition 


-[? e* GF a |” СЕД) dt 


=C,L{F,()}+C,L{F(0)} 
=Cif, (9) + Ci (3) -() 
The result may be generalized for any number of functions and for 
the same number of arbitrary constants £.e., 


L{ i C, F,(0))— А C, ЦЕ). «+. (2) 
r=, r=, 
aree 14. Find Laplace Transform of 4e*--613—4 cos 3t4-3 
t. 


Applying the linearity property, we have 
i L(4e*!--6:—4 сов 314-3 sin 4r) 
—4L(e**) --6L(1*) —4L(cos 31) --3L(sin 4t) 


“Ge ez) (©з) б 16) 


xt : 
[B] First Translation (or Shifting) Property 


If fis) be the Laplace transform of F(t), then the Laplace transform 
of ез F(t) isf (s—a), where a is any real or complex number i.e., if 


* Ц} =з), then Де" F()}=f(s—a). 
Given, L(R))— үе” Fi) й=Дз) 


у Leroy [^e e^ F(t) dt 


= [Peony dt 


= [Pe F0 dt by porting иаа 
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Problem 15. Find the Laplace transform of e* sin 3t. 
We have {зір 31)— zn 


Це sin 30-3833 ara 
ig Second Translation (or Shifting) Property 
If L(F(t)) =з) and Wr o De {>а 
0 ,t«a 
Then L{G(t)}}=e™ f(s). 


We have цео [^ e G(t)dt 
-[ eG) as [^ ^ G(r) dt 
2 f ero dt be Биа) dt 
° а 
E É © (^ F(1i—a) dt 
-[° e"o) F (u) du, by taking u—t—a i.e. du—dt. 
when t—a, и=0 and when 1— 00, u— 00. 
2e [Сезш 


=e f(s) eC) 
Problem 16. Find the Laplace aa he of F(t), e 


| i= -5).23 


nd 
723 


F()- 


We have, uro [^e as dt 


tw /3 © 27 
-Í et, 0. a e*t cos ( iar 
° 27/3 3; 


со 2r z 210 2 
= = kosudu by taking u—1t— — 
f. e(« y завше 3 


M 
—$ L{cos u} 
ANLE 

deg. EN 
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[D] The Change of Scalar Property 


Af L(FG- fi), then Цад)= 1. (=) E 
ive hive HF) =|" ero адз) 
Lay | Ка) dt (on replacing t by at) 
E J d by taking at--u 
o 
=] F(u) du where p=. 
= [Pen F(u) du (replacing и by ғ) 
а Jo 
1 
=7 fr) 


s SE. d. 
= (5) Е та 
Problem 17. Find the Laplace transform of cos 5t. 

s 
We have, L{cos Ü—RIT , 5>0 


L{cos scd о ANE 


If F(t) is continuous for t>0 and of exponential order as 1—-00 
While F'(i) is sectionally continuous i.e., F(t) is of class A for 120, 
and if L{F(t)}=f(s), then L{F()}=s f(s)— F(0). 

In general if L(F()—fts) and (г), F(), F'O), F°- (t) are 
continuous for t>0 and of exponential order as t+ while F™ (t) is 
Sectionally continuous for t>0, then 

a-l 
LAF: (0) =" f(s)j— met rne (0) 


=з fi) FQ) FO)... Fen (0)— F*-(0) 
Since L(F(1)) =f(s)= Le FU) а 


А ЦЕО)= Í e FO а= [~ ә [+ ^ e"F() dt, in- 
tegrating by parts 
=0—F(0)+s f(s) 
=5fis}—F(0) ..48) 
Applying the result (6), we have : 
LF) аР) F() 
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=s{s f(s)— F(0)) —F'(0) by (6) 
=s* f(s)—s F(0)— F'(0) 20) 
Similarly L(F"'(t)) —s? f(}—s? F(0)—s F'(0)— F"(0) .. (8) 
Generalizing it, we find 
LLE) s” f(s) — 5" F(0) —s"-* F"(0)... —sF'"-20) 
(F0) — s f(s) — 37-1500) (0) Foo) ) 


n—l 
m" fe A "-1-r F™(0) 
Problem 18. Find the T transform of F(t) when F(t)=e* 


Given F(t)=e*, .". F(0)—1 and F'(2)—3 e 
As such L{e*} LsL(e)— —1 by (6) above 


Aliter. ЦР(0)= Ц e") 31e"). >. 


3 
[F] Derivatives of Laplace Transforms 
If the function F(t) is sectionally continuous for t>0 and if ЦЕ); 
=з), then f'(s)— 14 —1 F(t)} 


We have f(s) = I^ е“ F(t) dt. 
Differentiating either side w.r.t. “з” we get 
f= | (—) e F ()àt— je e (—1t F(t)} dt 
0 


1 meal КӘ all for t>0 and if CMM 
In gener. t) i tio опїїпи or t2 
LU] f) och Fis is sectionally continuous for 

feo Gen 2)" FQ} . (1) 


where f" (s)= =- a fe) for all integral values of т:. 
We may state it as 
Ци" F(t)}=(—1)" f^ = C» d) «+ (12) 
Problem 19. Find the Laplace transform of et. 
Since L(e') -f(s)— 


s—a 

1 di 1 —1)(-2)(-- 
: цег) ( E) "Care CCS cm. 
356 

1 


[G] Laplace Transform of Integrals ` 
(i) If L{F(Q}=fis), then L if F(u) а= án ‚. (13) 
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ш 60) f: Fu) de 


Then G'()= zl. Fw) Moe and G(0)= f Flu) du=0. 


- Applying the property [E], we 
ЦС" аца) —G(0) 


Le. ЦЕО) 31(0)—0 or fis)=sL i Flu) du | 
Le. df Flu) du pe 
ш If FCO} Ло then L 9 Y= | ды) du a9 


Let epe 0, so that F(i)—-tG(r) 
^ HLEO)- TUGO (on taking Laplace transform) 
=(—1)-Ż- 90) by property [F] 


і. f= 14600) 
Integrating both sides with regard to s, we get 
=f" Jods- L(G) 


Le., L(G(r)) — P fu) du, on the assumption that De L(G(s)) 0. 


Problem 20. Find the Laplace transform of E tint ST Y 


We have Lsin атт f(s) (say) 
and Lf (PR by (10, cfe 
[оа u = т-а з 


т 
z-cotis `7 їал^18соГЭз=-5- 


Stan Al 
s 
Hence by (13) of property [6], 
© sin t ARE 
щ o t ay bes = 
[H] Periodic Functions 1 
If F(t) is a periodic function with period T>0, so that 
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T 
e*t F(t) dt 
F(4-T)— F(t), then ЦЕ)  ———r— + (15) 
We have цк [^e F(t) dt 
зт 
-f є" FO) й+ [et F(t) dt-+ Le Fidi... 


= m e F(t) dt 
Ж we put t=u-++nT, then F(u+nT) = Қи)‘ F(t-- T) —F(t) (given) 


us, 


LFO)- È [| eim F(u) du 
n=040 A . 


со ү 


со T, 
or ЦЕ) Х ст | e Flu) dt 
п=0 з 


т 
-( Le em... Y F(u) du 
) poo Кш 
"Cicer, Iren 
=(1 Heal pem enr... when [ет | <1 
[ с" F(t) dt 
=> ar (replacing u by t) 
Problem 21. Find the Laplace кан of F(t) when F(t) isa 
periodic function with period 2x, such thai 
. § sin t, Oct 
fos } Q, x<t<2n 
iw 
є“ F(t) dt 


Ме һауе L(F())— т], 
1 т А iw 
el e sin t dt4- |, є“. 0. ar | 


тыс sin t—cos o 40 


[= sin bx dx— ape sin bx-- b cos bx) 
ж еч 
Те Sy] 
uv m Hp ааа 
-serite xs 
2 1 E 
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[I] Initial Value Theorem 
If L{F()}=f(s) then Lim F(= Lim sfs) . . (16) 
t>0 s>0 


We have L{F’()}=sf(s)—F(0) by property [Е] 
e [Perr odes f()— F(0) 
Taking the limit as to, 1 

Lim |e (odt—Lim sfis)— FO) 

5040 $00 


or Lim sfts)=F(O)+ f (rim et Fat 
$00 о N00 
=F(0)+0 ‘7 Lim e"—0 
$00 
=Lim F(t) 
t0 


Problem 22. Verify the initial value theorem for the function 
Fij)=e™. 
F)=e* 


^i) ЦЕ) Lt) 3 
"Now Lim F(t)) Lim e*=1 
t0 t0 


and Lim sf(s)-Lim — —1. 
Lim | тэ S43 
Hence Lim F(t)=Lim sf(s). 
t0 $00 


[J] Final-Vatue Theorem 
If L(F(t)) -f(3), tben Lim sf(s) = Lim F(t) ‚.. (17) 
s>0 1-00 


We have L(F'(0) —sf(s) — Е(о) by Prop. [E] 
ie. | e F(t) dt=sfls)— Flo) 
Taking the limit as s—>0, 
д aan 2 x 
us f etrog- pp den 


or Lim fO=Fo+ Lim [et Fs) dt 
-no« p Lim er) roa 
+ 


=Fo)+ i рй 


ажаад 
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-Ro- [°F Fi a 
со 
= ко T 
—F(o) Lim F(t)—F(o) 
1-00 
= Lim F(). 
t>% 
Problem 23. Verify the Final-value theorem for the function 
Fa)=e**, 
We have F(t)=e so that Д) = Е) = Цен) at 
Lim F(t)= Lim et=0 
300 
and ра sf(s)= Bs aj? 
Hence Lim RS dia sf(s). 
12-00 3-00 
[К] Behaviour of f(s) as s—0 and soo 
We have L{F()}=fls)= Í O н F(r) dt 
о 
when 3-40, До) = j^ куа ... (18) 
LJ 
and when sœ, Lim f(s) 4» 0-F(t) dt=0 .. (19) 
$00 ° 


[L] Relationship with Fourier Transform 
Let us define a function F(t) such that 


F=f" лд 20 
Then f[F(]—- FÉ ML, by definition of complex 


Fourier transform 
-f Qao а+(° e^! e fü) dt 
E 1 : 


={° ete fr) dt 
° 


-[° є f(t) dt. by taking x—in=s 
—L(f(t)) by definition of Laplace transform 
Hence FLFO)=L{ 50) - ++ (20) 
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10.10 SOME METHODS FOR FINDING LAPLACE TRANS- 
FORMS 


w Dinit ry THS a baset on the definition of Laplace trans- 
given in $ 10.4, e. 
цаа) цеце 


T etu api |2 T [p ed 


Jin 5+ 1 нече Ls Q0 
[2] Serles-expansion method. If the function F(t) is expressible as a 


Power series e.g. 
со 
F(t)a,4-a, t+, t... ЫА а." 


А ads онй ipe оѓ E МОРЕ? by taking Laplace 
transforms of each term in the series e.g. 


це уту=цут 7" + ӨТҮ.) 
ue) -5 инт тез Lim EN 
BFE TR FB 
рз) 
-fal -M Lc ут аы Ут ...@ 


[3] Method of ый ЖЕТЕЕР ТУЕ: uation satis- 
fied by the function F(t) can be determined, then its Laplace trans- 
„У Додоев using tbe properties of Laplace 
forms e.g. 


if F(t)= sin У T then F'(t) =e sos f 
and Pim il —у со vT- sin VT -+ [-F()-1F0) 
he. MtE()+2F()+F()=0 EN 


which is clearly satisfied by F(r)esin ут 


"A ve TUITION VT) fis), we have on using the 
Mein". F'(0)-4L( F'(0) 


-—4 iw Ss)—3F(0)—F (о)) 
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= —8s f(s)—4s* f'(s)—4 Fo) 
L(2F' (t) =2L{F'()}=2Asf(s)—F(o)] 
== 2sf(s)—2F{o) 
and L{F()}=fis) 
.'. Taking Laplace transform of (3), we get 
Ца F*' (1) -- L(2F'(0)-- LC(0) 0 
Le. —8s f(s)—4s* f'(s) -AF(o)-25 f(s) -2F(0) - fi) 0 
or 4s*f'(s)--(65—1) /(з)==0 since Fio)sssin у o =0 
т Д) ^o 4S “14 2; * 
Integrating with сте to T we find 
log f(s)=log c-z —Fiog 5, C being constant of integration 


loris et 
ie. faye En н o (0 


Now to determine C, apply the limits of initial-value theorem і.е. 
when 1-0, s-»oo, 


For t small, sin у 7 = УТ во that ций eR 
and for s large, fim dor as Јана, em] 
Д EUN gives for 504 4-00, 
Gre Ss Le. cave. 
Hence f)» rer. dO. 
Method of differentiation. with respect а parameter, This 
„М із based on differentiation ot peni aiaee à known 
function w.r.t. a parameter, e.g. if 
F(t)=¢ sin at then we have to find L(t sin at} 
© s 
Consider L{cos а | € cos at dt = 
Differentiating w.r.t. a, we get 
d [o а[ з 
ml, ak - (е) 
= —2as 
s іе. f € (—1 sin at) dt "(say 
+2as 
‚от -L(tsin а) dy (6 
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10.11. THE LAPLACE TRANSFORMS 'OF SOME SPECIAL 
FUNCTIONS T 
[1] The Gamma function. Euler's Gamma function is defined as 


m- [^ e? х") dx, n7» 0. 
о 


Its important properties have already been discussed in chapter on 
Beta and Gamma functions, but a few of them are mentioned here. 


T(n4-1)—nEn for п>0 and Ги ==. 
T(n--1)—|n for positive integral values of n. 
= € 
Tn Г(1—п) Tum 0<п<1, Гі=У т 
For large n, '(n--1)z У 27п п" є" (Stirling formula) 
Now we have L {1"} =|? e*t t dt 
о 


Put st=u i.e. е апа а=®. 


1% L(*)- г et w^ du FED. i3) 


ra 


(by the definition of Gamma function) 
= If we now put n— —1, 


yea + [= tea (2) 
[2] Bessel Functions. Bessel function of order n is defined as 
ао р E оо 
0 тєк] 1—30242) #24 Qn+D Gata” | 
which Bus Bessels’ differential equation 
y 0 »(0 + (1-7) 0-0 
or е Jel (+t a(t) +n) 2.0=0 
Some important properties are: 


J4)—(—1)* Ja(t), n being positive integral i 
Ји) =" J,(t), Jn being modified Bessel function of order п. 


һм = O AO) 
iq J,(0) r^ 7,100) which becomes J'a(f)==J (t) for n=0 
etti) — i (ш) x" 


known as generating function for the Bessel functions. 


i 
| 
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. Jo(t) is called Bessel function of order zero and has for its expan- 
sion 


R 
IAt)= joss: x Brie Samy LEY UY eee 
~. LU 0) -Lü)—L He iu i ж zzi eA 
42. 14. 
-y ; A TIGE. d rr E 


ii HG) HEB | 
s 1 

Me) “VSF E 
Similarly L(A (0) -1—5] VFI EN 
Aliter. Л(ї) satisfies the equation 

t TADEK (0)4-134(0) —0 
^ L(Jo (0) - LOS (0) +L {tJo()}=0 
Taking L{J,(t)}=/(s) and using properties [E] апа [F] of $ 10.9. 


— 4 (éf() —sF (o) F (0))d-(sfis) -F(0)) — 4. fis)-0 


where F(t)=J)(t) gives F(o)=1 and F'(o)—0 
-o—2sf(s)—$ f(s) +1+5 705) 1—f'(5)—0 

or Lp Mf: 
fn. a8 oe 51. 28 

Ks) FFT o 7 2 FH 
Integrating with regard to “з” 

Jog f(s)=—} log (s*+1)+log C, С being constant of integration 


4 KEIN 
2. f= Vaal 


Applying initial value theorem, we*have 
Be sf(s)= ae F(t)- 


de. 


ie. Lim = Lim J, (t) which gives C=1 
so У un 10 { 
1 
===== Jy (0) — 
Hence f(s)— E. ie. 142 (0)— VTTI 


Now using the change of scale property, we have 


14% сав ue et Jo @}= 


Од 


50 that (2 у SE =o 
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Hexe ` LJ, (a) — m К) 


Further to deduce Г (tJ, (at)}, using the property [F] of 510.9, 
we get 


Lith (a))=— UL th (01 0) = тәр FA = 
(6 


Similarly L (t F ()— ay ...(7 
[3] The error function and its complement 
The eror function of a variable ¢ denoted by erf (t) or E, (t) is 
erf 0-2.) e dx E, »(t) 


and the complement of the error function denoted by erf C (t) is. 
defined by Ў 2 
а) —2—[ е ax 2. [° dx 
erf C ()=1—erf ()=1 vel. e dem [Peas 


It is notable that 
p erf (t)=0 and Eun erf ()=1. 


muet yr- 2. У eee [УТ г 5. 
-5 e 


^ Let VT) = ifeni 3g 
Ў T3/2 EE +112 T9/2 
Tm I smt зїї зә s 
1 Ic 135771 13.5 -1 
=з IW 24 sHB—246 sme 


If JoNSUS S 1 
a(S) —— NOS 


[4] The sine, cosine and exponential integrals 
The sine integral is defined as 5, e- Зах 
o. 


UO Qd cote Шырай denied oi С [ сов x 
gral (Qu| SEa 
° 
Alio the exponential integral й defined as Е, e- [^£ £7 dx 
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x 


-f$ 1-4. es ite 


jt 15 б 
=t-— tae at 
aie sis ЕДИ Н 


LS On ares oe zs] 
í 1 


we nave S; e-[ Lan) x rt Je Чч 


Similarly L (C, Oa log (s?+1) ... (10) 


and L(E, car} [P= eax: Put x=ty i.e. Bo» 


(on logarithmic differentiation) 
оо ev 
2 => | a 


3 
=| ea em 2} dt by definition of Laplace transform 


- \ TAM e (ett de 1 dy, by changing the order of 
Mon integration 
ol 1 , 


1 у ART 


-f S 4[4-3 SE l-4 [^ y—log Ce ; 
з | 
=} юв(@+1) ERU 


[5] ARE unit function or unit step function 
Unit step function is defined as 


` v «-2- lr 0, t<a 


1, t a. 
LL (ue-ay- [^ e U (t-a) dt 
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t 
zu €t. 0 dt- 2n e, 1. a-[ 55 E : | 
ate ..@2 
[6] Dirac-delta function or unit impulse function 
` A function 5(1) such that 
1/є,0<:<є 


pm Е, (ї)=$(ї) where Fs (1) = i ie 


and |: Fa (t) dt=1 
With the properties: 
@) (a) E &(t) й=1 
° 


(ii) б 8 (1) G (t) =С (0) for any continuous function С (t) 


(ii) re (t—a) С (t) dt=G (a) for any continuous function G (t) 
із called as unit impulse function or Dirac-delta function. 

We have цә) |5 еч Lim Р» (t) dt which is not defined since 
Lim F, (t) does not exist and hence it is useful to consider 8 (t)= m 
T AE (ло be suh that £ {8 (001. 09) 


Аво L {Fs Or i e F, (0) a-f p rem dt 
o ° s 


pa . " x —е% E 

i | eal (14) 

im Null functions. A null function N 0 for all £20 is defined as 
| N (x) dx=0 


» t= hase 
e.g. if ғ}, 0, йу, then it is a null function, since 


uh DF (x) dx—0 for all 10. As such the Laplace transform of a 
null function is zero i.e. L {№ (t) -0 Ке (15) 


10.12. EVALUATION OF INTEG 
LAPLACE TRANSFORMS ALS as HELP xd 
By definition, we have 
L{F (t)}= e € F (t) di-f(s) ES) 


Assuming that the integral is convergent and proceeding to the limit 
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5-0, this reduces to 
ү F (t) dt=f(0) e Q 


(1) and (2) are sometimes used to evaluate integrals. 
Problem 24. Evaluate the following integrals 


o [^ retina 
Of 4 0 4 
(с) P. et erf VT dt. 
(a) We have L {sin t) = ES 
Li ey accom Sal {sin 1) by Prop. [F] of $10.9 
(С) аа) e 
So that E е". t sin t dr=— 20-71 à 


Putting s=1, we find IH et (P? sin t dt=0 


(b) We have L (J(0)— ve by (3) of йо. 11 


ге [? e" Ja (f) dt= 
zm J * үт 
Proceeding to the limit as 3—>0, we get 
oo 
|| J, (i) dt=1. 


(c) We bave, L {erf у 1) 0-7; JST by (8) of $10.11 


iy 
ie. pr et t dim : 
“|, erf y td VAT = 


Proceeding to the limit 5—1, we find 
fe ut Uia T x 


10.13. LAPLACE TRANSFORM OF THE RAPLACE TRANS- 
FORM 


We have L(F(0)— f » e" F (t) di- f) 
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^ LIL ONAL 18 e F(t) dt | 


Le. LI fen- [^e a^ e F(t) dt 2..@) 


Here the area of integration being the whole positive quadrant, we 
can change the order of integration and hence we get 


ІЩЕ oje F (t) dt lus e im ds 
© [.e-* (Р) 
-í F () dt. uel 
=|” F (t) 
ery 


10.14. THE INVERSE LAPLACE TRANSFORM 
If f(s) be the Laplace transform of a function F(t) i.e. L (F(t)) —. f(s) 


- (2) 


then F(z) is said to be an Inverse Laplace transform of f(s) and ` 


written as 
F()—-L? { fs)} SIY 
Неге L^ is known as the Inverse Laplace transformation operator 
egit L easy then fL P 
Uniqueness of Inverse Laplace transform, 
If N (t) be a null function then Г, {N ()}=0 
and L(F (0)—f() 
4L {F (0) NGQ) -LUQH-I(N (2)) 
=Дз) 


So that L (f(s))— (т) 
and also L^ (f(s))  F()4-N (0). 

Showing that we can have two different functions with the same 
Laplace transform and hence the inverse Laplace transform of a 
furction is not unique. It is, however, unique if we do not allow null 
function which in general, does not arise in cases of physical interest. 
This result is known as Lerch’s theorem which states: 


If F (t) is sectionally continuous function in every finite interval 
OSt<N and is of exponential order for t <N such vied (FQ) fs) 
ри inverse Laplace transform of fis) ie. L^ { f(s)}=F(t) is 
_ Conclusively, а given function f(s) cannot have more th 
ipverse transform F(t) that is continuous for each positive E Bore 
function f (s) may not have a continuous inverse transform e.g. the 


Laplace transform of x? ¢** is the step function which is disconti- 


nuous. Ў 
Note. Some inverse transforms can be tabulated as follows: 
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f(s) L3í(f))-F(t f(s) L {/(зу}= 80) 
Lao 1 251082408) t sin atja 
Lao t У) бза 
ноло 1,2,3) myn | (ааны) e*t sin ЫЬ 
Usa)... et (вз аныр | e cos bt 
I/(s?-+a2), s>0 sin at B Jo (at) 

s[ a3), s>0...... us at | s[(s*--at)3/* t Jo (at) 
($-a), s> Lal ma 1-а)" me .п>0 
s[(s?—a*), s> | а| cosh at T 


_————.—-——--——— 
10.15. ROME PROPERTIES OF INVERSE LAPLACE TRANS- 
RM 


[A] Linearity Property 

If the Laplace transform of Ft) and F,(t) be f,(s) and f(5) respecti- 
vely and C,, C, are constants then 

L?(C =C, 4 сз 

(C Л(9) С, (0) — C1 LUA} + er A cuo Du 
By Prop. [4] of § 10.9, we have 
LCF, ()+С,Р0)) = С.Е) +С, LF ,(t)}=CiFils) + Cofils) 
CF) +C FN =L (C, fi(5)4- C. f; «(91 
ге LHC fle) + Cs f) = CFI Са) CEU. yy 
‚аў 2@—а 8—6s 24—30у s 
Problem 25. Find L* dp + iU NH 


nj Xs—a) , 8—6s ux reps 2(s—a) } 


Gapo 16949 * з (заўв 

аерге] 
лн оле] Чэ) 
жаг} зл т] 


886 MATHEMATICAL PHYSICS 


3 na 
=2 cos bi sin x -4 cost +24 [s —30 ss 


Jn 3.3. coset qan 116 n 
=2e" cos bt4- 5j sin 0—8 cos; +4 NES 


= 
[B] First Translation (or Shifting) Property 
If E? {f(S)}=F(a), then L^ (f(s—-a)) -e*tF(). 


We have, f(s)— [es Ft) dt-- LEO) 
o — 


Уб fis—a)= [ео dim [Ae e* F(t) dt 


= Це" F(t)} 
іе. L fis—a)) — et F(t) (2), 
(2) may also be expressed as 
L(f(s)) -e-*t L- f(s—a)} a) 
Which follows that the substitution of s—afor s in the transform 
corresponds to the multiplication of the object function F(t) by the 
function е". 
` We may illustrate it as follows: 
d E zL(t"), where m=1, 2,...and s> 0 


eee TA pe 
"scam = Lites}, s>a 
Also, ^ L{cos b= а 


^. Це“ cos Ы} —a. 


з+а 
таў ci? 
1 sl 
Problem 26. Find (a) L~ ix Ф) L^ casas] 


(a) We have rf z 


1 £e _ i 1 
2245 {- 2 "ers 
or 
aspen лч = и" en 


" stl paf 2343-2 
(b) We have L | ttt ; jaz dea 


spi r2. шщ {aa { 
a (ite ca an CS ЕЁ 
ce cos 4120 HO 


ae [cos a-i sin 41]. 
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[C] Second Translation (or Shifting) Property 

If L?( f(s)) = F(t), then L> {ес Я t»a 

(9 ,„1<а a (A), 

Let e f(s)=L{G(t)}, then LHe% f(s)}=Gr= [F(t—a), t7 . 
0 ,t--a 

So that usq [^e би) а | DOS are oe. 
0 0 a 

Fi:—a) dt 


; - [е F(t—a)dt Put t—a—u so that dí--du 
0 
=[ os F(u) dicen [Pen F(u) du 
0 о 


ебе F(t) dt, on replacing u by t. 
o 


=e" L(F()) =e Дз) 
G(t)=L He% f(s)} 
ane In terms of Heaviside unit step function G(r) can be expres- 
as 
F(t—a). U(t—a). 


secre 


Problem 27. Find DS } 


cos x 1-5) 5 [um 


г 3 
“+95 |0 2т 
py е) 
; 3 
Ek cos 3r, D% 
m E 
0 $ 1 
=cos 3t. of 2) 
[0] Сһапре of Scale Property 
1 #2 E 5 gs T AE 
If L*(fis)) -F(0, then L^ ( fas) - —- F(4) "a0 e cb) 


foy [Pos Fan 2 Да) = [ee в) dt 


Put at—u 50 that dia 
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tee pers) 5 ten 
“a. 


, 


М.У 


Я 1 

OE fajet r( 
1 Js “ы eal 

Problem 28. If L- p VEA find I> ea] .а>0 


: moe cos2V Tt. . {65 1 cos2V/tjc 
ТР ERO ONU мтс 


(с) {= с 
1 ele 1 cos24/ tle 
Eod ve 
Putting cat , we find 
fes) cos 2 /at 
[Ss] - oT. 
[E] Inverse Laplace Transform of Derivatives d 
If. L"(fi) - Ft), then 1C уе) С" [r0] 
=(—1)ч"° RF) 5... (6) 


By Prop. [F] of $ 10.9, we have 
Hoe FS), PROSLE)" f ())-C- D'r* 
nis 


(я 
CE 


=e пдд | Fp ] 


or [7% (f(s) -(—1) PF = (—1) Би) ': (—1%=1 


Problem 29. Find L| cimi 


de d$. 1 - 15-2: S n "dod. 1. 
Consider аран Gian о en) 


кер» 


іза . C 1 Y. sin at 
775a since L Grund mie 


[Е] Multiplication by s" 
If L f(s)) F(t) and F(o)—0, then L(s/*9) = F'(1) «0 
By Prop. [E] of §10.9. £(F'()) —sf(s) — F(o)sf(s) ^ F(o)-0 
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. F()- L(sfis). 
In case F(0)40, then L'(sfis)— — F(9) - F0 
ог L(sfts)) — F'(0)-- L(F(0)) —F' (0) + FOB) 
where 8(t) is the Dirac-deltà function. 


| с „клр 
Problem 30. Find 1- $r -Eyy | when Lats | Z tsint 
E Жс sd fel 
We have, L?]s. — udi (Fin n) 


af @+tl—-12_ 1 Е 
ог 17! operi cos t-+sin 1) 


indecl demo 


c 1 К 1 hp г 
or L^? lenyi- Ча} 2 (t cos t-Fsin 1) 
—sin t—}(t cos t-Fsin t)=}(sin 7—1 cos t) 
[G] Division by Powers of s 


If L f (9) Ей), then (1) 171 [S HE Rd 0 
| (ii) r^ san f F(u) du dv .. 9) 


(i) Let «o-[ F(u) du- L^? HMM then G'(t)=F(2), G(o)=0 
2 ЦС) -5L(G()) — G(0) =sL{G()} 

=f) sn [4 1-o0 yields sL(G(0) fis). 
Hence using the Prop. [G] of $ 10.9, 
L{G()}= 29 or L7! RE -«o-f Flu) du. 


(il) Let G()— f [ F(u) du dy-- L7 HS pen э L(G()- f) 


Also G'(r)- р Flu) du, G"(r)— Ба) and G(o) =б'(о)=0 
2 : 
so that L(G'(t)) =5° L(G(1)) —s G(o) —G'(o) =s 146()}= 5) 
л t LJ ШП 
- LG A or L3 {лә {=во= |, {, F(u) du dv 


This may be written as nii- | F(t) (dt)? ‚..@0 
ог in general 129 HE ү |, F(t). (dt)* .. (11) 
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Problem 31. Find L^ IIS 


AG HE А 1 ge 
Y PR ЕЕ. EH. AA ts 
BE 1) sint, L Iani р sin udu--1—cos г 
t 
and hence riam (1—cos u)du=t--sin t. 
} o 


[H] The Convolution Theorem or the Convolution Property 
If L?(f(s)) — F(t) and L(g(s)) -G(t), then 


L^ fis) ()— f F(u) G(t—u) du=F*G 000) 
0 


where F*G is known as Convolution or Faltung of F and G and this 
convolution is commutative i.e, F*G=G*F. 


The result (12) follows from f(s) g(s)= L КО G(t—u)du . . (13) 


which may be proved as below: 
7 Лз) = ЦЕ!) and g(s)=L{G()} 
©. NS). g= LU). L{G(t)} 


= [erw dw [Peso dv 
о LJ 
d [Pete F(w) G(v) dw dv 
о o 
= [ [ e+”) Ftw) G(v) dw dv .. (14) 
à 


where R represents the positive quadrant of the plane over which 
the double integration extends. 

; In order to transform the double integration from the region R 
(ю, v) to another region 5(х, у), let us make the substitutions 


w=y, v—x—y 


Uw о 
Fig. 10.2 


whose mappings are shown in Fig. 10.2. 
_ When w=0, y—0,w—co,y—co ` 
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and when v=0, x—y=0, v— co, (x—y)e oo 
The Jacobian of tbe transformation is 

i» д» 

AS >) = x ae x A l2 giving dw dv=dx dv. 

ox ду 

Thus (14) transforms to à 


дә a = | |e FO) ос) dx dy 
5 


o „[(* Ы) з 
| [воо 15 
= [| F(v) G(t-—v) du | (on replacing the vari- 
ables y by u and x by 2). 
=L if Бу) G(t—v) du {-цғео) 
s t 
Hence L fis) #(8)= | Flu) би—и) du=F*G 
Now to show that the operation F* G is commutative, we have 
F* G= f F(u) G(t—u) du— f * (tz) G(z) dz, when t—u-z 
до о 
...(15) 


-f G(z) F(t—2) dz=G*F. 
0 


Thus this theorem may be restated as К 

If Дз) and g(s) are the transforms of two functions F(t) and G(t) 
that are sectionally continuous on each interval Osctscu, then the 
transform of the convolution F(t)* С(0) exists and it is f(s) #69). 

e.g. if F(t)—* and G(t) e^ satisfy these conditions, then 


I? is sale “= | ues t7» du e*t |, ue-** du 
$ s—a ° ° 


le gp 
Tg 1). 


COROLLARY. If fis) LLF()), then f ў, F(u) du = |, (-2) 
FM. ... 16) 
By convolution theorem, 
Уб) 


ц |' 9 Ra 49-1 FO) = 
7 Le and RO) fO 
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Hence by (9 ), "INST 
mr du-L- dv 
vedi анн i f- f, , dien 


* RD (d=) a) F(u) du ++ (17) 
о 4o o 


‚ор in general Lf e f кә) (4^= sf Er u Ffu) du 


Problem 32. Using the convolution theorem, evaluate 
P Esel 
coi Р] аага ley fates 
va {зт ty. (ue) (t—u) du -[ (ша) e du 
9 ° 
-[-«-^ el «f (t—2u) e-* du, integrating by parts 


+ + (18) 


=0+ [ (t—2u) e~ du -[-«-29 et ] —2 f e* du 


mtet--t-2 E 221€: -Fit-261—2 
=@+2) €*--:1—2. 


10.15. EVALUATION OF SOME INTEGRALS BY INVERSE 
LAPLACE TRANSFORMS 


п) The Beta Function. Which is defined аз 
1 
Mm, n) -E x7! (1—x)™! dx for m>0, n>0. 


The result (m, n) 0 |. a*- (1—ay! dx сап be exhi- 


bited by the help of inverse Laplace transform as shown below. 
t 
Let Gl) =|" tay tae 
LJ 


By convolution theorem, 
LGU- = Bo 
ESL SS GS enr Les qm. 
. 60-17 in eme {-Гтга T ]- mmm $5 SIS 
"X me TmT. 
Le.. : x16») 1 dx “ж 1-1 «ee 
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893. 
Putting t—1, this reduces to Я 
Y и ГтГл 
1(1— 1 dx= = 
[ x" (1— x)" dx Timm) B(m, n) $62) 
rp I 
Problem 33. Show that [^ sin 2-3. 0 соз'"-18 di “aa 
- 18 п). 
_Гтїп_ 
1 n=l dr n iE 
We have В(т, n)= ү x73 (1—х)"7®% dx= Тт) 
Putting x—sin? 0, this gives 
E eins 20-1 2 PmIn 
am, m=2[" воот 0 cort dir as 
К NS ГтГл 1 
һе. E sin?"-? 6 cos"? 6 d= A (mn To a —B(m, n) 
[2] Evaluation of ў J(u) Jo(t—u)du 
0 
t 
Let 90) -{ мш 242—0) du 
о 
By convolution theorem, 
FREE fond 1 
цок) = Ил): ЦА) = Ут Veep Stl 
x 1 
So that С()==17® a) 
Le. f луш) Jti —u) du==sin t SR) 
n 
a 
[3] Evaluation of ih ette pian 
1 1 ud 
ARRA =o d АЛ) = == 
4S3l Vii = b En rai 
*. by convolution theorem 
жт Тунт veri 
aa pibe 0А 
WE {с vsti — Vs—i 
t сї" е еі“ (005 ett X^ H | 1 { 
(еи 2 Ігу —=—=— 
al mS т Ут v sa 
} 1-13 е-# 


-4f etw yi (t—u)?^ du 
° 


y 


т 
1 

1f ена-® у-1'(] — y)71* dy by putting u=vt 
9 
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1 

=— е9 (1—02) 272 dw by putting 1—2y—w 
es. 
2 1 

Hence E ече (1—w*)1? dw=J,(1) 2s. (4) 
т), 
uu Телиа of vs f etx dx. 


BI. "ы 


then by convolution theorem, 


p {Т I (OE S 
354541 ° Y Tu 


н vr Ае 
- 2} du by putting У u =x i.e. Vd Mx 
i =erf т 
VSS EE S I p E 3 —- 
Hence sf e dx=L E т fet V t 19910) 


Problem 34. Show that je cos x* drat fZ. T 
o 
Let «o- [^ соз tx°dx, then taking Laplace transform, 
о 


LGW} a “ш [сог а= [ax JE e cos 22 dx 


oo 3 
-|° L{cos tx*} axl! руг 
If we put xp dee ne з vtan 0,- then we get 


z1 do 1 т! 
L(G()) ^ — — ТР "E vem iy Sin-!/? 9 cos*t/*g 40 
l rin 
=з Л by Problem 33. 
1 т 5 т 
“24/3 2sin п 9908 Sell Са) daa nl 
4 
ERRI разн ту2 x2 
аталу PY да 
Using inverse transform, 
А со 5 > 1/8 
G(t) =| cos t x? фк TV 2 L3 i 1 {у ы 
в 4 \/ $ 4: т 
У 2r mn 


= 
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Putting t=1, we get 
(е соза dre ae ee H Jt 
o 4 2 
Problem 35. Show that | 50 еар т 
0 
Take = e-**, so that 
° 


9o dx 1 x со т 
L(Gi = mE puras = D AE Ы. 
(90) = |2 да з] IT 


Taking inverse, 
Gt) {> vat gps Me 
o 2 T 


Putting 1=1, js dx EI 
o 


10.17. SOME METHODS FOR FINDING INVERSE LAPLACE 
TRANSFORM Ў 


11] Partial Fraction-method 


Consider a rational fraction MD where N(s) and D(s) are poly- 
nomials in s with no common factor and the degree of N(s) is lower 
than degree of D(s). 

Ў Ns) 


Let K= Dis) e (D 


Its inverse Laplace transform can be determined whenever the 
elementary factors of D(s) are known. 

(i) Taking first the case when D(s) has no repeated factors; we can 
write ) 

Р(х) = (2—1) (8-а)... (5—8) _ 

where all «,’* are distinct and coefficient of s” being assumed unity 
without any loss of generality. Here D(s) has been taken as a polyno- 
mial of degree n so that r=1, 2, 3,.... 


By theory of partial fractions, we have 


LM DoD Tor 
Л) = DO = Ga) (=e). en) 
A A 4, A, 
=a + s du Pur ры 


“Multiplying both sides by (s—«,) and taking the limit as s—»«,, 
we have i 
. N(s):(s—a,) . $—9, 
e Ar -N(x) Lim 2 
frm EDA а De) 
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=N(a,) « by L’ Hospital’s rule 


ушЫ, 
се: DE) 


Мз) Ма) Ма,) 
Thus SO) = — Pri) (=a) * DG.) еа) 
N (Gn) 
tut Dee) с-а) 
n Ne), 1 
| <2 DO) Ta 02) 
- where D'(x,)—- (s—«,) (s—24)...(S— 1) (s—2544)...(s—,) at s—«,. 
If f(t) be the inverse Laplace transform of f(s), then 
елда) МӘ [D P Ne) i 
rper uei farl f Med |} с} 
Ма, 
| -iage 7 l9 
which is known as Heaviside Expansion formula. 
(i) Now taking the case when D(s) has repeated linear factors, we 


can write 
i _ Ns) g(s) 
f(2- D(s) Ssa toe (4) 
where ¢(s) is the quotient of polynomials N(s) and the btai: 
by removing the factor (s—a)"*! from D(s). (лм we his QUANT 


Hs) ER UN A A, 
(a)? =; жеар aay К+ А 


An 
таун tas) 
where g(s) denotes the sum of partial fracti ing t 
Sites Dont DO: p Tactions corresponding to the 
Multiplying both sides by (s—a)^*! we get. . 
9(s)— Ao (s—a)"+ A(s—2)97 +... EA s—a)" 4...4 i 


n SIC, As g(s) (s2-o)^* 
Taking the limit as sz, A,= and x Я 
ing both sides (n —r) times wrt, Хх) nd so we haveon differentiat- 


$e @=|л—г A, ie. AL SO) 
pi Hs 
Hence from (4) г Ё 
oun 60) ix 
uo) z |nr “(say +&(5) „оз (5) 


$^ (а)=$(а) 


r=0 
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Taking the inverse transform, we have 

n (п-т) tert ` 

Fi) -L? (fi) E = ee A 
r= ——— а 


by using the relations L(eà* F()) —f(s—3) апа 11") —T(r- D) s 
Also here, L^ (g(s)) 2G(t) 


Applying Leibnitz theorem for differentiation of product of two 
functions, (6) can be written as 


1 д" у ДЯ 
F(t) = ET ss)et |} tow ту 

(iii) Taking tbe case when D(s) has non-repeated quadratic factors 
of the form (s—a)*--B^, s>0 and х, B being real numbers, then we 


can write 
Мз) _ А-А, 


2 ND T On акак ? 
= FO = гр o apap) 49 
where g(s) denotes the sum of partial fractions corresponding to the 
other factors of D(s) and A,, A, are real constants. Then we have 
Фа-+18)= Lim ф(з)= (x4-ig) 4 - Ay 4,10; (say) 
sati 

ie., (4A,-- А,)-+16А,=ф-+фь, Ф, Ф. being real and imaginary 
parts of ¢. 

Equating real and imaginary parts, 


d, aA, А, and $,—54, giving A-$ and А. ве 


Thus (8) reduces t SEGURA 
s—a« E 
А р aca Eg +g(s) 2.49) 
Taking the inverse transform, we have 
F)- Lo a ($ cos Bt d, sin Br) œt +640) L6: 
where G(t)=L"{e(s)}. 


- (iv) Lastly taking the case when D(s) has the square of a quadratic 
function of the form ((s-Q*- gr, then we can write. 


Мх) os) © A,s+A, 
I= Dey Tse FOR Gte 
К As +A, 


‚з pgs) 00 


where G(s) denotes the sum of partial fractions corresponding.to the 
other factors of D(s) and Ау, 42, Аз, A, аге real constants. Then w^ 
have 

9()— s+ 4) (02—988) + (45+ 4a) +809) (oa +BY 

So that #(а+-18)= ү #(зУ= As(a- ig) - А,=$,-+1ф (say) 

A si 
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Giving 43«-- 4,—d, and BA,=¢, which yield 
1 
4= i and A= 8 (85 —ag,) 


Also $9)— А. [(s—aF+B]+2(4,5+4,)(s—a)+ 2. [g(9) (1—0? 
+ 
so that d (--48)—2/8 [4, (2 +18)+ Ai]. р, (say) | 
giving —28° 4,—$,' and 258 А, +28 A= 


which yield а= $ and A,= =: 
Hence (11) reduce to 
; 1 (—4/scBd ad) /1 (ф,з+6ф\,—оф,) 
fda EI E сд. 
22412) 


Taking inverse Laplace transform, we get 
1 


F()-- L^ (ft) s ен Ul 968-18) | (sin (Br+4)— pr cos (8-9) 
—B(lé («--ig) cos (8:4). . (13) 
where: | &(a--ig) | = уф and | d/(-FiB) | = /'ф,®-Еф,?, 
giving 


Vota and V tad. 
1 1 

Аз а generalization if D(s) has (n+1) power of the quadratic 
factors {(s—a)?+6?} then corresponding term іп Аг) will be of the 
form /’e*'sin Bt and t'e** cos Br where г=0, 1, 2,...п. . 

Problem 36. Find the inverse Laplace transform of the following 
functions 


1 = 3s+1 
OGD GD" (0 GEE’ 
Hj 1 45 
Uii) (5-2 GED’ (v) GIETA д 
(i) Here f(s)= Mea ans 1 1 


(100—2) 3-41) 36-2) 
OLG) = ее). 
$ ЗА AEEA NA. zl Ns) 
£9 Hee f= Ga G-D O90 (24) De (88У) 
Then M(s)=3s+1, D(s)—s*—s*--s—] So that D'(s)=3s?—25+41 
and zeros 2—1, a4—1, «,— —i ` ` 
Using Heaviside’s expansion formula, we have 


L (fg) 20) “+ Du et 333 e 
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„= 3HEY ОТУ АНА 
со сш 
Loss GID A=) ш, (31-0 (1+) 
2ё— Та) * 20-04). — 


=2et— 4(i4-2)et--6(—2)e* 
— 2e! -- K(ef* —e7**) — (e*t +e) 
=2e'—sin t—2 cos t. 


(ili) Here Jn Sc 


899 


pe term in the inverse transform of f(s) corresponding to (s—2) is 


dil. tae alg vies (-2—— ic 


so that by (5) of $ 10.17, 
E ET 4(-2 єн g(t 
E Uh ipee capot qe On 

1 1 


Ое E TE 


= iclet-e?- aen] 
16 


et qe 


(i v) Hore K= ox 


Sie e*t and corresponding to eee we have 4()—(s—2)" which 


The term in the inverse transform corresponding to (s—2) is е“ 
and corresponding to 52-4 we have $(2—: a 25» which yields 4(2i) —2 


(1—i) so that its real and imaginary parts are $2, ф=—2. 
Also comparing with (9) of $ 10.17, we have «=0 and 0=2 
Hence чув) ены s sta} 

—et--4—2 cos 214-2 sin 21] 


=e (віп 2t —cos 2) et4- /2 sn(21—7) 


[2] Series Expansion Method 
If f(s) has a series expansion in inverse powers of s such as 


fi) 9-4 E 


.. (14) 


then under suitable conditions, we can invert term by term to find 


F(n- IEEE T 


. (15) 
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P2 
Problem 37. Find 171 Is 


191 arl | Bo ee PS fig Ау Б 
е debi 
" Ë 

=1—t+ (27 (3 +... 
suet МАЛИ QV) __ (2%у1)* 
me 228 tg 3 Age t 77 
=л02у0. 

[3] Method of Differential Equations 

By solving differential equations, the inverse Laplace transforms 


of some functions can be found as is evident from the following 
Problem. 


Problemi 38. Find L^] Pond | 
Let s= V "апа L] vo LX 
So that p ув) }= {е *}|=т@ 


env + dy , e-Vs, evs 


ду, td pie 
Also А ал DN and 43-—9)'——3. +9 


oO BO ese M SS ones 
x Amp me NS + 2 
^ As *2y'—y—0 ; ©з (D 
which is the differential equation satisfied by y=e— vs". 
Now y=L{ Y) gives y’=1{—-1¥, and y"=L{(—1)*°Y}=L{t"y} 
So that sy = Lh ier } = Ley Y) 
Thus (1) reduces to NER 
AL(IY1--21Y)3-2L(—10Y)— L(Y) 0 
oer L44PY'+(6t—1) Ү}=0 or 4^ Y'-(61—1) Y -L(0) —0 


fe. 4t* AY i 1) Y=0 which gives on separating the variables, 


dY , 61—1 dY Seek 
tae @=0 or. Y (4 ar) ao 
ay pue ) > 
or КАЛК SENU OS 
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Integrating, log Y— -3 log t— d; tio C, C being a tonstant 
of integration : ; 
Же С олш 
Ү=С ЁЗ рк ер, с be ed 

d d an eM s 
(aed ay AU Sym EAE 
Now L(tY) d LO sd. (e ) xS 

Applying the final value Theorem, i.e. when fco, 5-20, we have 

from (2) 


c ES Nee eas 
aS etre S so that LEY jud ^{=су» [з 


А Уг 
: Be e-vs 1 Сут _ rA 
and L{tY} = wW aves whence Sg aS gives 
йт: 
ced 
1:4 


Р Ў 1 
Hence the solution of (1) is Y= 2? ` € 


һе. LO fer V meu fnm В, 
[4] Method of Differentiation with Respect to a Parameter 
This method is illustrated with the help of following Problem. 


ind га ara} 
Problem 39. Find L {клу 


We have L(J, w= up 

Differentiating w.r.t. the parameter ‘a’ we get 

4L Lv an) | vasa] or LÍ- (а) I wi 
or Lt Jy (at)) Gays ie. кабу A -4 Jy (at) 
- Ма) 2. Ig(x)=—Alx) 


10.18. APPLICATIONS OF LAPLACE TRANSFORMS TO 
DIFFERENTIAL EQUATIONS 


The Laplace transforms can be successfully applied to solve 
(1) ordinary differential equations with constant coefficients such as 


ay +а 2 eby- Ей), a, b being constants. 
(ii) ordinary differential equations with variable coefficients such as | 


Фу dy 
3 ey. Lye 
PON ш +y=F(t) 
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(iii) simultaneous ordinary differential pape such as 


d 
Pia Rd s =F 0 and C ae = ETE =ҥи); 


а, b, c, d being uso ц 
(iv) partial ine equations such as 


D pat Sx ty=Flx, 0) 


(у) integral equations ie. the equation containing а dependent 
variable under an integral sign, such as 


Ү()=Е w+ K(u, t) Y(u) du, a, b being constants or functions 
of t. s 


Hee F(t) and the Kernal K(u, t) are known and Y(t) is to be deter- 
mine 


We explain these applications with the help of following problems. 
Problem 40. Solve x" (1)+-4x'(t)+-4x(t)=4e*; x(0)— —1, x'(0)—4 


verify that your solution satisfies the differential шо and the 
boundary conditions. 


Let — L(x())—f(s) SEEN) 
Then L(x'(t)) —sf(s)— F(0) where F(9)—x(0)— —1 
=sf(3)+1 ... (2) 


and L{x"(1)}=s? f(s)—s F(0) — F0), where F(0)=x(0)=—1 
f and F'(0)—-x'(0)—4 
=$ f (s)+s—4 (3) 
Taking Laplace transform of the given equation, we get 
Lx" ()} +41 {x'(0}+4L{x()} = СС 


or fi)s— жоу 3 ji rand 0) 
or (2-4-4) f ()— —— 5 Nue ex Bio; 
4 2 


“Gir (Gy уу Т me 
Taking inverse Laplace transform of both sides, we find 


нала) 


re n of (зуна fd GE) 


4 z2(—1y- (— 1) fet 2(— 1(— 1) 1e?t— ete HQ 2-1) 
Hence the required solution is 
x(t)— e?! Q8--2([—1) 7 26) 


a 
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Now to verify the result, we have from (4) ; 
x'(t)= —2e** (20--2:—1)3- e** (4t4-2)5e7(— 40—4t-4-2-- 4t+2) 
—4e (—-+-1) 22 (5) 
and x"(1)=—8e** [72--1]2-4€74(— 20) —-8e?* (0—1—1) 
So that x'(t) --4x'(1)--4x(t) —8e** (à? —1)4- 16e2*(— +1) 
+4е-#{2-12:—1) 
—4e! [2021-24 444-24 2t— I] =4e* ... (6) 
which is the same as given and hence the result is verified. 
Again from (4), we have x(0)=— 1 and from (5), x'(0)—4 
which clearly satisfy the boundary conditions. 
Problem 41. Solve the differential equation ty"(t)+y (t)+ty()=2. 
Under the condition thai y(0)— 1 and y(t) is bounded. 


Let  L(y())—f (s) so that L f (s) —»(0) ..- (1) 
Now L{y'(t)}=s f (s) — 0), where F(0)—5(8)—1 . 
=sf(s)—1 2.50) 
and —L(y'(0)—s$ f(s)—s F(0)—F'0) where F()—5(0—1 __ 
and F'(0)=y' (0)=k (const.) say 
=s* f (s)—s—k. 


Taking Laplace transform of the given equation, 
Liey (MHL (N}+Lp(0}=0 


ог —-2 Loo- -ду L0(0)-0 
or — Efe f(s)—s— +27001 A O0 by (D) and 0) 


or —2sf(s)=s8 f'(s)+1+sf(s)—1—f'(s)=0 
ог —3f(5)—(s$--1) /'(8)=0 
f'(s) з l 2: 
Integrating, log f(s)— —1 log (3°4-1)++1ов С, C being a © 


constant of integration 
[oi 
f()="Taa ..Q) 
Taking inverse Laplace transform, we have 
1 i 
LY f9)-c І Бі or y0-C м0) 
Initially when t=0, у(ї) =у(0)=1,‚ so that 1=CJ,(0)=C 
(0-1. 


Hence the required solution is y( t)—-Je(t). 
Problem 42. Solve X*--Y'-3X—15e* 
Y'—4X'--3Y —15 sin 2t. 


eo 
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Subject to X(0)=35, X'(0)=—48, Y(0)— 27 Y'(0)— —55. 
Let L{X}=x and L(Y)—y so that L!(x) — X and L(y) - Y. 
Also ДХ'}=з L(X)— X(0)=sx—35; ДХ) =) —sX(0)— X' (0) 
—3$x—35s--48 
= —Y(0)2sy —27; "=. —sY(0) — Y'(0) 
and L(Y')sL(Y)—Y(0)—sy —27; LY") LY) е АРД 
* Taking Laplace transforms of the given equations, we have 


3 15 
PX MEO Em т 


and sy- 2hr-55— 46x35) m o 
is 
or ачу - (35-214 15. )=0 


(md o3) у—( 20-1954 a) 


x —— 
ур 15 
=s ( 215—195 Ex R je) (35s-21+ Aur) 


ПШ оуу у» s 
iE "usi gh) 
4s ( 355—215 ) оз (21-195 ы 


Solving 


= 


жылу Melee aer 
(534-3) --4s* 
1 DATS _ 30s aara 
So that a= Sere L 215+ 1959- Seg 359-215 


це 45 
+o TINO AI 
1 
= EET TITS (COP — 4884 3008 — 63) 
(s+ 1s? --4) —30s(s+1)+15(s?-+-3)(s°+4)] 
355—485 — 3005—63 15(5*4:3) 


SENET) CHIFF) 
30s 


) EFFIE) 
2652—15 , 15,»—369 , 3 _ 15 st 9 5—1 
+) ' 8-9) ‘stl 8 +1 8 SFO 


2.206 _ qoa. pee OF 
EF афа 9+9) 
(by resolving into partial fractions) 


43 45 3 1с 2 
Her 333 Uk ee @) 


ee ET Е 
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See 30s 60 3 2 
: Similarly y= 9 SFI sAr Tua ...0) 


Taking inverse Laplace transforms of (1) and (2) we get 
1-Ҷх) = X230 cos t—45- 3. 361-1 2cos 2! 
2» cos t—15 sin 31 4-3e7*4-2 cos 2t 
and L-(y] - Y 230 cos 31—60 sin 1—3-*- 2-218 res 2 


=30 cos 34—60 sin 1—3e-*4-sm 2t 
which are the required solutions. 


Р 1 дү ау " 
roblem 43. Find the solution of $e wr" satisfying the 


conditions V — x. =0 when t=0. 
Let L{V}=v so that L“{v}=V, then 
2 
E Es -sL(V)—sW(0)—V'(0)-sv—0—0—s'v, taking ¢ as 


д? 
principal variable 
y d* d'y 2 
апі AL {= Er L(V)—31: taking x as the secondary 


variable. 
Also L{x1}= — 

Taking Laplace transform of the given equation, we have 
dèy 
dx? 

ds ЗЕ function is C, e'*-- C, e 
D*—s*=0 gives D=+5 


Sy де, (Ds) v= = where D= i e00 


л 1 DAT Y 
and particular integral p; Pu ш i-(2) | s 
1 D: x x 
ЕРЕ 
The complete integral of (1) is 
›=С,е"+@, eu 2e (2) 


Now V=0 gives L{V}=v=0 for all values of x, therefore C,=0, 
Otherwise v— oo as х» 00. 


As such (2) reduces to v— C, ew . <- (3) 
But when x20, v=0 ..C,=0 
Hence (3) becomes ya 
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Taking inverse Laplace fransform of both sides, we find 
t 3 3 
L(y-r! i-a] Le, y---- X which is the 
required solution. T5 
Problem 44. Solve the following integral equation and verify your 
solution. 


Fü)e- 14-2 ү  Füti—3)e7?* dx. 
Р ° 
Taking Laplace transform of both sides, we get 
HF) La) 2 | Бих) є" dx } 
9 


Assuming L(F(1)) —/ (s) so that L{1}= і 


and |! F(t—x) e?*dx— Jf) , the last equation becomes, 
° s+2 
a 1, 2f0 
feq MI 
or ( 1-5) дэ)= 1 OT f- 1- or дас 1,2. 
s+2 з 3+2 з з 5 Not 
Taking inverse Laplace transform of both sides, we find 
L'(foy-r* Hiec isl i.e. F(t)=1+2t which is the 
Tequired solution. 
In order to verify the solution, putting - 
F(Q)=142t i.e. F(t—x)=142(t—x), 


we have, R.H.S. of the given equation=1+2 { (ü420—23)e* dx 
о 
=1+2 [f €? dx-F21 f e?* dx—2 f xe?" =] 
о о L] 


—1—e3--1—2164- 214 216711 611—127 F(t). —L.H.S. 
Hence the solution is verified. 


10.19. APPLICATIONS OF LAPLACE TRANSFORMS TO 
BOUNDARY VALUE PROBLEMS > 
In view of $10.9 (E), it can Le concluded that Laplace transforms are 
capable of transforming the differential equations with constant 
sies s into SENE сааи in the form of transformed func- 
ion. Since various problems used in physics are mathematically 
formulated in the shape of ordinary and partia! differential equations 
involving one or more unknown functions together with initial or 
boundary conditions fitting the physical situation, therefore Laplace 


transform can be successfull 
otn y applied to such boundary value 
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Problem 45. A particle of mass 3 gms moves on ‘the x-axis and is 
attracted towards a fixed point in its path with a force whose numerical 
value is 12x, Assuming that the particle їз initially at rest at x=5, 
determine the position of the particle at any time t, (a) when there is 
no other force, (b) when there is а damping force whose numerical 
value is 6 times the instantaneous velocity. К 


(a) Let Р be the particle апа О 


the fixed point. Since the particle ЕЕЕ ЗЕТЕ Lec АЙ ee 
is attracted towards О, therefore P 
when the particle is on the right of Fig, 10,3 


> А 

О i.e. in the direction OP then the net force is —12x (being: in the 
> 

NUUS of PO) and similarly when the particle is moving along 

PO, the force being in the direction of OP i.e. again —12x. Hence 


applying Newton's second law of motion i.e. mass x acceleration 
ах 


==acting force, the equation of motion is 3 Ge ee 
d'x 
or ar t4x=0 SUR) 


Let Іх) = so that L(E) x 


^ d'x " i 
© LaL csx(0) х0) where x(0)=5 and х'(0)=0 
ц а? pus CONS SRI Жору 


Taking Laplace transform of (1), we therefore get 
3 E MO 
$36 — 5s--4£—0 or (+4) £—5s or К=з 


Me} = 51? isa Le. x—5 cos 2t, which gives the position 
of the particle. 
(b) In this case the equation of motion becomes 
ах ах d'x dx. 
3 deo 02-6 d ie., as? dt +4х=0 ‚ас (2) 
with the initial conditions x(0)=5, x’(0)=0 


‘faking Laplace transform of (2), L {ir +2L iF } +4L{x}=0 


or $*E—55--2(s£—5)--45—0 when L(x) -& 
! 5s+10 5 
or (s?-+25+4) E=5s+10 or н 


/. 17% {Ẹ}=x=5e® which is the required solution. 

Problem 46. An inductor of H henrys and a capacitor of C farads 
are im series with a generator of E volis. At t=0 the charge on the 
capacitor and current in the circuit are zero. Find the charge on the 
capacitor at any time t>0 if Е=Е,, a constant. 
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If Q be the instantaneous charge and J the current at. any time |, 


d 
then l= : ‹ 0) 


Now voltage drop across the inductor=H ie H 7e by (D 


Voltage drop across the capacitor= Zand the voltage drop across 


the generator — voltage rise— — E. 
us, according to Kirchoff's law, the algebraic sum of voltage 


drops (potential drops) around apy closed circuit being zero, the 


- equation determining Q is 


20,0 40, :Q ee: 
i H Ua +g Em0 oF a CACT A se. (2) 
with the initial (boundary) conditions Q(0) —0. 1(0)=0, Q'(0) =0 and 


EE, for t>0 
Assuming that L{Q}=q, we have 


L 1201 =s*L(Q)—s9(0)—2'0)=s'g—-0-0= 574 
2 Laplace transform of (2) gives L Eel Hc ug-- L(1) 


Le. vat io or (zc) ШР or q= 


Taking inverse Laplace transform, we have 
Q=17(q}=CE,| E? Rie uds 
з PL BE 
i HC 


=CE,| 1—cos | 
. j VHC 
which gives the required charge on the capacitor. 

Problem 47. A beam which is clamped at its ends х=0 and х=1 
carries a ines Te w per unit length. Show that deflection at any 
point is Y(x)= o where E is Young's modulus of elasticity for 

the en eae is the moment of Inertia of a cross-section of the beam 

The transverse deflecti i i is gi 
ый jon Y(x) at any point xis given by the 
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= w 
= Ег 
with us initial condition, y(0)=0, 
y'(0) «0 and y(/)=0, y'(/) =0... 
Assuming that 
L(Y)—y i.e. L(Y) — Y, we have Fig. 10.4 
ied jr tax LY) —9Y()—sY (9)—5Y'()— Y" (9 
yo MC С, under the assumption that Y"(0)—C, 
and Ү''(0)=С 
2. Taking Бари transform of (1), we e 


Saty Ci 
Tas Ey М!) hen tyi C= gj Er tye ato rg 
Taking inverse ерис bo pner we find 


e [o ә 
Y-L(y- 6 0g B +E T = ay ae V7 ee 


Applying the. initial condition that Fano when x=/ and Y'(x) 
=0 when x=/, (2) gives 


O<x</ Ое 1. 
xl 


| 
| 
| 
| 
| 


С? C, wit 
o= TCR EAEI ...(3) 
, Сух? ж? с, wP 
and Y’=C,x+—2= ср eg; gives 0= CH + ger ‚..(%) 


: wl? ERE: 

Solving (3) and is C= BET and C;——5r; which when substi- 
tuted in (2) give 

xt _ wir? wx* их? г 

MEI IEI AEI АЕТ | 

Problem 48. A semi-infinite solid x>0 is Mum а temperature 
zero. At time t=0, a constant temperature U,>0 is applied and main- 
tained at the face x==0. Find the temperature at any point of the solid 
at any time t>0. 


Let U(x, t) be the temperature of the solid at any point x and at 
any time /. Then one-dimensional heat 
conduction equation gives 


au 1 3U 
4x7 kn’ REO Re AD. 


where & is the diffusivity defined by С, 


n 


—2lx-rx ap 


at zero 


x where К is the thermal conductivity, C 
the specific heat and р һе volume 
density. The boundary conditions are 

(i) U(x, 0)—0, (ii) U(0, t) = 07, (given! 
and (iii) U is bounded Le; 


| U(x, f) (<M. 
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suming that L(U(x, 9) ибх, 2) ie. L= (u(x, з), =U(x, 0, we 
уе 
Y id: ve. 0)=su and L Hes o=% 
г. Taking Laplace transform of (1) 
ФМ 1 мог Sa-t и=0 sas 
with boundary conditios u(o, 3) — L(U(e, 1)) —U, u= (3) 
and u=u(x, s) is required to be bounded. ? 


The solution of (2) із. u(x, 3) C, e УТЕС, e-* V9 — ., . (4) 
In order that u be bounded (finite) as x00, we must choose C, —0 
otherwise the temperature will be infinite when х->со, 


Thus (4) reduces to ибх, s)=C, е ^ Valk 


But from (3) u(x, 9-7 when x=0, therefore c=” 
Ё E _U, —xV sk 
Hence the solution of (2) is u(x, )= е 


Taking inverse Laplace transform, we find 


x 2 
U(x, )=0, erf C (x f | 
which gives the required temperature. 
Problem 49. An infinitely long string having one end at x—0 is 
initially at rest on the x-axis. The end x—0 undergoes a periodic trans- 
verse displacement given by A, sin wt, 120. Find the displacement of 
any point on the string at any time t. 


Let Y(x, t) be the transverse displacement of the string at any point 
xand at any time ¢. Then the 


чи e du? 
0 


у лае displacement is given 
y = 
2 d 
OY a boc x>0, 1>0 


or Рт 
. (0) 


x Where = , T being the cons- 


Y (x.t) tant tension in the string and e 
the constant linear density. The 


Fig. 10.6 boundary conditions are 
0 
(0 Y(x,:0)—0, (ii) oo 0)—0, (iii) Y(o, 1) =A, sin ot, and (iv) the 
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displacement is bounded i.e., | Y(x, t) | C M. 
Assuming that L(Y(x, t)) (x, s) i.e., L^(Y(x, s)) = Y(x, t) we have 
etY _дҮ ЖЕРЛЕ ке Сү: 
1, ios {== n sre 0 àr (x, 0) 2s*y—o—o 
«бду d dy 
and L {сег = 
7. Taking Laplace transform of (1), we get 


sty=a? = ie., ae y=0 ++ (2) 

with the boundary condition Y(o, )=L{Y(0, t)) —L(A, sin wt} 
у = I and у(х, з) is bounded. e) 
The solution of (2) is у(х, s)=C, e-**/*-- C, eei e (9 


But y(x, s) being bounded when x—o0o, C,=0 otherwise the dis- 
placement will be infinite when х +оо. 
2. (4) reduces to у(х, з) = C, e*ls 


Applying (3), we find С,-= zs. therefore the solution of (2) is 
yox, з) a e 
Taking inverse Laplace transform, we get 


$4, sin w(t—x/a), t>x/a 
yc, =} o ,t«x[a 
which shows that a point of the string is at rest until /—x/a and there 


after it undergoes motion identical with that of the end x=0 but lags 
behind it in time by the amount хуа. 


10.20. THE COMPLEX INVERSION FORMULA OR INVERSION 
THEOREM 


Jf L(F(0) —f(s), where F(t) has а continuous derivative and is of 
exponential order, tren 


| 


ytio 

Ла ds, t>0. sace). 
In the previous chapter we have introduced that if g(t) be a func- 

tion cf ¢ having continuous derivative such that dE g(t) dt is abso- 

lutely convergent, then the Fourier's integral is E 


goat d dx [5.5 cos x(t—u) du s i 
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But cos x(t—u) being an even fuaction of x and sin x(t—u) an odd. 
function of x, we can express (2) as Я 
)= 1 [9 [0 фи) cos x(t—u) du 
=; D T Lx 


(O1 fe 
72x Ко 


and ^0 dx Lr Hu) sin x(t—u) du 


or «0-3 ike dx I 9 (u) [cos xt cos xu--sin xt sin xu] du 
. (3) 


] [oe © б PT 
and 0— 2n | dx | ф+и) [sin xt cos xu—cos xt sin xu] du 
.. 3 (4) 

“Multiplying (4) by i and adding to (3) we get 


$ 0-4 fic dx aes $ (и) [(cos xt cos xu--sin xt зіп xu) i 
i(sin xt cos xu—cos xt sin xu)] du 


i dx ue 4 (и) [(cos xt+-i sin xt) (cos xu—i sin хи)] du 


mcis ax [^ $ (ш). e*t etm du 
- -%9 


2r ]-oo 
- эк Ж et dx E $ (и) e-** du 


Assuming that ф (1) =е77* F (1) for (20 and $(t)-—0 for (<0 so 
that the Integral theorem is also satisfied, we have for 170 


en Fio-3- |^. eet | © F (u) edu, (1 


Ыы L um omt ax{? eii u F (u) du 


5 1 [o SF 5 
set F (0-- Ж [ee Lg Aum ix), put y-Fix==s so that ds ~ 
* id 
з рүн ui jig 6e КУНАЗ 
=ч] в" fade [retia o 
х ж 1 Y*ioo P Я 
fie 2 FO 2s ES е t f(s) ds. 


Aliter. By Cauchy's integral formula, mentioned in chapter on 
complex variab!es, we have 


wc f fo 
лә], T 


| 
1 
| 
у 
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Assuming that f(z) is regular on phe right of x=y and distorting _ 
Y д : 


the contour C and integrating from 
y+iœ to y— ico, then to the right 
ofy—ico to y--ico and back to 
үс, we get, Y 
Yoo 
R= |. > fz) dz 
умно 2—34 
_ 1 роо fiz) dz 
T 2ч [ж 5—2 9) 
Now since y must be smaller than 
the real part. of s i.e. Y«R(s) and 
assuming that L^ ( f(s))— F(r), we 
get on taking Laplace transform 
of (5), 
v YHOO 1 
-1 E Y 
L^ Ui) xa], Lfd E PE 
dv. 
2тї 


he FO) Ey Адена: c Lef? ete! di 
SJ о 
{ Í 
a ERORO 
1 Er 


mp7] Au fis) ё'* ds (on replacing z by 5) 


=sum of residues of е'* f(s) at the poles of f(s) 
= (residues of e'* f(s) at poles of f» . (6) 


This gives the use of residue theorem in finding Inverse Laplace 
Transform. j 


Note. Referred to Fig. 10.8, if arc 
BDEFA —T' and 


bysie T= у R*—r*, then 
F ()- Lim = La et fis) ds 
Row 2i Јунт 
x or F()- Lim 
К-»00 


iw E 
X etm 40) 


Fig. 10.8 where C is the contour of Fig. 10.8 
and known as Bromwich Contour. 


; 29 
" m. RUD пась T A 
Problem. 50. Evaluate L f 6106-2: { by residue-method. 
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ie 1 е“ ds 
Wo муе 29 lenez (2—2) {= p эү» ro CFI) (82) 


ius e ds GD 
2-x NOTI E of residues of GED (5—2)* 


at xd з= —1 (simple pole) and s=2 (pole of order 2). 
: е“ dd 
But residue of 6GTDG—2 ats=1 is Lim (2+1) f(s) where 
a ЕГ, еа du 
I= (у) К : zlmgy-25797 


and residue of 2j 8t m two) 


(s+1) ee 

= Let aL ira "enm rz - в Gr 

m SED (79 а 
SED 


1 
Jl 
казр lie 9 e 


i б 1 feel І 
Hence L 1 Gil Gay "s 96 Epp есин, 


Problem 51. Solve the following differential equation PX ug 


2 
Given equation is . SX мх 22 Cl) 


Assuming L (X (0) =х (s), X (0)=¢, and Х'(0) =с;, we have 
L | =” LAX) —5X(0) — Х'(0у=?х—зсу— г. 


2. taking Laplace transform of (1), we find 
E [ж ү” L(X)—0 i.e. s*x—se,—c,+-A*x=0 or (5*--A?)x 
=se tes 
1. x SC TEES ics 
30-6. SC, +C2 2 2 A 


on x= ерау йу = = CERA U гк 


A та ie, i 
V ее Amp and д0 (6 


Applying me inversion theorem, we get 


Ay YH et 
xs een d + ura ix dA Ash (вау) . 
1 [7+0 et 
Hee = HV ds. Put s+iA=S i.e. ds=dS 


Ei Trent ees ar l [7500 est ds 
251 jmo S Rri Jy- S 
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еа (Residue of 2. a1$—0)— 6€ Lim S. © — e 
S > ES е БН 


Similarly 7, —e^*, 

Hence  X— A, e*4t+-A, e'àt which is the required solution. 

Problem 52. An infinitely long circular cylinder of unit radius has a 
constant initial temperature U,. At t—0, a temperature of OC is 
applied to the surface and is maintained. Find the temperature at any 
point of the cylinder at any time t. 

Take any point P of the cylinder. Taking z-axis along the axis of 
the cylinder and x, y axes as shown in Fig. 
10.9, let (r, $, 2) be the cylindrical coordi- 
nates of P. Now the axis of z being coinci- 
dent with the axis of the cylinder, the tem- 
perature is independent of ф and z and as 
such it may be taken as U (r, t). 

The temperature at any point of the 
cylinder is given by i 

dU (FU 1820 
ài «(55 hee ar Xo <г<1 
A 
with the boundary conditions (i) U (1, #)=0, 
(ii) О (r, o) -U, and (їй) the temperature 


is finite (bounded) i.e. | U (r, t) | <M. Fig. 10.9 
uU 120 
The equation (1) is equivalent to iz. 20 + 7 «++ (2) 


Я U au 
where t is to be replaced by kt since T E = Okt) 


Assuming that L {U (r, t)}=u (r, 3). * have s x 
ог d du Su) d eager 
EA A ae ant Om ae 
and ц at =s L (U)—U (r, 0)=su—U, 
2. taking Laplace transform of e we m 
Фи du dé EES Lo udi 
su (r, s)— U= dí r4 tat, Tm зи ) U, (3) 
with the boundary condition, и (1, s)=0 and u (г, s) is bounded. 
In order to find the general solution of (3), let us take (wo steps. 
First step. The complimentary function of (3) is given by 
ди du du du c URN 
Stra "00d +(:0)=0 ~ б=—1 
ог A +44 +03) u=0, which is modified Bessel's equation 


r 
of order zero and may also be expressed as 
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i аи 1 l4, — d'u 1 du 
ТУЙ de Өй т d 09 qv is ауз) 

+u=0, 


d 1 du сЕ 
ог a y +и=0 when iy sr=p. 
Being Bessel equation of zero order, its solution is 
ua, Jp (p) i.e. (г, з)=а» Jo (iV sr), а, being arbitrary corsant, 


and this is the complementary function of (3). 
Second step. The particular integral of (3) is given by 
аг dr 
As discussed in the Chapter of differential equations, its reduced 


equation on changing the independent variable r to z by the substi- 
tution, 


1 2 
z— [= 4-17-42 № т, becomes 
Мт 


Фи — Х 
"dp + 2s ч Ха where оле —rs and AAN 
dx ) SES. dx ) 
z—U.r 
or A —sru=—U, r or (D! —sr) im ERE Di 
2. Particular integral 55 Сг - E ze 


5 
fZ. 
Hence the complete integral of (3) is 

u (r, з)=а, J, (iV/ sr) + D. 
Initially when r=1, и (r, s)=u (1, 5)—0 gives а= Ew __ 
Bee ул 


Thus и (r, s)= D Um. 


Now using complex inversion formula, we find 
U, f +90 е ід гу. 
Ve amc 35 | EET, suem ...® 


291 15-60 s J, (уЗ) 
1. ("0 e^ J, (iA sr) e J, (in/ sr 
H uA i К o GA/ 5 ) 
lere э], 12,05) ds=sum of residues of SEW: OVE] 


at the poles given by 7, @y/'s)=0 


| 
i 
4 
E 
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Now ЛРУ), has simple oe at the points where 

iV s, М, Agnes Anse» and bie 

=n ee nat 37 ... and at s— 0 
ie, s=—A,* where п=1, 2, 3, ... n ids at s—0 
etw) бун) at s=0 is = Lim (s—o). ЕЛИТА (iy/ an 
s Jo (iv) 5 J, (iv s) 
e 27, (0) | 
Ј, (0) — 


at з= — №? is 


Residue of 


= 


ett Jn (iv sr) 
s J, (уз) 


and Residue of £ 
Bim. (55A) 1). Ja Cvm 
. 35—12 s J, (йуз) 
= Lim et Jv (ist) Lim uim 

59—32 5 Sw J (ivs) 


d 94 «ian Ў s+, 
ze LOS Ме „Ж 
e^, Lim EZ form — 0 


eM Jo (Nr) ; n UE 
E ac a PD AY Hrs ideae 
+ ў GT VAY А) (differentiating num 


bg denom. w.r.t.s) 


LEN Jo nt), an ERA =z} 
=м o Te On) уз i 
[2e J, (А, ғ) ey 
TAA < 0) —45 (х) 
Hence (5) yields, i A T. 
nn f aem OV) oy, $ $374 Qn 
U (r, t) -U, о. 2 се T } 20, > „7 б) 


Replacing t by kt, the required solution is 


$ ек0? aJ, ) 
U(r, )=2U, X Rey XA A 


ADDITIONAL MISCELLANEOUS PROBLEMS 
Problem 53, Solve a X sot =cos ut, 270, subject to the initial conditions 
х=х and ax, when t=0, 
Ans. x —X, cos wt +x soot x sin of. 


Problem. $4, Solve 3 “1 к + Žž =1, 120 and $1 +4!+зху=0, иб. 
ject to the initial conditions ху =0= ха when 17-0. Y 
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at LiF «n = lesen 

Аш. хү= о —-сё ' 10° 13 and xs z e ). 

Problem 55. A constant electromotive force E із applied at 1—0 to an electrical 
circuit consisting of an inductance L, resistance R and capacitance C in series. The 
initial values of the currenti and the charge (4) on the capacitor are 0. Find the 
current, 

da 


Hint: The current is given by L-Z 64-6 Е where S i. 


E 
Ans, i= ——e'^ sin wt if ot >0 а 
eL SR and HODIE MON XR 
E 2L LC A4L3 
Tp" ifot=0 


=e ee sinh ktif «* 0 where 2—0? 
Problem 56. Solve Bases equation $3 41 ME ( -®) 1-0. 
Ans, 2], (u). 
Problem 57, Show that the solution of 22 +. айу F(t) subject to the initial 
а? 


Conditions y=0=y' when 1=0, із yet J j F (u) sin a (t—u) du, 

Problem 58, A particle of mass m can rm small oscillations about ition 
of equilibrium under a restoring force pol apa the displacement. It is HII from 
Test by a constant force Fo which acis for a time T and then ceases. Show that the 
amplitude of the subsequent oscillation is (2 Fo/mn*) sin (пТ/2). 

Problem 59. If La be the Laguerre Polynomial given by Ly (х) dpt 

(3—1)^ F 
then show L (Ly W= ас 

Problem 60, Prove the following: 

$ 2 stl, 1 1 
@ L {Psinh 1} og £L, (д) Јоле d Ls. 


ii) pf. Sls) ci 
йй) Чъй fo? 5 (1-2 k. ww)  (1-269-9). 


ү: rive 61. (a) Find the Laplace transforms of the functions е-%, cos (bt--a), 
(5) Solye by means of Laplace transforms 
214 f y di—15 :'+2/ +y=sin 2; 2(0)——1, (00-1 (Bombay, 1965) 
Problem. 62. (a) Define Laplace transform of a function f(t), obtain the Laplace 
transforms for i) ", (i) e7**, (ii) sin wt, (iv) teat, (y) fire а. 


(b) Solve the following differential equations SE +64 113-0 
using Laplace transforms, given that х=3 ana & =6 when t=0. 


(Bombay, 1970) 


ee иеа 


CHAPTER 11 


HANKEL TRANSFORMS 


11.1. INTRODUCTION 
In $7.5 [B], we have mentioned the form of Laplace's equation as 
ey «ү ду 
аке. E isse 
V'yz гта y + E 0 (1) 


This. can. be transformed to cylindrical coordinates (и, $, 2) by 
using the transformation x=u cos $, y sih $, z—2 so that их? 4 y 


and tan $-2- 


Giving E =} sing, са оч and 36 _ ef 


QV Vu , Vag, ver av aV( sing 
Эх 7 ди Ox it тун eM и ) 
ә sing 9. 


h ш? д 
Le у =со $ Ser UM b 


x Ox ди u ep 
: sin $ дУ` 
: gu HU 
CV 2sin$cosé ФИ , 2sin$cosg ду 
ди? и диф ut 


sing QV sin'$ V 
T. du^ wo 


i. y V i ey 2si er 
similarly Fr aint EE + 2 sin sess a _ 2sin eon $ T 
соё UV | cosg ay 

и иі а We 


0 229) 


DUE Y MY NE. 
ди? u Фи Т a og + dn 
is the cylindrical form of (1). 


In order to solve it by the method of separation of. variables 
discussed in $7.5, we put V=UOZ (3) 


where U=U(u), Ф=Ф($), Z— Z(z) 


so that V?V— 
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we have, 
oV 0220, 9 V ey eu гү eo = 


225 ——— = =U0 = 
ш ee au ae Oe oat Ope Ор and -a 
Their substitution in (2) noe 

eU 1 au 


cm RE ж, (4 
OZ A Uu ay bets l uz 99-+1092 0 (4) 


раи Wu ae by 5 9 Z, we find 
ЁШ. 1100 1 PZ o (5) 

= e *u du dus @ agit 72 ez dem 

The first three terms being independent of z, so must also be the last 


ie CZ С being a constant. ... 6 


Again the first two and the last terms in (5) being independent of $, 
so must also be the third one and hence aeo. D being a constant 


. uU) 
As such (5) becomes 
I 
v SU cu ЗЕ +(р+Сш)и=0 S. E 


If we put Cok*, D=— r°, (6) and (7) become zz =k*Z and ~r p 


== —n* Ф whose solutions are Z=A,e"+ B, e* p =A, cos пф+ В, 
sin np respectivel y. 
and $e reduces to u* E +u 20 +(k?—n*) U=0 

ү u; 


With v—ku, this becomes, у? = LESSE v U + (nt) 0=0 


..(9 
which is Bessel's differential equation of order m aud its а 
arc known as cylindrical functions or Bessel's functions of order п. 
Hence if Jn (v) be a Bessel function of order n, then the solution of 
Laplace's equation is V=U®Z=J, (ku) ein’ e-t-kz ..(10) 
which is known as a Cylindrical Harmonic and this hi 
symmetrical about z-axis if n=0. porno и 


In $8.4 we have already discussed the Bessel's equation in the form 


Фу (d dy n 
pmi cm Se (- 3 x +)y=0 Bea | | 
which is the same form as (9). 
Its solution is y= 47, (x) + BJ_,(x) . (12) 


A, B being arbitrary constants; and J, ы 
Qu UAM M dore ng om Bessel's func 
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oo nir 
POSS (+) 
0а) (13) 
со —ntir 
and у= 2 (005 
OU ттр) 
such that J,(x) =(—1)"Jn(x) ++ (14) 
The series on the right of (12) is absolutely convergent for all values 
of x. In case 7 is an integer, the second independent solution of (11) 
may be shown to be 


G (x) —- cosec [J_,(x)—e-**J,(x)] (15) 


where G,(x) is known as Bessel function of the second kind of order n. 
In this case the general solution of (11) is 


у= AJ,(x) + ВС„(х) oct (16) 
Also, we have the recurrence relations for Bessel’s functions of the 
first kind 
xJq! =пЈ—– ХЈа =XIn-1— y 5 fio 
24, =n 4— Ја . (18) 
2пЈ,= x(J,-14-J944) . . (19) 
d 
dx (х) = —X "Jua + (20) 
d 
as (x45) = х", «+ (21) 


' Here (21) provides the definite integral 
[Eee [ m T mina п>0 . 022) 
0 


If we put n=1 and make the substitutions x=tr, р= 52 in the 
integral on the left of (22), we find 


[тво a ао ‚..0з) 
0 


which is frequently used in the application of the theory of Hankel 
transforms to special functions. 
Also we may write 


Јева [o eg rnm а= [ 60 T 

-т] мю 

Now putting on the right of (22), n—2, x—Er, и=Ёа and using (19) 
with n=1, we may Bod |: PA Ende s | 2460) 


+(ж- $ Ga) | ‚..04) 
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Subtracting (24) from (23) multiplied by a*, we find 


[ч-да S nE- F M0) ...05) 
А few more integrals involving Bessel functions may be referred as 

[енеда в - - (26) 

O asy Wn NEE ЖЕЕ 

fi dre ETE, 07) 

| еси рунде Ву?" ...Q8) 

f? ae te (Eds e (at +2" ‚..(29) 


[rea (£o dx. (+E a ‚.(3@) 
e x Е 


Further if п is half an odd integer we have 
j х" SAU ed xt 
00) za nent [125031)* [2290-1 (л 6] 


G1) 
which gives for n=} and n=—4 
2. Be 
Jus(x)— Je sin x and J_,),(x)= JZ 155(32) 


112. DEFINITION OF INFINITE HANKEL TRANSFORM 


If J,(px) be the Bessel function of the first kind of order п, theo 
the Hankel transform of a function f(x), (0<х< оо) denoted by 


Лр) is defined as 

A oo 
Дре | fx) xJo(pxddx ed) 
Mee xJ,(px) is the Kernel of the transformation as referred in 


We sometimes write (1) as 


HES G9) -füp- (Pre. хларэдах 24 


Problem 1. Taking xJo(px) as the Kernel of the transformation, find 
the Hankel transform of the following functions: 


(00 дә= Shade" ii pao о D 


AUR &—x' о<х<а ,n=0 
qn f= i Oy, xa ono 
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@) we have Hi Дх)}= fip) | ES xdpxdxe 


E 7T, (px)dx —(a!-- p!) 3!* by (26) of 811.1. 


(i) Йр)= E e *xJ(px)dx— ое (28) of 811.1. 


Aliter. fp [^ e, эе. е-*.хМ(рх) Т 
+1 10е em {хрх (or integrating by parts) 
zr je es (Jo (px)-- xy (px))dx 
Es + ү eJ px) dx+— (> e xJy(pxdx 


But we have xJ,'(x)— E) D by (17) of §11.1 
writing x—0 and replacing x by px, we get Ј,(хр)= —J.(Xp) 


es p= a xJ (px) pdx 
a Jo 


C + 3 ape i г by (26) and (27) of 811.1 


трут | 
(i) Hte fn |270). чон, 1.х)(рх)4х 
+f? 0. xJ (px)dx— E Јар) by (23) of $11.1 
@) HL fo) fp |до дарах [^ qf mapa 
WE 0. хрх) dx 


-|f Зард 25 20 y, (pa) by (25) of $11.1. 


Note. On the next page we have tabulated some useful Hankel 
transforms. 


11.3. INVERSE FORMULA FOR HANKEL TRANSFORM 
TA Лр) be the Hankel transform of the function f(r) for — оо <х< о, 


ie, fip) E Дт). rJ. (pr) dr .. AL) 
тел [^f fip). p«(pr) dp ‚..@ 


is said to be the Inversion formula for the Hankel transform Яр) and 
we may write f(r) -H- (f(p)) 248) 


pee II DEANE ae 


УФ) 


х". 0<х<а } 
2, x»a 


1, ied 
0, ара 


а4%—х%,0<х<а 
0, х>а 


xnl 


!ox eom 


ачы 
poo (pa) 


Sa Ji (ра) pi Jo (ра) 


отта) 
p AT (b — pnr do) 
Мрї+а%—а 
‚Р 
a (pta) >” 
mer 


(р2+аз) 1° 


fà) n fip) 
Sind 1 SEHE Dep DR 
x poppe 
ea 1 p (phat) 3 
sin ax o 0, p>a 
a (g—p1)1?,0cpca 
i Ries 
ES i [arcar r>a 
0, p«a 
sin x* 0 sin 1 I р>\ 
E PX 
a 
(4+ хз о e a» 
pT ck += 
222 x 
xm-2p—ax* 2-1 2"+1 рта ?T (13-8) 


ы ай: AREA 
Fu. 4a 


in terms of confluent hyper 


\ geometric function. 
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In chapter 9, we have intróduced that if fis) be the complex Fourier 
transform of f(x) in —co<x<o, ie., f(s)— furo "ах 
Then we have f(x)— E („йә е“ dx, 


In $9.10 [F] dealing with multiple Fourier transform, we have 
considered the functions of two variables such as 


Лз, = fe. | y) mdy dy «+ (4) 
1 f^ ©. Сә 
then f(x, у)= y | [°„йь t) e*t dy qi 249), 


If we put x=r cos 0, y=r sin 0, s=p cos «, t—p sin а, then (4) and 
~ 2 
(5) transform to /(р, «)= [^ «| "frr, 8) etsreorte-igg 80 
о о 
LL 
Taking f(r, 6)— f(r) e-*"*, (6) reduces to 
Яр, ®) = NL af” «К+ cos 86—9)) ap 
L] о 
If we now make a substitution, $-2—6—7, then it becomes 
Яр, )%=| pm r arf” авт co tnm ay 
° ° 
[PM rar, entia f" atm in ар 
° L] 


-[° fir) ғ dr. 2m en (12), (pr) dr 
Jn (p= > IN Jr) T 
ase 12-9 |? ду). r J, (pr) d 
=2n ein (7/2—a)F (5) D 
Again taking f (r, 0)—f (r) €^" , and using (8), (7) yields 
Де) ei? -—. p dp E: 27 ein (n/2-2) F (p) 


e—ipr cos (0—&) gy 


x 
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: | "pfo gf" сх(5/2—«) -pr cos (8—2)) der 
o о 
Putting ф=#—«+—5- ‚ this becomes 
f(r) em? pf (p dp ү „{п%—®% тен (912—4) д 
=з" pf) dp р” gm —pr sin 9) ду 
ie fs |; PI) Ф 28 Ф) Ф 
eM 
-[ f». 004 


which is the required inversion formula. 


Problem 2. Find H~ {p° &*?) when n=1. 
We have H7" (p? e*r)- |? pt er p (рэ) dp. 
=|? e J, (px) 4р _ (ахуа 
° Р x 


` 11.4. PARSEVAL'S THEOREM FOR HANKEL TRANSFORMS 


If f(p) and р) be respectively the Hankel transform of f(x) and g(x) 
then P x ft) a(x) = |р) ai Ф. 2:0) 
We ваме p f) к(р)4р=|, p Fir) Ф| x ко) Ju (рэ) & 

(on substituting £ w= w x Ja (px) dx, n>—}) 


co о 
of? хво) ax [7 о) а) ах 
(changing the order of integration) 
=|? ха) ло) dx by $11.3. 


11.5. LINEARITY PROPERTY 2 
If f (x) and g(x) are two functions and C,, C, twi tants, then 
Bie сос HF ONFG Hi) (I) 


We have H (C, f @+G 09) |^ (С, Ло) eh Jp) dx 


=с, E FD. x In (рх) dx-- C, je 20). x Jn (px) dx 
=C, H {f (O}+C, H {e(x)}. 


` This result can be extended to any number of functions. | 
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11.6. HANKEL TRANSFORM OF THE DERIVATIVES OF А 
FUNCTION 


Itf, (p) be the Hankel transform of order m of the function 
49 i.e. : 


re =|” x f (x) Jn (px) dx, then the Hankel transform of 4f is 


pao Ds M Jn (px) dx s у (D 
= 22 о» |°-|® SOL) dx ... 0) 
(on integrating by parts) 
-- [Pro n+ л qa а 29 
under the assumption that x f (x)0 an x0 or x->00 

-- [EA (0-97 ә) dx— [px f 60 Jap) ах 
C^ x Jn (px)=px In py n Ja (px) by (17) of $11.1) 

=и-0| re 5 0D de-o f. Ф) 


e (n—1)I—p fa-ı (p) (say). . .4 where r=” FS (x) In (px) dx 
The recurrence oe 
Je ( gode x^ (х) Ља (00-0 gives 


Jua (PX)— E: Jn (рх), (px)=0 on replacing x by px 
i.e. 2n J, (х)=рх Ja, (x)+PX (Хх) 
suba 2n ed (^ £09 3. (09) dma] [7 xS) J (рж) 
det [P xf һы (09) ах ] 
=p fa- (P)+P fais (P) ee) 
Hence (5) та to 
f = агам (p4- 74 L p fan (P)—P faa P 


t 4 BEL ea - fn 0] E 


which gives the кй Hankel transform of 47 
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Replacing n by (n—1) At (n4-1) in po (6) yields, 
f 9-3 aea 7. Ф- A hw) | 


and fein (p- 35 XD 5 (р)— EIE fra w] 
Using these results and replacing f by f ' in (6) we fird 


fe =—0[ P9 Pu. o] 
= [IL 1m AG] 
uv (1) 

COROLLARY. Putting n=1, 2, 3 successively in (6) we have 
K w=- fo) 20) 
4 o--r[3 A050] 2) 
&o--[2e0440] .. 00) 


2 
117. HANKEL TRANSFORMS or “4 OE 1. at 


$a i a Æ f UNDER CERTAIN CONDITIONS 


We have nf ы 2- Pay PS E (px) a [A x Jn (px) T 


d 
- [PL A Gus (93) а. 


LJ 
Assuming that x f(x)-0 as x0, х->со, we have 


нєт { = ha [ IP +P px) [ix 
= | х onde 
Ce eee 
=. хе - Pro £ bacon ја 


=р [Prog AT 20» 


w oxf(x)—0 as x0 or oo. 
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But J,(px) satisfies Bessel’s differential equation 7.e. 


d dy nt 
&(sz) G-)o-* 
d d 2 
a x gro )+( 1-5) J4(x)-0 


14 j п? 
y d^ (pie -( р) р), 
on replacing x by px 


or 


or a poete -( p-— yen 
As such (1) reduces to 
e Sel 22 af xf (px)dx 


=f? ral E „(рх)дх 
or NC l 2 m f) xJ (px)dx 
=p [^ re). xps 
© -—p' fp) by $ 11.6 es (2) 
where / (р) is the Hanke! transform of order л of f (x). 


COROLLARY 1. If we put n—0 in (2), we get 
2 
PI 47) мәх -P RO) E 
° 
where fp is the Hankel Transform of. Zeroeth order. 


COROLLARY 2. If we put л==1 in (2), we find 


L «(22 ef Lx ae a yn Pp 0) 
а. [P= df J (px) — fp) О) 
where ў (р)= f 9x Д\х).Һ(рх)ах. 

Problem 3. Find Hj ary when f= and nl. 
We have 


HSL} [P x рой apost nis 
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oo Sia) 
-—p xf XM px)dx= -f eJ (px)dx— toi 2 
. 0 (a^ p 


Problem X. Gud uj | when fes fx. B; 


Т 
Er} jo гу LS [oo к 
We have н Ра HE х 21 мрдт= 2, [ Ах, DJ, pxdx 


dic 
= ЇР, 2). 


orf | dfi _. 
Problem 5. Evaluate f dU bu ас ) xJ(px)dx, 
when f (х) е, 

We have by (3) of 811.7, 


со 2. a a Mur 
É x qf $ i rf ) Jy px)dx- —p* f.p) 


afo —ap* 
=-к|; hpx dx es А 


11.8. APPLICATIONS TO BOUNDARY VALUE PROBLEMS 
Whenever there is symmetry about an axis in a problem, then the 
use of polar coordinates is advised. Using Hankel transform a J 
variable ranging from 0 toco can be excluded. 

Problem 6. Find the potential V(r, т) of a field due to a flat circular 
disc of unit radius with centre at origin and axis along z-axis, satis- 

Е С 
Jying the differesticl ‹ quation x a e Р ar =0, 0&r&o, z20 
and the boundary conditions: 
(i) V—V, when 2—0, 0<т<1 


А av V = 
(ti) Эг =0 when z—0, r>I. 


Taking the Hankel transform of the given equations for n—0, 
we have 


[5 av 1 wv av 


o 

ars d m ) prre — [^ ass olpr)dr 
Ка dy ~ 
Boo ИИ Fy Where P = [ота ee. (0) Р 
; ў 
x 1 
a Б 8 | 
le., dz СР У= 0 whose solution is y (р, z) = Ae*?-- Be-7: Ў 
.Q ч 


Now since У->0 as z-«oo and so LESER 2-+00, therefore 4—0. 
As such (2) reduces to Yo, z)— Be-». 
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But B being independent of z may be taken as B(p) i e. function. | 
of p alone. 4 
Vip, 2) - Bipe-** 
App'ying inversion formula, 


Vas) = [Papen pI (pridp Marien s. 
LI 
Applying the conditions when z—0, 
y- J p. В(р)Ј рар = V, 0<т<1 E 
0 * 
ди et er 
and (m). s -p —р*В(р)Л(рг)4р=0,г:>1 
o 1 
i.e. | pig py prep =0,г>1 09) 
° 


Comparing (4) and (5) with the integrals 
sin 


[ese dp= = <r <li andi 
o 
(6 JAqpr) sin pdp= 0, r>0 respectively. thon. we find 


22 , snm 
В(р) == u eS 
Hence the rcquired solution is 


Vir, 2-2% L er 25.7. grip. 


Problem 7. Гле magnetic potential V for a circular disc of radius 
a and strength ©, magnetied parallel to its axis, satisfying 
Laplace s equation is equal to 270 оп the disc itself and vanishes at 
exterior points in the plane of the disc. Show that at the poist (т, 2), 


o0 
220, V= 2ке f e-n (pr) (pa)dp. 
The magnetic potential И satisfies the Laplace's equation 


H 
PE AROE FY o greco 


y or +7 a tad 
With the boundary condition 
V=2re, 0<r<a, z=0 and V=0, r>a, z—0. 
Hankel transform of (1) for n=0 sixes 


Ч / ә 
: M SE ph er) podr P EE. . rJ, (pr)dr —0. 


Qr “т Or 


ог p+ 901—0 where 7-(° V. rJ (pr)dr A 
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ETE [ғ lu [ |, rJ (pr)dr-- Í T E тардаг 
а 
. 


-[ 2o. HA pndri-0—2 | 2x ода 
e p dr 


== (pa) 20) 
“Solution of (2) is = еэ Вет ...(4) 


But V0 as z-»oo 7. A=0 and so (4) reduces to = Ве» (9) 
E (5 


From (3) and (5), we tave[ v] =B= Tet J, (pa) 
=o 
Hence v= n J, (pa) e” 


Applying inversion formula we find 


V(r, 2)=2тва [Pen Ja (pr) J, (pr) dp. 
о 


11.9. FINITE HANKEL TRANSFORMS 


If f(r) be a function satisfying Dirichlet's conditions (given in 
$9.7) + the interval (0,a), then its finite Hankel transform is 
as 


fof ef (0) Jn Фит dr 20 


where p; is a positive root of the transcendental equation J, (p,a)-- 0 


` Also at any point in (0, a) where f (x) is continuous, we have 
2 i Л(р‹т) 
DS Д 
Sir) ay f (ps) РД (pia) 15:3) 
Note 1. For the sake of convenience the upper limit a is generall, 
converted to unity (1) by suitable transformation, E er 


Note 2., All the roots of J,(A)—0 are real and unrepeated (except 
№=0) It is more conyenient to take the sum over all the positive roots 
Me. As such when n—0, (3) can be easily transformed by substitution 


A 5 
P= е“ In case а=1, the £guation is automatically reduced to 
Jo (p) - 0. 


Note 3. When n— 0 and a1, then J,’ (x)= — ў 
$0 hor ihe inversion formula (3) becomes OSTAD Te А 
=2У f (p) 29) à 

fr) 25 F (Ps) T Ф987 2 (5) 
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where p, are roots of Jy (р) =0 32:00] 
Note 4. If f(r) is represented by generalized Fourier—Bessel series 


ROSE «ra zu 
then the coefficient C, is given by 
CENE OE | rfi) Ja (ри) dr 
aJ (рга) ^? 
-.2f(p _ 2 f (pi) ; 
a а (а) | 5 “| А! a) | xo. deae 
Hence f (rye A 2 f (р) г 300, 1.9) 
ag E ( p:a )] 1 
In case а= I, this becomes 
f()-2 Х/Ф) CERE +++ (10) 
i 2, (^ ) 


Summations being taken over J, (р)=0. 


Note 5. f (7) is the inverse Hankel transform of f (p). 

Note 6. r Jn (pir) is the Kernel of the transform. 
Another forms of Hankel Transform 

[1] When, the range of variation does not include the origin ie. 
f(r) satisfies Dirichlets’ condition in 0<b<r<a, then the finite 
Hankel transform is defined as 


Fef’ rro [x oe) Yu оос Y. рг) Jue) Jr... 00 


where Y, is the Bessel function of order n of second kind and p, is 
a root of the equation 

Jn (раа) Yn (pub) —J» (рі) Yn (p) —0 2312) 

Also then at each point of (a, b) where f (r) is continuous we have 
the inversion formula 


2p? J? (pa) (p) 


fim [логот ра) 
і JÈ (pib)— Je (риа) 
25019) 
where the summation extends over all the positive roots of (12). 

[2] Iff (r) satisfies Dirichlets’ conditions in the closed interval 
[0, 1] ie. 0<7<1, and its finite Hankel transform is defined as 


Tof rf (0) Ja (par) dr 04) 
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in which p; is a root of the transcendental equation 
pP Ji (+h Jn (р)=0 9) 


then at each point of [0, 1] where f (r) is continuous, we have the 
inversion formula 


а ie Jn (pr) 
fiers KEAN AAEE n 
‹ p tpn (p ets) 
whete the summation extends over all the positive roots of (15). 
If n=0, (16) reduces to 


T= 


ay S(O) Ja (pr) 
p. SAREE - (17) 


A (р) 


and (15) reduces toh Jy (p)pA (р) ^^. A (p) —J (р) ... (18) 
Also using (15), (16) may be written as 


fuas M ы) 
? peu ‚ RJ (р) e 9). 
Ex 
or^ of @R2E Se... (pn) _ 100) 
P MR J, Ф) ; < 
where the summation extends over all the roots of the equation 
pI (р\ 
AES pede ӘӘ) 


Evidently if л +00, then (20) and (21) reduce to (3) and (2) where 
a=} and hence we may conclude that (3) and (2) are limiting case of 
(20) and (21) respectively. 

Problem 8. Find Hn {r™} taking ғ Ja (pr) as the Kernel of transform. 

d 


era МЛ (А) Fe PES (x) 


b b 
| at Jua (x) @х==| x" оо] =" J, (Ы. n>0 
0 К ° 
Ja (х\->0 as x-+0 


b 
Replacing л by (141), [^ ant Ja) sin? Л (5) 
QA 


Writing pr for x and pa fcr af r". r Ja (pr) dr= ama ps): 
у 9 р 


1 
i 
| 
| 
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А ] gn 
ln { Lid jz J, 


1 
n+ (ар)= y? d for a—1. 
Problem 9. Find the Hankel transform of y en (2) ) Saking xJn(px) as 


the Kernel of the transform. 
J, (ax) a (рх) к the solutions cf Bessel's EUN we have 


EV ах) d In(ax)+(02x?—n*) J (xx) —-0 2 (D 


e I px)+x E. Ju(px) - (p*x*— п?) Jn (px) 0 +++ (2) 
Multiplying (1) by Jn(px), (2) by J,,(zx) and subtracting, we get 
(p?) x jax) Л(рх)= al x} Jae fps) 1p 


д ^e» E] 


Integrating with regard to x from 0 to 1 and using J,(p)-—-0, 
we find 


ep) [x Мал) Japs) dx—p Jaa) Jap) 
f ах) x y (px) х= 


D. 
о (а) azp P) 


б PACES , 
ѓе Нь jen} — p Js (p) 
Note. For n=0, using J, (р)= —Jy (p), this yields 
Мах) __ р 
Bd etes. 
Here below we tabulate a few of finite Hankel transforms. 


fala NA) gs] fpe == | fe Inbox) de 


+1 > 
= Jati (рга) 


xh" 
ac 
— 
с Pi ipa) 
4a 
ах? Р Л\(рга) 
1,(ха) LE Js (pe) 


> Л (рка) 
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Problem 10. Find f(x) үн (fe) 7- (ра), p being positive 
root of J (pa). pres 
АРХ 
Ang an D. (a 


Inversion formula gives fad 


where cps in extends over all ci roots of J,(pa) 
с 4J(pa) (рх) 


€ Jpa) Јерх) _ 2 ic 
атр” (peor 
vo JV (x)=—J,(x) 


(35 Y {урау 


рх). 
(ра) 


z 
i 


ETT 
wla 


= 
11.10, FINITE HANKEL TRANSFORM OF t „р being гоо! of 


3,9)-0. 
н. хә is x sen] 


Лх) я HS Jn(px)} dx 


E) 


= -|i лә доло dx 
2nd for x=1 and x Jn(px)=0 for х=0. 


Now we have the recurrence relations 

2 J, (X) =n (3) Лбх) and 2л J,(3) 9x09 74400] 
which on replacing x by px, become 

J (px) EU. (рх) M as and J,(px) - 57 Ja-a(px)+ Jnii(P*)] 
Substituting them in 2 {х J Ap} 2 xp Ј, (рх) +JIn(px) we get 
Ж [„-\(рх)+.Ь(рх)] 


Дх, (ех) = (рх) asp 02 
Р 25 "+ 1) х„-(рх)—(п—1) /„(рх)] 


So that (1) ae 
n. \ Fh s. н fd ўе Лю dde 


Р. (n—1) Hus Cf) Q1-1) Hn- (nm 


where Н, {f ) denotes the Hankel transform of order п 
Note. For n=1, (2) yields нА = Hy (fco) 
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1 df 
11.11. FINITE HANKEL TRANSFORM OF AI dx 
Case 1. When p is a root of J,(p) —0. 
à 14i Sef ie 
We have Hn {af x £l- {, deb LI tops) ах 
1 ау 1 qf 
ELE afi dc J.(px) dx 
=; ipe df. | (px) dx Е) 
In result (2) of $ 11.11, replacing f by 2 we get 


H, [и Ho i-e» Hi iz HI ..Q) 


Now replacing x by px in the recurrence relation 
2n J (x) =x [Jn—a(*) +I] 


ме have Jn(px)= = Wal) Hen Pa): 


So that [ 2 Ф 1px) dx -|Z Ф PX, 90-3) dx. 


1 
-A[ «у seo ах xL ларо) dx 


ыы е 
With the help of (2) and (3); (1) yields, 


Н, i Sal Zh. al —Н»-\ lac potes y E 


x dx 
Case ЇЇ. When p is a root of p J,'(p)-F h Ja(p)=0 ACT 
Taking n=0, (5) becomes р J,' (p) -- hJy(p) 0 2. 6) 


~ we have Ho е уар ү 4 E $) ema 


=f. хыр» ace | non а 
AZ o ] - олю av |, e noma 


df 147 
[Z] мә-|, Ler onmia [E 
Jąpx) dx 


aeg „м-р | 2 df xj (px) dx 
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- tl, apr х0» |, +0 |, Л д 
{x Jo'(px)}dx 
[E] _ хо-и |, лорда 
But Jo(x) cae the solution of Bessel's equation 
x > +2 -+xy=0, we have 


x Jo"(x) ED x Jo(x)=0. 
«ing x by рх, px Jo (px)-d- Jy (px) —px (рх) 


c + zl- Zl. Jp) pfQ) ("p 


=p f x f(x) Jo(px) dx by (6) 
-(Z1. +h ло} Л) р? Hy { fix} 
-[Z Ф Lh ft) d. Jo(p)—p* Ho (700) 


- (7) 

If boundary condition be such that th fix)=0 when х= E then 
ағ dj 

weet AmixelTl-ss5u 0 00 


Case III. When p is a root of J,(pa) Y,(pb)— J,(pb) Ү.(ра)=0 
(9) 
Integrating by parts, the following, we veu 
df 


[trm орь ар (Fes +5 Ge ) ах 


= р {+ Л) ор) Ур) Афр) Y Gp | * xfer 
С, бхр) Y ^9)—4,p) Ү. хр ЛХ Gp) Yalp) —Jn(bp) 


үру] dx ...(10) 
It is easy to show that 


J, (pa) Y (bp) Ү„'(ар) nob= Tia} SHY 
With thé help of (11), (10) yields, 
diff. ifm ` 

m ore gjj, (Se )хлә E dei rap 


Ү„(хр)] dx 
Pf 1 df xn) Spb 
or HATE + de] - 0D. да) дыре, {у}... 02 


er кетрүнпү 
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Note 1. If boundary condition is such that. f(a)=0=f(b), then (12) | 


yields 
vod dq df m | 
nA LZ Shep (fe) ...й@з) 
Note 2. If n=0 then (13) reduces to 
аг N 
н. екг ә а 
which is the same as (8). 
їч , 1 df 
11.12. FINITE HANKEL TRANSFORM OF ar^ X S10), 
p being a root of J,,(pa)= 0. 
We have, 
df 1 df т df 14 т 
Hy E +> дум JO) |+ diodes £e] 
» x J(px) dx 
-Í A SIS af Z 4 (рх) ах = п? [ 1 Лх) (рх) dx 
о 


[эме] [£ieeedi 

Јар) dx— »fi 1 Дә) supa) dx 
= -- Ж af {рх J, (px) -J,(px)) pr Ф. (рх) dx —n* 

z L fx) абр) dx >> Jnfpa)=0 
=-р | z «x J,'(px) dx—n* [- = fe» Л(рх) dx j 
Jo : ) А 
=- fex non] Tp NOE (x Ja'(px)} dx—n* 
[ L fog (рх) dx 
ok 
= ора Да) Jap): af Лох 199-109) dr-a 
0 


[, L fix) рх) dx 
о х * 
But J,(x) being the solution Г SH s equation, 


yi dy Ф. ne 

Xe ox (A? Э у=0, 

we have x? J,"(x) +x eee п?) J,(x)=0 
Replacing х by px, this gives 


940 выс. PHYSICS 
p! In!’ (px)d-px J'n (px) +(p*x*—n*) Ja (px) -0 

| 2 

Le., px Jn” (px)-J,' (xpi ) Ja (рх) 


Aa ax 5 с МА ES = -oa KORM ta)" Хх) 


ЕЗ А) ах—т ү lo) In (px) dx 


= -pa fla) Jy (ap)—p* V^ Лә) x J, (px) dx 


= —ра fia) Jn’ (ap)—p* Н, { Ях) i 
Note 1. If a=1, (1) ермен 
н. 1-2 т лә |-- pr л (i-r Ha Sa) 
.Q 


Note 2. When n=0, (2) reduces 10 


Hy E ү op рн, uon 
=p fl) J, (р) —р? Н, (fo) v p= (р)... (3) 
ADDITIONAL MISCELLANEOUS PROBLEMS 
Problem 11. Find the Finite Hankel transform ф(р) where 
$0) = rj? emn. 
We have Hy (60) =- Fras |2 и (0179 7? Ларе). 
If we expand Bessel function Jn (pe) in ascending powers of pp and integrate 
term by term, we get 
Qua-m © pı -1__ (—1)*(pp) 9+2 
Hals) ps л), d AR erem s TAF FTE 
1__® geh p az (Ide i 
“Tm, o ovis |, ntc where t7 
590 (—112рт+ ғ pm 
alo "Ттт pe 7 74-09. 


Problem 12, Find the finite Hankel transform of L + E рар 4 where. 
V 0 when r—0 and V —V when r=], 
We 1 s (^ X) my ay [14 


2 
r) ГТЗ Ee ce =fr) (вау) 


r Ort 
Hence using (2) of § 11.12, we have 


НУ) = =p f) Jn’ (p)—p* B {f()} when f(r) -V and ло) 0, f( = Vi 
-—pVi n one 


1 ҮТ 1 ги 
Problem 13, Solve 2 э 4x wx a 0<г<!1.г>0 


1 
г 
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where ВИ —0, when r=1, (20 and V —1 when t=0,0&r< 1; h, k 
being constants : 

Assuming that v-[. Vr Jo (pr) dr ess UM 
where p is a root of p Jo’ ( p)--h Jo (p) =0 „++ (2) 
and multiplying the given equation by rJo ( pr) and then integrating with regard 
to r from 0 to I, we have 

1 (19и Дд зай, 
) r Jo ( pr) ar (37 rJo ( pr)dr— Ew 


v 1 wv 
renee 


1 
Ies: 
1 
1 ЧЁ {ЭУ en cr [oae e oer om m AEn dr 


11 1 
[Sentio (pride 
1 
=n (0) [A E! Vy (Pr) — p vts (nre rc) jar | 
мисал, Fo (ped dr. "ode (pr) satisfies 
Bessel's equation. 


av 
го (р) = 279 (Pp) 


anal] i 


=J (P) [эк je” 
ae when f=0, 


=- 
25 e i 
Le, gp Ар? V where ў- |, r /е(рг) dr— 
+: V=1 when (—0, 0&r <1 
2 pro UD. ың 
2. Its solution is V= qur Tap 
Applying inversion formula, we find 
—kp*t_pJi (p) Jo C Pr) 
ht-r pi Jo? (р) 


V-23e 
р 
where summation extends over all positive roots of (2). 
UC Jee LE ,0«rcl, t20 


Problem 14. Solve zi 
where f=fo when r=1,t>0 and f=0 when t=0, 0б<г<1. 
p being root of Jo ( р)=0 and proceed like 


Hiat. Take f(7)— | Алеа (pr) dr, 


in Problem 13. PIT 
x ера To Pr) 
Ans. f- MS е FADH 
two infinit. concentric 
between infinitely ins ta M 


fluid if the equation of motion is 
ay 13» v» 1 gered, 1>0 
72 ET 


>” am t r er 
v being Kinematic viscosity. 
› 
нин. Take f? (p)= | ft). r B1 (P), dri Б> а where 
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By (pr)—J1 (pr) Ys ( pa) —Y, (pr) Ja (ра), Үү (pr) being Bessel's function of 
second kind of order one, and p is a positive root of 
Jı (pb) Yı ( pa) -Y; ( pb) Jı (ра). 
Multiplying the given equation by rB, (pr) and integrate w.r.t. 'r' from a to b 
with boundary conditions у= ёе when r--b 


у=0 whenr-a 
v—0 when t=0- 


—e7 Ph 
Аз уан Ж oe Jı ( pa) Jy ( pb) By (рғ). 


p Jia) —h* (рэ) 
Problem 16. Jf « and B are the roots of the equation Jo (x)-- 0, show that 
1 
fire en Jo (te) аалз а) (Agra, 1971) 


EK Dc 
DIFFUSION, WAVE AND 
LAPLACE’S EQUATIONS 


12.1. INTRODUCTION 


In 7.5, dealing with special types of differential equations we have 
already mentioned diffusion equation (or Fourier equation of heat 


:*flow), Laplaces equations as particular cases of steady-state heat flow 


and wave equations in one, two and three dimensions along with the 
two methods of solutions namely (/) method of separation of variables 
and (ii) D' Alembert’s method. Now in subsequent chapters namely, 
8th, 9th, 10th and 11th chapters we have discussed various methods 
of solution which may be successfully applied to solve different types 
of equations encountered in physics, mechanics and applied mathe- 
matics In the present chapter we shall try to make a systematic study 
ofone, two and three dimensional diffusion, Laplace's and wave 
equations with: boundary values problems while a few of them have 
been already solved by the methods of transforms. 


12.2, DIFFUSION EQUATION OR FOURIER EQUATION OF 

HEAT FLOW (Agra, 1974) 
Assuming that the temperature at any point (x, у, 2) of a solid at time 
г is u(x, y, z, t), the thermal conductivity of the solid is K, the density 
of the solid is о and specific heat is a, the heat equation 


oi Viu 2o 


where h?= E k (say), К being known as diffusivity, is said to be 


the equation of diffusion or the Fourier equation of heat flow. 

We know that heat flows from points at higher temperature to 
the points at lower temperature and the rate of decrease of temperature 
at any point varies with the direction. In other words the amount of 
heat say AH crossing an elemeat of surface AS in At seconds is 
proportional to the greatest rate of decrease of tae temp:rature и i.e. 


AH-K AS At A ...@ 
If Y be the velocity of heat flow given by 
y-——Kgrád ue —K Vu ; m.. (3) 
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Here u(x, у, Z, 1) is the temperature of the 
solid at (x, у, z) at an instant of time t and 
K the thermal conductivity of the solid is a 
positive constant in cal./cm —sec °С units. 

Let $ be the surface of an arbitrary volume 
V of the solid. Then the total flux of heat 
flow across S per unit time is given by 


g-[[o-x Ju).h dS ... (4) 
S 


Fig. 12.1 where n is the positive outward drawn nor- 


mal vector to the elemen“ dS and the negative sign shows the increase 
of temperature with the increase of x so that x is positive and heat 


flows towards negative x from points of higher temperature to those 
of lower temperature, thereby rendering the flux to be negative. 

Now applying Gauss's divergence theorem according to which if V 
be the volume bounded by a closed surface S and 4 be a vector func- 
tion of position with continuous derivative, we have the quantity of 
heat entering S per unit time as 


feo sas- ||| уку av 02) 
5 V 


le, [ffv-sar= [fanas—fh4.as eG 
[4 5 s 


Taking volume element dv= dx dy dz, the heat contained in 
Vea | | foou av. 
v 


/. The time rate of increase of heat is given by 


|| av= ff fe иду ee 
| Equating R.H.S's of (5) and (7), we find 
| f PH a укун) dV-0 008) 
[4 y 


But V being arbitrary and-the integrand being assumed to be i- 
nuous the relation (8) will be identically zero for every point if = 


op иу (Куи) 


ог ш К V. Vu=h? ViuskVtu where kè=k= К. 
se d > co 
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Qu ди Әди 1u 1 ёи 
or Ge tay ATE ЮМ at seS 
This is three dimensional diffusion equation. 
COROLLARY 1. If the temperature within a substance be assumed to 
be independent of z i.e., there being no heat flow in direction of z, 
then (9) reduces to 2 = (ze) ..- (0) 


CORO: * ^» v 2. Putting 905-0 in (9) we get С 


ameh is the equation for the one-dimensional flow of heat along a 
ar. 


COROLLARY 3. For steady-state heat flow, и is independent of time 
le., * — 0 and hence (9) reduces to 


Ou Qu, Ou t 
Vise tet au? wes (12) 


which is known as three-dimensional Laplace's equation. 


123. ONE-DIMENSIONAL DIFFUSION EQUATION 


да Su _„ Gu 
ach Ox? 


Qu 
[A] Independent derivation of 2c Tu 


Consider one-dimensional flow cf electricity in a long insulated 
cable and specify the current / and voltage E at any time in the cable 
by x-coordinate and time-variable £. 

The potential drop E in а line-element 8x of length at any point х 


is given by —BE-iR6x-- Lox d Elli 
where R and L are respectively resistance and inductance per unit 
length. 


If C and G be respectively capacitance to earth and conductance 
per unit length, then we have ў 
дЕ 


—Bi=GEbx+C8x T а (2) 


a i i 
Rewriting (1) and (4), 2E LRL foo SN en) 
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ый 3 erte 32-0 E 
Differentiating (3) w.r.t. x and (4) w.r.t. t we have 
QE, pdi, OF _ 
dat ax dear =0 ў ++ (5) 
ai дЕ Е 
and Sr ate ү "0 ... (6) 
Eliminating E from (3) and (6) we get 
WE o NE SUE NM 7 
$i clc HO a Ry an y 
Again eliminating E from (4) and (7) we find 
GE A OE ФЕ ... (8 
"эз CLr H(CR+GL) т eie (8) 
Differentiation of (3) w.r.t. ‘t’ and (4) w.r.t. ‘x’ yields 
2E 9i e oe (9 
"exit +R a tLga? (9) 
дч Е QE _ 
and P 2279 Am [ei e^? «+» (10) 
Eliminati QE „nd -ŻE from (3), (9) and (10) gives 
imination of T». 304 xor 5 х 
д дч а 
du =k ўв +(CR+GL) p -- RGI а 


(7) and (11) follow that E and i satisfy a second order partial 
differential equation 


2и 9*u ди 
e CL (СКТ) or + Rou are (12) 


which is known as telegraphy equation. 
If the leakage to the ground is small then G=0=L and hence (12) 


u _ ðu 1 ди E 
reduces to zæ =CR A k à where k TR 
which is one-dimensional diffusion equation. 


5 да 2 
[В] Solution of uw та ог u,-—h*u,,. 


The solution of this equation by the method of ti f 
variables has already been discussed in $7.5. Here below. Ке. фо 
the solution in different conditions. 

[b] (Both the ends of a bar at temperature zero). 
If both the ends of a bar of length l are at temperature zero and the 


initial. temperature is to be prescribed funct i 
оаа hes а eo пис ion F(x) in the bar, then ; 
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ees О 
we have to find a function u(x, f) por (1) with the boundary 
conditions u (0, )=ц(1, t)=0, t>0, ! being the length of bar. ... (2) 
and u(x, 0)=F(x), 0cx«l - .(3) 
In order to apply the method of separation of variables, · "t us 
assume that 
u(x, t)= X(x) T(t), X and T being respectively the functions of 
x and t alone. 


One dimensional heat equation і is 3 ue 


So that Uui and С а ee 


de 
Their р in ў D Bc 
A @x 1 dT a 
ха FT dt ist 
The L.H.S. and R.H.S. of (4) are consiants because of variables 
being separated and hence we can write + ces == —M 
(constant of separation). 
Here 17 da =—M ie. ax +A2X=0 gives Х= А cos Ax -- D sin Ax 
‚ (5) 
апа mI = -№іе. Е +hA°T=0 gives T=Ce ht ..46) 


In view of condition (2) l.e., и=0 at x=0, or (5) gives 4 == and À 


be chosen such that sin 4/ =0 t.e., х=" n being an integer. 


Hence the solution (1) i.e., и== ХТ takes the form 


и=В sin x erum, e) 
Summing over for all values of п, this becomes ; 
пт пл212 
u(x, fs: Ў E sin үе Tou 2.48) 


Applying ise. (3) Le., u(x, 0) = Р(х) at t=0 we have 


= . nm 
Е(х)= 2 Bi sin^j-x for 0<x</ БЕДЕ 
a= ^ 
So that B= af. F(x) sn 7" = 7 ax 2 (10) 


which is obtained by multiplying (9) by sin "Sand then integra- 
ting from x=0 to xe. 
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Hence the required solution is 
2 2 пка m 2 
Mx, eae € 014g ™ x | F(u) sin "и du . . .(11) 
n=l 1 ° 1 


Deduction: (Insulated faces) 


Jf instead of the ends of a bar of length 1 having kept at temperature 
zero, they are impervious to heat and the initial temperature is the 
prescribed function F(x) in the bar, then to find the temperatureat a 
subsequent time t, we have the boundary conditions 

ди 


ax 9 at x=0 or / for all г v. «(12) 
: u(x, 0)= F(x), 0<х<1 (13) 
Then the solution follows from (5) as 
uz» A cos Ax4- B sin Ах 


which in view of (12) requires B=0 and sin Ax=0 i.e., A=", n20, 
125355. 
So. that the general solution of the one-dimensional diffusion 
equation will be of the form 
oo mntk, 
u(x, = By Ss ec TROON = +. (14) 
a= = 
where В, corresponds to n=0. 


|. By (13), this yields, Fé), 0m È A, сот as) 
SEE 


| from which we can easily find the coefficients 


2" 7 : 
4,= 4j, F(x) cos ax < « (16) 
and B=} Ay +. (17) 


Note 1. The temperature in a slab having initial temperature Fi 
and the faces x=0, х=: thermally insulated is given Pg g 


с 
u(x, )=B,+ X В, еп cos nx, + + (18) 
n=1 
h Ae fe 4 
where E. 
h=% f Дх) cos nx dx . (19) 
1 1 
ша mela. [ F(x) dx ..100) 


Note2. The temperature in а slab having 


: init 3 
and the faces x=0, x=] thermally insulated еам et F(x) 


if о oa 
u(x. д=т |, F(x) dx4- 2 e TE, os mx 
4 пх 
Е Fo) de .. (21) 


E 
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{b.] (One end of a bar at temperature u, and other at zero temperature). 
If a bar of length 1 is at temperature v, such that one of its ends x=0 
is kept at zero temperature and the other end x=I is kept at tempera- 
ture us, then find the temperature at any point x of the bar at an 
instant of time t>0. 
or 


A rod of length l and thermal conductivity № is maintained at a 
uniform ‘emperature Vo. At t=0 the end x=0 is suddenly cooled to 
0°С by application of ice and the end x= is heated to the temperature 
u, by applying steam, the rod being insulated along its length so 
that no heat can transfer from the sides. Find the temperature of the 
rod at any point at any time. 


The equation is ди o BH o exc t0 (1) 
a aen T. 
With boundary conditions u(0, 1) =0, u(J, t) —u, for all: vx 2) 
and u(x, 0) —v, .. (3) 
Let the solution of(1) be u(x, t)—-X(x)T() · 4) 
where Y is a function of x alone and T is a function of t alone. 


GE ди dT Фи PX. 
Substituting from Oz =X “a and Зат =T- (1) we 
a iag i 
st Y de HT dt 
as either side are constants. > 
Now there arise three possibilities : 


where variables are separated and hence terms 


[1] чы =0, dT o whence the solution is Х==4х+В, Т=С 
; (5) 
2 
12] гч -Xx, ФТ ют, the solution being X— Ae^"-- Be", 
T-Cel??t 2.46) 
[31 zt z—Mx, a —e — IT, the solution being X=A cos Ах 
4B sin Ax, С=е- ч, > 20 


The combined solution in any of the three cases is u= XT. But 
u- XT increases indefinitely with time г so possibility [2] is ruled -out 
since then u—0 as f->0o. Conclusively the possibilities [1] and [3] 
determine the solution of (1) in the form 

u(x, t)=us(x)+ur(x, t) «+ (8) 
where us(x) is the temperature distribution after a long interval 
of time when there exists steady state of temperature and ur(x, t) is 
the transient effects which die down when the time passes. 
Consequently there exists uniform temperature after one end x=0 
being kept at zero temperature and the end x=/.at u=u, so that 
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ustx)= Me x, whence (8) yields u(x, г)= Te x--ur(x, t) ...9) 


with boundary conditions ur(0, !)=0=ит(1, t) by (2) .. (10) 
and . ur(x, 0) v,— 7 ху (3) XT) 
Hence the possibility [3] i.e.. the solution (7) reduces to 
ur(x; !)=(А cos Ax+B sin Ax) е Xe? .. (12) 
whence in view of (2), this requires 4—0 and sin A/=0 i.e., A= T n 


being an integer. 
We thus obtain a solution 


© ninth. 
ит(х:1)= Бе Тт imu 213) 
л=1 1 
= 
In view of (11), this gives-ur(x, 0) —-v,— T x= У В, э” х. 
5 "el 
S m 
A В„= al (» = atx ym. dx 
-2 [va—(— 1)" (94—:4)] (on integrating by parts) 
Hence the general solution of (1) with the help of (9) and (13) is - 
и, 2» т ma d 
u(x, DES Cb £ Xx bp-(1D((.—u)e E sin 7x 
Ta-p 1 


(14) 
which gives temperature at any point x of the bar at any time 12.0. 
‘Note. If we set v,—0, then (14) takes the form 
i pat re L Plo а 
(x, Ж] ERES e sin үх 21615) 
[53] (Temperature in an infinite bar) 
If an infinite bar of small cross.-section is insulated such that there 
is no transfer of heat at the surface and the temperature of the bar at 
t=0 is given by an arbitrary function F(x) of x (taking the bar along 


x-axis). then find the temperature of the rod at any point of the bar at 
any time t. 


The boundary value problem is oe =h? Ee .(0D 
k Л xi 
With initia! condition, u(x, 0)— F(x), — оох со 224(2) 
Let the solution be u(x, t)=X(x)T(t) 2.43) 
У соо dps : 
; whence (1) gives X dé ЁТ dr ^ M Cay) 2v. (4). 


Then the solution of (1) is 
u(x, t)  XT—(A cos Ax+B sin Ал) ел 00) 


guu-—-——— "eue"— — —SYY 
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Here the arbitrary-constants 4 and B being may be 


periodic 
taken as A=A (A), B— B(^) and due to the linearity and dicas iib. 
of the heat equation we may write 


u(x, t) b u(x, t, A) а= D е I^: AQ) cos Ax-- B(^) sin Охуи 
The condition (2) claims that UE 
u(x, 0)= F(x)— [ио cos Ax-+ B(A) sin Ax] da 
In view of Fourier's integrals we have 
49). L[7, Fw) cos (A) de and 809— |" rto sin Ow) de- 


: so that и (x, 0)— T (и) cos А (х— 2) du p 


As such (6) takes the form 


u(x, o- P. F(u) cos А (х-и) е à | dh. 
1 


=+ ңы | e Pt. cos A x—u) a |e 
xn UD) 


© Le 
But we know that | e^. соз 2b x ах=\/®. € 
0° 


2 \ 
in 2 т (22y 
Ѕо ај » e Ft. cos A (x—u) da= p ec nj) 
е n 
dosis apes 
uM er air 
2hy t 
Hence 17) gives 
as (x. v= |. Foe .‚ (8) 


which gives the required temperature at any г point at any time. 
é 
Problem 1. боле 04 . “™ 


a= wher ust £e cux and x=0 or l. 
ox? or 
Taking u (x, t= X (x) T аг), the solution of the giver ecuation is 
X=A cos A x-- B sin 2x, DT-Ce 


* by 812.3 [Ь,] 
with boundary conditions, u (2, 1)==и (, 1)==0 and 4x, ој 0. 
Hence рин h=1 in (8) of $12.3 [5] the required solution is 


ue 
uz, D X By sin E eB! 


Problem 2. ^ Solve x ah ae under the bouncdare conditions 
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3—(0, 1) =0 (1, N=0, t0 wm) 
and @(х, 0)=х, 0 «x«l, (2) 
I being the length of the bar. 
Proceeding just like in $12.3 [b], we get the required solution on 
putting 9 (x, 0)=F (x) =х in (8) of §12.3 [5], 


= хт 1 of 
^ (x, t)—Y B, sin enn nt МР, 
n-l 


where — B,— |! F(x) sin ~ B E ж=--|! х зїп E x dx 
0 
ы шаша 
пп 
21 


- when л is odd 
пт 


221 when n is even 
m 


Hence 0 (х; )= 21 ent М р T- + grain 


sin z x4 ec h 00 sin а...) 


. Problem 3. Find the temperature и (x, t) in а bar of length l, perfec- 
tlv insulated, and whase ends are kept at temperature zero while 
the initial temperature is given by 


х,0<х<1]2 
d ax «x«l. 


The boundary value problem is * =h? Ae 
With conditions u (0, t)=u (1, t) 0 and u (x, 0)— 


х,0<х<1]2 
к Lee 


Hence by (8) of 512.3 [b] the required solution is 


со 
u (x, D=? B, F(x) sin 973 ду 
n=] Y 


2f 2 
тант ае т, F(x) sin шы aL х зїп 15. 
° 


1 х 
dx + Í : (1—х) зіп —5* gy 
4 T 
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ane 4l 
CERE 2 f Ine for n=1, 5,9, .. 


Se] gi 
1 0 forn—2,4,6,. 
(= 


отат 


пт? 


* 


Hence the solution is 
u(x, б=-®[` i sin Z eMe sin SEE 
е3]? ys ] 


Note. Had we considered the case of slab with its ends х=0 and 
nel maintained at temperature zero and initial temperature being 


[f Ton о<х<12 
Я w={ o, 02х12 
then we should have 


А L TOS 
В„= + F(x) sin MU dx= mef sin -! жш 
0 ° 


ГА 
4To эпт 
= "m sin 2 
and the solution would be 
u (x, N= 4To 5 d sin? 2 онт „„ "7X 
Поле" 4 1 
Problem 4. Solve =f Е ,0cx«n, t «0, under the bound- 


ary conditions 
и, (0, 1) 0—u, (7, t) and u; (x, 0)—sin x 
Ву (14) of §12.3 [5], we have 


пк where 


© 
u (x, t) By--E. А, cos nim 
n-l 1 


Bye Ae and /== 


$ apa 
249 LS AS cos nx eH 
2 nal 
i d 
where 4,= 2 p Kil Ec. cos mic dx Mo when n is od 
a _— 4 _when 
7(4m? —1) 


n=2m 
ixi 4 „| sin x dx. 
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Hence the required solution is 
© А 
и (x, = i- 45 (m1)! е4" cos 2mx. 
* м] 
* Problem 5. The face х= 0 of a slab is maintained at temperature 
zero and heat is supplied at constant rate at the face х-= т, so that 


© =p when х=т. If the initial temperature is zero, show that 


-G-W*r 


E АИ D rcr 
u (x, t) Mnt GP sin (j—4) xe 


where the unit of time is so chosen that k=1, 
Taking u (x, f) as the temperature of the slab, the boundary value 


problem is 5 =p > 0<5<% 120. E 
with condition и(0, t)=0 i AC е!) 

a u(x, 0)=0 0) 

and Y. (00-4 EC 


Applying the method of separation of variables, the solutions of 
the given equation are (0) u=(Ae*+ Be?*)g*t : 
(ii) u=A,+ Bx 
(iii) u=(A, cos тх B, sin xx)e-?"* 
according as the constant of variation is A? or —А?. 
Here (i) is inadmissible as u-»oo when t->0o. А 
(it) alone is inadequate to give the complete solution and hence 
the complete solution is given by (ii) and (iii) jointly 
le. u(x, t)=us (x)--ur(x, 1) 38» (5) 
where Us (x) is the temperature distribution after a lon jod of 
time when the slab has reached the steady state of the oss rature 
distribution and Ur (x, г) denotes the transient effects which die 
down with the passage of time. 


From (ii) Us (x)=A,+B,x ...6 
and from (iii) Ur (x, t) —(4, cosAx+ В, sin Ax) e-?'t So) 
Applying (2), (6) gives 4, —0 and by (4), (6) gives к= B, - 
so that Us=px ... (8) 
Thus with the help of (7) and (8), (5) reduces to 
u(x, t) ux-- (Ay cos Ах В, sin Ax) е2 ... (9) 
Applying (2), i.e. u(o, 1)—0, we get 4,—0 .. (10) 


: г 
Applying (4), i.e. u= -3 — щт, г), 
we have (u--À B, cosAz) e*t =p 
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i.e. cos An=0 giving Ат=(2/—1)-у te. A-j— ар 
BER Sorting overall онш ые "е ее 
ит(х, N= Y B, sin (j—4)x e UCM ... (02) 
Hence from si 


© Р 
u(x, )—ux4- X B, sin (j-D х e 9" газ) 
ЖА 
oo 
Applying the condition (3), 0—ux-- Z В, ѕіп ( j—})x 
ј=1 ^ 


со n 
le. —ax= X B, sin (j—})x ŝo that B= | (ux) sin(j—4)x dx 
j=1 4 
„м (—1у/ 


=e (Jp 
Hence (13) reduces to 
2u $ (—Y 


u(x, ede SRE BE E sin (хе C721 


which is the required relation. 


12.4. TWO-DIMENSIONAL DIFFUSION EQUATION 


i.e. € (& nr "yt 


Consider a thin rectangular plate whose surface is impervious 10 
heat flow and which has an arbitrary function of temperature F(x, y) 4 
t=0. Its four edges say x—0, x=a, y—0, у=Ь are kept at zero 
temperature, We have to -determine the subsequent temperature at б 


. point of the plate as t increases 


i „биш уди, дш 
Ше boundary value problem is d -e( £m) Js e. 


Subject to the conditions for all г, (/) u(O, у, t)=0, (ii) u(a, y, 1)=0. 
(iii) u(x, 0, t)=0, (v) wx, b,f)=0 and the initial condition (>) 
u(x, y, 0)= F(x, y) : ` 

In order to apply the method of separation of variables, let us 


assume that 
u(x, y, t) X(x) YQ) TH) . (2) 


$ where X is a function of x alone, Y is a function of y. alone and T is 


\ a function of t alone. From (2) we have. 


Фи ат` ди dx atu ФҮ 
coger gu e 96 De XT E 
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Substituting them in (1), we find 

A dT ex 1 ey 
Y d’ 
In (3), the variables being separated, we can assume 


after dividing by XYT ... (3) 


IUD c acl ЫА 1 1 dT. x 
WX де М! y Дө NM r7 
$0 that MIA VA 2 (4) 
The general solutions of (4) are 
X—A cos ^, x-- B sin A, x ; Y—C cos  y--D sin №) ; 
T—E е) 209) 


So that with the help of (5), (2) gives the solution of (1) in the 
form щх,у,!)=(А cos А, x--B sin А, x) (C cos Ayy+D sin №) 
eM i ‚..(6) 

In view of condition (i), 0—u(o, y, t)=A(C cos ħy+D sin №) 
ez "t. giving A=0. 

In view of condition (ii), we claim sin A, х=0 i.e. n=, m 
being an integer. К 

Similarly applying conditions (ii) and (iv) to (6), we get С =0 
and А-5, n being an integer. As such (5) takes the form 


umn (х,у, f) Bas e № sin = x sin = у, where 


т, т 
AeA? - (m) 
Summing over all the possible values of m and л, the general 
solution is 
id —›% 
ціх, у, D= X Bane mt sn ysin 1" у... (7) 
m, п=1 а b 


where B, are arbitrary constants to be determined by the condi- 
tion (v) ° 
$ . оте ud 

В, Sin —7- х sin 7p —- y .- + (8) 


te. F(x, у)=и(х, y, о)= 
т b 


,n- 
' Multiplying both sides of (8) by sin T x sin ydx dy and 
integrating with regard to x from 0 to a and with regard to y from 
Otob we е using orthogonality properties or the sines, - 
24 pom 7 om. 
Bun b f is F(x, y) sin —— xsin--ydxdy ...(9 
which gives the arbitrary constants of (7). s 
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Problem 6. A rectangular. plate bounded by the lines x —0, у=0, 
x=a, y=b has an initial distribution of temperature given by 
F(x, у=В sin 22 sin «үс The edges are maintained at zero 
temperature and the plane faces are impervious to heat. Find the 
temperatrue at any point at any time. 

By (7) of 812.4, the general solution is 

со 


" mn nu 
u(x, y= I Ве" „еш = T sin 6 
т,п=1 
Amer . тт my 
where Ban= ab n f. F(x, y) sin - PES sin y dx dy by 


(9) of § 12.4. : 1 
= " TX . Hw 
-4f | sin = sin = sin "9 sin dx dy 
° ° 
A TX . ту 
F(x, у)= B sin sin р 


4B([* b.. TX . MTX 
Bam |. -ysin "E ТЕ" dx 
лу AT. -{" for n=2, 3, 4,... 
f sin = sin ^, dy= енн 
So that B,,-- B. 
Bidens: OL 
Also M, =n(4+5) 
Hence the solution is 


u(x, y, )- Bs е P sin == sin TZ 
T O + -1_ 7 
=Be weet ir) sin TE sin ЛУ. 


Problem 7. A semi-infinite plate having width т has its faces in- 
sulated. The semi-infinite edges аге kept at 0°С while the infinite 
edge is maintained at 100°C. Assuming that the initial temperature is 
O°C, find the temperature at any point at any time, 


Taking the diffusivity ie. л2—1, , 
the boundery value problem is 
ди Фи Oe RVD 


a dx oy 

with conditions (i) u (0, y, )=0, ФС 

(ii) ибт, у, 1)=0, (їй) u(x, у, о)=0; 

(iv) u(x, о, 1)=100 and 

(у) ux, y, t) | <M ù 
where 0<х<т, y>0, t>0. 0, 
. Taking Laplace transform of (1) 
and assuming L{u(x, y, t)}=U(x, у, t), Fig. 12.2. 


o) I0 C G o) 
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We have 5 0-00 ce =sU by using condition (iii) D 
= finite з sine transform of a function F(x), 0<x</ is 
as 


| nux : ; 
4e f F (x) sin TES dx, n being an integer 2:2.(3) 
° 
Multiplying (2) by sin nx and ои from 0 to п, we get 
[ ae sin nx &+|* 5 E sin nx d=" sU sin nx dx 
Setting o=|" U sin nx dx, this becomes 


—n UnU, У, 5) cos n х-ЕпШ(о, » 21-53 =sU «.+ (4) 


But from the Laplace transforms of conditions р and (ii) we have 
U(o, у, s)=0, О(т, y, з)=0 


~.. (4) reduces to Fe nts) U-0 26 
Its solution is U=A e V ** 4 pe VV OTE ..(@ 
By condition (v), 0 being bounded, as y-+00, we have 4-0, so 
that (6) yields, =B e УУ" 210 

: Applying condition (iv), 
U (n, o, »-[ vx ЕДЕ а= 10 Lm) .. (8) 


In (7) if we put y=0, we get with the help of (8), 
= 100 cos m 
a-U- 2 ( 1— a) 
Hence 0 100. но Чои пт) „Ун z 


ARTN ud sine inversion formula, we find 


Uns Y 100( 1—cos m \ Vt in nx xd 
Tap n 
2 
-1 ov S y aap 
Noa o have 1 je {- I E 
| = r 
so that : r$ e IV tm { ET. m SU 
у Vire р 
Thu: pipe. У уау дз 
{ E Mz т e "уду 


x 
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2 (=, : 

BES pede —(p? n5 jp?) Ed м 

3 AES bius E Sp where yn E 
Hence taking the inverse Laplace transform of(9) term by term, 

we get 


400 © f1—cos пт 
x,y, ne A ) sin mx 
s 


P —(р?+п°у?|4р?) 
pav * i 
12.5. THREE-DIMENSIONAL DIFFUSION EQUATION 
du дш Pu 1 дш 
‘We have KT ++ а= r 2s 
where u=u(x, y, Z, t). 
Let, u(x, y, 24)= X(x) YO)Z()T(0 Santa) 


Their substitution in (1) yields 
Lax 1 ey 1 м2 1 ar 
X dé y ат атт a 
= —M (say) as variables аге separable. 


i 2 1 d* d'z ; 
Now taking + x. soy s TZ oN, 


ѕо that ^,*--A,4-A,! —M, we get the solutions 
X= A, cos Лх B, sinA,xe- a cos (Qux aa) 
Similarly Y =b cos (yx x34), Z=c cos (Ayx-+aas) and 
Т= е2 =, е (a? Aa? +a")? 
Hence for all values of £, the general solution of (11) is 


oo oo 0 
u(x. y, 3, t)= X У. E Axa COs Qux aA) 
Ay=0 м=0%з=0 


cos Max- CA) соз Max Haasje MO? Pe 


12.6. LAPLACE'S EQUATION 
In $12.2 (cor 3) we have alréady derived the Cartesian form of three 
dimensional Laplace's equation as a particular case of steady heat 
flow in the form. st 
Ou ди Ou 
Viu= pat gat je? .. (1) 
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In cylindrical coordinates, (r, 0, z), it is as shown in $11.1, 
—9u 1 ди 1 ди Әди o. 
т ?» is ap +520 cus (2) 
and in Polar spherical coordinates (г, 0, $), it is as shown in $8.1, 
; Ou. 2 ди 1 ди соі ди 
Viucyrt rta own М 
1 9*u 
+ зї o 
Two-dimensiona] Cartesian form of Laplace's equation is 


=0 «> (0) 


Шш. ot 
Бу =o ‚..@) 


Taking и as independent of 2, the two-dimensional Laplace-equa- 
tion in cylindrical coordinates is given by 


ди 1 ди l ди 
duct бг її eo О) 


and in Polar coordinates (г, 0) it resumes the same form as (5). 


One-dimensional Laplace's equation is o, ...(6) 


Its solution being easy and straight has no points of worth consi- 
deration and hence we shall consider only two and three dimensional 
Laplace equations. 


12.7. TWO-DIMENSIONAL LA PLACE’S EQUATION (STEADY 
FLOW OF HEAT) 

[А] Solution of two-dimensional Laplace-equation in Cartesian | 

coordinates 

Qu , Qu. 

We have ax $79 gore CL) 


(taking temperature as independent of time). 


This can be solved either by the method of separation of variables 
or by the application of integral transforms as is evident from the 
following problems. E ў 

Problem 8. Determine the steady state temperature distribution іп а 
thin plate bounded by the lines x—0, x=], у=0 and у= oo, assuming 
that heat cannot escape from either surface of the plate, the edges 
x=0 and x=] being kept at a temperature zero and also the lower 
edge y=0 is kept at temperature F(x) and the edge у= со at tempe- 
rature zero. A 


The boundary value problem is 
au, ди 
àxtt дуї =0 > i: (1) 
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With conditions 
(i) 30, y)=0, (ii) ull, у)= 0 
(iii) u(x, 0)— F(x), and 
(iv) u(x, 0)=0. 
In order to apply the method 
of separation of variables, assume Uo: 
that u(x, у)= X(x) Y(y) ...(2) 


Ou ax 
So that 23 =r and res А 
Lom ytY ; 
ys dy? _ Fig, 123 
б А i gx I Y ЕА ; 
Л (D) gives Ха? СУ ^ A? (say) as 
variables are separated 
Here + eX an ie. oni FM X-—0 gives 
X— А cos Ax+B sin Ax =. (3) 
and + aren Le. d NY=0 gives Ye Ce" D 


.. (4) 
As such a solution of (1) is 
a(x, у)==ХҮ=(А cos Ax-- B sin Ax) (Cer Dev)... (5) 


Applying condition (iv) we have C=0 and applying (i) A=0, so 
that (5) takes the form 
u(x, у)= В sin Ax.e-^v ++» (6) 


But condition (ii) yields, sin А /==0 
ie. = , п being an integer. 
Hence for all distinct л, the general solution of (1) is 
wa = 2 B, sine even OD 


which gives the required temperature in the thin plate, where 


1 © 
2-7 { F(x) sin dx and F()—-u(x, о) = X smt 
1 do 1 4 n=0 

Probleni 9. Temperature distribution in a finite plate. 

Find the steady state temperature distribution of a thin rectangular 
plate bounded by the lines x—0, x=], y= 0, y=b assuming that the 
edges x—0, х=1 and y=0 are maintained at temperature zero while 
the edge y=b is maintained at temperature F(x). 


962 ; ; MATHEMATICAL PHYSICS 


The boundary value Problem is + =0 = (1) 


with the conditions (/) w(0, y)=0, (i?) щ(1, y)=0, (iii) и (x, 0) and 
u(x. b)= F(x). 


Proceeding just like in Problem 8, we get the general solution of 
(1) as 


u(x, Y= S[s. eril c, em sin 7 seta) 
n=l 
In view of condition (i), C, — — B, so that (2) reduces to 
u(x, y= X B, [e -e- m sin > 
n=] 


o 
= X Р, віль? sin "7. on setting Р„=2В„ 
n=1 


1 
nee e ‚‚ nnb nux 
By condition (iv), F(x)= X D, sinh 77 — sin —7— so that 
: п=1 


ор, sinh. P -i[ F(a) sin ax, 
Hence the solution is 
ie Айз ку, mb . плхх{(! „пт 
ев) sinh —7- cosech —7— sin EE [roo sin 1 4 


Problem 10. (Insulated at опе side). Determine the steady state 
temperature in a rectangular plate of length a and width b with sides 
maintained at temperature zero while the lower end is kept at tempera- 
ture. F(x) and upper one insulated. Р 
. The boundary value problem is At +5 =0 «ie (D) 
with conditions (i) u(0, y)=0, (it) (a, y)=0, iti) u(x, 0)= F(x) and 
Ta conditis (0 б, )-0, U) м ( қ 

Proceeding just like in Problem 8, we have 


ux, у)= 2 [c. cosh TD. sinh T? | sin 2 70) 
е 


а 
In view of (iii) we have 


oo 8 ў 
F(x)= È С, зів 2 so that C,— | F(x) sin =~ dx and 
РЕС а а), а 4 
in view of (iv), O=ty (х, 5). X ze. cosh ЕР 4D, sinh m) 
^ n=1 a a- a 


sin == , giving D,=—C, tanh m 


M PPP REY 


—— pn Ғғ 


nm— 
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nx j 


g o 
Hence u(x, y)— 2. > (сов PY tanh 7 sin =) sin ——— 
n=l a E a a a 
в 
[ - F(x)sin-"—— ах. 
° а 
Problem 11. Heat flows in a semt-infinite rectangular plate, the end 
x=0 being kept at be Etre T°C and the edges y=0 and у=а at 
temperature zero, then show that the temperature at any point (x, y) is 
given by 
AT. 1 
u(x, Yea Эг 


sin Qr EY анча 
a 


The boundary value problem is Tu 05-0 yes (1) 


with conditions (i) и=0 when y=0, (ii) u—0 when y=a, (ii) u=T- 
when x=0. 1 
The solution by usual method is 
u(x, y)=(A cos ny+B sin ny) є" 
In view of (i), O=Ae™ Le. A=0. 
| In view of (10), 0— В sin na е" giving sin па =0 i.e., па=(2г+1)т. 
Hence the general solution is 


o 
u(x, у= X Basia (r+) "peers MOTO) 
т=0 в 


со 
In view of (il), T = Z В, зіп Qr4-1-2- so that 
r=0 a 
үе. ny 4T 
a= [| T sin (2r-- 1) к = HIF 


4T $ Ia 0 . (74-1) BY cerae 
Hence u(x, y=- — 2, тя ШЙ ы) Эд nore rines 
Problem 12. A square plate has its faces and its edges x=0 and 
x= (0<у<т) insulated, Из edges y=0 and у= are kept at tem- 
atures zero and f(x) respectively. Show that | the formula for its 
steady temperature is И 


| crede sinb ny : 
u(x, = 54 ^ ук di 607106 where 


| a= 2- f fe) cos nx dx, п=0,1,2,... 
LJ 


2, б f 
Hint. The boundary value problem iT n) with conditions 
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(i) uz 0, y)—0, (ii) и, (т, y) —0, (ii) u(x, 0)—0, (іу) и (x, x)—/(x). 
Apply method of separation of variabl 


Problem 13. If u(x, y) denotes the electrostatic potential ina region 
bounded by the planes х=0, x—7 and y=0 in which there is a uniform 


distribution of space charge of density 4 . If the planes x=0 and y=0 


are kept at potential zero, the plane х=т at an other fixed potential 
u=] and u is finite as y—co, then find и. 
The function u(x, y) satisfies Poisson’s equation V ^u — 47р in two 


dimensions, where Coat and hence the boundary value problem is 


9*; Р 
Zu y Th (0<х<т, y>0) ++» (1) 
with conditions u—0 when x=0, u—1 when хт b. (2) 
and и=0 when y=0, (O<x<7) and u<M(0<x<z.y>0) ...(3) 


where M is some constant. 
Using finite Fourier transform, (1) gives 


T" 50 —. т Qu. -. 
ib эх sin Ах de f” дуг sin Ах dx=- ap sin Àx dx 


or Фи piu=p (— D9—h F, (1) % 
dy: р р x , ey. 
where dim 5 u sin Ах dx 
o 


(under the conditions u—0 at x—0 and u—1 at xem). 
Finite Fourier transform of (3) gives u=0 when у=0 and 
Iu Mz (5) 


^ Solution of (4) is w= Ae-»v4- Ber PUPAE) 


Since u is finite when yoo .*, B=0. 


Also y—0, й—0 gives Az; PC-D*—h Е, (0) 
p: 
Hence u- ВЕ р) o 
р? 


pus the inversion formula for finite Fourier sine transform, 


u(x, уу= 2 Zu sin nx. 


ёи ди 
Problem 14. Solve "ax + Gye 0/9” 0<х<ул, O<y<munder the 
boundary conditions 
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(x, 0) x, u(x, п)=0, us (0, y) o и» (0, у)=0==ш» (5, )). 
Аш (5379 (уйга > (улл) pot x 
[B] Solution of à n=l т sinh пт 
lu of two-dim 1 y ti 
PAE АЧ. ensional Laplace's equation in cylimdrical (or 
The Laplace's equation in this case adu 15 +42 o 
Assume u(r, 0) — R(r) Ө (8) AE 


ĉu ФЕ tu g dR ёш Qd: 
so that ip e ar =0 р and у = КА è 
$ К Фк 1 „dR 1 Rd'e 
200) gives Ө 5+7 OG +: ge =0 00) 


ог AG ARS s )- > Sn" 
R КОШЫ" РЁ) 8 de" (say) 
as variables are separated. 


12:0 ^ 
Here — eden” ie., To +п:0-=0 gives Ө=А cos n0-- B sin Ө 
(4 


28 (8) 


d* 
and xr as + ante. oR rS R=0 


being homogeneous, takes the form af —mR-0on putting r—e' 

and then its solution is 
R=Ce™+De™ ie, R=C rt Dr^ diste 9) 

Taking n=0 we have from (3) 
2.0 giving O=A, 8+ B, ‚ (6) 
„ФК dR _ dR des e we 

and r dr: Tr ie =0or der (when r—e*) giving R=C,s+D, 
; БОЛ) 


— C, log r+ D, 
The solution of Laplace's equation in cylindrical coordinates when 
u is independent of z is known as Circular Harmonics and n is the 
ic. Hence the Circular Harmonics of degree zero 


degree of the harmon 
are given by 
u,—-(40-- B) (С log r 4- D) by. (6) and (7) 


and those of degree n are given by 
и, =(4, cos n0-- B, sin n0) (Car® - D, r7") by (4) and (5). 


The general single-valued solution of (1) for all possible л may be 
written as 7 
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" W 
u=A,logr+ X (A, cos n0-- B, sin n9) (C, r^4- D, г") Со 
n=l 


...(@%) 
where Ay, An, Вл, Сл, Р, and C, all are arbitrary constants. 

Problem. 15. For a semi-circular plate of radius a with boundary 
diameter at ФС and surface at 100°C, show that the temperature ` 
distribution is: given by Р 

Ё 0400 $ E” sin (2n—1) 0 

CUm pe =! 
?u du 102и ER 

The boundary value problem. > + rar te а = Осу... (1) 
` Its solution by (8) of § 12.7 [B] is 

© 

u-A, log r+ E (A, cos 0+ B, зіп пб) (C, r*-- D, r7*)--C, 

n= 


j 2. (2) 
But temperature being finite at 7—0, (2) should not contain terms 
of log r and r^" and this will be so if 4,—0—D,. 
Moreover at r—0, u being zero, we should have C,—0 


о 
Hence (2) reduces to u= A (А, cos n9-- B, sin n0) C, r^ 
x 


oo 
= = (a, cos n0+6, sin n9) ғ" taking a,— A, C, etc. 


2-1 i X 
Now a being the radius of the sphere and assuming u=w (a) at 
r=a, we have 


ща) =: È (an cos n0--b, sin 10)a" 2-00 
a= 


^ where 2-2. (7 #@ cos по d= 220 [" cos nt 6—0 and 
= Jo ла" Jy 


а" 


а" 
j 200 f7 . А 400 
ie, oe | sin n6 40—0 when nis even and Woo. when ” is 


odd. 
Hence (3) reduces to 
400 $ г sin(2n—1)0 
T жы! 2^1 gie 
Problem 16. Determine the steady state temperature at апу point 
a semi-circutar metal plate of radius.a whose Нн ied 
tained to a given temperature of T^ whereas the base is kept gt zero 
temperature 2 
`7 u=u (r, 0), the boundary value problem is 
Ou 1и 1 Fu - 
or tra tpe .@) 


for n odd. 


u= 
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with conditions (i) u=0 when 6—0 for 0<r<a 
(ii) u is finite when r>0 
(ili) u=T when r—a for 0<0<x 
Solution of (1) by (8) of § 12.7 [B] is 
со 
u= Ay log r+ Z^ cos n0+ B, sin n9) (C, "+D, г") С, 
п=1 


M2) 

In view of condition (ii), и being finite, (2) must not contain terms 

S iog г and г" and this will be so when 4,—0-— Dn. Thus (2) 
uces to х 


oo 
и= > = cos п0+Ь, sin 0) r"--C, when а„=А„ Ca, b.— В, C, 
n= 
У 18443) 
In view of condition (i) C,—0 and hence (3) yields 7 


eo 
u= E (a, cos nÜ--b, sin пб) т" ++. (4) 
n=1 
PST 
By condition (iii), this gives, T= X (a, cos 104-2, sin n9) a“ from 
п=1 


which we find 
WE MINI ri NES ATUS. i 
ъ= | Gr cos п@ d6— af cos n0—0 and 


2 [m pa 2T 
b, 2 (+2 Sin лб d=- | 


Hence (4) gives the required solution as 


ЖЕУ -2T 
sin n0 48 — ange —со$ лт) 


© 
и= ma", (1--cos пт) г" sin пб. 

Problem 17, А long cylinder is. made of two halves, the upper half is 
at the temperature T, and the lower half at the temperature T,. Find 
the distribution of temperature inside the cylinder. 

Taking the axis of cylinder along z-axis, there is symmetry along 
z-axis and hence z-axis has no effect on the distribution of tempera- 
ture. At the centre where r—0, we have u=finite. The boundary 
value problem is 


LLL ы 3 s 
Its solution is (by (8) of $ 12.7[B]) 
m ; 
u=A, logr+ X (A, соз n04-B, sin n0) (Ст Dr") C, 
п=1 : 
(2) 
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u being finite, we have to eliminate the terms of log r and r^" so 
that 4,—0— D, 
с 
2. (2) becomes u= È (a, cos 6+, sin n0) +С, (3) 
n=1 
where a,=A, C, etc. 
„Suppose that u= F(8) at r—R (say), then (3) gives 


o 
fie C,4- X (a, cos n9--b, sin n0)R" ...0) 
n=l 


PT LEG eus 
This gives Сезе], ЛӘ) a 
1 i" È 1 ir x dð 
a=], fO) соз n8 48 and Ьл f ЛӘ) sin n9 
But we are given that 
ЛӨ) — T, for 1207-0 (upper half) 
and ЛӨ) T, for 2x>0> (lower half) 


n 1 Ff* т T,+T: 
icez 1; exp T,d9 H 


1 ГГ" 0 d+.” T, cos nô dd ]^ 
а= |. T, cos n af” $ CoS n = 


х 1 т s am А 
and Ву ay T, sin n8 48+ |, T, sin n8 а] 
1 Т,+Т, _.{2/пт®К" (T, —7;) for п odd 
=l онт) hn for n even 
Hence the solution (3) reduces to 


_ Т+Т» > 2 A 
us cu EAT. (T,—T,) sin n0.r^ 


where n=1, 3, 5,... 


T47T,, 2 к A : 
xe 4 p (h-79 sin (—r4- aR (T,—T,) sin 
> ] 30.7... 
which gives the required distribution of temperature. 
Problem 18. Jf и is a function of r and 0 satisfying 
Qu 1 д 1 ги 
ar t pw ES 29: zo x0 
within the region of the plane bounded by r=a, r=0, 0-0, t= 


and also satisfying the boundary conditions u=0 when 6-0, и=0 
т 

when b= ^ u=0 when r=b and u=0(3-0 ) when r=0 then 

show that 
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ud. y (r/b)‘"-* — (b]ry'n-. sin (4n—2) 
т а. (a]bY"7:—(b]aye-: (4п—2)3 * 
The solution of (1) with the — 8—7/2 

help: of (4) and (5) of $12.7 [В] 
is u (r, @)=(А cos m8--B sin m8) 
(Cr? 4- Dr-") .(2) 
where we have taken Bii cone 
stant of separation. Applying the 
boundary condition и=0, when 
e, o Auc 0=4 (Cr"--Dr-7) 


8=0 


Y becomes u (r, = cem 
+р' S sin m6 - (3) 
where ВС=С' and BD—D'. 


The condition u=0 when 02:0, gives 0=(C’r™+4-D’r-™) sin “у 


Le. sin > = Оог Il =(2n—1) т giving m=4n—2, 
- Also the condition v when r—b gives G=(C'r™+- Dr] sin mô 
ie. C’b"+D'b-™=0 which yields with m=4n—2, D'— —C'bin— 
—C'bt-, 
As such (3) reduces to u-sC' [r*n-: — b9n-* ү—(4-2›] sin (4n—2) 0 
Considering all possible л, the general solution becomes 


и= H C'n [rin-* — b9n-4 r-1-2] sin (4n—2) € ‚..(4) 
ne 


Applying the condition и=0 (+-! ) when r »a, (4) yields 


e(5--* )-i X C, [atn-:— bh а-Ч-®] sin (4n—2) 6 


pen 4 (x х { 
So that Cx («- ры )-51 в (j ) sin (4n—2) 
LJ 
4 4 

9 00=— . na 

Givi Cia pat Brin ST gn i 

UE UNI z(4n—2)9, © gen pem 

Hence (4) reduces to 

Sb: E а ааа н-т sin (4n —2) 0 


ur gi Cpu Gna 
r 4л-2 ( b p 
16 S ( b ) SAAM sin (4n—2) 8 
RARE UD cod ү": b NC (4n— 2p 
К) 
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12.8. THREE-DIMENSIONAL LAPLACE’S EQUATION 
[A] Solation of three dimensional Laplace-pquation im Cartesian 
coordinates. 


The equation is e v 24-0 2 s) 
Suppose u—X (xY (у) Z (2) iu. (2) 


р 1 @ФХ 1 @y | -Z 
Then (1) yields, =y- AT Xy "dy + z а? -— ... (3) 
This relation being of the form F, (X)-- Fa (Y)-- Fs, (Z)=0 will be 
true only if F,, Fs, Е, are constant functions since x, y, z and so X, 
Y, Zare i t functions. We therefore take constants — n, 
—т?,-Ер? such that p*—m* +n? and 
1 dX ax 


xX de =—m ie. а +n? X=0 giving X=A cos пх B 
sin nx ‚+ 
1 ФҮ а. oe 
W^ Wurm Le ya -pmiY-0 giving Y=C cos ту+р 
sin ny Y AK) 
ч da * ie Az p Z=0 giving Z—E е + Fe” 


z ds dx 


. (6) 
As such the combined solution of (1) is 


=(A cos nx+B sin nx) (C cos my+D sin ny) (E Ne 


where р =т +n’. 
As an alternative this may be taken as 
и (де Be) (C e™-4 D e") [E cos pz--F sin рт]... (8) 
Note. We can easily verify that Laplace's equation V?*u-0 is 
satisfied by 
1 
u= Ā — eee 9 
Ve yt FFE - " 
where / is a constant and (a. b, c) are coordinates of a fixed point. 
[B] Solution of three-dimensional Laplace-equation in cylindrical 
coordinates j 


1 u ди ey 


ГОА ы PE ш —0 
e have эу ty ар TP oe tae и ‚.. (10) 
Suppose that u (г, 0, = К (г) Ө (6) Z (2). Soc (Ht) 


1 ФЕ r dR 1 _ ZO 


В i NNER fe E 
Then (10) yields к g: +R d ng dB Z di 


DIFFUSION, WAVE AND LAPLACE'S EQUATIONS 97) 


As variables are separated, we may take 


? zx A eM and bA- р ie 22 —NvZ=0 
and 20 4 weno 2203) 
These yield Z—e and @=e+iu6 ‚..(14), 
or in other words the solutions of (13) are 
Z=A, & +B, e? , 9— A, cos +В, sin иф es (15) 
Also then (12) reduces to 
aR n E Re £- R-o C КЕ) 


which is Bessel's equation and takes the form 


ФК 1 dR n А 
а Ж ( + )R~0, on puttingAr=x. .. - 07) 
Its general solutions are 
R=A, J, (Àr)-- B, J_, (Ar), for fractional p +++ (18) 
and — R=A, J, (Ar)+B, Y, (Ar), for integral н os. (19) 


As such the solutions for (10), with the help of (15), (18) and (19) 
are : 


„u (r, 0, z) = (А, eè! В, ел") (Ay cos nM Lu u8) [As Jy. 


(Ат) +В, /-„ (Ar) . (20) 
and и (г, 0, z) — (A, e4* +B, e-?*) (А, cos 20+ B, sin иб) м2, 
(Ar)+B, Y, (\г)] vee (21) 
Note 1. The general solution of (16) may be written as 
К Аль Jp (№) - Ba, Y, (Ar) Soa) 


. where Аль and Bj, are constants. 


Since Y, (Ar)3-o0 as r—0, therefore in a physical problem if p is 
finite along the line r=0, then we must have B3,—0 and hence the 
‚ solution of (10) may be written as 


x2 > Arp Jp An eiue $ ‚.. (23) 
Note 2. a the superposition, the general solution of (10) may be 
written qs 
u (r, 86, 2)— 2 лоне (A, cos 26+ B, зіп u£)--e?* 
(С, cos u9-- D, sin e£ ‚.. (24) 
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Note 3. In a problem if there is symmetry about z-axis, then we 
may take «0 and the solution will be 


u(r.&E zem EZ Ar JyAr)ed? (95) 
L3 


Note 4. If in a problem of symmetry about z-axis, и->0 as r—0 and 
200, then the solution is of the form u(r, 8, 2) Ax Jv) e 
a 
ЕЕ) 


[C] Solution of three-dimensional Laplace-equation im spherical Polar 
coordinates 


õu , 2 ди 1 ди cot 0 ĉu би 

Wehave 2: >> a tp e^ тт 00 tr sin Opt 
~+ + (27) 

: ди 1:579 
or equivalently, r* àr 42r ar аб EC [] 36 ) 
1: 0M. 2g. 

"aa 724 -0 (28) 
Suppose u(r, 9, ф)= R(r) Ө (6) Ф (Ф) 2221029) 


Then (27) and (28) yield on dividing by ROW 
1 @R 2 dR , 1 O соф dO Tere Ди ДЕР 
x de tR d Pe der Pe dé "rs Ф d 


г dR 2r dR 


1 dí. de N 
апі | y dr p dr *ésiné ECL $)] NS 
1 d 
=- 5 37 (say) (31) 


Considering (31), E PX ie. To +4°Ф=0 gives 


o=C et ... (22) 
,l df „аку pug (coda м 
and & a Г 2)- eas go (sn? =) sin" 


=п(п+1) (say), gives Н № eR )- ne 08-0 ... (33) 


Дег. de D ` 
and сте aso 8 19) + [re naa | ө=0 ... (34) 
DOUTOR Y Q1 d® r ËR 2r dR 
Considering (30), if we write Фа == —À? and = otk dr 
=n(n+1), then we have 
Ф=С et? which is (32); r* т 2008: nin 1)R=0 Which is 
A: 
sin? 0 


тө, de ; ; 
(33) and. g> cot 9 gt Et D— =0 which is (34). 
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Now the equation (33) being homogeneous if we, put r--e', then it 
reduces to (D (D—1)+2D—n(n+1)}R=0 where DER 
or (D—n)(D+n+1) R=0 giving R— Ae"*-- Be" = Ar" 4 Br"? 
z А ДЕ (35) 
Again if we put cos 0—u іп (3) then since 
dO d d, sin 042; Ай x. id, 
d dw 2.6798 do = au" 
d dp M T x 
we have а= ) du S n(i4-1) -c Ө=0 
d&O de A 
у аг. e BT 
ie 1-0) 52 20 T +) ce } ө=0 ...(36) 
which is Legendre’s associated equation and hence has the solution 
@=A P? (u)+B О? ()—4 PÈ (cos )+B Q3 (cos ®). .. . (37) 


In other words if we take Ө =Ө (cos 8) from associated Legendre 
equation, then the solution of (27) is of the form (Аг"-+ Br^^*!) 
: ; Ө(соз 8) et? 
So that summing over for all n and trying superposition, the 
general solution of (27) may be written as 


оо 
a0 oe È (4. Be ) (cos 0) et^ — -... (38) 
: PES 
Note. If ^—0, then (36) reduces to (1—w) ae —24 * 
+n(n+1) 8=0 


which is Legendre’s equation and hence we have for integeral n, 


@=P,(u)—=Pa(cos: 0) “Fa fw 


and аво ©—Ou(1)= Osos = Pals) og tt f 
i 


San ея sip 
GF Da) Pss) 


where p=4 (n—1) or 4n—1 according as n is odd or even: 
{Cn Pa(cos 9)--D, Q.(cos 0) e7?* .. . (39) 


In case D,=0 under specified boundary conditions, then 
@=C,, Р„(сов 9) 


B, 
A+ 


со 
Thus O=C,, Р„(и)-—ЙЁ„ Qn (и) so that u= un (4+ : 
n= 
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f со Р 
Hence the solution is u= zi (arta ) Bacon)... (40) 
ue 


Note 2. If there is axial symmetry about z-axis, then u depends only 
r and 0 aud'so (27) reduces to 
ди 2и p Ou eo ug NT 


. ôr дг cji з 08 
Its solution by putting $—0 in (40), is 
со 
u(r, 6)= > (ere) (C, P, (cos 8)-- Ds О, (cos 0)} 
п=0 
... (42) 
[n case D, — 0 under specified conditions, then 


eo В, 
HU RS (47, ) Palcos 0) ...(43) 
п=0 r, 


Problem 19. If the surface S of a sphere of radius a is kept at a 
fixed distribution of electric potential u= F(0), then find the potential 
u at all points in space which is assumed to be free of further charge. 


Li 
In this case а being zero, we have the constant of separation i.e. 


A=0 and hence equation (36) of $ 12.8[C], reduces to 
dO [2] : 
(1—62) дт 2442 enter 8-0 ii (0) 


Being Legendre's, equation the Legendre polynomial Р„(и)=Р„ 
(cós 8) is the solution of (1) i.e. we have 
о 
ц= » (4a + B. ) P,(cos 8) Rete (2) 
n=0 Р 
Now to determine the potential u, we consider the problem їп two 
cases: 
Case I. Outside the sphere. Since the potential at infinity vanishes 
ie. Lim и —0, the boundary condition requires that any positive 


rx 
wer of r should not be present in the solution (2), th ivi 
А„=0 so that (2) reduces to ое 


$ B 
cita T P,(cos 8) TES GQ) 
Assuming that u= (Ө) when r=a, (3) gives 
со 
а В, 
F(8) = f(cos 8) (say) = ae qu P,(cos 8) ...(4) 


If we replace cos 6 by и in (4), we get a" f(u)— $ В, P,(u) 
n=0 


1 1 1 
so that arii [^ Дш РШ а= | > omn. Patu) адв] 
44 a 


= ERIS TNR WR In 


——— 
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281, 2п+1 * 
Ри) du; giving Be Een E F(@) Pa(cos 8) 


sin 0 dô on setting u—cos 0 А Anu» 
Putting this value of B, in (3), we get the required potential out- 
side the sphere i.e. A 
* oo n+l 
DES 2) P (cos DM F(8) Р, (cos 0) sin 8 d9 . . . (6) 
вед. 2 r o 
Case II. Inside the sphere. Since the potential inside the sphere can 


not be infinite, therefore the general solution must not contain any 
negative power of r, thereby giving B,=0, so that (2) reduces іо 


oo э 
u= EAn г" P, (cos 0), ra «+ (7) 
n=0 ў 


со 

when r—a, u=F(6), therefore (7) gives F()) — = 4 а" P, (cos 9) 
n= 

from which we have as in case 7, 


A,= zur ҢӨ) Р, (cos 0) sin 040 ‚. 8) 
0° 


Substituting (8) in (7) we get the required potential inside the 
sphere. 
Problem 20. Find a solution of the equation 


а(. 9L 9 (uno 35 )— 

AU Wo à 38 (sin 8 29 Je ++ AD) 
in the form $ —f(r) cos 8, given that (i) = гы =u cos 0 when г=а and 
(ii) —# o when r=. 

. We have $—f(r) cos 0 
y. » —f'(r) cos 9, # ло) sin 0. 
Their substitution in (1) gives 
9 f P 
ese cos 6}+ E a (sin 8/0) sin 6)—0 
Le., (+2 /'()—2Д\т)=0 ‚..@ 
This equation being homogencous, can be reduced to the form 
T d 
{D (D—1)+2 D —2) fr) -0 by putting r=e and D= Se 
ог (D*--D—2)f(r)-0 or (D—1) (р+2)/)=0 
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7 =A eB. etm Ard D so that $e Ar cos 0+ 5 cos 6 
is (у 
(3) gives = =A cos g ços @. 


Applying the condition (i) —u cos 0= А cos 0— 25 cos8 ...(4) 


and applying (ii) 0:24 cos 8 i.e., A=0 and then from (4) B= Фи 


2 


Нерсе (3) yields $= 4- 2. cost 


Problem 21. Find the permanent temperature within а solid sphere 
of. radius unit when one half of the surface of the sphere is kept at 
constant temperature 0°С and the other half of the UE at IPC. 


Rohilkhand, 1977) 
z The. distribution being symmetrical 
. about z-axis, we have 
ON ss дф e 
ae &(7 or )+ sin 8 28 
(sin ө = eo 
я 2 
00 о ee M 
Le,r75 H T Sint % 
ve CD tE) o 0 
* Fig. 12:5 with boundary conditions 


(i) $=1 for 0<0<-> and (ii) ф=0 for; <ё<т 


under the consideration of distribution for upper half of the sphere 
Le. for 0<0<т, 


Е Piin that $— R(r) Ө (0), (1) yields on dividing throughout 
y к 
P&R xr dR__1 1 3f- дү - 

Rd Rd ~~ aint a a 0 
or separating the variables and taking A* as constant of separation, 
PËR, 2 dR, 1 1 Of. , dO) _,, 
ЕК Rate PTOL A) (say) 

EXE > ËR dR 
so that us dm 2r A —M R=0 - (3) 


м de 
эш 20092 2) 9-0 К) 
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Taking X —n(n--1), (3) yields ° ФЕ +2r R -n (n41) R=0 


which being a homogeneous equation can be solved by substitution 
*г=е', to give the solution R=Ar"+ 


DUO 
Also taking cos 0— p, (4) yields, EA { (1—03 5] +n(n+1) 


@=0 which is Legendre's equation and hence Р„(џ) is a solution of it 
i.e., O= Р, (w=! (cos 0) 
Combining the two solutions we have for all n 


#= 2 3 (4. r+ жы). (cos 8) NC 


Now dx temperature at the centre being finite it is required that 


„= 
oo o 
Г. (5) reduces to $= 2. P. (cos 6)= A A." Pa (и)... (6) 
n= Ne 
But by orthogonal properties of Legendre's polynomials, we have 
3 2 
ау 
[5 =a 
Also г=1 gives $—Z An Pp (и) -7 


Multiplying (7) by Р, (и) and integrating with regard to + from 
—] to 1, we have í 


д = ZELS? фр, 0) da= 201 фр, Ceos 0) sin 0 @, 
when #=cos 0 
-zH P, (cos) sin 0 46+ |} ^j Р, (cos 6) sin 0 а) 
2+1 
"ege 


"p. (cos 0) sin 0 49 
rer gal for 0<0<7/2 and ф=0 for 7/2 <@<т, 
: sah LT 1 
= an P, (u) de giving 4,— il^ а= > 


1 
ам A= Sf 5 edes], к&= 2 


-i[5e4-; Sf 301 tue ib -e] =0 


if P, (0) d uh ide 


-iie -5 те] =— E^ etc. 
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Hence ф= Hoy г P,(cos 07. г? P, (cos 0)-- 
i szty Ps 16 з 2s 


12.9. GENERAL PROPERTIES OF HARMONIC FUNCTIONS 
(Agra, 1971) 


We know that functions satisfying Laplace's differential equation are 
said to be the Harmonic functions. Now to discuss general properties 
of such functions, let us consider a vector point function A and a 
scalar point function и satisfying Laplace's equation i.e., V? u=0 


2:20) 
such that : A=Vu SH PA 
4OVASV:(Vu)sV!u-0 (Зу 
But Gauss' divergence theorem gives [^a [ffe "А) du 

$ V 
(4) 
which with the help of (3) yields {| A-ds= [усу -аз=о 0:65) 
sS s 
If we take curl of both sides of (2), we get V X A— V x Vu=0 

. +» (6) 

But Stoke’s theorem for a vector field A is 
фола [|е x А)-48=0 0) 


5 
where integral being taken over the closed curve C bounding the open 
surface S. 

(7) with the help of (4) reduces to фуд -а=0 .. (8) 


From (5) and (8) certain important pri i i - 
Here cas Be MEM ET po! properties of harmonic func 
Applying Green's theorem i.e., 


E ПП (Y V? w—w ү? y) se [eer .. (9) 


we can easily exhibit that if V? u=0 in a region bounded p 
sphere of radius r then the value of u "ile 
екЫ иту Say u, at the centre of the 


Em .-«(00) 
5 
where integral is taken over the surface of the sphere. 


These results may be categorically stated as: 
@ From (10), the average value of a harmonic function on the 
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surface of a sphere in which it has no singularity i.e., the points 
where the function becomes infinite, is equa! to its value at the centre 
of the sphere. 

(ii) From (5), it follows that а harmonic function having no 
singularity in a given region cannot have a maximum or minimum 
value in the region. 

(iii) From (ii) we conclude that a harmonic function without 
singularity within a region and being constant everywhere on the 
bounding surface of the region, has the same constant value every- 
where inside the region. 

(iv) Two harmonic functions having identical values on a closed 
contour and having no singularity within the contour, are identical 
throughout the region bounded by the ccntour. 

(v) From Green's theorem it follows that if the normal derivative 
of a harmonic function is zero on a closed surface within which there 
is no singularity, the function is constant. 


(vi) It follows from (у) that if two harmonic functions have the 
same normal derivative on a closed surface within which there are 
no singularities, they differ at most by an addive constant. 


12.10. THE WAVE EQUATIONS 
[A] Derivation of one-dimensional wave equation 

Consider a flexible string of length l tightly stretched between two 
points x =0 and x=I on x-axis, with its ends at these ends. If the string 
з set into small transverse vibration, the displacement say u (x, t) from 
the x-axis of any point x of the string at any time t is given by 


а c n where c* =f T being tension and o the linear density. 
i Sue 2 Du i 1 
. Тһе equation am c dx: DNE) 


is known as one-dimensional wave 
equation. 
Let the string (assumed to be 
ectly flexible) of length / 
tightly stretched between the 
ints x=0 and x=/ on x-axis be 
distorted and then at a certain 
instant of time say t=0, it is 
released and allowed to vibrate. 
To determine its deflection (dis- 
placement from x-axis) at any 
point x at any time t, let us take 
the following assumptions: Fig. 12.6 
(i) The string is uniform i.e. its mass m per unit length is constant. 
(ii) The string is perfectly elastic and so offers no resistance to апу 
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(їй) The tension T is so large that the action of gravitational 
force on the string is negligible. 

(iv) The motion of the string is a small transverse vibration in a 
vertical plane i.e. each particle of the string moves strictly in the 
vertical plane so that the deflection and slope (gradient) at апу point 
of the string are very small in absolute value. 

Consider the motion of an element PQ of length 8s of the string. 
The string being perfectly elastic the tensions 7, at P and T, at Q 
are tangential to the curve-of the string. Let T, and T, make angle « 
and P respectively with the horizontal. 

There being no motion in the horizontal direction, we have 

T, cos «=T, cos B=T (say)=constant 15:5 (2) 

Mass of the element PQ is os. By Newton's second law of motion 

we therefore have 


T, sin ВТ, sin «=(бз). 00, ‚..@) 


2, 
сач being upward acceleration of РО 
А М Т, зіп В _ Tisina bs du 
Using (1), (2) yields T, cos В T oosa af AT 
i.e. Bs ди 
.e. tan B—tan «= +, tens Ass (d) 
Replacing бз by 5x since the gradient of the curve is very small, (4) 
) ёи pòs ди 


gives (ох уа Va), T B EGS) 
since tan « and ES are slopes at x and х--5х respectively. 
v _ aw 
ar ‚ \дх juu Є his Qu 
ôx T д? 
HS U(x +x, 1)— u(x,t) р Pu 
ud 8х T of 
Proceeding to the limit as 3x — 0, we get 
9u p Cu 1 ?u I- p 
$e T owe o ge "10 ар. 


Notel c?= T reveals that the constant 2 is positive. 
Note 2. Since u ts dependent of x ed both, therefore we have 


used the partial derivatives = and da 

Note 3. Ifa force F (x, t) per unit оў mass acts in the u-direction 
along the string, in addition to Да tension of the string, then 
cC aif 
[B] Derivation of two-dimensional wave equation 

In = of a rectangular membrane, the two dimensional wave 


7 
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Ou _ Qu , ди 
биа (= + ) O 

Consider the motion of a stretched membrane supposed to be 
stretched and fixed along its entire boundary in the x-y plane. Let 
us take the following assumptions: 

(i) The membrane is homogeneous ie. its mass (say) e per unit 
area is constant. 

(ii) The membrane is perfectly flexible and so thin that it offers no 
resistance to any bending. 

(iii) The tension T per unit length caused by the stretching of the 
membrane is invariant during the motion and retains the same value 
at each of its points and in all the directions. 


Fig. 12.7 

(iv) The deflection u(x, у, t) of the membrane during the motion is 
negligible as compared to the size of the membrane. Also all the 
angles of inclination are small. 

Consider the motion of an element ABCD of the membrane. Let 
its area be 5x бу. T being the tension per unit length, the force acting 
on the edges are Tox and T3y approximately. Also the membrane 
being perfectly flexible, the tensions T5x and TSy are tangential to 
the membrane. Let «, B be the inclinations of these tensions with the 
horizontal. ‘Chen the horizontal components of the forces at one pair 
of opposite edges are T3y cos а and Тбу cos p. When а and P are 
very small cos @->1 and cos B-+1 so that ТЗу cos a—T3y and ТЗ» 
cos B— T9) i.e. the horizontal components. of the. forces at opposite 
edges are nearly equal and hence the motion of the particles of the 
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membrane in horizontal direction is negligibly small. As such we 
assume that every particle of the membrane moves vertically. 
The resultant vertical Гогсе== Ту sin B— Ту sin а. 
=T6y(tanB—tana) 
`7 a, В being small sin «—«—tan « 
x and sin B=$=tan p. 
— Tày[us(xd-3x, y,) —us(x, y,)] vee 
where иг denotes the partial derivative of u w.r.t. x and Vi, У аге 
>. the values of y between y and y+6y. 
Similarly, the resultant vertical force acting on the other two edges 
—T6x [uy(x,, y--8y) — (s, y)] .--@) 
where и, denotes the partial derivative of u w.r.t. y and Xj х, are 
the values of x between x and x--5x. 
By Newton's second law of motion, we have 5 
Total vertical force on the element=p8xdy E 
i.e. T6y[u (x +->, уу)—и» (x, у„)]+ T8x [u(xy, y 3-5») — us, у)] 


eu 
where A is the acceleration of the element. 
Thus ди Thuy, GEI Y) wes Ya) 


af Tp 
TT и„(х\, y+5y)—u(x,, y) 
el ae 


Proceeding to the limit as 5x->0 and 5y-+0, we have 


а Т; 10? д? Д 
= а] T +уя)=< ve «+. (9) 
уеге ои д* 
= 9х + oy? 


P ey Oy 
es t IRIS ies 
Note 1. If u=v (x, y) ef”, (9) yields à тау: +k*v=0 ...(10) 


Р where e-Cty . 
Note 2. The three-dimensional wave equation is 


Qu. (wu Ow PuY 5 
áp 7e tarta ce а) 


LOE NE 
where Ууз tar 


,12.11. GREEN'S FUNCTIONS FOR THE WAVE EQUATION 
The wave equation is 


e(£,9,9),.1 
3 m (Eriti) 3-3 дс (0) 


ee SS ee 
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Also written as, 


(et, oe, 2 19 
De (eger a a) #=0 DOM 
If its solution be of the form 

Ux, у, z, )— Y (x, y, Debi e) 
Then (1) gives, VIE+NY=0 +--+) 


which is known as Space form of the wave equation or Helmholtz's 
equation. 

Taking т=х ity j+z.k as the position vector of a point (x, y, 2) 
and r'—x' i+’ j+z' k as the position vector of an isolated point 
(x', y', 2'), the Green's function G(r, т') is defined as 


G (т, ')- H(r, rec vod) 
where Н (r, r^) satisfies (++ Н (r, r')=0 .. (6) 


1 apr) 
jr—r дп 


Using Green's formula i.e. (x)= 4,4 
Е CO eT 
-4 гг 45 SAU 
it may be shown that 


w- || Gr) 2 иг) к. т) P ...@) 


where n is the unit outward drawn normal to the surface S. 

Now we claim that the solution of space form of the wave equation 
under certain boundary conditions can be made to depend on the 
determination of the appropriate Green's function. Let us assume 
that G (r, r^) satisfies the equation 


а 0 . 

(она) GG, r)b б(т,г)=0 ... (9 

under the assumption that G (r, г) is finite and „continuous w.rt. 

either their variables x, y, z or x^, у', 2' for the points r, r' belonging 

to-a region V bounded by a closed surface S except in r— neighbour- 
hood where there is a singularity of the type 


err] as | ^r] .. (00) 
[ гг | Др: 
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Now V(r) being the solution of (4) and its partial derivatives of 
the first o second orders being continuous within the volume V on 
the closed surface 5 we have 


1 el r—r' | 9 (ғ) 2 > 1 
a OW (ey 2 Ir-r'|. v 
4r]s [т=т'| дп P(r’) дп e | r—r'| fas 


_JS¥@), if r lies inside V а) 
0, if r’ does not lie inside V 


Using (10), we therefore have 
I ‚у Qr) ‚у 9G(r, x^) ' 
vaez [16e NU) wg! " T ... (02) 


Taking G(r, r^) such that it satisfies the boundary condition 
бут, r)=0 Eu 
Whereas the point r' lies on the surface S, then (12) reduces to 
75 — 11, ‚у9б,(т,г') „с, 1 
Y= у) 20-60) & ET 
which gives W at any point r within S. 
Again if G, (r, r^) is such a function satisfying Ser) Le 
for r' lying inside S { ‚..(15) 


lf ap(r’) ue i 
ae | sae Ga (5 0) 45 -10 
which gives Ҹ at any point within S provided X is known at every 
point of S. 


wehave — W(p-— 


COROLLARY. Green's function for Diffusion equation: 


The diffusion equation is E =куузш ++ (17) 
Let u(r, г) be a solution of it. Then for a volume V enclosed a 
surface S, the boundary condition is u(r, t)-4(r, t) ^ kt 


~ whenr lies inside S. 


The Initial condition is u(r, o) - f(r) when r lies inside V — .. (19) 
If we define Green's function G (r, r, t—1), t>t 
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such that 16 eG +» (20) 
With boundary condition G(r, г’, 1—1')—0 when r' lies inside 5 

-. (21) 

and initial condition  U™G-00 <. (22) 


at all the points of V except at the point r where G takes the form 
> BLZ dd 
е (t-r) 
iG Єр ipie 
Now С being a function of г and hence of (t—1") only, (20) is 
А equivalent to 
2G узсо «+ (24) 


Physically interpreted G(r, r', t—t') in the temperature at any 
point г’ at time ¢ due to an instantaneous point source of unit 
strength generated at time г of the point г. Initially, the temperature 
-of the solid is zero and the surface is kept at zero temperature. 


Equations (17) and (18) being valid for t’ «t, can be rewritten as 


Zu гум, t'<t . . (25) 
and u(r’, t) em dr", t) when r' lies inside S . . (26) 


Equations (24) and (25) yield, 
2 (ug)-u 26. +6 0и. — iG yu—uv*G] 
et' or’ or’ 
so that for an arbitrary small €>0, we find ‘ 
m a : .[t* д А 
| | 2 (иб) av} ает [ ij [G V*u—u V :GM {а 
в y et А Vv 
.. (27) 
or, changing the order of integration, 


[,«9,.,. wfo, цои 
Ф 


—a(r, n) [ise rrr], | Z [,se. r, i) fle’) dv 


By (23), for G(r, r’, 1—/) we have | Jet. r’, trw- d'= 
зо that when € +0, L.H.S. of (27) 
zur, )— [^^ G(r, г, t)dv’ 
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Hence applying Green's theorem to the R.H.S. of (27) and using 
(18) and (21) we may find 


* обага Се) 
-+f а) dr’, t) — dS' in limit when €20 and— denoting 
e s дп дп 


the derivative of G along outward drawn normal to the surface S. 
We shall ultimately find, 


: ; ; Eia ry 86 uo 
u(r, t)= f yf VG, Р, d el" dt І. $0.0 as .. 28) 
kw gives the solution of (17) with boundary conditions (18) and 


12.12. HOMOGENEOUS AND INHOMOGENEOUS WAVE 
EQUATIONS ` 


In the next Chapter we shall discuss Maxwell's electromagnetic field 


equations in the form Vx E=— = -..(1) 
VxB=J+2 dd) 

У.В=0 А (3) 

and V-D=p «+ (4) 


In addition to these equations, we have few more relations in a 
homogeneous isotropic medium, 


D=KE 5 
: B-—uH ++ (6) 
and J—cE i2) 


The method of integration to be used here for electrodynamical 
equations actually leads us to homogéneous wave equation as shown 
below. For the purpose of their integration, introduce a vector 
À known as magnetic vector potential such that 


B-VxA «+ (8) 

| СЕ а dA 
(1) and (8) yield УхЕ=—-(у хА)=—\у x 2 suf) 
(on changing the order of time and Space derivatives). 


We can write (9)as V x( E+ 5А )=о -.. (10) 


Which follows that (e+) is an irrotational vector and hence 
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it is expressible as the gredient of a scalar point function such that 
9A 


Et =— V ф, ¢ being a scalar potential .. . (11) 

ot E=—A-v$ .‚..@2 
Multiply (2) by œ and using (6), we have 

VxB-u 44D. BER E, 

But V xB=V x(V XA) V(V-A)— V!A ... (14) 

(13) gives V(V-A)- VA HD ... 05 

Differentiation of (12) w.r.t. ‘t’ yields 
дЕ ФА ag 
A T TN я ‚..(16) 


Elimination of - x from (15) and (16) with the help of (5) gives 


V(-A)- А+ (FA — ea 2.07) 
or Аве FA V( дь 28 


It follows from (18) that curl of A is specified by its divergence but 


` . div A is not specified. But to find A uniquely, curl A апа div À Д 


both should be specified and hence let us assume that 


Vamu DE. ‚..@9) 

К А А zd 
So that (18) yields УЗА ркт =—pJ ... (20) 
Also (4) with the help of (5) gives V ‘E= ... QU 


which with the help of (12) becomes v.( —24 -v$ )= а 


W -£ (V.A)- V3 +=+ ; 22.03) ` 
Elimination of УА from (19) and (23), yields . 
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oe е 
У-и T = ...04) 
If we put c= Tem and (24) reduce to 
va 10А e ug 52 (25) 
I д e 
"Lun E 


Which have got the same form and known as Inhomogeneous 
wave equations or Lorentz's equations and they lead to the conclusion 
that magnetic vector potential А and scalar potential ф are propa- 
gated in accordance wit. a equation of the form З 


уш 2, oe —f (x, у, z, t) which is claimed to solve 
26927) 
with initial conditions u=0 and 900 at 1.0 ... (28) 
In order to use the method of Laplace transform, assume that 
Hux, y, z, 1))- U(x, y, z, з) and L( fix, y, z, D) Fx, y, z, з) as 
Taking Laplace transform of (27), we get V*U— = =F 
. . - (30) 
It we put d=- rt i, i—4/—1, then it becomes . 


s 1U+8U+Fa0 5...) 
, Which is Helmohotz's equation, DEC d f 


In particular case (31) can be taken аз V'UEx*U,—O ... (32). 


Which is the standard form of Helmohotz's equation and its parti- 
cular solution is 


dx 

Tye Bo + 09 

where r EN Dx distance from a point and U, is determined at 
Prid this particular solution, we can find the general solution of 

ag 
Ue, y, 2, э=з ||| FG, Yo n) eh. 12 ‚..в4 
куж ы SUME Rd ee Tg 
where r=4/ a-a) FO- r—z) and dv=dx dy dz ...(35) 


It may be verified that (34) satisfies (31). 
-. Now substituting x= 5 i (35) becomes 
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Ux, у, axa [[[E n9) „же сасе, 


Taking inverse Laplace transform of (36) we find the solution of 
inhomogeneous wave equation (27) as E 


1 f(x», 2, Il) Б j 
#(х, у; nN Sees a ЧУ ... (37) 


= 
[Since we define the Laplace transform of F(t) as А5) = L(F(t)) 


=[° &^5! F(t) dt. Under the condition that definite integral 
of F(t) exists and F(1)—0 for t<0. Also we define the inverse trans- 
form L7{ f(s)}=F(t) and Ца) =з? f—sF'(0)—s* F(0) where 
F'(0) is E evaluated at t=0 and 
ipud Го, t«a pan 4 ] 
Че”) =| реа), с>а, А0 {я gli 
. The equation (37) shows that the effects in variation of F(x,, уу, 
гь ? do not approach the point (x, у, 2) unless the time / is retarded 
y г/с. 
As such we can write the solutions of (25) and (26) as 


JUPE E 
st ||| = 3 ‚.. (38) 


r 
: ху, уь Za f— 7 
em $-4L |) Ф... (39) 


These give retarded potentials of electro-dynamics. 


12.13. THEORY OF WAVE GUIDES 
Here we have to discuss the propagation of electromagnetic waves 
travelling in the longitudinal direction in a homogeneous isotropic 
medium filling the interior of a metal tube of infinite length, under 
the assumptions 

(i) The tube has a uniform cross-section. 

(il) The tube is placed straight along x-axis. 
(iii) The conductivity of the tube is infinite. 

(iv) The medivm is devoid of free charges. 

(v) x-y plane is the plane of cross-section of the tube. 

(vi) x-axis is along the wave guide. — . 
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Taking Eo, Ho, с, x and p as electric intensity, magnetic intensity, 
conductivity, electric inductive capacity and magnetic inductive capa- 
city respectively, we can write the fundamental Maxwell's equations 
in the forms 


VxE--a Ee, (0 

Vx, ce e. d 

V. Ej—0 -> (3) 

and V. H0 -4 


In order to discuss the possible oscillations propagating inside the 
wave guide, we can take Е, and Н, of the form e such that 
E,—E el(ot—ax) se) 
and Н,=Н elfot—ax) 29 
The frequency of oscillation being given by 


=- a is known as the propagation constant, 


2r 
Now we have E= i E, j E,—k E, О) 
апі H=i H;+ j H,-Fk H. ... (8) 


If we substitute for E, and Н, from (5) and (6) into (1) and (2) 
we get the Cartesian components as 


2E: я A +аЕ,= — ion Hy; 
aE, E Ling, EN 
and 2. 2н, (= іою)Е,, oe "aH,— (s-Hox)E,; 
att, Be (оок), 2.0 


It is observed thatthere are two types of wa i 
Graves by or H waves and ti) TM Е 
S oo which exist independently and satisfy equations (9) 

Case І. TE or Н waves are characterized by 

E.—0and H,Z0 © (1) 
` which follows that in the direction of propagati PN 
field has no component while the 1 $c ue. electric 

If we put E,—0, (9) and (10) yield. 7/4 Ваз а component. 
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QE, 3E, : : 
E — Gp = еН; аЕ,= —іорН,; aE,—iowH, ++ (02) 


н, à aH, 
and oth c0 г Е+аН,=(а+%ӘЕ, ; 
тан, Fe (64 iw, 2.03 


Eliminations of H,, H,, E, and E, yields 
H, OH, BOSE 
uH uS —-—[z—(s-c-iex)ieu]H,  ... (14) 


But in an electric region inside the wave guide c<<we so that . 
(14) reduces to Е 


H, OH, E 
je tor (ачан, — eH, . » (15) 
where K?—a*-Fe?ux 


Hence magnetic intensity H, can be determined under given boun- 
dary conditions. 


Now from (12) and (13) we can derive 


a 9H, a 9H, iok a. 
y= dy =a oap B= Hes 
ion 
a 


E,——-——H, wee (16) 


. Thus E and H can be determined if H, is known. 


In case the surface of the metallic wave guide isa perfect conductor, 
then the tangential component of E vanishes and for a rectangular 
wave guide with its sides parallel to y and z axes, E,=0=E£, at the 
surface of the wave guide. As such it follows from (16) that 


dH. QI. 
ду д2 


If n be the normal to. the surface then at the surface of a wave 
guide of any cross-sectiori, we have 


» 


9H, 
; п 7S 
Taking general coordinate system, we can write (15) as д 
М%„,, H4 T €! H,—0 D (17) 
5 it д2 i 
where. у?,, imag Subject to E= H,. 


Its solution therefore gives the possible value of K and hence the 
value of ‘a’ the constant of Propagation such as 


|a Kote -.. (18) 
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These are imaginary values of “а” which lead to possible wave 
propagation along wave guide while for real ‘a’, the wave is rapidly 
attenuated as it proceeds along x-axis of the wave guide. 

Case П. TM or E waves are characterised by H,=0 and Bey) 

--(l 


Here (9) and (10) for Hz=0 yield 


Fe 95s 0; 2E, SERE = — lots; 
2 
аЕ,+ x —iouH, ... (20) 
and He Me (eal: aH,—(c-- iox)Ey; 
—aH,-—(c--iox)E, v «QD 
Elimination of E,, Ey, Н, and Н, yields 
дЕ, ФЕ. 2, 
yt t = —(a^ 3 otux)E,— — E, 55422) 


For general coordinate system, this can be written as 
Уу?,, „Е„+ &*E,—0 


where Vi, aye tag ... (23) 


In case of the surface of a perfectly conducting wave guide E has 
no tangential component at the surface, thereby giving E,—0 at the 
surface of the wave guide. 

The determination of the possible values of K leads to the possible 
value of ‘a’ the propagation constant. 

From (19) and (20) £,, E,, Н, and Н, can be determined. 


_ 12.14. SOLUTION OF ONE-DIMENSIONAL WAVE EQUATION 


duet д 2t 
The equation is = =^ ТО) 


Its solution by 2’ Alemberts' method has already been gi i 
$7.5. Here we solve it by the method of separation of NATRI = m 
‚ Assume u(x, t) — X(x) T(t) (0) 
where X is a function of x alone and T that of t alone. 
Фи ox Bu _ — ET 
ga =Т J and ^^ ETE 
which when substituted in (1) give 
de PX. BX ddr 
X da OT фз {6 у qat aT. ge 
on dividing throughout by XTc*. 
As variables are separated, taking À as constant of separation, we 
ve" z 
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1 2х o dX. 2 
X a= ar area giving STE and ^T er (n Q 


а 
There arise three possit ilities: 
© A=O, so that by (3) EX o, ФТ Lo 


"= а 
giving X=Ax+B, T=Ct+D „+ (4) 
(ii) Хер ФХ зу, ФТ —pic?T=0 giving 
ьн da ^ ge 
X— Ae* - Bett, T— Сени ретка Ў 
2 
(Hi) Acor, m нхо, Т erro giving 
X=A cos ux-i-B sin ux; 
T=C cos uct4- D sin uct 2 (0 
If we impose the boundary conditions ' з 
и(о, 1)—0, u(/, 1) —0 for all t ...02) 
and the initial condition 9 
u(x, о) F(3); ( Уй, =g% 2e 


then (7) asserts that u(o, t): Y(o) T(1)—0 and щ/, r)— X(I)T(() 0 
which imply that either T(t)—0 or Х(о)=0 and X(/)—0 


Thus from (4) when x—0, we have В==( and Х(1)=0= 41+ В then 
gives A=0. 


Also from (5) when x—0, we have 

` X(o)--0— A-F B and X(/) —0— Ae"!- Be giving A= B—0. 

In either case 4» B=0 give X(x)=0, u(x, t)=0, so that the solu- 
tions (4) and (5) fail to give the solution of (1) and it is the solution 
(6) which is periodic in time and is capable of giving a solution of (1). 

Combining the two solutions of (6) we have a general solution of 
(1) as 


u(x, t) —(4 cos ux+B sin ux) (C cos uct4-D sin pet), ...(9) 
Now to determine the constants A, Band p, we adjust them so as 
(9) satisfies (7) i.e., 


и(0, t)—0— A((cos uct-- D sin Uct)) — 0 giving A=0 
and u(/, )=0=(0+B sin ш) (С cos uct 4- зіп uct) holds for 
Ш=пт i.e., 5, n being a positive integer. 


Hence the solution of (1) satisfying the boundary conditions (7), 
may be written as А 
их, 2-(c. cos "E-D, sin ™t) sin т ...@0 
Now applying the initial condition (8), (10) yields 


иф, 0)=C, sin "= = Fx) 
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sin "7 
and (2), aL es "7 TERT i "76 Р, cos TE mer] us no 
=". D, sin T ee) 

It is notable De a mere single term as solution will not satisfy 
u(x, o) and E Jig: 

In fact the solution (2) is linear and homogeneous and hence it 
indicates that the sum of any number of distinct solutions of (1) is 
also a solution of (1). As such the required solution of (1) in place of 
(10) may be taken as 


ux, nu 2 2 (с, соз rel 4D, sin a) in 72 ар) 


where C, sin T = Fix) and = D, sin T =). 
- Of course, "n solution (11) satisfies (7) and hence together with (8), 
it provides 
со 
u(x, m. > e sin "^ —F(x) and (s à ), : 


$ 


e TE D, sin > egi ‚..(12) 


The Tu s of s ipo: Fourier em we have 1 
C= Fr F(x) sin CX dx and €. De=— it g(x) sin d: 2 


^. Hence (11) gives the required solution of (1), for all values ae 
‚ and D, given by (13) satisfying (7) and (8). 


COROLLARY 1. In (8) if we assume g(x)=0, the initial velocity, the: 
(13) yields D,=0 and hence (12) reduces to у s à 


e ntct . mx 1 2 . onm 
wx, t) Дыт C, cos T sin = у ү: С [ sin TO” 
md ete] 
MSS S ME AXE . m 
=3 да C, sin oF @-a)+> eee sin T (x+et) ...(14) 
. Thus replacing x by x—ct and x+-ct successively in (11) we find two 


i «et sin T Т (eet) and = ve sin > T Get) 


we may denos conclude that 
u(x, t) 1 17х00) fix 4 en)] ... 05) 
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Which is the solution of wave equation (1), where f is the odd periodi 
extension of F with period 21. E 


COROLLARY 2, If we put. MT. then the functions given by (10) 
are termed as the Eigen functions or characteristic functions and the 
values ме. are known as Eigen Values or Characteristic Values 


of the vibrating string and the set — 
А=(\,, Ay; Às.. Aq) is known as the Spectrum: 

We also бі that u, represents a harmonic motion with 
frequency ж = cycles per unit time. We call this motion as the 
nth normal mode of the string. In case n—1, the normal mode is 
called as the fundamental mode while the normal modes for. n—2, 3, 
4, ...are called as Overtone. ! 

Note. In $7.5 while discussing the Г” Alemberts' method for solving 
one-dimensional wave equation of the type 


Qu , Qu 
Эт = ws Жс e W 
We have found a solution of it in the form 
u(x, t)—-4(x4-ct)--(x—ct) — AU) 
We require the verification of the boundary condition 
u(o, t)=0, u(l, t)—0 NE) 
and. the initia! conditions u(x, o) —fix) Se (4) 
ди 
а (&). Q9 2:45) 
Obviously u'(x, n=% Lcd (ct) - een ... (6) 
Applying (4) and (5) to (2) and (6) we get ‘ 
u(x, 0)—9(x) +) = F(x) AES CS 
; ди РО : 
and (21), о c-r 0-0 e) 
Assuming g(x)=0 in particular (8) yields 
ф(х) V (x) giving on integration $(x)—4(x) +А ...(9) 

So that (7) and (9) render: 

Hx) = НЕ) —А] ... (10) 
and ф(х) = ША) +A] а) 
whence with the help of (10) and (11), (2) yields : 

u(x, t) e МЕХ) + F(x—ct)] -. » (12) 
‚ which reduces to 


u(o, t) -MF(ct) +F(—ct)=0 
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and u(l, t) EFT ct) 3- F(—c1) -0 -- (13) 
by the use of (3) and (4). 

It follows from (13) that the function Fis odd and periodic with 
period (27) and hence (12) is the solution of (1). Physically interpreted 
. (2) represents two plane waves travelling in opposite directions with 
the same period. 

Problem 22. A string is stretched between two fixed points (0, 0) and 
(1, 0) and released at rest from the positions u— sin x. Show that 
the formula for its subsequent displacement и (x,t) із given by 
u(x, t)= cos (crt) sin (wx), c? being diffusivity. 


The boundary value problem is Pret «ee (1) 
with boundary conditions u(o, )=0 and u (1, ) =0 0) 
and initial conditions u(x, 0)=A sin 1x—0 and (= ) 12979 


.. 3) 
By (11) of $12.14, we therefore have 


© а 
u(x, = ze соз (ct) sin (nx) where с—| A sin zx sin m 
a= ° х 


1 
It is obvious that С„=0 for n=2, 3,... but aaf кз Ardem. 
" ° 


Hence u(x, г) =А cos (7 ct) sin (ях): 

Problem 23. Show that the deflection of vibrating string of length т 
(its ends being fixed and c*— 1), corresponding to zero initial velocity 
and initial deflection F(x)= (sin x—sin 2х) is given by u(x, 1)—^ 
(cos t sin x — cos 2t sin 2x). : : 


. и 2 
The boundary value problem iu =з (аз c2=1) е0) 


with conditions g(x)=0 and F(x)=A, (sin x—sin 2x). 
Hence by (11) of $12.14 we have (as D,=0) 
© © : 
u(x, D= È C, cos" sin DUE = E C, cos nt sin nx 
n=1 a=] ; 
xx V c=] and t=? 
d 
where e-2[ F(a) sin Fan f A (sin x—sin 2x)sin nx dx 
e. ° : 


M f 
-2p sin x sin ma sin 2x sin nx dx 


Clearly C,—0 for n—3, 4, 5,...and C,=A, С,=А. 
Hence the required deflection of the vibrating string is given by 


x, 1) C, cos £ sin x+C, cos 2t sin 2x— (sin x—si 
Ma e SEA. sin 2x=A (sin x— sin 2x) 
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Problem 24. Solve the wave equation 3p C ўе if the string of 


length 2a is originally plucked at. the middle pdint by giving it an 
initial displacement d from the mean position. 


. 0и iu oo qu 
The boundary value problem is we “© x with initial condi- 


tions. 
ee 0<x<a 
F(x)—u(x, ds] d 
(а (2a—x), а<х<2а. f 
Also initial velocity being zero i.e., g(x)=0, we have D,—0 


2 : 2 пт. MTX, 
<. By (11) of $12.14, u(x, gi. C, cos a Ya 


du 


fs 
where C,— 2 È" F(x) sin 27% 2-2 | F(u) sin = 
n ^ 1 2a Je 1 
1 ftd . mu dd mu du 
-if ал "sin 7 4 2 [ = (2a—u) sin 2a 
i 1. nx 
= p 
which vanishies for n=2, 4, 6,... 
8d 9 1 . mm тс. HEX 
Hence u(x, Deua sin EN сов 2а sin 2a 
8d © (—1y? (27—10) лсг о. (2r— 1) eX 
та (бгз cos >, sin TEENS 
Problem 25. A string is stretched between two fixed points (o, o) 
ani (1, o) and released at rest from the deflection given by 


f AX, 0<х< 5 - 
F(x)= х 
|» 
Show that the deflection ef the string at any time t is given by 
n met . mmx 


SS 
u(x, Оа; sin — cos —— sin E 


Put a-7- in the previous problem. 


Problem 26. The points of trisection of a string are pulled aside : 
through a distance d on opposite sides of the equilibrium-position and 
the string is released from rest. Show that the displacement of the 
` string at any subsequent time is given by 


9d 2 E А с 
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Also Мк that the mid-point of the string always remains at rest. 

Consider OB as equilibrium- 
position of the string of length 
3a (say), and C, D are points 
of trisection, which are pulled 
through a distance d as opposite 
sides and released. 


The boundary value problem is 


Ou du 
ксы oxi Ces (1) 
Fig. 12.8 Using the conceptions of coordi- 


nate. geometry, the equation of line OP is 


d—0 : d. 
0 (х—0) ie., Y= 


so that D,=0 in (11) of $12.14 


Due a 
the equation of PQ is y—d= EA t.e. y" 430-20), and 
. the equation of ОВ is y— (— 2-9% С. 2a) і.е; y ———— 730) . 
Hence the initial deflection is stated as 
[45 0<х<а 
Fi)e ={ z 3a—2x), a<x<2a and the initial velocity 090) 
| 


| 16.32) 2a<x<3a 
*, we have from (B) of $12.14 
с.=ї|, F(x) sin E aud [i x sin = dx 
° 


за 
+f. Ga—24) earl. (х—3а) sin > ax] 
= 14 Ma +(—1)} sin ; ^ on integrating by parts and simplifying 
Obviously C,—0 for xcl, 3, 5, 7,... i.e. n being odd 
18d . m 36d . пт 
and for even n, C,— P 2 sin y = 203 SI 
Hence by ane of н 4, the solution is 2 
2гтсї 
За 


u(x, Des iav v => sin xt sin За * 995 
9d ® | 2rx orn Vu 

aS in si х кс! 

sla іп sin 34-5005 05 
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If we set jud this result reduces to _ 
u(x, t)=0 since sin. x-sin m=0 for each r. 
This follows that the mid-point of the string always remains at rest. 


12.15. SQUARE WAVE (Agra, 1961) 


In case of a Square wave 
the displacement x is con- 


stant=c(say) for certain m i 
interval of time and zero for lu oo 
the next same interval and 


so on. This wave is as shown 
in Fig. 12.9. үн 12.9 
Thus for О А, x=f(x)=c from t=0 to ;— =Т[2 } vy 
and for АВ, x=f(x)=0 from t=7/2 to T. ; 
Taking time-axis of co-ordinates through the lowest point of the 
displacement curve, we have by Fourier ean 1 


feet b LA cos Пи I b, sin rnt. Ws 0) 
Here a, shows the dads between m axis of coordinates and the 
axis of the wave and а= |7 f(x) dt, 20) 
а= |7 Дх) cos (r. nt) dt, EC) 
к=]. Дх) sin (r.nt) dt. ...(9 
Thus we have 
1 fT 7/2 
a= = Дх) а=] Ах) ae [o dt | 
1 (1/2: с 
= т [ c a= . 


But the axis of displacement curve being the line x—c/2 shown by 
dotted line in Fig. 12.9, we have 


2. |” f(x) cos rnt ax, f(x) cos rnt at] 


ud с cos rnt dt |=0. 


2220 
ET 
and 5, -a[i m c sin rnt з; rr]—0 if r is even 


- if r is odd. 
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Às such the even térms of the sine series disappear and we are 
left with odd terms only, so that 
sin 3nt 


x- fi) 4T sin nt BRE үт. sin Snt+... 


л m+] 


This series represents a 
square wave. If we take 
first three terms, then 
curve is shown by thick 
lines in Fig. 12.10. 


In case we take large 
number of terms, then the 
ЕЕН is as shown in Fig. 
12.11. 


Fig. 12.11 


12.16. SOLUTION OF TWO-DIMENSIONAL WAVE EQUATION 
[А] Vibrations of а Rectangular Membrane 


Consider the oscillation of а uniform rectangular membrane for 
vue due m un еза рате M: T being tension in 

ynes per cm. length of the edge and p the density in gm. yl 
of the membrane. The free oscillations of у ч ызы де з 
it are given by 


iT 
where c— M — =constant. 
With boundary conditions 
u=0 for x—0, х=а, у=0, y=b 


Le. for u=u (x, y, 1), the conditions 
are 2 
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wo, у, t)=0, u(a, y, 1) -0, u(x, o, t)=0, af, b, 1)=0 20 
Also the initial displacement and initial velocity are given by 


sx, y, 0)=F(x, у) and u(x, у, о) Aie >, о] 
=#(х, у) ...(3) 
Assume that u(x, y, )=X(x) Y(y) Tt) ...(4% 
where Y is the function of x only, Y is that of y only and T is that 
of t only. 
р. bod E et 
Then (1) yields Хг Y Bar dF ...(5) 
Here variables have been separated and hence choice of the cons- 


tant of separation gives way to three possibilities: 


1d4X 102ү 41 QT а 
0 хат Oy ду args —0 #198 Xo х8, 
Y=A,y+B,, Т= Ait B, ..-6 
1 2х Фү 1 ат 
(i) X Je Ty д pest ds ат де N 80 that 
MIS) c*, giving 
X=4, PB, ех, Yo A, 09 +B, 07W , Ten 4, e?! 
+В, е9 ... (7) 
1 X 1 Y 1 ËT 


ap ТХ ла eM 
X ах? Y dy eT а 


зо that A*=(A,"+A,?) с, giving 

X— A, cos ^, x-- В, sin A,x, Y — A, cos A, у +В, зіп Ay, 

i : Т= A; cos Act +B, sin Act .. (8 

In view of 2nd and 4th conditions of (2), we conclude that 

X(o) — X(a)—0, Ү(0)=0= Y(b), 

Pris rendering the solutions (5) and (6) unable to give the solution 

As regards (7), the function X(x) is a linear combination of sin 
Ax and cos А, х in which cosine is to be rejected in view of the condi- 
tion u=0 at x=0 ѓе. u(o, y, ї)=0 and hence X(o)—0. We are left 
with X(x)=B, sinA,x=0 as u(a, y, t)=0 gives X(a)—0 so that 
sin A,x=0=sin mr, m being a positive integer. Thus we get 


T and similarly Y —sin A, y=0 yields 
M- for integral л. 
Consequently the required solution of (1) takes the form 


(A cos As, t-- B sin Aat) sin T sin T 20 
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where Aand B are constants and А„„= is given by : r 
2-( тте у+(52) 2 (10) 
Such quantities are termed as eigen values or characteristic values 
of vibrating membranes. 


Trying superposition and accounting for different constants 4 and 
B for each choice of m ius n, we can write the solution as 


u(x, у, = i I (Amn COS Amn f+ Bas Sin Amn f) 
m=] n=l 


sip sin КЕЗИП) 


Now applying the condition (3), i.e. for 1—0, u(x, y, o) Е(х, У), 
we get 
© P 
Rx ar noe If M MA 7 sin (12) 
m=1 
which is known as the Double Fourier Sine Series of F(x, y). 
Multiplying ап; by sin T ain, У and integrating over the 
rectan 
x=0, x=a, y—0, y=b we find the value of Amn l€., 
4-5]; f Fix, у) sin > ашт дуду O 
Also differentiating (10) w.r.t. *t' ud applying the condition (3) 
ie: fort=0 2 u(x, y, )=#(х, у), we get 


WS гесе ‚_ MRX . пту 4 
Ban БА f E a(x, у) sin —— sin dxdy .. (14) 

Obviously the general term of (10) is a periodic function of time 
with. period = and having the frequency 


3-18) ЧУТ» 


which are termed as characteristic frequencies or eigen [uec 
and the associated oscillations given by (8) are termed as Ме 


The fundamental mode i is the mode of the lowest frequency iu 
ed by putting m=n=1 in (8). 


COROLLARY. If we assume that the initial velocity g(x, y) —0 so that 
by (3), u(x, y, 0) 0 then clearly B,,—0 and hence the solution of 
(1) reduces to the form 


z ; 
wxy)- $ È Ans соз Amn 1 sin "ЕК sin ЛУ. ..C (160) 


т=1 п=1 
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where а | f Аа) sin atas ^ 0n 


and A, ze [22+ s END 


Note. Distinction between the behaviour of vibrating strings and 
membranes. : Se 

The main difference is that for every eigen frequency of vibration 
of a string there exists a corresponding mode such that the string is 
divided into equal parts by fixed posited nodes, whereas for. an oscil- 
lating membrane with a given characteristic , there exists 
points on the membrane which are at rest and they constitute nodal 
Hines. Since the shape of the nodal lines for a given frequency is not 
the same, therefore for a given eigen frequency there may be more 
than one mode e.g. for a rectangular membrane with a=b, by (14), 
the frequency is given by 


„= EN m Fn =x y mpn? where x=xeja — 0... (19) 
and by (10) the fundamental mode is u= (Ау cos Ац t+ By, sin Mt) 
sin sin where À =a 2 - 


But u,, being zero for all £ only when х=0, у=0, x—a, Youd, 
therefore in the interior of the membrane for this frequency, there 
does not exist a nodal line. 
In case m=1, n—2 and m=2, n=1, we find two modes 
X. 2xy 


Mya (4, cos Ay, 1+ By, sin Aj, f) sin Sin and и, 


=(Án cos Ay, t+ By, sin Ag; f) sin PE sin = ... (20 
having the same frequency since А, =^ = av 5 for ud 


47-0 and for x. ug 0 


We can thus show the existence of oscillations with the same. fre- 
quency but different nodal lines. 


[B] Vibrations of а circular membrane. (Bessel’s functions) 
2 2: g | UE 
If we transform 27 =e! (= 4x) by the substitutions 
x=r cos 6, y=r sin 0 
ди ди 1 Qu 1 ди ) 
we get the polar form эй =A frt tt фе (0) 
where u(r, 6, г) is the deflection of the membrane. 
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The са (1) is known as the wave equation for a circular тет- 


brane, if the boundary is the çircle r=a so that the boundary con- 
jode wa, 0, 1)=0, —7<0<0, (20 2.@ 
Let us take the initial conditions for 0<r<a, —т<@<0, as / 
u(r, 6, 0)— F(r, 8) .-Q) 
and ude, 0, 0) [60] ga...) 
Assume that u(r, 6, t) R(r)8 (0) T(t) ККС) 
Waste Ris the function ofr alone, Ө that of @ alone and Т that of 
Then (1) yields 


1 ат 128 1 dR,1 d'e 
Cer Чё” ка tre at re dF 
vatiables are separated. 
The terms in it being constant we can take 
1 de an 
ө д о 
Assuch we have the ordinary differential equations for R, 9 
and T as 


= — А (say) as 


@R 1 dR m 
x ua (x$ )a-o ..- (6) 
ae 
^ +"Ө=—0 S C4] 
Frearao ‚+. (8) 
The solution of (7) is of the form @=De+/n® ... (9) 
m=0, 1, 2,... : 
С D being a constant. 
Also putting s=Ar, (6) becomes 
R 1 dR m? 3 
ara 1-5) =0 2.40) 
which is Bessel’s equation and hence its general solution is 
R(r) 9 K, J, (s) -K, Jv (s) = KJ Qr) + KJ. (Ar) 21) 


K,, К, being constants. 


But as r0, /-„->со thereby contradicting the hypothesis that 
deflection of the membrane is always finite. Thus: to avoid the term 
containing J_,, choose K,=0, so that (11) reduces to R(N=K, Ja (Ar) 


The boundary condition (2) requires that 9 
RQ)=K, Jn(Aa)=0 ie Jn(Aa)=0 <. (13) 


ттт I 
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eo Ay, А, А,,...85 positive roots of (13); the general solution. 
of (8) is 
T=A cos càt+B sin Act «++ (14) 
With the help of (9), (12) and (14), the required oscillation has . 
the form Я i 
(A cos Act+B sin Acthetin® Jr) +++ (15) 
Trying superposition and using distinct values of constants 4 and 
B for each choice of mand 7, the general solution of (1) may be 
taken as ‘ 


u(r, 6, 1)= Ў 2 m соз (CAmat) + Bas зіп (CAmnt)}. 
m=] n= 
x etimo Jamar) ... (16) 
which satisfies the conditions (2), (3) and (4). 
In case the equation (1) is radially symmetrical i.e. the solution is 
independent of 0, we have from (16) by patting m=0. ч 
ЕЕ Ў (A, соз cut 4- B, sin сї} ДА) а? 
n= 


where А,, Às, À,,...are the positive roots of J,(Aa)=0 
Here (17) gives the general solution of (1). 
In case 1 —0, the initial condition (3) gives 


wr, o) Fi) Ў AD JL 8) 


since F(r, 8) reduces to F(r) when independent of 0. 
Here A, is the coefficient of Fourier-Bessel series determined by 


A= waa | F(r)Jo(Aqr)rdr ... (19) 
Also the condition (4) requires, 
udr, = ХВ) 80), g being independent of 0 and 
hence B, are determined by 
R= азаа] лг. 2.00) 


COROLLARY. If we take g(r, 0)—u, (r, 6, o)=0 then (17) yields on 
putting *=0. 


"€ Н АЛО, cos (ыа) QD 
ii 


© 

where F(r)= EA AnJo Ant) and the coefficients A, of Fourier- 
ms 

Bessel series are given by 
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2 a р 
Anm TIa) |: Р(г)Һ(Ммг)гйт _. ... (22) 
The solution (21) may be expressed by means of modes and 
eigen frequencies as 


and the fundamental mode is given by J,(A, г) cos (Act). 
Note. The generalized Fourier-Bessel series is 


fe E Calan) 
т=1 


where Aue —22-, n fixed and mel, 2, 3... 


1 a 
аю Cm gag e | XM) 00б mel, 2,3... 


Problem 27. Find the deflection u(x, y, t) of the square membrane 
with a=b=I and c= 1 under the conditions that the initial velocity 


( із zero апа the initial deflection is 
F(x, y) 2A sin тх sin 27y. 
The boundary value problem is 


ди Qu 0и 
Эр © ai org | where ‹'=1 (1) 
with boundary conditions u=0 for x—0, x—1, 2 
y=0, y-1 +. (2) 
and the initial conditions u(x, y, 0)=F(x, y)-- A sin пх sin 27у 
23) 
‘and u(x, y, 0)—8(x, у)=0 КО 


Ву (10) of $12.16, we therefore have the solution аз 


o œ ? 
щ(х,у, 0= X Z AsawAmnt зїп тех sin пту 
т=1 п=1 


1 
where Amn =m (m +n°) and 444,—4A4 [, | sin vx sin mmx sin 
e Jo г 


2xy sin пту dx dy 
Clearly A,,,=0 where n is odd. 


à 101 
Also 444,—44 f. |, sin хх зіп mmx sin? 2xy dx dy 
=2A a sin zx sin mex dx 
-0 „һа nis even | 
and Au-24[. зіп? кх 4х= A. 
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Hence the required solution is 
u(x, y, ї)= 41, cos At sin 7х sin 2xy 
=A cos У 5 t sin xx sin 2xy 
which gives the required deflection of the membrane. 


12.17. SOLUTION OF THREE-DIMENSIONAL WAVE 
EQUATION 
The equation is 
ёи Qu ди 1 ёи 
bet tes С On cent 


Suppose that we have to solve it under the conditions 


ой =0 when х=0, x—a 
ди 
(ti) ay 0 when y=0, y=a 


(iti) u =0 when z=0, z=a 


(iv) v40 at t=0. 


Asume u=X(x) YO) Z(z) T() 09 
Then (1) yields 
1 SX 1 Y 1 eZ 1 ËT 
X +Y tz атат а teet 


Here variables have been separated. Hence each of the four terms 
in this equation must be constant say 


1 ФХ__ 1 PY, Ql AZ ла 


Xan ү 


1 eT 322A, LA 2-LA? 
aud "eT ae зо that А-А S EX. 
Then we get 
-X=A, соз (^, x+), У== A, cos (^, у+аь,) Z= A, со) 
and Т=В cos (Act4-a) 
where A,, Az, As, B, о, ау, % and а all are arbitrary constants. 
Hence the solution of (1) is ; 
и=А cos (А, хал) cos (А,у--а,) cos (Ayz-Fa) cos (А-а) di 


However we can take the solution of (1) in the form 
и Celui rer) 
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where A= HAHA? ...(5) 
Actually, etx =A, cos AxA; sin Ax 

and a =0 when x=0 implies 4,—0 etc. 
Then u=C cos A,x cos y cos Mz cos Act . (6) 


The result (6) may be deduced from (4) since when 
- x20, sin «,x=0 etc. 
If we now define a as the gradient in the direction of the 
229 of each face, we see that the boundary condition (iv) holds 
at t= 


Also wo when x=0, y=0, 2=0'апй the boundary condition (i) 
requires that sin A,a cos № ços fe o Act=0 
ie., sin ^a—0 or ache ie. hE me , N, being an integer. 


Ме and Ae V/A EX EAS: 


= у WENE FN? 


` Similarly =, MS 


As such (6) reduces to 
Nx id Nat 
u=C cos— x cos 3 y cos a 7998 
{оем ay =} 
Hence the gren solution of (1) is 
3 Ny Мут Мул 


z $ c сов 72 - хсоз =a сов —2— 2 cos 
№1 №=1 Mol MNNM а » 


(oco чү e 


Note 1. Cylindrical form of three-dimensional wave equation is 
du low 1 u ди 1 дш 
аа т арт att oe oF 12 
Assuming u= R(r). @(6).Z(z).T(¢), (7) yields 
+H% гау | de 1021 ёт 
аз *ràa)tne de tZ а TOT de’ 
К, where variables are separated. 
de 1.1 CZ 4T 
Taking * Er ТЕ” ea т фе, ‚+. (8) 


' M, à*, v? being const "nts, we have 
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1(@R ак 
(аа) not uot (ay) giving 


which is Bessel's equation of order т and argument ar. 
-. Solutions of (8) and (9) are | 
Ө А, cos п@-+ЕВ, sin u$, Z= 4, cos vz+B, sin vz 
Т= А; cos Act +B, sin Act, R=A, J,(ar)+ B, Ү.(ағ) 
Hence the general solution of 7, is 
u=ZA J,(ar) cos иб cos vz cos Act ... (10) 
where «?=A?—y? and the term Y,(ar) may be included if required by 
the conditions of the problem. 
In case of axial symmetry, и is independent of 0 f.e., hee and 


hence u=ZAJ,(ar) cos vz cos Act (1) 
Also if и is independent of 2, then v—0 and «=À, hence 
u=ZAJ,(Ar) cos Act. ... (12) 


нес 2. Polar spherical form of three dimensional wave equation is 
2 ди 1 3u coté du | 1 ёи 12и : 
mt тїй Wet л oot tanta su 015) 
Assuming u= R(r)©(8)®(g)7(¢), (13) yields 
AdR,2dR,' 1 de tta 1- pd 
R d? t Ra РӘ dé ^re d ps) Qd 


І CT 
: aap де 09 
As variables are separated, we can take 
1 40 1 eT 
фа" ap gee «+ (15) 
2. 2 
а £9 сов m werd) ‚..@6в) 


and "б-а + © 40 sin? 
where т, n, p are constants. 
(14) reduces with the help of (15) and (16), to 
* SE JAAD p 07) 
Solutions of (15) are Ф==сов mé or sin m$ or e+! and T— cos pet 
or sin pct or е ЕР! 
Also equation (16) can be written as 


say a (9n 'а): Маш 0... (18) 
d 


Putting cos =p, so that ay God (18) yields 


1010 Е MATHEMATICAL PHYSICS 
a Lo 980 fat т. emo 
у EO y 29 a} = 19 
п-в) 2-2 SF + fnint 7. [9-0  ...09 
which is associated Legendre's equation, having the solution 
`Ө=АР7/(и)+ BO? (u) = AP? (cos 6)4- BO" (cos 0) ... (20) 


If we neglect Qn, we can write Ө= АР” (cos 9) +. (21) 
ADDITIONAL MISCELLANEOUS PROBLEMS 


б ү 2, 
Problem 28. Solve © =0 subject to the conditions u=)? when x=0 
uz] when x1 
Ans. и=х (1—22)-+22 when зи = 40). 


Prolbem 29, Transform the equation JY = 1. Bots to spherical polar coordi- 
nates. If Z depends M r red t only, show Fes the equation can be written in 
the form È = (р) d- = (°F), Hence show that the general solution is of the 
from 

Vi 2L (oet) eg ten} 
Explain the physical meaning of this solution, „=. 1965) 
Problem 30, Establish the equation for heat conduction КҮТ 97. "RE 


A slender rod whose curved surface is perfectly od stretches from x=Q 
10 х= со. Find the temperature in the rod as a function аа 52 the M t end of 
the rod is maintained at the constant temperature Bombar, tem- 
perature along the rod is given by Tix, 0) -f(x). Bombay, 1965) 


Problem 31. Solve the partial bine: equation for the pras 5d a square 


2, 
elastic membrane fixed at th? edges, P эа ns + ся = ган З 
`The length of each side of the square із L, с is P and 


ціху, 2) is the displacement of the point (х, y) at time t peii me ene of the 
mei ‘ane, 

Obtain the lowest frequency of vibration if c=10,000 metres |per sec, and L=4/2 
metres. . (Agra, 1967) 


Problem 32. Solve the differential equation - pL e anuo in which 


À is a constant and the function 4 exists only in the region defined b h; 

accus MM a (Vikran 
Problem 33. Solve the two-dimensional Laplace's uation N76 —0 

quadrant i.e., O<x<00 and 0&<у<00, with the Boundary condition RM fist 


x and y axes $=$, (Agra, 1968; Viki 
"Problem 34. Express y? in cylindrical and spherical polar ант. bee 


* (Vikram, 1969) 
Problem 35. Write down the 

elastic membrane under uniform + e ed ai th boundaries pad a pna angular 
different modes under Weick ee it can vibrate ? i 
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Problem 36, Obtain the solution for а guided electromagnetic wave through an 
infinitely long cavity of rectangular cross-section and discuss the limitations on the 
propagation wave length. А _ (Agra, 1969, 1970) 

Problem 37. Obtain the partial differential equation for the heat conduction in a 


Le, four faces of an infinitely long -rectangular prism bounded by the planes 


is бу(х, y), find an expression for the temperature at a point interms 
of x, y and the time t, - (Bombay, 1970) 
Problem 38, What is meant by *circular membrane’? Find a general expression 
for the same, j (Bombay, 1970) 
Problem 39. Find an expression for the velocity of transverse waves along a 
stretched membrane. , 
- А circular membrane is under a uniform tension. Considering the wave equation, 
discuss its vibrations, : (Bombay, 1970) 
Problem 40. Deduce the Fourier equation for one dimensional flow of heat along 
a solid bar. If one end of the bar is periodically heated and cooled and the bur is 
covered with heat insulating material, find the temperature changes along any point 


of the bar. = ч (Agra, 1970) 
Problem 41. Obtain the axially symmetrical solutions of the three dimensional 
Laplace's equation. idc f the арта, 1970; 1974) 


Problem 42, Calculate the potential due to gravitating ring of uniform density at 
any point of its axis, y (Agra, 1970) 
Problem 43, (a) Explain the significance оў spherical harmonics and discuss some 
general properties of harmonic functions. 
(b) Determine the potential outside and inside a spherical surface which is kept 
at a fixed distribution of electrical "potential of the form V — F(8). 1t is assumed that 
the space inside and outside the surface is free of charges: (Agra, 19: 


2 
Problem 44. Solve the one-dimensional wave equation vf = EL for string 
of length | fixed at both ends, The boundary conditions are ve 


{л lr (ex 


-Jhu-g, «ea. 


Discuss the nature of the solution. (Аяга, 1972) 


Problem 45. Write Laplace's equation in the spherical polar coordinates. Solve 
the equation by A method of separation of variables in the case of. cylindrical 
symmetry. Use this solution to obtain the pee potential of a uniform D vd 7 
radius a and mass m. Assume the ríng to be made of thin wire. (Agra, 1974; 


Problem 46, Solve the heat diffusion equation payne for a semi-infinite plate 
banded by the lines x=0, x=; y=0 and y=b. 8 is the temperature, t the time and 
h is constant, The boundary conditions are prescribed by 

7 ебх, у, t)=0 (y) for x20 . ys о (Agra, 1973) 

o» c0fory-o and y=b J^ utc pud 

Problem 47. D. the magnetic vector potenti. show. that any electro- 
magnetic field uated from this potential A and a scalar potential $. Prove 
that the.two potentials satisfy inhomogenous wave equations of the м orm. зу 


Problem 48. Write Laplace's equation in cartesian, cylindrical and spherical 
2 tic the sphericall, symmetric case. 
coordinates. Solve Laplace's equation for the spherically ie case. cos, 1976) 
Hint. In addition to the solution of Laplace's equation discussed in this 
chapter, see relevant sections alongwith Problem 180 of Ch. 1. 
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Problem 49, Solve the wave equation for electromagnetic waves in a cylindrical 
wave guide. Discuss the solution, its significance and applications. 


(Agra, 1975) 
‘The electromagnetic wave equation. is 
è i 
VAa eg 2) 
where ų is permeability, с is с ity and t is inductive capacity. By $ 1.45, in 


cylindrical coordinates (r, 6, т), we have 
Эр 1a, 1989 аф та э ү, 1 ә% әз 
Mey rw жи tere ðr +5 з tome e]9 
- (1) can be written as 


19 / 90, 12% эз LN 
rir ("зт ) apart a aa ° neo 
3 The elementary harmonic solutions of this equation may be expressed in the 
'orm 
y F (r, 0) ez int АС) 
where F(r, 6) is a solution of A 
Fe (2) RE carae) roo TRG 
which may be easily separated by writing 
F(r,9) — F, (r) F,(0) ...(6) 
where Р\(г) and Р, (8) аге arbitrary solutions of the ordinary differentia] equations 
rar (rm) tunm o) ко, +) 
"and oF аро EN 
where n and A are separation constants and may be chosen in accordance with the 
Physical requirements. 


The solutions of equation (7) which is satisfied by radial function Fi(r) being 
Bessel’s functions which are generally reserved for that Particular solution 
Ilr k*—h?) which is’ finite on the exis r=0, we use the name circular cylinder 
function for any particular solution of (7) and denote it by F;=Z, (VBR), 
where л is the order of the function with argument r +/k2—}2. 

the particular solutions of (1 » Бей iodic ii 
MM AS Пеано waves of ће ME Мам periodic in ¢ Ex 0, maybe 


Vn Za (r XE RE etihz—ior 
where the propagation constant й is a complex number. 
It follows from (9) that an explicit expression for h in terms of frequen 


Н - су e and 
medium-constants can only be ing the behavi 
cylinder r—constant or on a plane z—constant. 3 haviour of V over : 


Now to study the properties of the function Z, (r VBR i 
Ar V KR, we observe that Za (A) satisfies the equation ` os 
EZ, A dea р т) 
di men x) 2-0 
Which is characterized by a regular singularity at A= 
at A=00, 


Clearly the cylinder function or the Bessel functi ind i. i 
Ant solution of (10) and it ia finie at 2c 0. acon ЫРК Decio) Ru) M 


+. - (10) 
Oand an essential Singularity 
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expanded in ti i i $ yox 
finite valies аа powers of) and this series is convergent, for all 


2 E s 

Heen0- ® Tanla) | ар 

Another solution in terms of Bessel function of the second kind defined by 
NaQ)= xa a0) соз nx—J 409] os. (12). 


may also be obtained. 
Problem 50, Distinguish clearly between the phase and the group velocities. Find 
the relation between them- (Agra, 1975, 1976) 
It is generally observed that the notion of phase velocity is only applicable to 
fields which are periodic in space Le., the fields representing wave trains of infinite 
duration. Denoting by V(z, t) the state of medium, such that 


sanaa „0 
the surfaces of constant phase or state may be defined by 
kz—et-- constant 
and the velocity of propagation of these surfaces is given by 
d € x 
v e wo EM 


where v is termed as phase velocity. 
Now to discuss the concept of group velocity; consider first the superposition 
of two harmonic waves differing very slightly in frequency and wave number, such 


that 
44-cos (kz—et) А O0 
$a—cos [(k+8k) z—(o--5o)t] EC 
The resultant of (4) and (5) is 
фе фа соз (kz—ot) +cos (КЗК) z— (o--9o)r] 
—2 cos } (28—180) cos [(k+t 3k) z—(o+4 гә) 2c 6 


which is an expression for the phenomenon of ‘beats’. 
It follows from (6) that the field oscillates at a frequency negligibly different 
frem о, with its effective amplitude 
; a=2 cos à (280—180) 5.007) 
varying slowly between the algebraic sum of amplitudes ofthe component-waves 


and zero. 

Due to constructive and destructive interference., the field distribution along 
time and space axes forms periodically repeated ‘beats’ or ‘groups’, whence the 
surfaces over which the group amplitude ‘a’ is constant are given by 


28—180 = сопзќарі 
yielding the group velocity as | 
w= == К) 
vhich follows that group velocity is the ratio of the difference of frequency to the 
lifference of wave number. 


In case the medium is non-dispersive, ike I Bo, so that the group velocity 
oincides with the phase velocity v. Of course, in a dispersive medium the group 
elocity and the phase velocity are quite different. А 

the velocity vin à 


_ Conclusively the group velocity u differs from phase y 
а Сосон п, and if tbe dispersion is normal then «v while if the dispersion 


тъ аалы а аза овас 


is anomalous then «>v. Also in the neighbourhood of'an absorption band the 
group velocity и may become infinite or even negative. Ў 
Problem 51. Find the solution of the equation 
ay әр ә? 
[D уг + Prom —$(x, у, 2) 
where ф(х, У, 2) is a known function, Discuss the uniqueness of the solution. 
4 (Agra, 1976) 

Hint. For its solution see $ 1.59. where р has been regarded as a function of 
х, У, 2. 

Problem 52. Obtain the differential equation for the vibrations of Sonometer 
tring under tension, solve the equation and give the expression for the velocity of 
the waves in the string, (Agra, 1976) 

Problem 53, (a) Discuss the modes of vibrations of a circular membrane. 

(b) Solve the equation, 3 1 

W ptu 


ЕП ex? 
subject to initial conditions у= F(x) at t=0. (Rohilkhand, 1976) 


Problem 54. Using the method of separation of variables, solve Laplace equation 
to find the temperature inside and outside a sphere when its boundary ‘sat the 
finite temperature $ =f (9). 

Find out the permanent temperature within a solid sphere of radius unity when 
one half of the surface of the sphere is kept at constant temperature (С and the 
other half of its surface is at I°C. (Rohilkhand, 1977) 
See § 12.6, 12.7 and 12.8 (see Problem 21). | 


Problem 55, Derive the differential equation for the vibrations о, а circular 
membrane and by solving it show that the allowed angular frequencies Я vibrations 


Я o mo* {з 
are determined by the equation Ja [ «(> ) ]-0, n-0,1,2,.. 


Where a is the radius of the membrane, m is the mass it f the mem- 
brane and T is the tension of unit length. " dan (Койло, 1978) 


See § 12.1618]. 


Problem 56. Discuss the method of separation of variables 7 
dimension [аде пех s spherical с coat, system тоя d the 
n ro-sfatic potential produced by conduct i 
total electric charge. СКЕ а 
See § }2.7[В]. 


CHAPTER 13 


-MAXWELL’S ELECTRO- 
MAGNETIC FIELD EQUATIONS : 


13.1. INTRODUCTION 
It was due to Clark Maxwell that a change in the electric displaces ` 
ment vector was supposed to be equivalent to an electric current 
known as displacement current. The total flow obtained by the resul- 
tant of displacement current and conduction current (which arises out 
of the actual motion of electrons or electric charges) was supposed to 
be such that the total flow into any surface would invariably be zero. 

In fact the equation of electromagnetic field have not yet been ' 
finally established, but we have used the fact that when there is a flow 
of steady current, then | E 

Curl H=47} · m 

where H is the negative field and j is the current vector. In' case of 
those electromagnetic fields where the flow of current is unsteady, the ` 
equation (1) is insufficient and requires modification for unsteady 
flow of currents. 

Since we know that div curl H=0 +. 2) 

<. (1) yields, — div j=0 e (3) 
which is always true in case of steady flow of currents, y 

But in case of unsteady flow of currents when generally div j#0, - 
e equation of continuity of charge taken in mixed units, is given 

y 


iiscll19. l8 ) ivD=4ap...(4) | 
div j= — = др En div D ) where div 
i .l 0D. 20 
b de (на ôt ) p н 
; 2 
ог div J=0 where з=н P ++ (6) 


Here o is the free charge density at a scalar, point, D is the Maxwell's 
electric displacement vector and J is called Maxwell's total current. 


Since the operators div and * are commutative, it therefore 


follows that J is a quantity whose divergence is always zero and in 
case of steady current flow J reduces to j. Conclusively in (1), j should 


be replaced by J in order that the result (1) will be valid for steady as / 


well as unsteady current flows. We call j as conduction current and the . 


- 1016 MATHEMATICAL PHYSICS 


1 др Ss 
_ part ДЕ 97 of J as displacement current. 
If P be the polarisation of the medium, then we have 
D=E+4zP, E being electric field ..:0 
К 1 oP 1 OE 
Аз висһ (6) yields J=j+— ot tance. ЕЛ S (8) 


c 
1 ар 7 ФР . 
а = ti 
The part of Fre gr Coming from 1 is known as Polarisation 
current aod that from x 2E the ether displacement current or dis- 


placement current in vaccum. 

The modification of (1) is supported by experiments and the 
electromagnetic theory of light based on Maxwell's electromagnetic 
field equations, is given a sound theoretical basis by replacing j by J > 


in (1) whence we get 
z 1 ?D 

Curl He4nJ án] — à (9) 
where j вой Н are measured in e.m.u and D in e.s.u ` 


РА 


апі с=3 х 10'°cm/sec. 
s 19D т i 0D . 
Here the term v o, . 8553068 importance only if à 8 of the 


Order of c, otherwise it may be neglected if m is small as compared 


to c. Those unsteady states in which the last term in R.H.S. of 
(9) may be neglected are known as quasi-unsteady states. Dealing 
with very high frequencies as compared to that of light, the displace- 


ment current has considerable signi: 
If we now introduce B as magnetic induction of the medium, given 
. . (10) 


by B—uH i 
u ôD 
then (9) reduces to curl B-4nujt-— ?r э (11) 
Using Gauss's, divergence thesrem, it follow from (5), 
D 
$( Se FE ar )}48—0 save (12) 


13.2. Lr en КЫ EQUATIONS FOR ELECTROMAGNETIC 


As already discussed in $13.1, taking Gaussian units or the mixed 

system of units such that the quantities D, E, р with allied quantities 

are measured in e.s.u. and the quantities B, H, ] with allied quantities 

in e.m.u, the differential or local form of the electromagnetic field 

саксы ч, Maxwell 4 асан wih, the elementary laws of 
ectricity and magnetism lai jauss, Faraday, 

* сап be busted аз follows: + у MPO EAT orig 
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Divergence equations div D=V.D=4np s (0) 

: div B=V.B=0 as 0107) 

Circuital equations curl H=V xH=4rj+ ar fig «1 (3) 
1 9B 

ewlE—-VxE-——35 e 0 


where the equation (4) is the generalized law of induction. 
These equations are considered in association of the following sub. 
sidiary relations or macroscopic constitutive equations 


D—KE е (5) 
B—uH .. (6) 
ј=сЕ ... (7) 


where К is the dielectric constant, » is the permeability of the medium 
and c is the conductivity of the medium. Here j, c, E are measured in 
the mixed units, but if j is in e.m.u. and c, E in e.s.u. then we have 


i=, also if j, c are in e.m.u. and E in e.s.u, then ј==ссЕ. 


In addition to the above, few other quantities such as the scalar 
potential $ and magnetic vector potential A defined by 


B=curl A +++ (8) 
1 0A 
Em ar V$ ...09) 


are also required. 
Since (8) does not provide the unique definition of A, therefore we 
supplement it by div A=0 (in steady states) and 


ТАЗА 058 
div А+ Ka 0 ... (10) 
Here ¢ is in e.s.u. and A in e.m.u. 


13.3. TO SHOW V.D- 4». 
We know that the molecules of dielectric substance are formed of 
charged entities, such as atomic nuclii and electrons and hence when 
dielectric substances are inserted in the field of electromagnetic 
waves, the charged entities are displaced in opposite directions of 
` their mean position i.e., the dielectric is said to be polarised. Such 
polarised charges form an electric dipole. Let r be the separation 
between positive and negative charges in each dipole and 54 the 
magnitude of each displaced charge; then the electric moment say dp 
of dipole being т 3g is defined over the elementary volume èV as 


d |, rt s (0) 


Let us introduce the polarisation vector P as the resultant of the 
electric dipole moment of molecules per unit volume že., 


Lim Ф 
Dm ay 252 (2) 
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Now representing the charge density of the charge caused by 
polarisation of the dielectric, by .рр, the charge carried out of the 
surface S enclosing the volume V in the electric field of E, is given by 

-[, pp dV. Also the nét charge diverging out of the elementary 
volume ЗУ in this dielectric being div Р.З, the charge carried out of 


the volume V is | y div Р 4—0. We thus have 


fyra- L e dV E 
Using Qause's divergence theorem, this yields, 
,Pads- - [, e dV Wd s 


where n is the unit outward drawn normal to the surface element 3S, 
But according to Guass’s theorem of electrostatics, the total normal 
outward electric field flux across any arbitrary closed surface is 4r 


times the charge enclosed by it i.e., 
[Ел 5er. (total charge enclosed in volume Y — ... (5 
. Now, there аге two of charges inside V. 
(t) the free charge ity р and (й) the polarised charge of 
density р>. 


А | pEr dsmdn [f^ av |, 24 
-af f A ev- |, Р.а as] by (4) 
or | NE dSm4r{ „eav 


ог |; Din 45=4т AT (7) of 813.1 BG) 
Hence by Gauss’s divergence theorem, IP D av=] 74 

5:007) 

which yields div D=4rp, Буш te 


Note 1. In case of an ordinary dielectric i.e. a dielectric free т 
charge, o0 and hence div D=V.D=0 we (9) 
Note 2. By (7) of 813.1, we have D=E+4=P=E[ 1 +4n Е] : 
which follows that D=KE . . . (10) 
where кел+. Ё and known as dielectric constant of the medium. 


13.4. TO SHOW DIV B—0 


Since the lines of {отсе are either closed or go off to infinity, therefore 
the surface integral of magnetic induction B over a closed five is 
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zero, so that (6) of $ 13.3 reduces here ч 
? B.n dS=0 or div В=\/.В=0 ' 2 (1) 
Note, Since B—-UH — .. (11) yields V.H—0 va Cad 


13.5. TO SHOW CURL E = — 2. 

According to Faraday's law of dectromagneis induction the induced 
E.M.F. around a closed circuit 
is negative times the rate of 
change of tota’ flux 9 of the 
magnetic induction B through 
the circuit. Induced E.M.F. 


22106 335 (1) 


Also if E be the electric field 
in the direction dl, then 

E.M.F.—XE dl «4 (2) 

If we consider an elementary 
rectangle PORS with sides бу and 
öz as shown in Fig 13.1, then 
around it we have 

work _ 131 
EMF.—-—— — YU УЕЛ Fig. 
(Е, (y+dy)—E, (y)] dz — [Ey (2-- dz) — E,(z)] dy 


-4E dy &— дЕ, в dy dr 8) 


Т E,(y+dy)=E,(y)+ —- ie == dy by Taylor's theoren 


Also D E oe dt dy dz wee (4) 


1 0B, _ 


Similarly — e curl E and — — тар сш, E 


where Ba, B,, B, are components of в: along principal axes. 
Combining the last three relations we can write х 


у 1B =curl E i.e., vxe-- L0 Vr) 
Note. dn case of free space when u=1 and B=H, H yields 
Curl Ep M . (6) 
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13.6. PHYSICAL INTERPRETATION OF MAXWELL'S 
-EQUATIONS 

Consider div D—47?, which may be written as 
[е р ауа | dV i.e., | ,Dds-an p dV by Gauss’ diver- 


gence theorem. 

It follows, Gauss's theorem i.e., the flux of the displacement vector 
D across any closed surface S is directly proportional to the total 
electric charge in V. 

- The equation div B—0, may be written as 


|, B.dS—0, by Gauss's divergence theorem 


which follows: Maguetic flux theorem i.e., the tota! normal magnetic 
induction across any closed surface S is zero 


Also the equation curl H-4s4- 1.2. can be espina by Stoke's 

theorem, as 
}, oi Н. 48==4т iJ (m). dS or ү на! 
1 др 
ef (rne) 95 

which is Awapere’s generalized circultal relation j.e., the work done in 
carrying a unit pole round a closed circuit C is equal to 47 times the 
total current in the circuit. 


Lastly the equation curl E= — IZ can be written by the help of 
Stoke's theorem, as 


Ген в.а [(- 99). as or f Ea- -L |28, 


which is Generalized law of electromagnetic induction j.e., the total 
electromagnetic force around a closed circuit C is equal 10— times the 
rate of change of magnetic induction through C 


13.7, DECAYING OF e CHARGE 
Consider curl H —4nj4- 2D. and j=cE in e.s.u. or e.m.u. tliroughout. 


Elimination of j yields, curl H—4zcE 2D. 2 2D _ 55р. р 1 Б m 
* к . D=KE 
which with the help ы е gives 4rop др 92 = E x 


КОРЕ" 
It yields on integratiou, Rd 2100) 
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where ро is the charge at any point =0 and T-E ; T being known 


as time of relaxation. 

It follows from (1) that charge dies out exponentially at a rate 
quite independent of any other electro-magnetic phenomena taking 
place simultaneously. In most ordinary case we take р=0. 1 


13.8. POYNTING VECTOR 

Since the elcctromagnetic effects in a field are completely attributed 

to charges at rest or in motion and a charge moving in a field 
` experiences a force so that the work is done on the moving charge 

by the forces of the field, we therefore claim to determine the rate of 

change of energy on account of the interaction of the field and the 

charges in it. 

Let E be the electric field and B the magnetic induction at a point 
in the field occupied by a charge moving with velocity v. Also let p 
be thecharge density and dV .an element of volume at the point 
under consideration. Then the force on a charge р dV (charge on the 


elementary volume), is [e+ y - R ] e dV. 


"хв ] vedV 
—(Ev)edV ` (vxB). v—0. 
г. the total rate of work done by the forces of the field in the 
region under consideration. 


The rate of work done on this charge=| E+ 


= E» edy=e| (E.j) dV in mixed units, since py=jc 
1 әр. 
4тс Qt 
. V by Maxwell's equations. quce curl H— I op. 
О ; ? m “ane Ot 
c 
= 4x f, (E. cutl H) We | E.) dV 
ECT. rdi jav- f (p22 
= E {div (H x E)--H. curl E) dv. ax 14 E. ar dV 
`7 E. curl H=div (H x E)--H. curl E 
€ З с 1 " 
~], div (AXE) 474-6. f, (H. curl E) av— 2 


(к) 


Нейсе using the Gauss's divergence theorem and Maxwell's 


—equation curl E=—1 ar we have the rate of change of energy 


=a), на. 8-7. | (HPs?) a ejm 


Se LEG curl H— dV 


i 


drome) Leg 
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7 , once» a <I, (ExX). dS+Rate at which 


field is doing work А P ; Reale). 
V» (B.H)-2H— and > (E.D) 2E. 


We conclude from (2) that the electromagnetic energy of the field per 
4808 volume must be taken asa (B.H4-D.E) 22:29) 


Then the equation (2) expresses the principle of conservation of 
energy if the first term on the right of (2) represents a rate of flow of 
radiation-energy outwards across S, the surface enclosing V. 


: The vector (say) I=- (xm e 0:. 


is known as Radiant vector or Poynting vector and it gives the rate at 
which the energy is radiated across unit area. 


" > 
It is notable that П is normal to the plane of E and Н and it is 
> 


not unique since ЇЇ--А also satisfies (2) because V.A=0. Also the 
flux of ЇЇ across a closed surface is only significant. 


13.9. POYNTING THEOREM 
The rate at which the electric energy in any given region is increasing is 


equal to the Integral £- {fe (Y—82)4-m («7—үХ)+п (ВХ—«Ү)] 


d$ taken over the boundary of the origin, l, m, n being the direction 
cosines-of the inward normal to the surface element dS; а, B, v, being the 
components of magnetic force and X, Y, Z being the components of 
electric force. 

Assuming that the electro-magnetic energy is not confined to the 
regions occupied by electric charges, magnets and currents but spreads 
over the whole space, the magnetic kinetic energy T and electric 


` potential energy W of an isotropic mcdium are given by 


Toir || eetet dead O 0.20 
1 
VANTS (| К (Х°+Ү?+-7°) dx dy dz ++ Q 


г. Assuming that the energy is localized in а medium, the total energy 
in any closed region is, 


K : 3 
rew-| 1] wc C YMEZ) freth) dx dy dz... (3) 
Differentiating it and replacing ра, by a, KY by 4zf, etc., we get 


dt 
к) | ax ay ae 


асаа 
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= C -E)t- a) ONES ] dx * dr 


—difux-vYewzidedyde .@ 
ida 22 Y: 
where оС З E etc., 
ap Ov OD 
им an( иг) Фу az 


Here u, v, w are components of ordinary current at any point, which 
is produced by the moving electric charges. А j 

The last term on the right of (4) gives exactly the rate at which 
work is done or the energy is dissipated by the flow of currents. во 
that the first part of this must represent the rate at which energy flows 
into the region from outside. 

ше using Green's theorem, the first part on the right of (4), 
yields 


4] f [E-r 5-2 (Ya— xp) pes dy dz 
=~ [Hf (ZB —Yy)+m(¥y—Zu)-+n (Ya— ХВ) 45. 


47 
Problem 1. If Z be a vector satisfying the equation Ў 

д S 

Pze | Ae ; icd 

then show that the field may be afma by the equations: 
Ku д7, б 

A=4r0u Z+ PET RA 2) 
фе —div Z, «+ +) 

E=curl curl Z, mile 3 

B=curl A SHAN C; 


We have from (2) and (3) div A 4-4rcu$- Au co 


which is one of the Maxwell's equations. 
Again from (4), we have E--grad'div Z— V*Z 


д f 4rou Ku 0Z 
=—grad p- E 26) by (1) and (3) 
= —вай lI 


which is another Maxwell's equation. 
Also curl B=curl (curl А) by (5) 
curl curl (nag. R77 ) by o 
=4rop (curl curl 2«( a s (curl-curl Z) 


ава КЕЗЕ py 


D 
cajt $2 + сЕ=Ј and KE=D 
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This is also one of the Maxwell's equations. 4 
Hence the given equations define the field under consideration. 
Problem 2. Initially the electric and magnetic fields in free space 
are E, (x, 0)=sin ах, Н, (х, 0)=sin ax. Find Ey as function of time. 
We have discussed in the previous chapter that the most general 
solution of one-dimensional wave equation is 
Ey (x, t) -f(x-k et) --g (x— et) -++(1) 
E, (x, )=—f(xtct)+g (х—с0) OQ) 
The negative sign being taken since E and H the directions of 
propagation from a right handed system. This is also justified on apply- 
ing Maxwell’s equation curl r=- 17. 


At time /—0, we have E, (0, t) —sin ax—f(x)--g(x) by (1) ` 
E, (0, t)=sin ax=—f(x)+g(x) by (2) 
solving f(x)=0, g(x) sin ax. 
Hence E, (x, 1) —sin a (x— ct)is the required solution. 
Problem 3. Show that a plane polarised electromagnetic wave with 
H ke, satisfies the equation H=0 only if n is perpendicular to К. 
Take, H=H, 1+-H, j-- H5 k 
K—K, i-- K, j-- Kk 
т=п, itn, j+ К 
and ї= х iy j+zk 


^ пт=л,х-Еп,у-Епу2 and oh a & {x el(pt ing) wn, K, ef(pt+ns) 


е д 9 A; 
and div H=( 1. $ +i. £o) САТО 


OH, АН, , 90H, 
Loves Fo an zz ePtnr) {m K,+7,K,+n, Ky} 
=п.КеїФ!+п) 
div H=05n.K=0 i.e., vector nis |” to К. 


ADDITIONAL MISCELLANEOUS PROBLEMS 


Problem 4. Show that Maxwell's equations for free space ате satisfied by 
SA To 1\2 ə 
Hoa; radix) Em (I) DE + эг (grad $) 


where К is a unit vector along z-axis and $ satisfies xn 1t T 
c ar 


Problem 5. Jf k is a constant vector and ¢ is Dee function of position and the 
time t, show that c? E=c? (kV) V$—k 4; cH= Sr (Véxk) satisfy Maxwell's equa- 
tions in free space provided that $04. 


CHAPTER 14 


SPECIAL THEORY OF 
RELATIVITY 


14.1. INTRODUCTION 

We know that ali the physical laws deal with the characteristics 
of certain objects in space in the course of time, while the 
location of an event or the position of a body is described by 
a suitable frame of reference which constitutes a conceptual frame 
work rigidly connected with some material body or a well defined 
point. Since all the bodies cannot become suitable reference sys- 
tems, therefore the choice of the reference body always played ап 
important role in the development cf science. The heliocentric frame 
of. reference introduced by Galileo was not accepted until the time 
of Newton who gave a rather comprehensive presentation of it, with 
the help of his pail experiment. He filled a pail with water and twisted 
the rope supporting the pail, around its axis, so that the water 
gradually came into rotation with its plane surface shaped into a 
paraboloid. Ultimately when the water gained the same speed of rota- 
tion as the pail, he stopped the pail so that it gradually and even- 
tually came to rest to resume the shape of à plane. Evidently the 
surface of water is not influenced by the state of motion of the pail, 
but the deviation from a plane increases with the deviation from the 
particular state of motion. This whole process is based on the frame 
of reference connected with the pail while the angular velocity of 
the pail is related to a more suitable frame of reference say earth. 


There are frames of reference known as inertia] system with 
respect to which the law of inertia takes its familiar form i.e. in 
absence of forces, the space coordinates of a mass point are linear 
functions of time, whereas there exist another class of frames of 
reference in which the space coordinates are not linear functions of 
time. According to laws of mechanics all the frames of reference 
which are inertial systems are cquivalent for describing the nature 
and for formulating its laws. Such a notion leads to the ‘Principle 
ef Relativity'. 

The development of Maxwell's electromagnetic field equations was 
found apparently incompatible with the principle of relativity, 
according to which electromagnetic waves in empty space should 
propagate with a constant velocity c=3x10"° cm.[sec. But it was 
not found true with respect to both of the two different inertial 
systems, moving relatively to each other. Consequently several 
experiments failed to find such a frame of reference with respect to 
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which the speed of electromagnetic radiation would be constant in 
all directions so that absolute rest absolute motion etc., might be 
defined and with respect to which Earth’s motion could be deter- 
‘mined. One such an experiment is due to Michelson and Morley. 

Lorentz conceived the existence of one privileged frame of reference 
which could not be demonstrated experimentally and he had to 
introduce several assumptions in the support of his theory. Finally 
Albert Einstein recognised that the revised fundamental concepts 
about space and time would be capable of resolving the impasse 
between theory and experiment. This is that revised concept of 
Einstein, which is now known as Special theory of relativity and which 
establishes the fundamental equivalence of all inertial systems. 
According to Einstein there is nothing like absolute motion, but all 
motions are relative and hence the physical laws are independent of 
the motion of observer. Einstein also ruled out the concept of 
‘absolute time’ and time varies from one inertial system to ‘another 
inertial system. He also ruled out the concept of ‘absolute space’, 
since the time is not absolute and therefore the distance between two 
Points measured in two inertial systems cannot be absolute as is 
evident from the Galilean Transformation. 

Suppose S, $' are tw frames of reference, one at rest and the 
other poring with uniform velocity v. О, O' are two observers at 
the origins о! f S and S' respectively, observing the same event at Р 
whose coordinates are (x, y, z, t) w.r.t. O and (x', y', 2, t) w.r.t. 
O'; S, S' being Supposed to be parallel to each other and their 
origins being coincident at 1 —0, t’=0. There arise two cases: 

, Case I. Let the frame S' have the velocity v w.r.t. S in the direc- 
tion of X’ only. Then O' will have velocity v along XY'-axis only so 
that both: X and X' axes coincide and consequently the two systems 
сап be combined to each other by the equations 

x =xX—Vt, y' zy, 7'=7, t'=t +. (0) 
‚ Case П. Let the frame S' have the velocity v along any straight 

_ line in any direc ;'on. Then if v,, vy, у, be the components of v along 


Fig. 14.1 Fig. 142 


P(x, y, z, 
(xy! zi 
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X, у, т, axes, the two systems can be related by the equations 
x’ =x—Vel, y'-2y—v,u, z -z—pt—t 34 :(2) 
(1) and (2) constitute the Galilean Transformations. 
_ In either case the distance being expressed in terms of time, which 
is not absolute, it is clear that the space is not absolute. Rie 
The theory of relativity is studied under two heads: 
(1) Special theory of relativity. Which deals with inertial systems 
i.e, systems moving with uniform velocity. У 
(2) General theory of relativity. Which deals with non-inertial 
systems i.e, systems moving with accelerated velocity. 


In this chapter we have only to deal with special theory of 
relativity. 


142. BASIC POSTULATES OF SPECIAL THEORY OF 
RELATIVITY 


: ; (Agra, 1969) 
There aré two basic postulates of special theory of relativity: 

I. The principle of relativity. The natural physical laws preserve or 
retain their form for all inertial frames i.e. they retain the same form 

lative to all observers in a state of relative uniform motion. 

This postulate is an extension of the conclusion drawn from 
Newtonian Mechanics ie. the velocity is not absolute but it is 
relative as is evident from the failure of Michelson-Morley experi- 
ment performed to determine the velocity of earth through ether. 

IL. The principle of constancy of velocity of light. The velocity of 
light in vacuum is independent of the velocity of observer or the velocity 
of the source i.e. it has the same value in all inertial frames. 

This postulate is not true according to Galilean transformations, 
but is verified experimentally that the velocity of light calculated by 
any means remains constant. It is this oe which draws a 
demarkation line between the classical théory and the theory of 
relativity given by Einstein. Of course, the constancy of velocity of 
light requires the following axioms as to introduce the transforma- 
tion laws: 

(i) The velocity of light c must have the same value in all inertial 
frames. 

(li) The transformations should be linear and approaching to 
Galilean transformations for low velocities le., v < <c. 

(#1) The transformation laws should be independent of ‘absolute 
time’ and ‘absolute space’ notions. 


14.3. LORENTZ TRANSFORMATIONS 

(Agra, 1962, 67, Kanpur, 69) 
Н.А. Lorentz introduced transformation equations relating the obser- 
vations of position and time taken by two observers in two different 
inertial frames, in order to satisfy the above axioms. 
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Take S, S' two inertial frames of reference such that S’ is moving 
with uniform velocity v along X’-axis relative to S. Let О, O' oe two 
observers in two systems, situated at their origins. If we consider the 
two sets of axes Y, Y, Z and X,' Y,' Z' parallel, then the choice of 
the origins of the two systems falls in taking their origins coincident 
at !=0, t’=0. It is also convenient to take X, X’ axes of two systems 
coincident, so that the velocity of S" is permanently along X-axis. Let 
the two observers O, O' observe the same event at P whose coor- 
dinates are (х, у, 2, !) w.r.t. S and (х, y', z', t) w.r.t. S' (see 
Fig. 14.1). 

With these assumptions clearly, points which are at rest relative to 
S' will move with speed v relative to S in X-direction. Particularly 
the point at x'—0 will move with speed vin X-direction i.e. x'= 0 
will be identical with x=vt, so that the first of our transforma- 
tion-equation is 

x'—a(x—wt) pe (1) 
where а is à constant to be determined later and vt is the distance 
traversed by S’ in time t along X-axis. 

Now velocity of S’ being along X-axis only, it follows from 
symmetry that 

y’=y and z’=z (Ву 

This set of equations is not complete. unless we formulate an 
equation connecting ?' the time measare in S’, with the space аай 
time coordinates i.e. x, y, z, t in S. Due to homogeneity of space and 
time, ¢’ must linearly depend on t, x, y, z but for reasons of symmetry 
we assume that t’ does not depend on y and z, otherwise two clocks 
in S'-system in x'—0 plane would appear to disagree as observed 
from $ and hence we take _ 

t'=Bt+yx эе (3) 
where В and y are not merely constants but are functions of v and are 
to be determined along with «. 

Let us now assume that the event P is a light signal, produced 
when both ¢ and / are zero and when origins of two systems 
coincide. Also let the light pulse produced at t=0 spread out as a 
growing sphere such that the radius of wave front so produced grows 
with speed с. But the velocity of light in both the systems being the 
same i.e. c in all directions, the progress of the spherical wave front 
is described by either of the following equations: 

x1pytr-c .. (4) 
xu ryan pz cua B0 

Substituting values of x’, y", z’, t’ from (1), (2) and (3) to (5), we 


a3 (x—vt)*-- y*--2*— c* (Bt+yx) 
or (ni—ct2)x* +y +z 2xt (ху +e By) = (c28*— tyre .. © 


The equations (4) and (6) representing the same motion are 
identical and hence comparison of various coefficients, yields 


i 
l 
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а%—с?ү%—1 vent?) 
a*y--c? By =0 <.. (8) 
epaye? <- - (9) 
Multiplying (7) by v* and then subtracting (8) trom it, we have ' 
v (13-33) - By —0 0010) 
Again multiplying (7) by у^ and adding it to (9), we get 
у (14e) - c pos cà oe XEL) 
Now multiplying (10) by v E adding it to (1 р we find 
В2—1== —vBy ie y= rz vice д) 


Elimination of y between (10) and (12) gives 
a p:—1 2 1—8: 
н) 
ог v'gi-c(9— 19-91-85) 0 
АА Cn 
or p* [ recae |0 giving = = = yt (13) 
PE e: 


c ^ 
With the help of (13), (9) yields (on taking positive roots only) 


x 2 
а= 6 = [so that «28— 1 


ey Tox a 
ee 
In view of (14), (8) gives 
v= OE Les (05) 
From (12), (14) and (15), we get 
IU Bsp nii Y aus 
а EXT E 09 
1I—— 
1 ce 
Also by (8), 
а СВ ac 1 
So ара гт ... (17) 
4 fad 
In view of these results, the transformation equations (1), (2), (3) 
become 
yx 
UH TEE 1-а 
х= PI: y =y, z'—z and UE ... (18) 
-а | m 


These are known as Lorentz transformation equations. 
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Inversely, we have 


xe Н yey’, rer and t=— _ _,.(19) 


These are known as Lorentz inverse transformation equations. 

А look at the transformations (18) and (19) reveals that 5 has the 
relative velocity—v w.r.t. S'. This conclusion is not trivial since 
neitherthe unit length nor the unit time is directly comparable in 
Sand S’. i 
In case v is very small then v/c—>0, so that by (14), 81 and then 

Lorentz transformations reduce to the Galilean transformations i.e. 

35 X'z2x— yt, y' ey, z'—z, t'=t «++ 20) 
: If v>c, then Lorentz transformations give imaginary values of 

x' and г' leading to an absurdity and hence v cannot be greater 
than c. 


Again if v< «c so that = is negligible, the Lorentz transforma- 
tions take the form ; 


X'e x — vt, y' —y, z'=z and t'—1— > sa (21) 


In view of the transformations y'—y and z'«z so that 
y z*o-y'* --z'*; (4) and (5) yield 


xt—cubedx—ggme 0e 1 (22) 
We may also write i 
x* (ict)! x" -- (et"?, where i2 4/ Z1 ae (23) 


‚ Now using the conceptions of four-dimensional geometry and 
Imaginary rotations, we can determine a necessary connection between 
two sets of coordinates (x, ху, Xa, x4) and (x,', Ху”, Xs’, x. 
‚ Setting x=x,, x'—x,' and ict=x,, ict'=x,', (23) can be written as 
ххх? х? ... (24) 
. Geometricaily interpreted if Xi; X, and ху, x, form two rec- 
tangular sets of coordinate axes, with the same origin, then L.H.S. 
and R.H.S. of (24) separately give the distances of the points (xi, xj) 
гапа (x,', x,') from the same origin. Consequently either the two sets 
of axes coincide or are inclined at an angle 0 (say) with each other. 
‚Шш later case we can express 
оху х; cos 04-х, sin д, x,/— — x, sin 04-х, cos 8 2x25) 
Of course, as is evident from (24) and (25) a circle in origi 
I. COUrse, as is inal set 
Tetains its shape in the rotated set and the coordinates in "e sets are 
connected by circular furctions-sin 0 and cos 0. 
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If we conceive of an object at rest in S, moving with velocity У 


w.r.t. S' then we can write 1 —0 and T 8 that 


- dr 
dx, ; 
аху j аху | dxi dx perd -0 
dx,  dx]dx amy sin 0-Lcos n 
. dx, 
du ou 
or Bee tan 0 21.00 
ах x 
But when x=x, and x,—ict, jg gives 
СЕЛА e e e 
dx, й E 00 
(26) апа (27) give tan A ot (28) 
Е 1 
a зіп @ _ cos _ М co PER E. уЗ 
Accordingly TU d cei c4 (iv)? =c | le 
3 iv Ж; 
so sin 0= —7— —3- and cos b=- Y 
le TE 


The substitution of these values in (25) yields Lorentz trans- 
formation equations. 
The coordinates x and t in (22) may also be related with x’, t' by 
hyperbolic functions such as ` : 
x'—x cosh &—ct sink % ; ct'= —x sinh G+ct cosht  ... (29) 


COROLLARY. The above transformations bave been derived in a 
particular case when the frame S' is moving with uniform velocity 
у along X-axis, We can generalize these results by taking the motion 
of S’ w.r.t. S, along any straight line, so that its velocity 

v= Veit vj - vk 
where Ve, Vy, Y, are the components of v along X, Y, Z axes 
respectively. 

Taking r=xi-+-yj-+zk as the position vector of an event its resolved 
parts along and perpendicular to v may be given by 5" and 
i со. 

Denoting them by Р and О respectively so that r=P+Q and 
applying the transformations of (18). we have : 

Q'=Q=r- une AT Eo 


A 
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P—vi _ (r-v)y—vt™ 


and P'e-—————— 


yt у sett), 
P / 1— 
Thus r'=P'+Q'=r + n (t1) Yt .. 32) 
where y= Eee. 
J {5 5 
; e 
Also we have the transformation 
tar ( iX) EN 


(32) aud (33) give the general Lorentz transformations without 
rotation. Their inverse transformations may be obtained by replacing 
v by —v whence we have 
rer 4- T. (y 1)-4-vwf and i rH) OY 
Problem 1. State the fundamental postulates of special theory of 
relativity and deduce the Lorentz transformations. 
(Agra, 1954, 56, 62, 67) 


5314.2, 14.3 constituie the answer. 
AN S 
Problem 2. Show that Lorentz transformations х'=| 1— A) i 
: ¢ 
$ \- 
(x—»vt), y' =y, 2’=z and t-( 1-4) re 1-75. may be obtained 
from the two basic postulates of the special theory of relativity. 
(Agra, 1960) 
This is the same as Problem 1. P 
Problem 3. Show that x*--y* -z!—c*t* is invariant. 


If (x, y, z, t) and (x’,y’,z', 1) be the coordinates of the same 
event observed by two observers in frames S and $' where S' is 
moving with velocity v relative to S, then we have to show that 


XHP He e xn y p 21 ces 
Lorentz transformations are 


x'—g(x—vt), y'—y, z' —z and !'=ф ( I) 


where B= — 


We thus have 
Ey prt ente pfo wp eer ete( у 
с 


кабынан абан 
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-s[ x?4-y'—2vxt—c? ( ga ee — ME ++: 


=#( m z) xen 1-5) ++ 
1 


——cgÉRyMEz ү Ble 
e n 


—Xx-rytHEZz—C* : 
which shows the invariance of х?--у%--23—с?. 
Problem 4. Derive Lorentz inverse transformations, 
Lorentz transformations are 


x'=B (x—vt), у'=у,т =з, =$ ( A) 
where p= iis 
1— »* 
E 
Solving them for x, y, z, we find 


rapt (r - oen) e 


ot ( j= =) x (x +t) ie. x B (x' +v) 
As such, rh — S) gives 


tg ba PG) -&( тв) в 


с 


А +e | уу t ух 
8 уЗ c B= P tab 
tre (1-3) 


EPIS 2 id FAITE. 
рено eee) 
Hence Lorentz inverse transformations are 


x= (x t), yay’, z=2', tg (r+) 


14.4. THE KINEMATIC EFFECTS OF THE LORENTZ TRANS- 
FORMATION 

[4] Lorentz-Fitzgerald Contraction (Agra, 1969) 

Consider two frames of reference S, S' such that S' is moving with 


velocity v along x-axis relative to S. Then Lorentz inverse transfor- 
mations are 
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х= (x'4-vt^), ymy',z-z,tzp (r+) sie wk): 
where B= a 
(ie 


Suppose that there is a rod of length / placed parallel to Y-axis in 
ens. which is at rest. Then if y, У: be the Y-coordinates of the 
end points of the rod, we have 

| 1=у,—у\ 

But from (D, — Y; —X' 999-1 
which follows that the length of the rod remains unaltered when 
measured by an observer in S’. Conclusively the lengths perpendicular 
to the direction ‘of motion are unaltered. Е 

Further suppose that the rod of length / is placed parallel to X-axis 
in system S, which is at rest. Let x,, x, be the X-coordinates of the 
end points of rod, measured at the same instant ¢ in S so that = 

-=t and /=x,—x;. Also let ху, x,' be the X-coordinates of the two 
ends of the rod, measured by an observer in system S” at the same 
instant 2’, so that f;'=t,’=r'. If /' be the length of the rod in the 
system S’, then l’=x,'—x,'. 

Now, [=х,—хү=Ё (xy -- vt) — Qa + vti) by (1) 

=B ay — 3) H-v8 (0—2) 

r 


= 
Kos 
4 rays yp. dr 
^ rem i-i A] =:{1-5 hes] 
2 ууа 
which follows that / —/ and r2( i- £) ‚..@ 


Here l is the length of the rod for an observer at rest w.r.t. the rod 
while to an observer in S’ which is in relative motion w.r.t. the rod, 
* the rod appears to be of length /'. Actually speaking to the first 
observer the rod appears to be at rest while to the second observer it 
appears to be in motion, the length of the rod being measured in the 
direction of motion. Clearly the length of the rod appears to be 
longest in the reference system w.r.t. which it is at rest. Fhe length 
Lof the rod measured by an observer which is at rest w.r.t. the rod is 
said to be the proper length of the rod. 
Thus Lorentz-Fitzgerald contraction follows: 
Every rigid body seems to be of maximum dimensions when at rest 
relative to the observer while its dimensions appear to be contracted 


2 Mo 
in the direction of relative motion by the factor ( 1— > , when 


it moves with velocity v relative to the observer, whereas its dimen- 
sions perpendicular to the direction of motion are unoffccted. 
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Consequently the length is not an absolute quantity. An interesting 
Consequence of this fact is that a moving sphere seems to be a prolate 
ellipsoid. In case »—c, from (2) /'—0 i.e., the rod appears to be of 
length zero to an observer in system S’ moving with velocity of light 
relative to S. Also if y>c, / is imaginary, leading to an absurdity. 
Hence у+ c i.e., vc always. 

Problem 5. Determine. three dimensional volume element dx dy dz 
under Lorentz transformations. 

We have by Lorentz-Fitzgerald contraction 


: жүз , , 
ах ={. 1— a dx, dy'—dy, dz'=dz 


у? 1m 
So that dx’ dy’ a -( 1= 4) dx dy dz. 


Problem 6. A rod of length 100 cm. is placed in—a-sarellite moving 
with velocity 0.8c relative to a laboratory. Determine its length as 
observed by an observer (a) in the satellite (b) in the laboratory. 

(a) The observer being in the satellite is at rest relative to the rod 
and hence the length of the rod measured by him is 100 cm. 


(Б) The length of the rod as measured by an observer in the labora- | 


tory is given by 


Г =] io where [=100 cm, v—0.8c 


д £=100 / 1-( Vibe ) —100 4/1—0.64 —100x 0.660 cm. 


[4 


Problem 7. The length of а rocketship is 100 metres on the ground. 
When it is in flight its length appears to be 99 mctres to an observer on 
the ground. Determine its speed. 


We have rain/ 1— = 


where /=100 metres—10* cm. ; / =99 metres=99 x 10° cm. 
у? KAR 99 x 10^v* 
( DTE )-(7) -( p )-O» 
So that Z =1-(9)}=(1 — 0.99) (1+0.99)=0,01 x 1.99 
Je —199 x 107* 
у=с (199 x 10-12 (4/199 x 107°) x 3x 1019 | 
=3\/ 199 x105—3x14.1x105—4.23 x 10° cm./sec. 
Problem 8. Determine the length ofa rod (proper length 100 cm) 
moving with a velocity of 0.8c in a direction inclined at an angle of 60* 


to its own length. 
Taking i, j as unit vectors along X and Y axes respectively, the 


-proper length / of the rod moving with velocity 0.8c along X-axis is 


given by ; 
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1-1 cos 60° i-+/ sin 60° j= i+] ES i 


Now the motion being along X-axis, the contraction will take place 
along X-axis and the component of length along Y-axis will be un- 
affected. Ў 


Thus if /,' and /, be the components of length of the rod when in 
motion along X-axis, we find 


6 y wey? 1 
Г„=1, V 1-5 = cos 60° A/ (=) == х06=031 


and /,’=/ sin cov 3 =0.866 1. 


-. Length of the moving rod—4/. f+, 
=1 +/(0.3)?-+ (0.866) =! 4/:093-0.75 approx. 
=1ү 0.84 =0.92 l approx. 
22100 x.92—92 cm. 
[2] Time-dilation or Apparent Retardation of Clocks 
Consider two frames of reference S, S’ such that S’ is moving with 
velocity v along X-axis relative to S. Conceive of a clock placed in S 
at х=х\, giving a signal at time /,, such that /,' is the time measured 


by an observer in S’ corresponding to it. Then Lorentz transforma- 
tion gives 


Ё = ( 82) where Becr 9) 


A 
з 
|! Ж 

= 


Suppose that the clock gives another signal at time г, in 5, such 
that its corresponding time in S’ is ¢,’. Then = 


t/-B («- з) РЯ) 


Putting /,—1,—f and t, —1,'—1' and then subtracting (3) from (4), 
we get, f —ty =$ (t- 1) 


? t yea 1 2 
ie. t ae o 41-5} =! 1 Ibat } 
lcm 


у? ү? Ў 
Sothat г>; and t—(' ( 1-3 Ко) 
which follows that the time interval 1 appears to be dilated or 
-из 
lengthened by the factor ( 1— 5 to the moving observer. 
_If we reverse the process ie. put the clock at a point x’, in S5 
giving signals at times 1',, £’, while the corresponding times in S are 


пав t, respectivelv then by Lorentz inverse transformation, we 
ave 


& 


v 
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2 yx,’ ; vx! 
zs IC ar) and tis att) 
So that /'—f,'—1',—8(t,—1,) —Bt implying t’>t as above, 
If follows that the time interval / appears to be dilated by the 
\ 2 у-12 : Ё 
factor 1-7 to an observer moving with velocity v relative 
to S. P * 
Conclusively a moving clock runs more slowly than a stationary one 
i.e., every clock seems to go at its fastest rate when it is at rate 


relative to the observer and if it moves w.r.t. the observer with velocity 
v, its rate appears to go at its slowest rate by the factor 


y? 
ү 
It should be noted that the time recorded by a clock moving with 
а given system is said to be the proper time for that system. г 


Problem 9. Show that four dimensional volume element dx dy dz ` 
dt is invariant under Lorentz transformation. (Agra, 1967, 70) 
Lorentz-Fitzgerald contraction gives 


y? in 
dx’ =( is E) dx, dy —dy, dz =й: 
dt 


Time dilation gives dt’= 


> . 


AE 


ci 
So that dx’ dy' dz’ dt' dx dy dz dt. 
Which shows the required invariance. 
Problem 10. Write a short note on Clock Paradox. 


We have already discussed in time-dilation that according to an 
observer in S, a clock in S’ is going slow while from the point of 
view of S', it is a clock in S which is moving fast and hence when the 
observer comes back from S" to S, he finds just reversed phenomena. 
We use to call it as a Clock Paradox. 


To be more explanatory an observer posited in either frame of : 
reference finds that the rate of clock in cther system is slow. There 
is complete reciprocity between the two frames 5 and 5”. 

Problem. 11. In the laboratory the life-time of a particle moving 
with speed 2.8x10" cm.[sec. is found to be 2.5 x 10! sec.. Calculate 
the proper life-time of the particle. (Agra, 1969) 

Time-dilation gives far 
as 
where t’=2.5x 107 sec., v—2.8 x 101? cm./sec., 

£773 x 10" ст. /ѕес. 
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à Trex Io 
"op -== у md Ai 
star 1—5 25x10 № 1 ( EA ) 
=2.5x 107 4/1—(0.93)1—2.5 x 107 x у/1—0.87. approx. 
=2,.5X 1071 x .36—9 x 107? sec. 
[C] Relativity of Simultaneity (Agra, 1964, 66, 67) 
Consider two frames of reference S, S' such that S’ is moving 
with velocity v along X-axis relative to S. Let the two events in $ 
. with space and time coordinates (ху, Уу, 20 ty) and (x; Уз, Zo з) 
respectively, occur simultaneously, so that : 
xy FX, but =t; 
Let 1", t, be the corresponding times іп $'. Then by Lorentz 
transformations we have 


u'=0( ti— X) and “= n=) 
1 


where p=— mm 
y' 
v LEN 


Mo ou —h'-B6-5)4P A02) 


By ca 
= (х—х) *Y hah 


In view of x, xs, this follows that 1, 521, i.e. the same two events 
are not simultaneous in S'. 

Conclusively two simultaneous events at different points, for an 
observer at rest in S remain no longer simultaneous to an observer in 
S' which is moving with velocity v along X-axis relative to S. 

In case x,—2x,, then however the events are simultaneous since 
than =. 

[D] Relativistic Composition of Velocities (Agra 1964, 65, 68, 71) 

Consider two frames of reference S, S' such that S’ is moving with 
velocity v along X-axis relative to S which is at rest. Let the space 
and time coordinates of a moving particle P be (x, у, 2, t) and 
Q5, y 25 t )w.rt. S and S’ respectively. Also let us, Uy, us and 
Us’, Us M, be the velocity components of P w.r.t. S and S’ respecti- 
vely. Then s 

dx _dy dz 
ung OTa a 
dx' dy’ аг 
and Mm amu, Wm. 
Us dr^ Uy a’ и, =a: 
Lorentz inverse transformations are 


x=B(x'-+vt’), уу", z—z' and t=p( r+ 
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b= — 
y i% 
ci 
Their differentiations give 


dx g(dx' --vdt"), dy —dy', dz—dz'; 
a-( di dx) , So that 


where 


dx 
„= Hae rd) Aro eed n 
S : SE 
і e( аах) (E a) Ive 
dy' 
5 dy dy' а. 
y——— 77 ера ЕГЧ 
СЭКС 
DAN Wa 
TUE ud 
аг 2 
pd dz’ E 
a of dtt dx) of 1+2 =) 
Ql rs | 
LEA ...(® 


(6), (7), (8) give the velocity components uz, иу, Из as the composi- 
tion of velocities (ua’, му’, us) and (v, 0, 0). 


COROLLARY 1. The relativistic law of addition of two velocities in 
the same direction say X-axis, is given by putting Us =u', Wy, 
uu, —0 in the above components whence we get 

utr 
иу ANC) 
+: (9) 

COROLLARY 2. The velocity of light is an absolute constant, quite 
independent of the motion of the reference system. 

Putting u'—c in (9), we get 

- сфу (су) Ё 
Ha == =c 
ee ... (10) 
ita 
which follows that the velocity of light ¢ remains unchanged if 
compounded with a velocity-smaller than c. н 
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COROLLARY 3. The resultant of two velocities each being less than 
c, is also less than c. 
Take w—c—p, v=c—q where p, @>0 and р, 9 are constants. 
Then (9) yields ; 
с—р+с—9 2rc—p—4 


Mac eg) = (руст р, 
1+6=0 Doc (pt get pe- 


ren 2c—p—4 TEN 2c—(p4- 4) ] 
= E 
QPOCIM OC (ae (paga Lt 


c 


which follows that и, <с "7 — 2¢—(p-+-4)<2e--(p-+-g)+ 24 


for p, g>0 and P4 50. 


COROLLARY 4. The addition of any velocity to c the velocity of 
light results in c. 

Taking u’=c and v—c, (9) gives 

< с+с 2с 


M. E Я 


COROLLARY 5. The velocity of tight l.e. с is known as fundamental 
velocity due to the following facts. (Agra, 1975) 

(i) c is constant in all directions. 

(11) с remains the same for all observers irrespective of the veloci- 
ties of the source and the observer. 

(iii) c is invariant for any two systems related by Lorentz trans- 
formations. к , 

(iv) с remains unchanged by adding any velocity to it, which is 
less than c. 

(у) No velocity can be greater than c. 

Problem 12. Deduce Fresuel's coefficient of drag from Lorentz 
transformations (or in particular from relativistic velocity composition 
law). (Agra, 1958, 66) 

Assuming that the frame S' is water moving witb velocity v along 
X-axis relative to another inertial frame S which is at rest, and taking 
p. as the refractive index of water, the velocity of a light particle 
(photon) relative to water (Ќе. S^! 


is "s —u' (say) towards X-axis. 


` Jf u, be the velocity of the light particle w.r.t. 5, 
by relativistic velocity addition law s Hen ме have 
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-G 9) boe] 
(e X 1-5). neglecting squares of —— V ov««c 


246 neglecting а as v« «c 


и? LI 
i. 4 1 1 

Pr (б) (+) 

Which follows that the velocity w' is increased as observed from S 

due to drag of water or system S’ moving with velocity. v by an 
П 

amount ( l= 

i - 


1 
: ( 1-5) 1 
.. Coefficient of drag = = =1- 


which is known as Fresnel’s coefficient of drag. 

Problem 13. If a photon traverses ihe path in such a way that it 
moves in X'—Y' plane making an angle $ with X-axis of system S', 
then prove that for the frame S, u,2+u,t=c*, where S' is moving with 
velocity v relatlve to S. 

If in a system S’, uy —c sin ф and u,'—c cos $ then show that in 
frame S, u,?--u, —c* where $' is moving with velocity v relative 
to 5. 


=p" 


We have 
R us +y ccos $+ 
üz 7 
lgu 1+-—с$ 
s y 
A 7 csing A/ l-= 
and - e 


Squaring and adding these expressions, we find 


PE cos ф-+)+с ina 1-8) 
. c 


dE 1 + [+22420 cos $—v? sin" 4] 
1+2 cos) in? 
( EF w sin? $-+cos* ф=1 
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jum [24-2су cos $+? cos? d] 
1 DV 1—sin? ф =с082ф 
2 « 142 co) б 
i (14 Leos), g 


[E] Relativistic Composition of Accelerations 

Consider two fram:s of reference S, S’ such that S’ is moving with 
‘velocity v along X-axis relative to S which is at rest. Let the space 
and time coordinates of a*moving particle P be (x, y, 7, t) aad (x^ у, 
2,1) w.r.t. S and S' respectively. Also let ws, иу, us; аа, ау, d, and uy’, 
Uy’, ts’; Gz’, ау, аг be the velocity and acceleration components of P 
w.r.t. S and S' respectively. Then Ў 

P и, 


du; du, du, ‚_ 4и „,_ duy кы». 
Cai а= а= and а= gr» йу — qoo ds = ay 


Lorentz inverse transformations are 


$ 1 
х=ф(х' +90), у=у', z=z', t= (r+ =) where ale 
/ К 


с? 


These give on differentiation, 
: 1 : £ y E 
dx=B(dx'+vdt'), dy=dy', dz—dz', dt=ß (4+ E dx' ) giving 


Z= ( 14-2 us’ ) so that by (6), (7) and (8), we have 


а а 5 d Us d v ар и’ +» w 
CTS aaae ER М Bei uoi oon 
dt dt + i dt mm Д 


dus' v 4 n Ddi 
rial н) н) W^ тун 
(1+ и? y (1+ w’) 
Muri ш 7 
dt S АГ ЫЛ iib 
(1+) (142w) e | 
Similarly, 
du,’ E du; uy 
1 dr 7 
-5A ар 
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duy dus po 
1 dr ad^ 


«+ (12) 


Gud ( X ta! Tí IX u ) 


Equations (10), (11), (12) give the acceleration components as, Gy, 
а, in terms of ay’, ay’, a, as observed in system S’, Evidently the 
components of acceleration in S' are constants, but the components 
of acceleration in S are not constant, in general owing to the fact that 
they contain velocity components along with acceleration compo- 
nents. 


COROLLARY 1. In partícular if the particle is instantaneously at rest 
ө to frame S’, then uz’=0=u,'=u,’, so that (10 (11) and (12) 
reduce to 


a,=( 1-5)" ай, ь=( 1-5) @ a-( 1-5) 43) 


which follows that unlike Galilean transformations, the acceleration 
is different in two inertial frames. This is due to the relativity of space 
and time. 

COROLLARY 2. Sets of instantaneous direction cosines of the motion 
of the particle P in frames S and 5". 

Let J, m, n and l', m', п’ be the instantaneous direcion cosines of 
the motion of P in frames S and 5' respectively. Then we have 


HELL oak ey pe Mee э UE" Doe Im 
бутет" Visa ra? IN ruin 
Я Vis at 
: us FE HOA Ads 
scd Уши rug Vu pup pu 
Ў 2..@9 


f Us <=. 
я Mus pu Fu 


Using Lorentz transformations, we have 


E a ах 
yc 
j lta Uz 
—— (ии E» - (ty +u?) 
, P 
1+— ш 
с 
Ci ia nse RR Асы су.” 
Ds yu Tet pm e Sig vem 
M uy +2u9+7+( 1-5) (uy 94-8) 
5 иг У 1 


——— ee 


Sate [=i cra LN 28 
№ (uathuy Риз) -2us Vy (Cw ur) 


à 
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Dividit *, umerator and denominator of R.H.S. by 
и риу? и, and using (15), we get 
LS 
{е Ер METTE 
== 2lv d с? тан Ir 
V Tres Gea 

Similarly m and n can be expressed. 

Problem 14. A particle P instantaneously at rest in frame S' expe- 
riences an acceleration a/—3i4-4j4- 12k. Determine the acceleration 
measured from an observer in frame S when S' is moving with velocity 
-98c relative to S along X-axis. 

Let az, ay, а, and az’, ay’, a; be the components of a’ in systems S 

, and S' respectively. Then as we are given, 
аг=3, . d,-4,  a,-12 


; 
By Cor. 1, «-( 1-5) ~ i- (2) 2-00 
(on simplification) 


«-( 1-2) a=} 1- (29) 141584 ү 


2 
a,=( 1-5) ar-f 1—98) 12=0.4752 Š 
Hence u=a,i+a,j+-a,k 
=0.024 1--0.1584 j+0.4752 k. 


14.5. ENERGY—MOMENTUM RELATION 

If a particle of mass m is moving with velocity у then its momentum 
P in classical Mechanics is given by р= ту «+» (D) 
` and the law of conservation of momentum states (i) the mass of a 
moving body is the same as that of the stationary body and (ii) the 
total momentum of a body remains unaltered unless an external force 
is applied. The first hypothesis does not stand true when examined by 
the help of Lorentz transformations, whereas the Lorentz invariance 
of law of conservation of momentum states that the mass of a moving 
body does not remain constant but it changes with velocity and given 


by 
IE 32:6(2) 
c 


E: (Agra, 1969, 70, 71) 
where m, is the mass of the particle when at rest and m is its mase 
when moving with velocity u. 

In order to prove (2), consider two frames S, S' such that S' is 
moving with velocity v along X-axis relative to S. Suppose that m, is 


жге" ы. —— „ 
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the mass of the particle moving with velocity u, in 5 along X-axis 
poris corresponding mass and velocity in S’ are т,’ and и, respec- 
tively. 


$e 1 ү? 1 
Let "dun on and f, UEM oe (3) 
co TW 
Velocity-composition law gives 
ш n +. giving щ’= = +++) 
145 uy! 1—2 ц 
So that p'u’ = To RA E ) 
1— т uy 
JR [Ола үте 
Bae ts) 
(1-3 “) S 
u;— Y) с 
ГА 
"Te ( oe ) =u» } 
A (u4—») с. 
[е | na u$——, ay} (ш mmt 
(ui E 


“тШ. 
et —2vu,—u,? +2] 


иү—У и 


СГ 

о by @ 
ET "e Brit” (и у) 27508) 
Assume ii there are a number of such particles moving along 


X-axis and their masses and momentums being invariant in S, so 
that 


Zm,-const., Zm,u,—const. 2. (6) 
But f and v being the same for every particle, (6) yield 
Ут; Bv=const., Em, u, B=const. 


which on subtraction give Em, B(u;— v) —const. 


ог Ут, һи =const. by (5) cur DU 
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In frame S’, applying law of conservation of momentum, we get 
Zm,’ u,'=const. ...(8) 
Comparison of (7\ and (8) renders ал 
1 


or: = рт (say) as absolute constant giving 
a н 


By’ 
VES and m'&— —"^ with the help of (3). 


MES POLEN 
! Pil J pa 


We conclude from these results that for a body of mass m moving 
with velocity и relative to that system 


PS L ВЕ 
u? 
d m 
which is the result (2) showing that the mass of а body increases with 
the increase of velocity. 
When u—0, (2) gives m=my i.e., mass of the particle at rest is 
my and hence m, is known as the rest mass. 
In case uc «c le < «1 then also m=m. 
Now we establish the mass-energy relation i.e., 
E=me e 0) 
(Agra, 1969, 71) 
We know that the increase in energy of the particle by applying 
a force Fis given in terms of work ie., if dT be the increment in 


Kinetic energy T due to an increase dr in the displacement г, then 


dT- Fdr—F. Es dts Fe dt ... (10) 


ez v- (velocity) 
But the force being defined as rate of change of momentum we 
ve 
d um 
Е= 27 (mv) or Е dt=d (mv) 2 01) 
with the help of (11), (10) yields 


dT=v N by (2) 
М mr 


d сз vos etu 
=m; / I-A += 2 о differentiation) 
г d 1— ( т 


I 


———— —— 
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"(imm , . +. (02) 


dma РФ со алт са 03) 


Comparing (12) and (13), we find 
dT=c*dm .. (14) 

If we consider the body initially at rest whence its rest mass is m, 
and on applying this force as it acquires velocity so its mass increases 
and becomes say m=m,-+dm. Now the total Kinetic energy acquired 
by the body is given by 

r={ ar-[. а dm by (4) 
=c? [m—my] nen 
ог - T+m, c=mc . (15) 

Total energy E=Kinetic energy of moving body + energy at rest 

i.e., E=c* (m—m,)+mc?=mc* 
which establishes the relation (9). 

In the last we prove the energy-momentum relation ot Einstein 
relation: 
р E'=¢p +m?" . (16) 
where E is the energy and p is the momentum of a particle ‘of rest, 
mass то. 

Using (1) and (9), we have 

Е? —с?р?=(тс?)—с? (ту)? 

==т?с*—т с? у? 


I AN 


1 by (2) on replacing v by и in the existing case. 


Hence E*ec!p?--myc* 
which establishes the relation (16). 

Problem 15. Formulate the energy-momentum ПИА А in the 
space time of special relativity. (Agra, 1975) © 
Consider two systems S and $' such that S’ is moving with velocity 
у along. X-axis. If mand т’ are the masses of a body in S and S' 
respectively, such that it is moving with velocities и (uz, Uy, Us) 

and u' (иг uy’, u,’) respectively. Then we have 
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m= Mo =, т'=——=°?-——: me. (1) 
u u 
: / p | 1-5 
where m, is the rest mass of the body. 


Here uiu, Huy зц? апі u? =u Huy t pus? ze (2) 
The velocity-composition law gives 


y! ya y? \!'% 
wv „, “( ig) : «( Iz) 
y , My = eS ELT 


u, = 5 = 
l— a"s 1-9 1——a le 
! . (3 
Now from (1), 9 
) i и? Mn 
NL E 
m^ lat 
ке 
с 


where + =1-4 (us? +u ttu?) 
2i [e 1) +m! ( 1-5 Шс by (3) 
WS 


са) (on.simplification) 


e( 1-2, ) 


1 y ut и ра 
So that| — 2 |= e 
и Y 
= 1—-y üs 
y? Mn 
= 1— xu ) 
^ РА a) е Е 
1—4 Е (-3) 
А e+ (4) 
where $= —————— 
iH 
a 
Also from (3), 
PIS И.У г 
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Let Pas py, p, and ps’, ру, p, be ће components of momentum p 

of the particle, acquired due to velocity in frames S and S' 
‚ respectively. 

Then, p,—mu,, p,—muy, p,-mu, in frame S. 

and p, —m'u, —(mu,—mv) B by (4) and (5) 
-( »-5 E). 7 Вета 

Similarly, ру —m'uy -mus—ps 
and p,'—m'u,— mu,—p, 

Hence if £’ corresponds to E, in frame S’, then 

E'—m'c!-—p (mc*—mwv uz) by (4) 

=В (Е—ур») 
Hence the required transformations are 


, Е , , " 
Ps -«( а — т) ; Dy —Py, Ра =P, E! 2B(E—vp,) 


1 

h Een ш 
where B үт * 
e 

Problem 16. Show that p= is Lorentz invariant. 


Using notations of Problem 15, we have 
p*—pz py +p. and FON TN ҮН E: 


s "4 um App le B(E— wo! 77 Е'=В(Е—трд) ` 


=p(p > A) +P p) —B* (E—vpe)*.> 5 


=|- &( 1-4) Exp? ( 1-5) eret 


pM p? E ze(1-x)2: 
x 


which proves the required invariance. 


Problem 17. Discuss spage-like and time-like intervals. 
(Agra 1966, 67, 70, 75) 


If S, 5° be two frames of reference such that S\is moving with 
velocity v along X-axis relative to S. Then Loren transformations are 


x eB(x—»), y'=y, гз, t | ms 3 


h g= ; 
ae MOeR 28 
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Take two events with coordinates (x;, у, 21, 4) and (Xs, Ys Za, ts) 
ip. S, then we have 
o n=) G6; 2] H- — 1)? 2.20) 
[Since in Minkowski's four dimensional space, the interval between 
two events (x, y, 2, x) and (x--dx, y+dy, z+dz, x,--dx,) is given 
by ds?=dx?+dy*+dz*+dx?2 
On setting х,=ісг where we use to say the coordinates of an event 
(x, у, z, ict) as (x, y, 2, 1), we have 
ds =dx?+ dy*4-dz? — сїй 
For the system S’, (2) becomes 
$322 — [Q6 х) + 05 — i? (s! —2,)*] -e*(6' — ty)? 
= [B (xx) —(&—1))*-03—»)*1H- (2— 2] 


sete] ei) aad 
= 10) (уа у) - Ga 7 21)! 0+ Oth? 
[ on simplification and using e( 1-5 )-1 ] 
i =з? by (2) 


40533 un УКЭ) 
which follows that the interval $, is Lorentz invariant. 
Now if 5,4—0, the interval given by (2) is known as singular inter- 
val and then we have 
Ка (а —»)*-(z — 2] -65— 1)? =0 
which in the form of elements dx, dy, dz, dt, reduces to 
—[dx*-- dy* - dz] +d = : 
This is termed as the equation of a null cone. 


Now if we assume that the two events occur at the samie point 
in S’ and the first event occurs after the second one, so that 


Xa Hy", yim nmn ly 
then, we have з. = C(t,’ —t,' PF >0 
or $320 : 

But s,:=Sis' by (3), therefore 54,70 i.e. the interval s,, is real. 
Such intervals which are real are known as time like intervals, because 
5»! contains only time component. 

Hence the condition for time-like interval is 

€(5—1)* > 04—2,)*2-03—)* - (2 21)*. E 

Conclusively if an interval is time like, then'it corresponds to a 

frame of reference in which. the interval between two events is 


Agia if two events in 5” occur at the same time so that t,’<?,' 
then we have 51.2= х х) 0 98 +(z,'—2,')"] <0 moe 
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ie. Sı? <0 and hence s,, is imaginary . UAN 

Such imaginary intervals are known as space like intervals, because 
5,,' contains only space coordinates. 

Hence.the eondition for space like intervals is 

са) «(,—x)* +H) 3-25 —2)* 

Conclusively if an interval is space like, then it corresponds to a · 
frame of reference in which the interval between two events is imagin- 
ary and the two events occur at the same instant of time. 

Problem 18. The rest mass of an electron is 9x108 gm., what 
will be its mass if it were moving with velocity 0.8 c. (Kanpur, 1968) 


: 
Given v=0.8c so that z-( 98e )=ом. 


Also given that my—9 x 10-78 gm. á 


* 


à. m= 


-28 
2x10 —15x107* gm. 


Problem 19. Find the velocity thai an electron must be given so 
that its momentum is 10 times its rest mass times the speed of light. 


What ts the energy at this speed. (Agra, 1970) 
We have 
à p=10mc=mv= or 
Eee 
or 1 z = ш 
c 1000 
1x» * 100 
Le (1+) Ур=1 ог гш 
100 
or rac] 20 0.998 
or y20.395 x 3 x 10cm. [ѕес. 
22.985 x 10!?cm. /ѕес. 
which is the required velocity. 
Agai то 9x10-* ns 
gain, _ т 77. yy 9036 X107?! gm. 
1-7 (1-10) 


Also E=mc?=90.36 x 10-5 x (3 x 1019)* 
=8.13 x 10 * ergs. 
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ADDITIONAL MISCELLANEOUS PROBLEMS 


3 Problem 20. Apply the law of relativistic composition of velocities to derive the 
elementary formula for aberration of light. (Agra, 1964; Banaras, 1970) 
[Hint. Taking 0, 0' as angle between X-axis and the direction of motion of a light 
signal, in S, S' take ug=c cos 9, uy —c sin 0, и,=0 ug =с cos 0, uy = —с зіп ®’, 
ә > үл 
tan ( 1— 5) 
а/'=0 and use Lorentz transformation to prove tan 9 =—— y — 
1+ тес 6 (] 


which in classical treatment takes the shape 80=—~ sin ® ] 


` Problem 21. Give relativistic treatment of Doppler’s effect and distinguish it 
from the classical treatment. (Kanpur, 1971; Agra, 1965) 


Problem 22. How much electric energy could theoretically be obtained by anni- 
hilation of 1 gm. of matter. (Agra, 1961) 


[Ans. 5.885 x 10% e.v.] 

Problem 23, What is the annual loss in the mass of the sun, if approximately 2 
calories of radiated energy are received by each square ст. of the earth's surface 
per minute?” (Agra, 1954) 


{Take distance of sun from the earth 150 X 108 k.m.] 
(Ans. 6.915 x 1016 kgm[year) 


Problem 24. Suppose that total mass of 1 kg is transformed into energy, how 
large is this energy in kilo-watt hours. (Agra, 1959) 


[Ans. 2.5x 1019 K.W. H.] 


Problem 25, Calculate the Kinetic energy of an electron moving with a velocity 
of 0.98 times the velocity of light in the laboratory system. (Vikram, 1967) 


"Ans, 3,25 X 107* ergs.) 


CHAPTER 15 


STATISTICAL PROBABILITY 


15.1. INTRODUCTION 


While reading newspapers and magazines in our daily life, we · 
come across the word ‘statistics’, the use of which is not new, but 
its use in the present meaning is older than the year 1839 when the 
American Statistical Association was founded. . The words ‘statist’, 
statistics’ and ‘statistical’ seem to be derived more of less indirectly 
from the Latin word ‘status’ means a political state’. 

The’ dictionary meaning of statistics is ‘numerical data collec- 
ted systematically', or 'the science of collecting and interpreting 
such information’. According to its conventional use the word 
statistics may be defined as follows: 


“ By ‘statistics’ we mean quantitative data affected to a marked 
extent by multiplicity of causes, tke ‘statistical methods’ mean 
tion of quantitative data affected by a multiplicity of causes and ‘theory 
of statistics’ means the exposition of statistical methods." 

As a historical account Mr W. Hooper, M.D. (1770) while trans- . 
lating ‘The Elements of Universal Erudition' written by Baron J.F. 
Von Bielfeld, defines the word ‘statistics’ ав "the science that teaches 
us what is the political arrangement of all modern states of the 
known world." The German philosopher E. A. W. Zimmermuann 
(1787) defines the word ‘statistik’ (statistics) in the preface to ‘A 
Political Survey of the Present State of Europe’ as ''that branch of 
the political knowledge, which has for its object the actual.and re- 
lative power of the several modern states, the power arising from 
their natural advantages, the industry and civilisation of their in- 
habitants and the wisdom of their Governments . . . .” 


In early years statistics was supposed to be the science of kings, 
used for the purpose of administration while in later stage it was con- 
sidered as necessarily a branch of economics. Now-a-days the meanings 
of statistics are interpreted in different ways by different classes. To 
a layman ‘statistics’ is nothing but a collection of figures and a 
Statistician is no more than a computer who always counts the пшп- 
ber of things. To an economist the field of statistics lies in quantita- 
tive analysis. To a physicist statistics is a probability distribution 
which forms the basis of the theory of errors. 

Тһе ‘statistics’ which was primarily regarded as a branch of econo- 
mics has now become so popular and its application has become 
во wide that no branch of human knowledge escapes its approach. 
The prediction оѓ H.G. Wells that “‘statistical thinking will one day 
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be as necessary for efficient citizenship as the ability to read and write’ 
now seems to become exactly true. In fact the statistical knowledge 
is going to become an unavoidable part of general education which 
provides the student according to George W. Snedecor ‘an awareness 
of, and harmony with, the statistical content of the society" as men- 
tioned in his article “А Proposed Basic Course in Statistics. 

Today the naturalists, the biologists, the astronomers, the adminis- 
trators, the businessmen, the economists, the chemists, the physicists, 
the photographers, all make frequent use of statistical methods 
of which the probability, because of the nature of statistical data 
and models, is the fundamental tool in statistical theory. Regarding 
probability as an idealization of the proportion of times that a 
certain result will occur in repeated trials of experiment, a probability 
model is the Fu of mathematical model. Consequently an astronomer 
uses statistical methods in making predictions about eclipses, a bio- 
Jogist utilizes them to generalize the laws of variations and heredity, 
a meteorologist uses them for weather forecasts, regarding tempera- 
ture pressure and rainfall, etc. Due to the wide scope of statistics, it 
is almost impossible for any statistician to be expert in all branches. 


The statistical probability cad be successfully employed in finding 
the possible configurations of the birthdays of people in a year, in 
classifying the accidents according to the weekdays, in firing to get 
the number of hits at a number of targets, in sampling to classify 
people according to age or profession, in irradiation in biology when 
the cells in retina of the eye are exposed to light, in cosmic ray ex- 

iments to find the number of particles hitting the Geiger counters, 
in an elevator to find the different arrangements of discharging the 
passengers, in dice-rolling to find the possible outcomes of throw, 
in chemistry when a long chain poylmer reacts with oxygen, in 
theory of photographic emulsions to find whether a grain reacts if 
it is hit by a certain number of quanta and in finding the possible 
. distributions of misprints in a certain number of pages of a book. ` 

The dictionary meaning of probability is ‘likelihood’ or ‘anything 
that has appearance of truth.. Yt seems that it has-been derived from 
the Latin word ‘probare’ meaning ‘to prove’. For instance if we draw 
99 balls out of an urn containing 100 balls and it is per chance that 
all the 99 balls are of green colour, then it is always possible or 
probable that the remaining one ball may be of some other colour 
say red, white or black. Though the uniformity of the colour of 99 
balls is unable to confirm that the remaining ball is also green in 
colour unless we are told that all the hundred balls are of the same 
colour; but the conclusion that the balls are all green is not based 
on certainty rather than it is based on ‘likelihood’ or ‘probability’. 

In dealing with the mathematical theory of probability we give a 
-numerical measure to the probability. For example if we toss a coin 
then the probability of falling the head or the tail up is equal, or 

mathematically speaking, the probability of falling the head or the 
tail up each is half że., $. As another example, the probability of 
drawing a heart from a pack of cards is } as there are four colours 


| 
1 
| 
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(heart, diamond, spade and club) in all. 

In fact the probability plays the same role in mathematics as the 
mass in mechanics e.g., the motion of the planetary system can 
be discussed without knowing their individual] masses. But in statistics 
we are concerned much with physical or statistical probabilities which 
do not refer to judgements but the possible outcomes of a conceptual 
experiment. 

Initially R. A. Fisher and R. Von Mises developed the statistical 
or empirical attitude towards probability. 


15.2. DEFINITIONS OF PROBABILITY 

Based on classical concepts, we give two definitions of probability. 
[А] The mathematical or ‘a priori’ probability. If there are g 

number of exhaustive, mutually exclusive and equally likely cases of 

an event and suppose that p of them are favourable to the happen- 

ings of an event 4 under the given set of conditions, then the mathe- 

matical probability of the event A is defined as 


ep 
Be 


We sometimes put this definitions in the words ‘the odds in favour 
of А are p to (q—pY or ‘the odds against A are (q—p) to p’. More 


precisely if we assume that the odds in favour of the event A are т . 


to nior zto m against 4), the probability of bappening the event 
А is defined as 


Ld 


e.g. The probability of drawing a white ball from a bag containing 


- 3 white and 4 red balls is ;5—- i.e. = 


3+4 7 

Note 1. The word ‘exhaustive’ used in the definition assures the 
happening of an event either in favour or against and rules out the 
possibility of happening of neither (in favour or against) in any trial, 
The word ‘mutually exclusive’ is a safeguard against the probability 
of two simultaneous happenings in a trial, e.g., in tossing а coin, the 
head and tail cannot fall together, but falling of either excludes the 
other. The word ‘equally likely’ means equally probable, i.e., по hap- 
pening is biased or partially bound to occur. 

[B] The statistical or empirical or ‘a posteriori’ probability. If in 
a large number of t;ials performed under the same conditions, the 
limit of the ratio of the number of happenings of an event A to the 
total number of trials is unique and finite when the number of. trials 
tends to infinity, then this limit measures the probability of the hap- 
pening of the event A. ; 

Thus if in a large number of trials performed under the same set 
of conditions, p is the probability of happening of an event A and 4 
that of its failure, then the probability of its happening in the next trial 
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is rg being assumed to determine the empirical probability 


that there is no known information relative to the probability of the 
happening of the event other than the past trials. 

‚ In other words, if an event A happens on pN occasions when a 
large number is taken out of a series of trials, then the probability 
P(A) of the event A is p defined as 


. pN 
2(A)— Lim t =p. 
DENT 
Precisely if m is the number of times in which the event A occurs 


їп a series of n trials, then P(A)= Lim =. 
m0 "+ 


Note 2. If р is the probability of happening of an event A, ie., 
P(A)=p and q that of not happening of that event denoted by P(A) is 
given by P(A)=q=I—p, so that 


P(A)+ P(A)—1. 

Conclusions. (i) The probability P(A) of an event A lies between 0 
and 1, le., 0<Р(4)<1. 

(ti) The probability of an impossible event is zero, i.e., 

P(0)—0. 
(iil) The probability of a certain event E is one, i.e., 
P(E)=1. 

Problem 1. Discuss the meaning and scope of statistics and show how 
it can be applied to social and physical sciences. 

It seems that the word ‘statistics’ was derived from the latin word 
‘status’ which means a political state. The dictionary gives the mean- 
ing of statistics as ‘numerical data collected systematically’ or ‘the 
science of collecting and interpreting such information’. According to 
its popular use, by statistics we mean quantitative data affected to a 
marked extent by multiplicity of causes. : 

Primarily statistics was supposed to be the science of kings used 
-for the purpose of administration, but later on it was regarded as a 
branch of economics. Nowadays the meanings of statistics are inter- 
preted in different ways by different classes, e.g., for a lay man statistics 
is nothing but a collection of figures, to an economist the field of 

. Statistics lies in quantitative analysis and to a physicist statistics is a 
probability distribution which forms the basis of the theory of errors. 

Statistics, which was accepted for some time as necessarily a branch 
of economics has now become so popular and its application so wide 
{һаї по branch of human knowledge escapes its approach. Today 
the naturalists, the biologists, the astronomers, the administrators, 
the businessmen, the economists, the chemists, the physicists, the 
photographers, all make frequent use of statistical methods of which 
próbability is the fundamental tool. An astronomer uses statistical 


КИГИМ 


пиана Se 4 
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methods in making predictions about eclipses, a biologist utilizes ' 
them to generalize the laws of variations and heredity, a meteoro- 
logist uses them for wheather forecasts, regarding temperature 
pressure and rainfall, etc. 

So far as the applications of statistics to social and physical sciences 
are concerned, the statistical probability can be successfully employed 
in finding certain inferences in social and physical fields. Dealing with 
probability, we are able to show that the distribution of r balls in n 
cells has л” different ordered samples with replacement of size r and 


! 
without replacement it has Р ту different ordered samples of 


size r. Thus to find the possible configuration of birthdays of people 
in a year, take r the number of people and л the number of days in 
a year; to classify accidents according to the week days; take r the 
number of accidents and n the number of days in a week; to classify 
people according to age or profession, take a group of r people and 
n will be the number of classes; to observe irradiation in biology 
when the cells in the retina of the eye are exposed to light r is the 
number of light particles. and л the number of cells; in cosmic ray 
experiments, r is the number of particles hitting the Geiger counters 
and n is the number of counters function: in an elevator to find the 
possible arrangement: of discharging the passengers, r is the number 
of passengers and n is the number of floors; in dice throw r is the 
number of dice and п is the number of faces i.e. six; in tossing coins 
ris the number of coins and л=2; in coupon collecting r is the 
number of coupons collected and и are the kinds of coupons; in 
chemistry when a long chain polymer reacts with oxygen, r is the 
number of the reacting oxygen molecules and л is the number of 
polymer chains, etc. 

Problem 2. From a pack of 52 cards two are drawn at random; find 
the chance that one is a knave and other a queen. 


Total number of ways of drawing 2 cards from 52 cards —**C;. 

The required cards a knave and a queen appear in different four 
colours, therefore each card can be drawn in 4 different ways. But the 
two events happen simultaneously and hence the number of favour- 
able мауѕ=4х4=16. 


~z. required probability de sr as 
TP 


Problem 3. What is the chance that a leap year, selected at raudom, 
will contain 53 Sundays? 

There are 366 days in a leap year. Dividing 366 by 7, the number 
of days of a weck, we conclude that the leap year consists of 52 
complete weeks and 2 days more. These two days can be combined in 
7 different ways as under: j 

(i) Sunday and Monday, (ii) Monday and Tuesday, (iii) Tuesda 
and Wednesday, (iv) Wednesday and Thursday, ren Horsey and 
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Friday, (iv) Friday and Saturday, (viii) Saturday and Sunday. 

Of these seven combinations only (/) and (vii) are favourable so 
that the required chance—3. 

Problem. 4. From a bag containing 4 white and 5 black balls a man 
draws 3 at random; what are the odds against these being all black? 

Total number of ways in which 3 balls can be drawn—*C;. 

Number of ways in which 3 black balls can be drawn 5C;. 

5C, 54.3/9.8.7 5 

Required chance= =, 123 =42` 

Problem 5. A card is drawn from an ordinary pack and a gambler 
bets that it is a spade or an ace. What are the odds against his winning 
this bet? ? 

Мы, of ways іп. which a card can be drawn from 52 cards 
="C,=52. 

There are four aces so that the number of ways in which a card can 
bean ace is *C,=4. 

Now there are 13 spade cards of which one is an ace. Out of the 
remaining 12 spade cards, a spade card can be drawn in "Cj, i.e. 12 
number of ways. 

-. the number of ways in which the drawn card may be a spade 
ог an ace—12 4-4—16. 

Hence the required probability 9 = ша 

52713 9+4' 
i.e. the odds against the gambler's winning are as 9 to 4. 

Problem 6. The chance of an event happening is the square of the 
chance of a second event but the odds against the first are the cube of 
the odds against the second. Find the chance of each. 

Let the chance of the happenings of the first and the second events 
be p and p' respectively. Then according to the first condition, we 
have pp". i 

According to the second condition, we have 


IS -( Ep ): | 
pc ptg . . (2) 
Substituting the value of p from (1) to (2), we get 
y 1р үрг 


ж =| — 


7 


or СРУ) 09) 125 1p) 
Р p? 

or Р@+р)=1—2р'+ р. 

ог Р'+Р?=1—2р'‹+}р c 

ог 3p'—1, ie. p'-i 

and then from (1), pi. Я 


e 
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Problem 7. Three cards are drawn at random from an ordinary 

pack. Find the chance that they are a king, a queen and a knave. 

Total number of ways in which 3 cards can be drawn from 52 
cards=*C3. 

The pack of cards consists of 4 kings, 4 queens and 4 knaves and 
therefore each of a king, a queen and a knave can be drawn in ‘Co 
ie. 4 ways. But all the three events happen together, hence the 
number of ways in which a king, a queen and a knave can be drawn 

=4x4x4=64. К 
; ; diy. 54 64123 _ 16. 

.'. required probability jc —$3.51.50 75525" 

Problem 8. Eight letters, to each of which corresponds an envelope, 
are placed in the envelopes at random. What is the probability that all 
letters are not placed in the right envelopes. 

Total number of ways in which 8 letters can be placed in 8 enve- 
lopes—8!. d 

Also there is only one way in which all the letters are placed in 
their right envelopes. 

^. Probability that all the letters are placed in the fright envelopes 

1 


=: 
Hence the required probability that all the letters are not placed in 
their right envelopes 1 БЕГЕ 


Problem 9.` А and B stand in a ring with 10 other persons. lf the 
arrangement of the persons is at random, find the chance that there 


` are exactly 3 persons between A and B. 


In a ring 12 persons can stand in 11 ! ways and 3 persons between 
‚А and B can be selected in °C, ways. A and B interchange their 
positions in 2 ! ways. Also 3 persons between А and В бап stand іп 
3.1 ways and the other 7 persons in 7 ! ways. 

2. Number of favourable ways-2.! 3 ! 7 !. 2С; 

101 


2213171. J13T 
222 110 !. 
Required probability =H! e 
Problem 10. A number is chosen’ from each of two sets Ў 
(1, 2, 3,4, 5,6, 7, 8, 9); (1, 2, 3, 4, 5,6, 7, 8, 9). 
If p, denotes the probability that the sum of the two numbers be 10 


_and p, the probability that their sum is 8, find p,--Ps. 


ach set consists of 9 numbers and hence the total number of ways 
of choosing one from each "C, x *C, ==81. 
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0 may be found in 9 different ways, like (1, 9), (2, 8), 
(5.5) (6, 4), (7, 3), (8, 2), (9, 1) so that 

- p-n-É 
_ Similarly a sum of 8 can be found in 7 ways so that hx 


2d рр +=. 


“Aton of i 
в, л, G, 6), 


15.3. EVENTS : А 
A collection of all possible outcomes of an experiment їз said to be an 
t. 5 


If such a collection contains the outcome of an event, then that 
event is said to have occurred, 

An event is said to be simple or compound accordiug as it cannot 
or can be decomposed, 

e.g. if we toss a coin, it will turn up either a head or a tail. Thus 
there are only two possible outcomes giving a simple event. 

If we throw a pair of dice, then to have a sum of 5 is a compound 
суспі аз а sum of 5 сап be obtained as (1, 4), (2, 3), (3, 2), (4, 1). 

this compound event consists of 4 elementary cvents. 


Mutually exclusive етешз. Two or more events are said to be 
mutually exclusive if the happening or occurrence of any one of them 
сеа the happening of the others. 

ing 02016 10 we toss a coin, and it falls with head up, then the 
falling of the head up excludes the simultaneous happening of the tail 
cannot "ps (жо events of the falling head and tajl sp with a coin 
38210: appen together, but the happening of one excludes the 
happening of the other. So the two events are mutually exclusive. 


=; ple, if we have an Urn containing 100 balls of different 


-then it is proposa 87660 and suppose 60 are red and 40 are green. If 
еа it is Proposed to draw 10 balls each of red Sour. it is a simple 
terion if it is proposed to draw first 20 balls of red colour and 
"n. balls Of green colour, then it is a compound event. 

dependen aud independent events. Two T more events are said to 
eae not aee Pendent жыгы as the т ана of опе dod 
' сз гүз Occurrence of t Е dependen! 
Tan are sometimes known as o gd Or others. The дере 
draw 2 ball it from Д8 0р containing 10 balls, it is proposed to 
second balls, then ifa ball is : 

"dependent on t t Д is 
dependent on that ofthe tag sat ОГ the drawing of the second bal 
second ball is draw, 16 ЫЗ But if i hen the 
Soi ball is drawn, the event of d frat ball is replaced and t 
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15.4. THEOREM OF TOTAL PROBABILITY, i.e. 

ADDITIVE LAW OF PROBABILITY 
If there are n mutually exclusive events A, Аз, Аз,..-Аз whose pro- 
babilities аге P(A,), P(Az), P(As)s---P(An) respectively, then the 
probability that one of them will happen is the sum of their separate 
probabilities, i.e., 

P(A, +Ag+-Agt-.-+An)=P(Ay)-+P(As)+P(As)+---+P(An), where 
Р(А,+ A4 - ...- А„) denotes the probability of occurrence of at ieast 
one of the n events Aj, Az, A;,... As. 

Suppose there are N total number of exhaustive, mutually exclusive 
and equally likely cases of which m,, т„,...т„ are favourable to the 
events A,, 4,...4, respectively. Then the total number of cases 
favourable to either А, or A, Or A, or...or A, is m, - ms tms --- +т„ 
so that the probability of happening of at least one of these events 15 


РАА А+. БА) тат ты. 


m, , т т. 
= EON * 


=Р(А,)+Р(А)+Р(А„)+...+Р(А„). 
Conclusions. (/ Іа case an event A is comprised by и mutually 
exclusive forms А,, 4,,...4», le. 
А==4,+4,+... ФА» 
then probability А, i.e. P(A) is the sum of the probabilities of Ar As; 
...A, separately, i.e., 
P(A)—P(A))--P(A94-...-- P(4q). 

(i) In case the n mutually exclusive events are exhaustive also, so 
that there is certainty of happening of at least one, i.e., Р(Ау-+ As -++ 
+4A,)=1, we have 

P(A,) +P(A,) +... +P(An)=1. 
Note. We generally use the following notations: 


` P(A) denotes the probability for an event A to happen, 


P(A) „ А Я „ 4A not to happen, ? 

Р(А+В) ,, 5 ө» „ occurrence of at least one 

of the events A and B 

P(AB) ,, 2 5 occurrence of both the 

events А and B, 

P(AB) ,, 5s happening of А and not of B, 
P(AB) ” ээ ээ ээ B LI A, 

РАВ) „ x » happening of neither of A 

and B, 


If A and B are two events such that AB and АВ are two exhaustive 
and mutually exclusive forms in which A can occur, then we have 


1062 : MATHEMATICAL PHYSICS 


P(A)—P(AB)4- 1 (AB) from conclusion (ii) 
Similarly, P(B)=P(BA)+P(BA) 
=P(AB)+P(AB). 
so that  P(4)+P(B)=P(4 B)+{(45)+P(3B)+ P(AB)). 
But from the above theorem of total probability, we can write 


P(A+ B)=P(AB+P(AB)+P(AB), 
ie, probability that at: least one of A and B happens=the sum of 
probabilities that A happens B not, B happens A not and А, B both 
appen. 


Thus, P(A) + P(B)=P(AB)+P(A+B) 
| 
| 


or P(A+B)=P(A)+P(B)—P(AB). Soc NE) 

Generalization of this result. To prove that the formula for the — 
ом, lf occurrence of at least one of the n given events Aj, Аз,... 

ats 

P(A,+Ao+.:.+4n)=S,—S2+5S3—... +(— 1)" Sn 

where S, stands for the sum of probabilities of simultaneous occurrence 
of exactly r of n events, the summation extending overall possibte 
combinations. (Agra, 57, 62) 


For two mutually exclusive events A, and A, the resuit (1) gives 
P(A, + A2)=P(A,)+P(A.)—P(A, 42). 
Similarly, 
Р(А;+4,+ As)=P(A;)+ P(A2+As)—P{A,(A2+ 43) 
=P(A,)+P(A2)+ P(As)—P(A,As)— P(A, A+ 4144) 
=P(A,)+ P(A;)-- P(4,) — P(4.4;) 
—P(A,A,)— P(A, A3)+ P(A; 4545) 


3 3 

= 2 PUD- i Р(А;А)+Р(А,А,Аз). = ... (2) 
Z Gja 
izi 


Thus it follows from induction method that if there are п events 
Aj, As; Az.. An, then the generalization of the result (2) gives 


n n n J 
PA+A +. tAg= X PA) X РАА, X  P(4,4,4) 
i= bj- j.k-]1 


1,7, 
Ej БЕЕК 
; uem CP А Aa) ЛЗ) 
_ Denoting by 5;, 5;,..., S, the sum of the probabilities of simul- 
taneous occurrence of exactly -1, 2,..., mof the jt events, the surm- 
maticn extending:over all possible cembinations, we have. 


P(A\+42+...FA,)=S,—S,4+S,—...4(— HAES 


ee E ҮТҮР AN ЧҮ ТЕНИНДИ 


3 
STATISTICAL PROBABILITY 1063 


COROLLARY. In case the events A,, 45,...,4, are mutually exclusive, 


P(4:4)—0, 


then 


Р(А,А,...А 
so that (3) reduces to the theorem of total probability, i.e., 


МА А.А) E Р(Ад=Р(А)+Р(Ад+...+ Plán). 


Problem 11. If the probability of a horse A winning a race is & and 
the probability of a horse B winning the same race is +, what is the 
probability that one of the horses wins. 

Let p, and p, be the probabilities of A and B respectively; then 

pi—& and p,—4. 

The two events being mutually exclusive, the probability that опе, 
of them wins =рү+р; К 

=т=: 

Problem 12. Six cards are drawn at random from a pack of 52 cards. 

. What is the probability that 3 will be red and 3 black. 

Total number of ways of drawing 6 cards out of 52="C,. 

There are 26 red and 26 black cards; therefore the number of ways 
in which 3 red and 3 black cards can be drawn 

оС: 
26C, °С, 
"CI 
26.25.04 26.25.24 
zd ae 12s 13000 
= 52.51.50.49.48.47 39151 
1.2.3.4.5.6 
Problem 13. The first twelve Ietters of the alphabet are written down 
at random. What is the probability that there are four letters between 
the letters A and В? 
Denoting the positions of letters as 
1, 2, 3, 4, 5, 6, 7, 8. 9, 10. 11, 12, 
when А is kept at 1, B should be placed at 6 to have four letters in 


*, Required probability — 


between 
SS RD T » 7 » 
сЗ is ” 228 » 
y 4 5 » 9 » 
ie 5 e Б 10 к 
Ж 6 N + 11 55 
Fe S » 12 b 


Xe 
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Thus A and B can be placed in 7 ways so as to have four letters in 
between. Also A and B can interchange their positions in 2! ways. 
The four letters between A and B can be chosen in YC, ways out of 
remaining 10 letters when A and B have already been placed. More- 
over, these four letters can be arranged in 4! ways and the re- 
maining 6 letters in 6! ways. 

-. Number of favourable ways=7.2!. С, 4! 6! 
and total number of arrangements in which 12 letters can be put— 12! 
7.21. ^C, 4! 6! 

DEM 
721-101-4146! 14 
ДА 46131 71211 


т 
—YT* 
Problem 14. Оле of two events must happen; given that the chance of 


п one is two-thirds that of the other, find the odds їп favour of the 
other. 


Let pı, p; be the probabilities of the two events and suppose that х 
is the chance of happening of either, say 
ру==х so that p,— ax. 
But we have p,+p.=1 for a sure event, 
гет x+jx=1 or $x—1 giving x=}. 
A; pit and as such p,—$.1—$. 
Thus odds in favour of the other=:, i.e., 2: 3. 


Hence the required probability = 


15.5. THEOREM OF COMPOUND PROBABILITY OR 
MULTIPLICATIVE LAW OF PROBABILITY 
If there are two events A and B, probabilities of their happening being 
P(A) and P(B) respectively, then the probability P(AB) of the simul- 
tancous occurrence of the events A and B is equal to the probability of 
A multiplied by the conditional probability of B (i.e., the probability of 
B when A has occurred) or the probability of B multiplied by the 
conditional probability of A, i.e., 
P(AB)=P(A) P(B|A) 
= P(B) P(A/B), 
where Р (В| А) denotes conditional probability of B and P(A|B) that of 
А and that. if the two events are independent, then the theorem-of 
compound probability is 
P(AB)= P(A) P(B). 
Suppose there are N total number of mutually exclusive and 
equally likely cases of which m are favourable to A. Let m, be the 
number of cases favourable to A and B both, while т, is'included in 


. m Thus. 


m, 
P(B A) — "A and РОА). 
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Now P(AB)=the probability of happening of A and B both 


CEN COMO ON 
=Р(А) P(B/A). ... (D 
The interchange of А and B will yield a similar result 
P(AB)—P(BA) —P(B) (А/В). е) 


In case the two events А and В are independent, ѓ.е., the occurrence 
of one does not affect the other, P(B/A) is the same as P(B) and 
P(A/B) is the same as P(A), so that the results (1) and (2) both 
become — P(AB)—P(A) P(B). 

Generalization. The result (3) may be generalized as, if there are 
Ay 4...A». n mutually independent events, then the compound 
probability is given by E 

Р(А\, Ag, Аз...А„)=Р(А,) Р(Аз) Р(Аз)...Р(А) ... 4) 

In case of n mutually exclusive events А, 45,45, the result (1) 

may be generalised as 
РСА, А,...Ах) = P(A;) Р(А А) P(As] 4143)... P(A5] A5 45... A). , 

Conclusions. (i) If p be the chance that ап event will happen in 
one trial, the chance that it will happen in any assigned succession 
of r trials is р”; for in this case 

P(A,)=P(A;)=...=P(A,)=p 
required probability=P(A,) P(A;).--P(A,) 
=p.p...r times--p'. 

(ii) If p, р», Ps---Pn are the probabilities that л events happen, 
then probability that all the events fail is 

(1—p,)1—p.)(1—Ps)--.(1—Pa) 
Hence the chance that at least one of these events happens 
=1—(1—p,)(1—p2)..-(l—Pa) (IAS, 51) 

Problem 15. In shuffling a pack of cards, three are accidentally 
dropped; find the chance that the missing cards should be from different 
suits: 

The pack consists of 52 cards. ЭА 

“G1 


The chance of dropping a сатй=р 5 —1. 
When one card is dropped, there "remain 51 cards of which 39 


cards are of suits different from that of dropped onc. Thus the 
chance of dropping a card of different suit in second draw 
эс, 


mugs 
с, 


When two cards are dropped, there remain 40 cards of which 26 
cards are of suits different from those of dropped cards. Thus the 
chance of dropping a card of different suit in third draw 

С, 
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The events being dependent, the required chance 
-—Ixixi—ii 
Problem 16. The face cards (three from each suit) are removed 
from a full pack. Out of the 40 remaining cards, 4 are drawn at 
random: S 
(a) What is the probability-that they belong to different suit? 
(b) What is the probability that the 4 cards drawn belong to different 
suits and different denominations. 
Having removed 12 face cards, the remaining 40 consist of 10 cards 
of each suit: д 
(а) Chance of drawing a card in first draw= wera! 
Having drawn 1 card, there remain 39 cards of which 30 are of 
suits different from the drawn one. 
7. the chance of drawing a card of different suit in second draw 
20803130. 
ОИС 239 
Having drawn two cards, three remain 38 cards of which 20 are of 
suits different from the drawn cards. ў 
100: 020 
BC, 38 
Having drawn three cards, there remain 37 cards of which 10 are 
of suits different from drawn cards, 


©. chance of drawing а card in third draw— 


10, 
731 
All the events being dependent, the required probability 


-bdpbdbdr-s. 


-. chance of drawing a card in fourth draw ge 
1 


1 40, 
(b) Chance of drawing a card in first draw рс =1. 
“1 
__ Having drawn one card, there remain 39 cards of which 9 cards 
. are of the same suit and 3 of the same denomination (value) so that 
27 cards out of 39 are such that they are of different colours aad 
different denominations from the drawa one. 


zn 
39 
Similarly chance of drawing a card in third. drai =a 2 "s 
- 1 


-. Chance of drawing a card in second draw ве! = 
5 1 


and chance of drawing a card in fourth атам = =з . 
à 1 
_ All events are mutually dependent. 
- The required probability 1 X 21 x 12 x 4j 5. 
Problem 17. From a pack of cards two cards are drawn. 
I 1 Is , the t 
being replaced before the second is drawn. Find thc iprabability p 
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the first is a diamond and the second is a kirg. 

Let A denote the event of drawinga diamond and В denote the 
event of drawing a king in the second draw, when the first card has 
been replaced. Then 

P(A)— Probability of drawing a diamond 
A d. 
HEMOS 
P(B)- Probability of drawing a king 
-a clo 
= =з 
The two events being independent, we have 
P(AB)=P(A)P(B) 
TP 

Problem 18. Find the chance of throwing a 6 at least once in two 
throws of a single die. 

Let А denote the event of throwing a six in the first throw and B 
that in the second throw. Then probability of throwing a 6 at least 
once in two throws may be represented by P( A+ B). 

Now P(A)=Prob. of throwing a 6 in first throw. 


= 
and P(B)=Prob. of throwing а 6 in second throw 
pem i 
=i, 
But we have 


P(A+B)=P(A)+P(B)— P(AB) 
where Р(45)= Р(А)Р(В), A, B being independent events 


ES P(A B)=344-34 
-1—3-Á- 


Problem 19. А coin is tossed three times. Find the probability of 
getting head and tail alternately. КУ 
Let P(A) and Р(В) represent the probability of getting head and 
tail respectively. Then . 
P(A)=4=P(B). 
The alternate occurringe of head and tail may happen in two 
ways: 
(i) starting with head, 
` (ii) starting with tail. ; 
In case of first, the probability of the event 
=P(A)P(B)P(A) 
=444 
= 
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In second case the probability of the event 
—P(B)P(A)P(B) 
= 14 

But the two events being mutually exclusive, the total probaouity 
of happening any one of them=}+$=4. 

Problem 20. Four persons are chosen at random from a group 
containing 3 men, 2 women and 4 children. Show that the chance that 
exactly two of them will be children is $+. 

Given Men Women Children Total no. of persons 

3 + 2 + 4 =9. 
4 persons out of 9 can be selected іп *C, ways, 
2 childern out of 4 can be selected in *C, ways. 

When 2 children have to be selected, we are left with 5 persons 
(3 men and 2 women) To make the company of four including 
the two already selected children we can choose 2 persons out of 5 in 
5C, ways. 

,-. Number of ways of selecting 4 persons=*C, x °С,, the two 
events being independent. VM 
Hence the required probability оке. =н. 


_ Problem 21. Ina bag there are 6 balls of which 3 are white and 3 
are black. They are drawn successively without replacement. What is 
the chance that the colours alternate? 

' Suppose the first drawn ball is white. Then probability of its 

drawing is °C,/°C,=3. In the second draw, probability of the ball 

being black is then *C,/5C,—3 (because there remain only 5 balls 
after first draw). Thus 
2, 


probability of white ball in third draw- ic! =$- 
1 


G 
92 black ,, fourth" ,, = m 

2С, 
» white „ fifth „ = 

1 
а black ,, sixth ,, -= =}. 

1 
7. Total probability of this event—2-2.2.3-1$—35- 


Similarly the probability ofthe event with a start of black ball 
=H bas. 

Hence the two events being mutually exclusive, the probability of 
happening of any one of these events= rs +35 =тъу- 

Problem 22. Three groups of children contain 3 girls and 1-boy, 2 
girls and 2 boys, 1 girl and 3 boys. One child is selected at random 


from each group. Show that the chance that the three selected cousist 
of I girl and 2 boys is 3$. 
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One girl and 2 boys can be selected in three different ways as 
discussed below: 


probability of selecting girl from Ist and boys from 2nd and 3rd 
groups—-e XiX $= ys, 
probability of sclecting girl from 2nd and boys from Ist'and 3rd 
groups—-2x1xi1-— 
probability of selecting girl from 3rd and boys from Ist and 2nd 
groups—zX1xi—j, 
АП these events being mutually exclusive, the required probability 
=y +r t л =. 
Problem 23. A can hit a target 2 times in 5 shots; В, 2 times in 
5 shots ; C,3 times in 4 shots. They fire a volley. What is the 
probability that 2 shots hit ? 
There arise three cases, probabilities of which are as. follows: 
(i) Probability that A hits, B hits and C does not hit 


—Pri-— т?з 


(ii) Probability that А pio a does not hit, C hits 
i=. 
(tit) Probability that А dier not hit, B hits, C hits 
—Pri—n 
Allthese events being mutually exclusive, the required proba- 
bility=r5s H105 Froo = Tor =T: 


15.6. PROBABILITY: A NEW STAND POINT 
[A] Sample space or outcome space. A set consisting of the elemen- 


tary events as its elements is said to be a sample space. It is generally 
denoted Ьу: S. 


А sample space provides a mathematical model of an ideal experi- 

ment in the sense that every conceivable outcome of the experiment 
+ is completely described by one and only one sample point. 

In fact an element in S is known as a sample point or sample and 
an event e.g. event A is a subset of the sample space S. The event 
A=({a} consisting of a single sample point a € $ із said to be an 
elementary event. The null sets ф and S itself are events. The null set 
¢ is said to be an imposible event while S is said to be a sure or 
certain event. 

. [B] Correspondence between sets and events. Let there be two events 
A and. B. Then 

(i) AUB denotes an event which occurs iff (if and only if) 4 occurs 
or B occurs (or both occur). 

- (ii) А N B denotés an event which occurs iff A occurs and В 
occurs. 


(iii) The complementary event of 4 denoted by A’ or A is an event 
which occurs iff A does not occur. 
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В— А will be the event consisting of all points not contained in the 
event A but contained in B, i.e., є 


В-А=В П 4А 
ts А—А'=ф=А NA’. 
Also AU 4'=5. 


A complementary event A’ is always mutually exclusive and 
exhaustive. 

(iv) Two events А and В are called mutually exclusive or disjoint 
if A N B=¢. 

. Problem 24. A coin is tossed and it is observed whether a head or 
tall is up. Describe the suitable samp!e space of the experiment. 

Denoting by H the event in which the coin turns up head and by 
T, the event in which the coin turns up tail, the sample space of the 
experiment consists of only two elements i.e., S={H, 

Problem 25. Ifa die is thrown and the number of spots on the 
оток face is observed, describe, the suitable sample space for 
this experiment. 

„The spots on the six faces ofa die are 1, 2, 3, 4, 5, 6. When the 
die is thrown any of the six numbers will appear on the uppermost 
face; therefore 

5={1, 2, 3, 4, 5, 6). 

Problem 26. Let there be a pack of cards. Describe the suitable 
sample space for drawing a red card. 

" There are 52 cards in all out of which 26 are red and other 26 are 
black. Denoting by e,, és, ез, ..., езе the events of drawing a red card, 
we have 

S—(ei e, ..., ев): à 

Problem 27. There is a box containing 4 chits numbered 1, 2, 3, 4. 
Describe the sample space of drawing two different numbered chits one 
after another. 

Every outcome will be an ordered pair such that | < x « 4, 
1 & y < 4 but x+y where x denotes the number of first drawn chit 
and y that of the second. 

Possible outcomes may be tabulated thus: 
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<. the sample space consists of 2 ordered pairs. 

Hence, S={(x,y);1<x<4,1< y < 4 and xx£y). 

Problem 28. Ап urn contains three red and two white balls. Two 
balls are drawn and their colour is noted. Set up the sample space of 
this experiment. 

Let the red ball be numbered as R, AR, R, and white balls as 
Wi W. > 

Denoting the event of drawing ball R, in first draw and R, in 


‘second draw by R,R., the sample space consists of 20 outcomes 


as given below : 

S—(R,R,, К.К, RW, RW, К.К, RR, КЎ, RaW, В.К, 

R,Rz, RWaí, КИ, W,R,, ВК, WiRs, ИИ, WAR, 
s | WR, W.Ws, WW}. 

[C] The modern concept of probability. It isa well known fact that 
the concept of probability developed from évil habits of games of 
chance or gambling used in France in 17th century. In this connec- 
tion the French nobleman and gambler Chevalier de méré consulted 
the well known mathematician Blaise Pascal (1623-1662) who began 
to think over the problem how and to what degree of accuracy a 
gambler can be assured of his chance of success. Pascal solved the 
problem of de méré and had a correspondence with Pierre de Fermat 
(1601-1665) who became interested in this and other similar 
problems. SAMT 

The phenomena occurring in nature or any secrets can be either- 
Deterministic or Probabilistic, e.g., if a train moves at the rate of 
20 km./hr., it is deterministic that it will travel 100 km. in 5 hours, 
but if a coin is tossed, then it is probabilistic to say that the chance 
of each either ‘head up’ or ‘tail up’ is equal. E 

Actually the theory of probability deals with the things likely to 
occur and their chance or probable values. It is a measure of degree 
of uncertainity rather than accuracy. г 

The concepts of probability агё connected with the events or 
occurrences and the Repeated trials. 
[D] Probability of an event. If in a series of л trials all made under 
the same conditions an event А is observed m times, then mis said 


to be the frequency of success and the ratio 7 is said to be the} 


relative frequency of success. 
The probability of the event A is defined to be the limit p of the 


ratio = when 7 tends to infinity (if it exists), i.e., 
P(B)=p=Lim 2, 
А n0 Л 


This is sometimes known аз the frequency definition of. probability. 


In other words, if the event A consists of r clear events out of n, then 
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A Number of elementary events in А —MA) 
P(4)- n Number of elementary events in sample space S  N(S) ° 
In terms of sample space S associated with У the class of events if 
P be a real-valued function defined on Z, then P is said to be the 
probability function and P(A) the probability of the event A which 
satisfies the following conditions: 
(i) For every event А, 0 < P(A) < 1. 


(йу Р(5)=1 ie Р(4д=1 
where S—(A) U (4 U ... U {An}. 
If $—4 (a null set), then 5 P(4)=0 i.e. Р(ф)=0. 


(iii) If A and В are two mutually exclusive (йе. disjoint) events 
ѓе. А (Y B=¢, then P(A U B)=P(A)+P(B). 

(iv) If Ai, Ag, 43, ..., Aa are п mutually exclusive events then 
P(A, U 4: U ~. U А„)=Р(А,)+ЕР(А„)+...-+ А(А„). 

[E] Some theorems. THEOREM 1. The law of total probability. 
Jf A and B are two mutually exclusive events, then 
P(A U B)=P(A)+P(B) 
| in general if A, Ay, As, ..., An are n mutually exclusive events, 
then 
P(A, U A; U ... U A5) — P(A)) +P(A) +... + P(A,). 

Out of m mutually exclusive and equaily likely cases, let a 
correspond to the occurrence of event A and b corresponds to the 
occurrence of event B, so that the event А U B occurs in (a+b) 
cases due to the nature of the events А and B. Then, 


00: ead 
P(A)=, Р(В)= — 
and P(A U B 2t5. 
m 
xd pe 
rt 
=P(A)+P(B). DAC 
To generalize the theorem by mathematical induction, since the 
theorem is true for n—2, let us assume that it is true for any positive 
integral value n i.e. $ 
Р(Р, U A, U- U A,)=P(A,)+P(A,)+...+P(A,). pn (2) 
„ы! Ai, Аз, Аз, ---, An, Ants Бе (n+1) mutually exclusive events, 
then zr 
P(A, U 4; U ... U An U As) =Р(4 U А, U ... U AY 
+P(A) by (1) 
= P(A,)+-P(A,)+...+P(A,) 
+P(An41) by (2) 
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This follows that the theorem is true for n+1 and hence the 
theorem is true for any integral value п. 

THEOREM 2. For any two events A and B, the probability that 
either A or B or both occur is given by 

P(AUB)=P(A)+P(B)— Р(Аг\В). 

AU B-can be decomposed into two mutually exclusive events 4— B 
and B i.e., 

AUB=(A—B)UB. 

Then from theorem 1, we have 

Р(АЧ В)= РА — В) В] 

=Р(4—В)+Р(В) 

Now A сар be decomposed into two 
mutually exclusive events A—B and 

NB i.e. 


A=(A—B)U(ANB), Fig. 15.1 
во that P(A)= P(A— B)4- P(A(1B) by theorem 1 
or P(A— B)—P(4)— Р(АС В). 
Thus P(AUB)=P(A)—P(AMB)+P(B) 
=Р(А)+Р(В)— Р(АГ\В). zu) 


Аша: AUB=AU(B—ANMB) where А and B—AN B are disjoint. у 
Р(АГ В) = Р(А)+ P[B— ACYB] 
we qum B=[AN B]U[B—ANB] where ANB апа B—A(1B are 
disjoint. 
e. P(B)- P(AnB)3- P(B— АПВ). 
Hence — P(4U B) P(A4)4- P(B) —P(A(1B). 
COROLLARY. For any events А, B, C applying this theorem twice we 
may easily get 
PAUBUC)=P(A)+P(B)+ PO) — Р(Аг\В)—Р(Аг\С) 
—Р(ВГ\С)+Р(Аг\Вг\С) ...Q) 
THEOREM 3. Let A be an event then its complementary event 
A will be disjoint to A, then P(A)=1—P(A). 
Since A, A are mutually exclusive events, 
P(AUA)=P(A)+ P(A). 
But we know that:P(S)=1=P(A)+ P(A) 
giving P(A)=1—P(A). 
THEOREM 4. If A and Bare two events such that AC B, then 
P(A)<P(B). 


Since AC B, therefore В can be decomposed i 
exclusive events A and B—A i.e., p "o ee у 
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B=AU(B—A), 
so that by theorem 1, 
P(B)=P(A)+ P(B— A) 
^ PF(B)A2P(A) as O&P(B— A)«1. 
THEOREM 5. If A and B are two events, then 
P(AUB)<P(A)+P(B). 
Fig, 15.2 By theorem 2, we have 
P(AUB)=P(A)+P(B)— P(ANB) 
4C P(AUB)<P(A)+P(B) as 0<P(ANB)<1. 


COROLLARY. This result may be generalised in case of n events 
Ay, Ag, Ages +s An a£ 

P(A\UA,U. . .UAn)<P(A,) + P(Ag)+. +P(A). 

[Е] Borel-field. We assume that a family B of certain subsets of S 
‘Outcome space) is given, which will be called events and that this 
amily satisfies the following axioms: 

В,. The outcome space S and the empty set ¢ are in B i.e, 
SEB, EB. 
B,, If each set of finite or countable sequence а, а,, . . ., a.. isin 
B, then their union and intersection are in B i.e., 
A,€ B for i=1, 2,...,2 U,A;E B 
AEB for i-:1, 2,..., AE B. 


By. AE B2 A—S— AEB. 
The family B'satisfying these three axioms is defined t 
field B on the outcome ae S. е Я ег 
[С] Probability mcasure of а Borel-field. Given а outco space S 
and a Borel-field B, we consider a set-function P(A) on Bie a rule 
which ascribes to every АЄ В a real number P(A), then this P(A) is 
called as probability measure on B provided it satisfies the following 
axioms; к . 
Р,. м (for every) AEB, P(4)20 Le. a non-negative real number, 
P, Р(5)=1 
P. If A, An.. 45...is a` finite 
mutually exclusive events, then OT countable sequence of 
Prd) SNA) 


Illustration. P(A)+P(A)=1 and AUA=S. 
Axiom P, gives P(AUA)=P(S)=1 
Also P(¢)=0, M ноо поа, 
» SU$=S, P(S)+P($)=P(S) i.e., P(4)—0. i 
Problem 29. Let A and B be events with P(A Tres PLAN B) 1 
and P(4)— 1. Find P(A), P(B) and P(AN B). 
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We have P(A)=1—P(A) 
2 =1—!=3. 


- Again we have 


P(AUB)=P(A)+P(B)—P(ANB) 
he. s=4+P(B)—4. 
de, Р(В)у=:—1-+-+%={. 


Further we have A—B=AQ)B, so that 
P(ANB)=P(4—B) : 
Le, P(A— B) — P(4)— Р(Аг\В) by theorem 2 
=1—1={. 
E Р(АГ\В)=Р(А— В)=1. 


Problem 30. In an experiment of tossing (wo dice, if A denotes the 
event that the sum of the spots on uppermost faces is 7, find P(A). 
А seven can be found in following 6 ways 


(1, 6), (2, 5), (3, 4), (4, 3), G, 2), (6, 1). 
While two dice can be thrown in 6* i.e., 36 ways. 
. chance of throwing à 7 with two ісе == 1. 


If &, ез, ез, e,, езе, denote the events of throwing a seven as 
(1, б), (2, 5), (3, 4), (4, 3) (5. 2), (6, 1) respectively, then the event 
(0486, €, 65, Cas ее}, 
зо that P(A)=P(e,) + P(e)) + P(es)+-P(e,) + Ple,) +Р(е) 
= But P(e) -P(e))—. . -=Р(е)=з\ү. 

"e P(4)— у-у -.. . .6 times. 


=i В E 
Problem 31. For any two events A and B prove that 


PAN BUBO A)]=P(A)+P(B)— 2Р(Аг B) 
4 can be decomposed into two 
j Sina exclusive events A(1B and 


A29 \ 
=(ANB)U(ANB) 
Similarly £ 
B=(A4NB)U(ANB) - 

"^ P(A)=P(ANB)+P(AQ B) 
and P(B)=P(AN B)+ PAN B). 
Adding the last two results 
PA+P(B) - PO B) PAM B) 2b(40 B) 

7'(4nBUGna)y2p(an B) 


Fig. 153 
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as ANB and BAA are mutually exclusive events, 
PLAN B)U(BNA)]=P(A)+-P(B)—2P(ANB).. 
Problem 32. From a pack of cards one card is selected at random. 
` What is the probability that the card is a spade, an honour or a deuce? 
Denoting by A, B, C respectively the events of drawing a spade, an 
honour and a deuce, we have 


19 13 ас, 102 СЯ 
P(A)= эб, xD P(B)— BC, = 32" Р(С)=-пр- — 
y С, 3 1C, 1 
PUNB) =e- —2 PUNO) ас. —' P(BNC)=0 and 
P(ANBNC)=0. 
Required probability 
P(AUBUC)=P(A)+-P(B)+P(C)—P(ANB)—P(ANC) 
—P(BUC)+P(ANBNC) 


I3 12.4 3 1 25 
Ca gts um m 
Problem 33. Am integer is chosen at random from the first 200 
positive integers. What is the probability that the integer chosen is 
divisible by 6 or by 8? 
Let A denote the event that an integer selected is divisible by 6 and 
В denote the event that an integer selected is divisible by 8. the 
sample space is 
$—(1,2, 3,..., 200). 


P=, P=, and PUNE) = A 


=s tiss Tos 
== . 


Problem 34. 4 coin and a di hr. et. hance 
of throwing a head and5 or atailand Ge Find. the c 


Let A denote an event of throwing a head and 5; 


and let B es », à tail and 6, 
The two events being mutually exclusive, we have 
P(AU B) —P(A) -P(B). 


The sample space consists of 12 points as follows: 
F Ta 1), (H, 2), ... (Н, 6); (T, 1), (T, 2),... (7,6). 

Ог the event, A={(H, 5)}, there is one sample poi ha 
P е п заа у 
о E e PA Ex event B={(T, 6)), there is also one sample 

pun P(AUB)- A si 

oblem 35. 4 has 3 shares їп a lotter in which ti й 
and 6 blanks and B has 1 Share in lottery in «бн E е 
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and two blanks. Show that A’s chance of success is to B's as 16 to 7. 


P(A) _ 16 
(Вуз: 


We have P(A)+-P(4)=1, A being the event that A fails to win a 
prize. | 


We have to show that 


Sample points='C,. 
Event points—'C,. 


Р MC 5 16 
Bs PA= map 50 that Жср. 
285 (ON. 2 2 ee 1 
Similarly Р) ict- 3» So that P(B)=1-F>= T 
E ;P(4 16" 16 
Required ratio= e e) 720 373. 
Aliter: Let 
*41—4 wins a prize when 1 share wins but other two fails, 
4,= éi » 2shareswin „ опе fails, 
А;= » n dtes » 0 fail 


Then РА) = С ©, pau HOC and рл", 
л PUA)=P(A)+Pldy)+P(As) 


3C XC, .*C, ХС, 4-30, x *Cy 
Le ea eee 
16 
E n б 
Similarly P(B) can be found to Бе $ and hence the required ratio. 
jitional probability. Jf А and B are two dependent events in 
f gars space S, veg е т probability of A given B (i.e. 
the probability of occurring of the event A on the assumption that B 
has already occurred) is defined as 


A 
ALB) =? у) 
provided Р(В) +0. А Ў E: 
Similarly the conditional probability of B given A is defined as 
P(BNA (2) 
P(B/A) = P(A) ie 
provided P(A)#0. 


Note. In first case if P(B)=0 or in second case P(A)=0, the condi- 
tional probability is undefined. : 
Ш The law of compound probability. In the previous article we have 
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defined the conditional probability of А given B as 
Рав) - GSP 
Multiplying both sides by P(B), this becomes 
P(B)P(A/B)=P(AN B), 
ie. ) P(AMB)=P(B) P(A/B). 
' — Similarly P(B A)=P(A) Р(В| А). 
But BNA=ANB. ` 
z^ P(BNA)=P(ANB), 
so that P(A(\B)= P(A). P(B| 4)—P(B).P(A]B). 
This gives the law of compound probability. 


COROLLARY 1. In case of three events A, B, C, this law becomes 
P(AQN BQ C)=P(A).P(B/A).P(C/AMB). 


COROLLARY 2. In case of n(>2) events A,, Ag, As, ... An for which 
P(A,0 A:N a.. С\А„)% 0, then the compound probability 
Р(А\Г\А,Г\... 014) = PCAS) PUR] 45) P(A] AD 45) 

РА АПА... 4-1]. 

This may be proved by the method of induction as follows: 

Denoting by S, the statement given above and denoting by N 
the set of those integers n for which S, is true, we have by the method 
of induction for N 1, 

(i) 2€N for S, is the statement which is true, 

(ii) КЄ М, k being assumed an integer 1. 

А we prove that k+-1EN, then the statement becomes universally 
е. 


For 5, the statement is 
P(A, AA. . N A) P(A) P(Ag/ Ay) 
+++ P(A ANA... A Ava). «+. (0) 
It may be verified by using the definition of conditional probability 


and properties of set-intersection, that 
PNAN . .. А) 
PARAL m. тл) PANN ПА). AR A 


Multiplying (1) and (2) together, we get 
PANAN :.. N Аъ) =Р(А;).Р(АЈА) 

: \ PIA DAD... Ad, 
no shows that if KEN, then K+I1EN, і.е. {the statement is true 


M values of k and hence the result holds good for any integral 


COROLLARY 3. Since B can be decomposed into two mutually ex- 
clusive events AN B and ANB i.e., 
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В=(Аг\В)\)(А г\В) 
we have, P(B)=P[((ANB)U(AN B)] 
=Р(АГС\В)-ЕР(Аг\В) as P(EUF)= P(E)4- P(F) 
= P(A).P(B| A) - P(A), P(B[ A) 


Problem 36. Prove the following cases, assuming that in each case 
the conditional probabilities are defined. 


0, For any event A, OS P(A|B)« 1, where Р(В)>0, B being another 
event. 
(ti) For a certain event S, P(S/B)=1, where P(B)>0. 
(ii) P(A, А,В)==Р(А,|В)+ P(A,|B) — P(A,O 44] B). 
But A, and A, ar mutually exclusive and Р(В)>0, 
P(A, UA,/B)=P(A,/B)+ P(A,] B) 
or in general if A,| As, ... An i$ a sequence of n mutually exclusive 
events, then 
P(A,UAU . . « UASB)e (45/ B) --P(A)]B)4- . . . +Р(А,/В) 
(iv) If А and В are mutually exclusive and P(AUB)#0; then 
P(A) - 
P(A]AU B) =н АВ: 
(i) We have AN BC B, so that В can 
be decomposed into two mutually ex- A 
clusive events ANB and B— BAB f.e. 
B=(ANB)U(B—AN B) 
P(B)=P(4NB)+P(B—AN B) 
>P(AN B) as Р(В— АГ\В)>0 
or *  P(ANB)<P(B). 


Thu, P(B) = ү ©! 24 
Also P(A|B»0. 
^ 0<Р(4/В)<1, 
(ii) We have $Г\В= B, S being a certain event 
103 PISA B)= Р(В\. 
P(SQB) P(B) 
5 Р(51В)=— pg) = P(B)^ 1. 
(їй) We have 


P[(4;U 49018] 


P(A4,U 4)/B)-- P(B) 
РЇ(А,Г\В) (А; Г\ В)! 
E P(B) 
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P(A,0 B)3-P(4,0 B)— PIA; 0B) (450 В)] 
CEU Р(В) 


_ P(B).P(Ai/B)+ P(B).P( 42] B)— Р[А: 4s) ПВ] 
a P(B) 


| OF АОВ) АВ-АВ) DECR DAD 
=P(A,/B)+P(A,/ B) — P(A,04,B)- 

In case A, and A, are mutually exclusive events, then A,B and 
A,B are also mutually exclusive, so that 

P[(4:04,)0 B] P[A4 0 B)U (4 B)] 
=Р(А,П\В)+Р(А,Г\В) 
— PI(A,U А,„)Г\В] 

P(B) 
_ Р(А,С\В)+ РСА B) 
Е ARGB) 
(4,0 B) | Р(А,Г\В) 
| PCB) P(B) 
—P(A,|B)--P(A,JB).. 

Again if 4; 4,..., 4, are mutually exclusive events, then 
4,B, A,B, ..., А„Г\В are also mutually exclusive, so that А 
РІКА ЈА, . . А,) B] P(A,0 B)U(A,0 B)U ... О(А„Г\В)] 

=Р(А,Г\В)-ЕР(А,Г\В)+ ...-+Р(А„Г\В) 

АО А,О...Ц Ape Ptr AQ) à 

a PAN B) P(A, B). . .+P(4,N B. 
P(B) З 
Р(А P(A,0B) Р(А„Г\ B) 
TA C oc o 
—P(A, | B)--P(A, | B)+...4+P(A, | B). 
(iv) Since А and B are mutually exclusive events, we have 


“o P(AUA;,B) 


| 


= 


AUB=$ 
and ANM(AUB)=(AU A)N(AUB) 
=AN$=A 
$0 that P[AC(4U B)]— F(4) 
and also P(AUB)=P(A)+P(B) - 
— PIAM(AUB)) 
= P(A) 
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Problem 37. Jf A and Bare two events such that P(A)=}, P(B)—-1 
and P(AUB)=3, find P(A | B) and PB | A). 
We have P(AUB)=P(A)+P(B)—P(AN B). 


ге, =i PNB) 
giving Р(Аг\В)=}. 
Now P(A | B)= Ë na -ia 


and — P(B| = bas as BNA=ANB, 


Problem 38. Jf А and B are two events such that P(A)=}, Р(В)=} 
and P(AU B)—1, find P(A | B), P(B | A), Р(Аг\В) and P(A | B). 
We have P(4U B)—P(A)-- P(B) — P(A(B) : 
he, 1-1 n giving P(A B) 4. 
s _ Р(АСВ Н 
^ P(A|B)— PB) n i 


Now, P(B)-1—P(B)-21—1—1. 
A can be decomposed into two mutually exclusive events AN B and 


ANB, so that 


A-(4nB3)U(4n B) 
Yi P(A)- P(ACB)u(4n B) 
‚ =P(ANB)+P(ANB), 
so that P(An B)=P(A)—P(AN B) 


-1—2-— 


also P(A | = РИП) `1 =}. 
PUB) e 


Problem 39. A bag contains 3 black and 4 white'balls. Two balls are 
drawn at random one at a time without replacement. 
(i) What is the probability that the second ball selected is white? 
(ii) What is the conditional probability that the first ball selected is . 
white if the second ball is known to be white? 
Let W,, W, denote the events of drawing a white ball in first and 
second draw, then 
PW,)= fC s РО) Сі 
ЩА Е? ‘07, 4) Сү Y 
P(W)-1—P(W)-1—£-: 
Hi 


PP, | Wi) ic =i 
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*C, 
PW, | Wwe -i-i 
Alio — P(W,| W)= A 
ie: i PORC W) 
or PNW =t _ 
@) P(Wj)—-[(QG/, Y W3U(Win ‚ДА 
- =P(W:N W) +P(WNW,) 


=P(W,). P(W2 | W)--P(W;).P(W, | Ws) 
=== 

2 P(WAO WA) 

(ii) POW, | W, = PW 


ut 


x 

[Л Partition of a set. Let there be a set A; 

A={Ay, As, -. An}. 

Then, the partition of the set A is the set (4;, A,,..., An} provided 

(0 4,C A for j=1, 2, ..., n i.e., Ai, As, ... An are subsets of A (i.e. 
they are inclusive). 

(ii) А,С\ 44— 9 for j=1, 2, ..., п, K=1, 2, ..., nand jk Le. they 
are disjoint. 

(iii) A, A,U...U А„= А i.e. they are exhaustive. 

We can see that every element of A is a member of one and only 
one of the subsets in the partition. 


Further we can see that if S be a sample space, S={A, А}, 


where А={АГ\В, ANB} 
and AUB={ANB, ANB, AN B} 
then S={A, A}={ANB, ANB, ANB, AN B} 


Illustration. Suppose there js a pack of cards, then 
S=(52 outcomes) 
={As, An, Ар, Ac). 


where $, H, D, C stand for spade, heart, diamond and club gon 
tively and As=An=Ap=Ac=1 3. 


- It is clear that 
(i) ACS for j=S, H, D, C, іе. As, Ан, Ap, Ac are subsets of S. 


(ü) 4,014,—9 for j=S, Н, D, C, k—S, Н, D, C, but, jk, i.e., 
they are disjoint. 


(it) AsU An UApU Ac— S i.e. they are exhaustive. 
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All the three conditions being satisfied the set (As, Ан, Ap, Ac} 
represents the partition of S. 

[K] Baye's theorem. In order to prove the theorem given by Thomas 
Baye, let us first introduce a Lemma, required for its proof. 

Lemma. Let (A,, Aj, ..., An} be a partition of the sample space S 
and suppose that each of the events Aj, Ag, ..., А, has non-zero 
probability, ie., P(A;)>0 for j=I, 2, ..., n. Then for any event A, 
we have 

Р(А)=Р(А,).Р(А | A;)+P(Az)-P(A | А)+...+Р(А„). P(A | An) 


= F PA) P(A 1 A): 
j=1 


Its proof. As A,, A» -.., А, are partitions of S, therefore 
(A0 4s, АГ\А»,..., AN An} 
will represent the partition of A. 
Thus A=(AMA,)U(AN4,)U... U(AN Ag). 
so that P(A)=P (AN A,)=P(ANAg)+... + P(AQ An) 


n 
= 2 P(ANA)) 
j=l z 
Applying the result of the conditional probability, i.e., 


P(A | A; IUD giving Р(АГ\А,) 
=P (A). P(A | Aj) 
we have PA= È pA) P(A | Aj), sar) 


which proves the lemma. 
Statement of Baye's theorem. 7f an event A can occur only if one of 


n 
the mutually exclusive events Ai, Ag,..., Аһ, Le, acu Ax, AN 
=] 


A;=ġ when kj and suppose we are given the probabilities P(A,), 
k=1, 2,..., п and the conditional probabilities P(A | Ах), then we 
are required to find the probability of Ay when it is given that A has 
already occurred and P(A)>0 for each integer k (I<k<n) then 
Baye's formula is 


кл, | д PAD PA Aad 


3 PA) P(A | 4) 


Proof. By the definition of conditional probability, we have Ё 


роль | y= POC 


ie., P(A(MA,)= P(A) P(A)) | A) 
i —P(Ay) P(A | Ax)” 
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and by (1), к= È PA). P(A | А). 
: PAS | y P) PEA | A) 


Z P(A,).P(A | А) 
j=l 


Problem 40. There are three coins, identical in appearance, one of 
which is ideal and the other -two biased with probabilities } and à 
respectively for a head. One coin is taken at random and tossed twice. 
If a head appears both the times, what is the probability that the ideal 
coin was chosen. 

Let A,, 4,, А; denote the events of choosing the Ist (ideal) 2nd and 
3rd coins respectively. Then 

P(4,)=P(4:)= P(4))71. 

Let А be the event of obtaining 2 heads in two tosses of the selected 
‘coin, 

Probability of getting a head in a toss}. 

^ P(A | A= (st. 

Probability of turning head up with 2nd coin is $ and that with 
3rd coin is $ ; therefore in two tosses, 

7 P(A | 4) Q)* —$ and P(A | 4,)= (2), 

Using Baye's formula, 

ња, | 4) - ZAD PUT 4) 


У P(A,).P(A | 4j) 
ј=1 


ПЕ 5 TOUR 
аага 
a 1 
ЕЕ. х. 

Problem 41. In а bolt factory, machines A, B, C- manufacture 
respectively 25, 35 and 40%, of the total. Of their output, 5, 4 and 
2% are defective bolts. A bolt is drawn at random from the procedure 
and is found defective. What are the probabilities that it was manu- 

. füctured by machine A, Bor С? 
Here P(A)= 555, P(B) = ‚ P(C) 455. 
Let E denote the event of drawing a defective bolt. 
P(E | A) 455, P(E | B) 5. P(E | С)=ғу. 
Using Baye's formula, 
P(A|E) = P(4) P(E | A) 
} P(A) P(E | D PE ГВ) +Р(С).Р(Е | C) 


= 
r1 
Tos X rr Xia x ri 
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c cS РЕШЕ 2125 
712541404180 *** 
Similarly P(B | E)=445 and P(C | E)= sy. 


[L] Independent events. The two events А and B are said to be 
stochastically independent if and only if P(A|B)=P(A), ìe., the 
happening of the evert B does not affect the happening of A. 


We have 
P(A | B=" Ca). and P(B | 4)? AE 


The two events are independent to each other when 
P(A | В)=Р(А), P(A)>0, 
P(B | A)=P(B), Р(В)>0. 
Thus the two events А and В are stochastically independent if and 
only if Р(АГ\В)= P(A).P(B). 
In general, m(m>2) events Ay, Aa, . , ., Aq are independent if 
P(A,04,0... Am) — Р(41).Р(4,)...Р(А»). 
. Problem 42. If A and B are two independent events in a sample 
space S, then prove that 


(i) A and B are independent, 

(il) A and B are independent, 

(tii) А and B are independent, 

(iv) P(AUB)=1—P(A) P(B). 

(i) We have P(AU B)=1—P(AUB) 
=1—[P(A)+ P(B)— P(4 B) 
—1—P(A)—P(B)-- P(4).P(B) 
- as А and Bare independent 
=[1—P(A)] [1—Р(В)] 
=P(A).P(B) 
showing that Aand B are independent. 

(ii) We have P(AN B)= P(B)— P(ACY B) 
=P(B)—P(A).P(A) 
=Йв)[1—Р(4)] 
=P(B). P(A) 

showing that 4 and B are independent. 
(tii) We have A=ANBUANB. 
os P(A)=P(ANB)+P(A (1B) 
_ = P(AMB)+ P(A).P(B) 
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zi 
or Р(Аг\В)=Р(А) [1—Р(В)] 
=P(A),P(B) 
showing that A and B are independent. 
(iv) We have (AU B)UCANB)=s. 
P(AUB)+P(AN B)=P(S)=1 
or P(AUB)-1—P(An B) 
=1—P(A).P(B) as A and B are independent by (i). 
Problem 43. From a pack of cards, if the event of drawing а spade 
card is denoted by A and that of drawing an honeur card by B, then 
show that А and B are independent events. 
13, 
We have кА) iet = 
1 
BC; Тее 
PB)—wc =н =з, 
С, 
Р(АГ\В)= Ber =r: 
1 
_P(ANB) 
Then P(A | B) = Р(В) = 
=i=P(A). 
Since P(A | B)=P(A), the events A and B are independent. 


2 
uz 

з 
тз 


15.7. REPEATED TRIALS: BINOMIAL AND MULTINOMIAL 
EXPANSIONS 

[A] Binomial theorem. zf the probability of the happening of an 
event in one trial is known, then it is required to find the probability 
of its happening once, twice, thrice . . . exactly in n trials. 

Let p be the probability of the happening of the event in a single 
trial and let q be the probability of its failure such that q= | —p. 
Suppose we have to find the probability of exactly r successes in m 

als. 


There are n trials in all. Out of these n trials r can be taken in "С, 
ways. 

Now the chance that the event happens in r trials and fails in the 
remaining (n—r7) trials—p.p. . .r timesxq.q . . .(n—r) times Рут", 

-.. the chance of exactly г successes in п trials-"C,.prq*-*. 

‘Putting r—1, 2, 3, ...in succession we get the probabilities of 
exactly 1, 2, 3, . . . successes. 

But we know that *C,p'q^- is the (r+1)th term in the binomial 
expansion of (q--p)"; hence the probability that the event will happen 
exactly т times in n trials is the (r-- I)th term in the binomial expan- 
ston of (а+р)". 
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[B] Multinomial theorem. Jf there are n dice with faces т 
from 1 to Ў and these are thrown at random, then we hoe hee 
chance that the sum of the numbers exhibited on the uppermost faces 
is equal to p. 2 

‚5шсе а die has f faces, it can fall in f ways. Similarly the second 
die can fall in f ways. Thus the two dice can fall together in fx f 
i.e., f? ways. Similarly we can show that when the n dice fall together, 
they can fall in f" ways. 

Now the number of ways in which the numbers thrown will -have 
p for their sum is equal to the coefficient of x? in the expansion of 


EHEHEH. -Hx 


because this coefficient arises out of the different ways in which n 
of the indices 1, 2, 3,..., f can be taken so as to form p by addition. 


Hence the required probability 
_ Сое. of x? in (xt +... +x)" 
im £f 


—х/ 

Coeft. of x? in x^ pcr | 
1—х 

| нс AEST e 


Coeft. of х?-" in (1—х/)" (1—х)" 
mate f z 


Problem. 44. What is the chance that a person with two dice (the 
ж each being numbered I to 6) will throw aces exactly 4 times in 

trials. 

Probability of throwing an ace with a die—1. 

2. probability of throwing an ace with two dice in a single throw 

=} X=. : 
so that the probability of not throwing an ace in a throw 
-1—4,7H- 

The required chance of throwing exactly four aces in 6 trials is 
(44- Dth i.e., 5th term in expansion of (31-3). ~ 

2. the required chance—-*C,(12* (тг). 

Problem 45. An experiment succeeds twice as often as it fails, Fi ind 
the chance that in the next six trials there will be at least 4 successes. 

Let p the probability of success and q that of failure. Then 

p=2q and p+q=1 
which give p=3, q—1. 

The probabilities of 4, 5 and 6 successes are the 5th, 6th and 7th 
terms in the Des of (1--3)* ie., they аге °C, G} (D, *CQD- 
(3)5 and *C, ($)*. 

The three events being mutually exclusive, tne required chance 

="C, @* QC, (4) HC: @)* 
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2 496. 
=p 0536x244) = 


Problem 46. Ап ordinary six-faced die is thrown 4 times. What are 
- the probabilities of obtaining 4, 3; 2, 1, 0 aces? 

Let p be the chance of obtaining an ace in a single throw and q 

'that of not obtaining an ace. Then 
p=; and q—1—$—3. 

When a die is thrown 4 times, the chances of 4, 3, 2, 1, 0 aces are 
the 5th, 4th, 3rd, 2nd and Ist terms in the binomial expansion of 
(gtp)* ie., (+3). 

Probability of 4 aces=‘C, (4) ті. 
7C; (т) G1. 
n2. =G Q DBS, 
M 1 „ =O G гету. 
» 0 „ =, QS 
Problem 47, If m things are distributed among a men and b women, 
show that the chance that the number of things recelved by men is odd, 


ing tore- 


v 


(b-ra)" 
The probability that a men get a thing —; 
5 a women ў =: 


' If out of т things ‘a’ men get only one thing and ‘b’ women get 
the remaining things, then the probability for men is 2nd term in the 
а 


А b RM 
expansion of (z +5 ta) i.e. it is "C, (=; rb 


Similarly the probabilities that *a' men get three things, five things, 
+. are respectively 


Ghz) Gt ons) Ges) 


.. Hence the probability that the number of things received by men 
is odd, is 


E b m-l a pe b m-3/ a 3 
© (з) ste Gh) (m) 
a m-5 a 5 
eer). (eps) + 
tas Gh "Cate "Cath nC tert] 


=i (6+a)"—(b—a)™ 
el : (2+ a)" 


урм зр: 
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Problem 48. 7f biscuits be distributed at random among N beggars, 
what is the chance that a particular beggar receives r(<n) biscuits. 

The total number of ways in which n biscuits can be distributed 
among N beggars = N^. 

The specified beggar getting r biscuits in "С, ways, the remaining, 
(n—r) biscuits among (N—1) beggars can be distributed in (V—1)"* 
ways. 
^.. Number of favourable ways="C, (N—1)*7*. 

H É mu SCIUNT RS 
ence the required probability—— 7 y. ~: 

Problem 49. А, B and C in order tossa coin. The first one to throw 
а head wins. What are their respective chances of winning? Assume 
that the game may continue indefinitely. í 

Probability of throwing a head with a coin— $. 

.. Probability of not throwing a head with a coin 

A will have to win if he throws head in Ist, 4th, 7th,... throws. The 
probabilities of these events are given by 3, (3)*. 4, (4)°.4,...respectively. 

2. A’s chance of winning=4$+-(})°.4+(4)°$+...00 

` 4 


=- 7 Ў 
B will have to win if he throws head in 2nd, 5th, 8th, ..., throws. 
z. B's chance of MU D LEE eom 


Similarly C will have to win if he throws head in 3rd, 6th, 9th,... 


throws. : 
2. C's chance of winning =(4)".4+(4)°.4+(4)°.4+...0 
Qui. 


cbe 

Hence the chances of А, B, C are $, 7 and чү respectively. 

Problem 50. А, B, C and D cut a pack of cards successively in the 
order mentioned. What are their respective chances of first cutting a 
spade? 

P The chance of cutting a spade—72—1. 

~. the chance of not cutting a spade—1—1— 4. 

A wins if he cuts a spade in Ist, Sth, 9th,...throws. 

2. A's chance of cutting a spade 

={+(@Ч+(25%4+...© 
64 


=т—(@є 165` ; 
B wins if he cuts a spade in 2nd, 6th, 10th,...throws. 
«. B's chance of cutting a spade 
z1i4G) FG ioo 
spe CAR 


T=) 175 
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Similarly C's chance of cutting a spade 
= +H... oo 
р _ 36 А 
= 1=@) 175 
and D's chance of cutting a spade 
=GP EFOTT.. 


Problem 5!. Find the chance of throwing 10 exactly in one throw | 
with three dice. 


Three dice can be thrown in 6%, i.e. 216 ways. 
The number of ways of getting 10 by throwing 3 dice р 
=coeft. of x! in (x--x*-L... +x?) 
x (—x9* 
(1—х)* я 

=coeft, of x in x? (1—3x9--3x11— x18) (1 x)-3 

=coeft. of x in x3 (1—3х%-Е3х1#— 8) (1--3x4-6x?*— 10x? 
T-15x*21x54-24x* 4- 36x? 4-...) 


=coeft. of x!? in 


==36--9=27, 
*. the required probability s- 3, — 2. 
Aliter. Favourable number of ways may be found out as below. 


Dice 
| l | Number of ways 
Ist 2nd 3rd 
31 
6 Ze 
2 2 51 3 
6 3 1 31—6 
5 3 2 3!—6 
5 4 1 31= 
3! 
4 3 3 3173 
3! 
4 Mess 
4 2 ii 3 


Total 27 
<- required chance— 42, — 1. 
` Problem 52. Four dice are thrown, what is the 
zım of the numbers appearing on the dice is 18? 
4 dice can be thrown in 6* ways, 


Favourable. number of ways to give a sum of 18 with 4 dice 


Probability that the 
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=coeft. of x!? in (x+x?+...+x°)* 


a [1x \t 
e) 


= 5 „» —ox*(1—2x5) (10—xy* 
= p» 4, X (1—4x6x7...) (1+4x+10x?-+... + 16528 
+... +680x +...) 


=680—660+60=80. 
*. required probability= ED a 
Problem 53. Find the chance of throwing 10 with 4 dice. 
Proceeding just as above, the required probability is 
104 13 
6* 62 

Problem 54. Determine the probability of throwing more than 8 with 
5 perfectly symmetrical dice. 

Total number of ways in which 3 dice can be thrown—6?—216. 

The favourable number of getting the sum as 3, 4, 5, 6, 7, 8 will 
be equal to the sum of coefficients of x’, x*, x5, x°, x’, x* in the 
expansion of (x--x*4-... --x9)*, 
ie., of xè (1—х%)# (1—х)7°, ! 
he, of x? (1—3х#+...) (12-3x-F 6x? -F 10x* 15x*--21x54...).- 

=14+3+4+6+10+15+21=56. 

2. The probability of getting the sum<8=— Ta 

Hence the probability of getting the sum >8=1—зү={т1. 

Problem 55. Counters marked 1,2,3 are placed in a bag; one is 
withdrawn and replaced three times. What is the chance of obtaining a 
total of 6? 

Total number of ways of drawing a counter three timese»3*—27. 

Favourable number of getting a sum of 6 

‚ the coeft. of xê in (x-Fx? -x5)* 

x (1 0—3^* 
x! (1—3х2+...) (1--3x-F 6x? g- 103+...) 


= ” ^ 


=10—3=7. 
„1. Required сћапсе= у. 
Problem 56. Nine cards are drawn at random from a set of cards. 
Each card is marked with one of the numbers 1, 0 or — ] and it ts 
equally likely that any of the three numbers will be drawn. Find the 
chance that the sum of the numbers drawn is zero. 
The total number of ways in which 9 cards can be drawn-23*. 


The favourable number of ways of getting a sum of zero 
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=the coeft. of x* in (х-14-х04-х1)* 
= Dic vta ЧАТТА)? 


ота » » dx 
= 059 4 Sats : 


= m збив. )х(1+9х 


45x! 1652? +... --3003x-4-... 1-24310x* 4-...) 
2212109 X3003--165x 36—84 


“+ Required chance — | 


15.8. MEASURES OF CENTRAL TENDENCY 

[A] Arithmetic mean or simply mean. Let ху, хз, Xy, ..., X» be the n 
Values, of a variate (or variable) x; then their arithmetic mean denoted } 
by mor M or is defined to be | 


z- Xi xXx, 
n 


or using the sigma (У) notation, 


n 
i x Ух 
#==——— or simply EE .. 0D 


In case the ‘weights’ wi, Wa Ws, ..., Wy are attached to the m 


Variate-values ху, x,, x » +++) Xn respectively, then the ‘weighted mean’ 
is defined tobe”? ў 


go MX ехе. E WAS ndi cs 2 2wx Q) | 
Wi Wa ++... FWn n Zw 
W, 
i=1 : 
In other words if the value хі occurs f, times, x, occurs f, times, 
80 on, then * i 
; i fix | 
«= LAH tite izl : ON (з) 
fet. Fh LENS Ыы аа ох 
E f, 
i=1 
ek Zfx | 
er mE E) i 


where Nc f, 1 f,4-...--f,—total frequency. eh) 
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If we assume that 4 is any assumed mean, whose deviation from the 
variate x is Ё, then if M is the arithmetic mean, we have 


=х—4А and M=- fx by (4). 
Consider Чуку Д(х—А) 
1 ELE 
=? Ж-ү /.А 
= M — A since from (5) Zf— N. 


: м=А+175уЕ ‚..(@ 


This result used аз a short cut method for finding the arithmetic 


mean, often facilitates calculation. 
Again if h be the width of equal class-intervals in a frequency table 


and и be the new variate defined as 
x—A. Sy 
EART P ie., x=A+uh. 


then, we have 


Z fx=2f(A+uh) 
=2f.A+h Xfu. 
Dividing either side by Zf, we find 
> 
Y? LN E 
Le. x or M—A- hu 2o Q0 
where u= H, the arithmetic mean for values of the variate u. 


Properties of the Arithmetic Mean 

Y. The algebraic sum of the deviations of the variate-values from their 
mean is zero. 

Let E be the deviat 
sum of the deviations 


ion of the variate x from the mean x, then the 
of the variate-values from the mean 

=2f (x—%) 

Ifs fz 

=N.%—Nz from (4) and (5) 

=0. 

the arithmetic means of r distributions with 


IL. Jf Xj sss Fr are 
respective frequencies Ny, N,...N,, then the mean * of the whole distri- 
i r 


bution with total frequency N= ote is given by 
ке 


ЫЕ) iyi 
игр 
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Let fj, denote the frequency of the. observation x: of the ith 


n 
distribution, so that N,= X Sis; then 
j=l 


: Now х being the mean of the whole distribution, we have 
УУ faxa z Nix, ү 
i 


= —————— У М. 
UBL UIN Мр 


Problem 57. The following table gives the population of males at 
en age groups of the U.K. and India at the time of the census 


` of 1931. 
na Se  ———.... 


e. Age group U.K. India 
(years) (in lakhs) (in lakhs) 
0—5 18 214 
5—10 19 258 
10—15 20 222 
15—20 18 157 
20—25 16 145 
25—30 14 161 
30—40 27 257 
40—50 25 184 
50—60 19 120 
above 60 17 100 


compare the average age of males in the two countries and account 
for the difference, if any. 
Take the assumed mean as 27.5. 


О.К. 


Age group | Mid-values |Devlation. from| Populi 
(ears) w, tion in| f | tiontn | fag 
lakhs (fa) 
0—5 2. 25. 18 —450 214 —53. 
5—10 i 20. E 258 5160 0 
= —33. 
17. —180 157 -1 570: 0 


ммм ooooo 


ж Uu 
ккк 
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For U.K., average age of the people - 
Z 
44 XE onset sd 21-298. 
For India, average age of the people 


ЕЛЕЙ 3937.5 — 
“ЖУ =27.5— 1818 =27.5—2.17=25.33. 
These averages show that the average age of the people of U.K. 
is higher than that of the people in India. 
Problem 58. Jf a variate x is expressedas a linear function of two 
variates и and v in the form x=au-+ bv, show that 


= аи |у. у 
Let the number of variables for each и and v be n. Then 
; xX =au;+by,, 
к п п n рч 
so that У xoa X ut4b È v 
1=1 i-I i=1 
RD AU 
E e eat 
or im ms +b = 
ie., x—au by. 


Problem 59. Show that ifx is the arithmetic mean of the values 
Xo i—1, 2,..., n. then 


n n 
E f, (x, - X) —Z fix,—Nx* 
i-i s del 
n 
where N= È ў. 
i-1 
У fux, = рх; 
We have у= + ++. (0) 
Now 7 Se Qu 3) HE fi (xét —2xi) 
1 
т fixe x Efo—2x > fixi 
i - 
=2 /;х-Ех'.М— 2ж.Мх from (1) 
i 
=2 рх? М. 
i 
Problem 60. A distribution consists of 3 components with fre- 
quencies 45, 40, 65 having their means 2, 2.5 and 2 respectively. 
P that the mean of the combined distribution is 2.13 approxi-' 
mately. . E 


„Using the property П of arithmetic mean, the required mean is 
given by 
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1 à 
T - Nj. 
. "Where =45+40+65=150. 
and ? i Ni — NX ENS, NE, 


—45x2--40x2.54-65x2 
=90+ 1004-130 
=320. 
a *-—13-1-2.13 approx. 
Problem 61. sing the frequencies of values 0, 1, 2,...n of a 
variable to be еер the terms of the binomial series 


бт? E qp, . . р", 


1. 
Where p+-q=1, find the mean. 
Let M be the required mean; then 


Mate OLA L^ Cup 2.5 C, qn7 рэ... 
L1nCyg*p +2."C,g**p?+ snp? 
Jm (q+p)" 
But (g+p)"=1 as ¢+p=1 (given) 
vo M=" p+c- +... tng, 27) 
Now, we have 
(+p =g" EC p ^C, qt p... +p". 
Differentiating both sides w.r.t. p and then multiplying through- 
out by p we get 
"(+9)" "p —"C,qr71p-E*C gpt 2.4... npe 
— M from (1). 
‚ Thus M=np as p-q—1. 
Problem 62. Show that the arithmetic mean of the series 1, 2, 4, 
8,16, .. 2 is Tut 


Required mean=!+2+2°+...+2" 


Problem 63. Show that the weighted arithmetic mean of first n 
natural numbers whose weights are equal to the corresponding numbers 
4s equal to { (2n+ 1). - E 

If x be the required arithmetic mean, then 

Т ж=1Ї1+2.2+3.3-+....-ьял- 
1+2+3+..+п 


- showing that A>G. 
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Zn? _n(n+1) Qn--l, [n (n+1) 
c EC 6 172 
2л+1 

or e 


Problem 64. The arithmetic mean of n numbers of a series is x. 
The fu of the first (n—1) terms is К. Show that the nth number is 
n—k. 


Let t, be the nth term of the given series; then 


Кі» 
п 
giving t, nx—k. 
[B] Geometric mean. Let x, x, Xs., Xa be then values efa 
variate x; then their geometric mean denoted by G is defined to be 
Ge (X, 2,35... x4)! ] 

b log x; 

ES у, T КТ) 
ог log LO TI E Um C ce 


If the value x, occurs f, times, x, occurs f, times and ‘so on, then 
G(x; fix; f,...x,17)!^ where N—f 7+... БУ, } 


n 
У fi log x ---@ 
Eu kg луч. 


which show that the logarithm of the geometric mean of a series of 
values is the arithmetic mean of their logarithms. 
Properties of Geometric Mean 

І. The geometric mean of a series is less than its arithmetic mean, 
i.e., if A be the arithmetic mean and G the geometric mean of a series, 
then. A> 

We prove the result for a series having two numbers only and the 
result may be extended to any number. 

Let x,, x, be the values of a variate x. Then 


AES and G—4/(x,x,). 


Consider ‚ A-G= apa. V 0523) 


=Нух-ухр 
=a +Ve quantity as (ух, —–ух,)?20. 

Il. 1/6,, G,,..., С, be the geometric mzans of r distributions with 
respective frequencies N,, Nz, ..., N,, then the geometric mean С of 
the whole distribution with total frequency N= I М, із given by 

i=1 


1098 MATHEMATICAL PHYSICS 


N log G=N, log G,-+-N, log G,+-...+-N, log С, 


r 
ie, log G= X, 2 Ni log Ge 


Let fı, denote the frequency of the observation x, of the ith distri- 
n 
bution so that 05 fe then 


n 
pal! log Gu 2 Sis log Gu 
log Cie NASA NT 
У уу 
ј=1 
But С being the geometric mean of the whole distribution, we have 
ZZfy log Gu . 2 N; log С; 


ij 
ee IR 
ETES, i 
1.5 
ки bsa 
Ш. If G,, G, are the geometric means of two series of observations 
and С the geometric mean of the ratios of corresponding observations, 
then G is equal to the ratio of their geometric means, 
=L. 
te, G б, 


Let x,, ха, be the two variates corresponding to the two series of 
observations with frequency л each, and let x be the ratio of the two 
variates; then we have 


PERS 
х: 
so that log x=log х, —108 x;. 
oe У log x== log x,—= log x,. 
Dividing throughout by n, 
t logx Хорх log x, 
XE Ix 
d.e, log G=log G,—log G, 
ivin G-—- 
giving б; 


IV. The geometric mean С of the product of г sets of observations 
with geometric means G,, G,,...G, respectively, is the product of the 
geometric means of the component series, i.e., ^ 


G=G,G,...G,: 


Let ху, хз... X, be the variates corresponding to г sets of observa- _ 


tions and x their product, i.e, ут 


TERRA R A 
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х=җҗ...х; 


then. log x—log x,--log x,+...+-log x, | 

ог. Z log x—Z log x,+2 log x,+...4+2 log x, 
Zlogx Хорх, , Z log x, Z log x, 

ud RUD ОЛ REP а Бү 

Le log G=log G,+log G,+...+log G, 

giving G=G,.G,...G;. 


Problem 65. Find the geometric mean of the series. 
: 1, 2, 4, 8, 16,..2". 


(1.2.21 2*...22 or) 
zs [242 ен) 
dece {Шунун m o 
- 1С] Harmonic mean. Let x, X2, xs ...,%n be the n values of a 
variate x; their harmonic mean denoted by Н is defined to be the 
reciprocal of the arithmetic mean of their reciprocals, i.e., 


I 1 1 
ага горача 
Io xx ss 1 (i)-1:l -.. 0) 


Нн п OB jp \ % x 
n n n 
p ug. ull 
= PIT rz E = 


eu XU JA AL Lf 


Tes (Se Fe A х» rll 
then = W where N= 2 f 
1 1 
esf 
4 (^x) du 0 
IA 
1=1 


‘ty of harmonic mean. The harmonic mean of a series of 

tities is less than the geometric mean of the same quantities and a 

i (Latin phrase, means ‘with stronger or greater reason’) less 

"than the arithmetic mean of the same quantities, i.e., if A, С, Н be the 

arithmetic, geometric, and harmonic means of a series, then A» G» H. 

In property / of geometric mean, we have already proved for two 
quantities ху, x, that AG. 

2x9. ,asH 


Now consider G—H = 4/(x1x3)— cem 


ura c 
I T 
a ае 


MOSS n Es 2V (2,5) 


px. 
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A23) 2 2 
or G Hee oe v) 
=a +ve quantity. 
^c G>H; also А> С. 
^ A>G>H. 


This result can be extended to any number of values of x. 
Problem 66. A variate takes values а, ar, аг?,..., ar* each with 


frequency unity. Show that the A.M., A is MUT. the G.M., G is 
arit and the H.M., H is 0— ^. Prove that AH Gr, Prove 
also that A>G>H unless n—1 when all the three means coincide. 


We have 
An Aarart 4... pare 
n 


I eret ertt] 
a l-r. 
-IE if r<1. 
G—(a.ar.ar*...ar*- tyi 
= [a"r H+H] n 
а-я) н grii) 2 


a ry 


“ayes iri ie, L1 


a. A (1—7) rt 5 
І" 

19 (1—") ал (1—7) r= 
Now AH: (1—7) X I 

zs. aro nay 

=6?. 
Again to prove A>G>H, consider 

а 1—r 


4 "a IT 9 
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(1. Би) аниа 
= 01+.) пиа 


m Aree) + (rrt) + (rrt P. 
T (r7 — ron 
ER rie) r (1 r8) er (Ire) 


Ч +..." uri 
=а --ve quantity, since every factor in the bracket 

of R.H.S. expression is --ve when r« 1. 

^A A>G. 

But if n—1, А—С=0, l.e., A=G. 

Also, G— Haarman MiO r 

anr" 
Tire RR 


as IIa. rm 


1+4... rnrn] 


=ar" 


аг‘) 13 
= Тж... +" 


аг)! а 
See Ме 
peut (10-9) 
as above 


=a +ve quantity as above. 
«A G>H. 
But if n—1, G—H=0, i.e., G=H. 
Hence А> б> Н unless n=1 in which case A=G=H, i.e., all the . 
` three means coincide. m 
Problem 67. Find the average rates of (a) motion in the case ofa 


person who rides the first mile at I0 m.p.h., the next mile at 8. m.p.h. 
‘and the third mile at 6 m.p.h.; (b) increase in ppulation which in the 
first decade has increased 20% in the next 25% and in the third 44%. 


(a) For this case, the harmonic mean being the suitable average, 
we have 
3 3x120 360 

Нечен гет. «7166 m.p.h. approx 


W) For this case, the geometric mean being the suitable average, 
we have : 


‘G=(20x 25х44)". 
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[1.3010+ 1.3979 4- 1.6435] 
75$X4.3424—1.4475—10g 28.02. 

KA G=28.02%. - 

[D] Median and quartiles. The median is defined as the middle-most 
or central value of the variate when the variate-values are arranged 
in ascending or descending order of magnitude i.e., it is the value 
of the variate for which greater and smaller values occur. with equal 
freques;y or in other words the total frequency above and below 
this value is divided into two equal halves, 

In case the. total frequency n is an old number, then the value 

at ) th item gives the median, but if it 1s an even number then 
(z)e and (3 +1)th are the central items so that their arithmetic : 
mean gives the median, i; 
For grouped data, the median is formulated as 


of 


s б 
A 


Median=/,+ xh 


where =the lower limit of the median class. 
Ме total frequency, 
f=the frequency of the median class. 
J,7the cumulative frequency before entering the median class. 
h=the size of the class-interval of the median class. ` 
For a continuous series, the median is formulated is 
Median=/,+ Жы у) 
where /,=the lower limit of the median-class, 
1, —the upper limit of the median-class, 
=the frequency of the median-class. 
Л = е cumulative frequency before entering the median class, 
m=the size of the middle item. 
The quantiles or partition values are defined to be the values of the 
vatiate which divide the total frequency into à number of equal 


parts, Quartiles, deciles and percentiles are the worth-considerable 
among partition values, 


The quartiles ate the values of the variate that divide the total 
frequency into four equal parts. Ist, 2nd, 3rd quartiles are denoted 
y О,, Os, О» respectively, while О, is the median. We have 


iN 
Ace Ja t=1, 2,3 
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where 7,—the lower limit of the class, 
N=the total frequency, 
h=the size of the class, 
fi=the cumulative frequency upto and including the class 
preceding the class in which the particular quartiles lies, 
f=the frequency of this class. 
Inter-quartile range— Q,— Q;. 
The deciles are the values of the variate which divide the total 
frequency into ten equal parts and given by 
jN. : 
jo ) ^ ' 
DEEST i xh, j=l, 2). .,9 
the other quantities having the same meanings as in quartiles. 
The Percentiles are the values of the variate which divide the total 
frequency into hundred equal parts and given by - 
à kN 
( 100 ^ 
Py=h+ f xh, k=1, 2, .99 


the other quantities having the same meanings as above. 
Problem 68. Show that for J-shaped distribution with the maximum 
frequency towards the lower values of the variate, the median is nearer 
to Q, than Qs. : 
In the adjoining diagram, let М; stand lor 
the median; then we have to show that M, is 
nearer to О, than to Q; i.e. 
м‹—0,<0,—М‹ 
Let y=f(x) be the equation of the curve 
(J-shaped) under consideration and 0), Qs, 
Mr locate the positions of first quartile, third 
quartile and median respectively. · • < 
Now according to the definition of quar- 
tiles, the area between О, and median is equal 
to the area between Median and Q, and each 
is equal to ith of the area of the entire 


curve i.e., a 
Mi d 
Area=| А f(x) х= Ић of the entire area 
1 


Оз 
B. | "ECL 


The curve y=f(x) being continuous, we have 
Дх)>ДМ;) for Q; &x« M, 
and К) <КМ for Mi&x«Q;. 
Also f(x) is positive as y is positive. 


Fig. 15.5 
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AM) [ o dee I2 Дх) dx fM) [2 
Le. Хм) M,- QJ) « f(M9 (0,—м,) 
or M.—0,<0,—M, 


which shows that M, is nearer to Q, than to Q,. 
Problem 69. Determine the quartiles and the median Sor the. follow- 


Income No. of persons Cumulative frequency 

UA 
Below Rs 30 69 69 
Between Rs 30 and below Rs 40 167 236 

» Rs40 , ,, Rs50 207 443 

» Rs50 , n Rsó0 65 508 

» Rs60 ,  , Rs70 58 566 
© » 0870 „ 4, R380 27 593 . 

Rs 80 and over ; 10 Ў 603 à 
Total 603 
——M—M MÀ MÀ 
603+1 


Median =зіге of the ——— th, i.e. 302nd item 


==between Rs 40 and below Rs 50. 
Applying the formula, 
N D 
) 27^ 
Median=/, + F Xh, where 1,—40, 41236, /=207, h=10 
and N—603, we have : 
Г 315—236 
Машо х10 
401 36 x10 
н ELIT 
=40+3.2—43.2 approx. 


1 
Xh, where Һ==30, f,=69, f=167, 

h=10, N=603 and N/A lies in second group 

2304- 069 х10 : 


151—69 - : 
TÓMET gp X10, taking X — 151 approx, 


Аво, бү=+-5 
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7:30-- 127 =30--4.9 approx. 
—34.9 


1 1 
and Q,—l4 xi, where =50, f,=443, f=65, h=10, 
N=603 and 1N lies in 4th group. 

23 }х 603—443 
Ricks ата этеби 

452—443 
=50+ 65 
—504-52$2—50-4-1.7 approx. 
251.7, i 

[E] Mode (or Modal value). The mode is that variate-value of a dis- 
tribution for which the frequency is maximum. ; 

It may be found by following three methods: 

(i) By inspection. When the measures of all the items are given in 
a frequency table, then the mode is the size of the item which occurs 
most frequently or in a frequency curve it is situated on the x-axis at 
the position of greatest ordinate, i.e. the peak of tbe curve. 

(ti) By grouping. The items are grouped and regrouped uutil the 
point of greatest frequency is unaltered by adjustments of grouping. 
The mode is then situated at the smaller group common to each of 
the larger groups. Such a grouping is affected by writing the actual 
frequencies before their respective size, adding the frequencies in 
two’s, adding again in two’s leaving out the first frequency, adding in 
three’s leaving out the first frequencies and then adding in three’s 
leaving out the first two frequencies. s 

(iii) By using the formula (in a continuous series). 

№ 
Mode =}, Xh. 
ode=),+ RA S 
where /, =the lower limit of the modal-class (i.e. class having maxi- 
mum frequency), 
Л.= the frequency of the class preceding the modal class, 
Љ = the frequency of the class following the modal class, 
h=the size of the modal class. 
Note. Sometimes the formula used is 


2f-fi-fhe 
where =the lower limit of the medal class (i.e. class: having maxi- 
mum frequency), 
Л = ће frequency of the class preceding the modal class, 
Љ =1ће frequency of the class following the modal class, 
h=the size of the modal class. 
f=the maximum frequency. 


10 


X 10 approx. 


1106 MATHEMATICAL PHYSICS 


Problem 70, Evaluate the values of mean, mode and median for the 
following grouped cumulative data: 


No. of days absent Мо. of students (F) 
29 
Len then ie 124 
Я 15 349 
4 20 442 
d 25 478 
» 30 487 
» 35 493 
» 40 497- 
bat 50 500 
These results can be tabulated as follows: 
No, of | Deviation |^ — 
days |Mid-yalue | No. of students | Cumulative | from. |. oft 
ет (х) (frequency) (f)| frequency assumed | = 
г (class) 1 enm 1 
0-5 2.5 29 29 —20 —580 - 
5-10 75 95 124 —15 — 1425 
10-15 12.5 225 349 —10 —2250 
15-20 17.5 93 442 =s —465 
20-25 1122.5 36 478 0 0 
25-30 27.5 9 487 +5. 45 
30-35 32.5 6 493 +10 
35-40 | 37,5 4 497 +15 60 
40-50 3 500 +22.5 67.5 
Total | 500—-2f—N —4488.5 — Z/x 
1 
Mean= A+ N Zft 


—4488.5 

TET 7225-8977 

= 13.523 i. 13.5 approx. 
Median =A.M. of sizes of *$*th and (232+41)th items 

` =A.M, of sizes of 250th and 251st items 

7712.5 as both items lie in the Same group. 
This gives a rough value. х 
We calculate it by nins the formula 


3 ah 
Median =}, + 3 a xh 
where /,=10, 2.250, f= 124, f—225, h=5. 
: i 250—124 630 
* Median= = ws 
ian— 10-- 75 x5=104+5— 
=10+2.8=12.8. 
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у= This method gives rather accurate value. 
By inspection, the value of the mode is 12.5 which is the size of 
the items of maximum frequency. 
By grouping method this can be calculated ás follows: 
Ste A. sees FA II HI IV и VI 


nium 


лл їл їл бл л бл бл 


è 
SEHE 
OPA. 
——— 
5 à 
з ©, 
bn as 
- 1 
p 
— 
u 
“ 
—— 
] ра 
= 
^g re 


‚Ө 


Analysis table: 


| Size of item having Here 

p- Columns | maximum frequency 12.5 occurs 6 times 
175 2 e А 
T5 4, Se vs 
255»: 


Since 12.5 occurs maximum 
number of times, hence 


: Мойе= 12.5. 
lfa 

| посев 

| where /, —10, /,=95, f1—93, h=5 

! 93 

we have. TU qe 

101265. si =10+2.47 
=12.47. 


Using the other formula, 

? fh; 
ji 

БЕ ie 

where  Һ=10,/,=95, /,=93, f=225, h=5, 

we ha: ба зо зу; 

Же сы UO. 0 523:225—99—93- 


130x5 
mor үк 10+ e 2. 5 approx. 
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which gives very high result as compared to the previous results. 
[F] Empirical relation between mean, median and mode. There 
“exists. an approximate relation between mean, ‘median and mode 
for a moderately asymmetrical distribution and this is 
mode=mean—3 (mean—median). 


15.9. MEASURES OF DISPERSION (OR VARIATION) 
The measurement of the scatter of the size of the items of-a series 
about the average is said to be a measure of variation, or scatter or 
spread or dispersion. / (Agra, 75) 
[A] The range. This measure of. dispersion known as range is the 
simplest possible measure to compute and the easiest to understand, 
but it is the least useful and informative. 
The range is the difference between the greatest and the least values 
in the series. а 
If x, and x, denote the greatest and the least measurements of a 
series, then 5 
Its range—x,— x, 
and the coefficient of the Tange or the scatter or simply the ratio of 
the range is defined to be the ratio m2". 
хх © 
Problem 71.. Find the range and coefficient of range for the follow- 
ing set of observations: tia ean 
А 10, 15, 20, 37, 58, 60, 90. 
Range—x,— x,—90— 10 80. 
i хех 90—10 80 — 
Coefficient of range х.х, 790-10 71097 5 


‚ [B] The quartile deviation or the semi-interquartile range. We have 
introduced the interquartile Tange as the difference of upper ard 
lower quartiles, i.e., Interquartile range— Q,— Q,. 

Half of this difference is said to be semi-interquartile range, i.e. 


Semi-interquartile range — 9:0: : 


The quartile deviation or semi-interquartile range is a better 
measure of dispersion than the range. Its coeílicient is defined by 


9;—0, 
j E 2 9.—9. 
Coefficient of quartile deviation--— 2- ...0»—Qi : 
d Н е0. 90, 


Note. The difference between the ninth end first decil 
called as interdecile range which contains re) the loial Resco, 
while ‘inter-quartile range contains 50%, of the total frequency. Thus 
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the ranges give a fairly good idea of the scatteredness of the distribu- 
tion and are commonly used in elementary descriptive statistics. _ 
Problem 72. Calculate quartile devlation for the following data: 


Farm size (acres) No. of Farms 

0—40 2 394 
41—80 461 
81—120 391 
121—160 334 
161--200 169 
201—240 113 
241 and over 148 


The given data may be arranged in a cumulative frequency table 
as follows: Н 


Farm size (acres) 
(x) 


No. of. Farms frequency) Cumulative frequency ў 


41—80 461 855 
81—120 391 1246 
121—160 234 1580 
161—200 169 1749 
201—240 113 1862 


241 and over 148 A 2010 


iN-—2219—502.5. 
Q, lies in the class (41-80). 


iy 2 
Thus, Q=1,+ NF xh where 1, —41, f,— 394, f=461, li 40 


S 
and 2N=221° 502.5 
502.5—394. an : 
nre 40 
_ | 1085х40 _„ , 4340 _ m 
ТУРЕН = tae —414-9.4—50.4 


Again 3N=3x 502.5—1507.5. 
-. . Q,lies in the class (121—160). 


sN— 
Thus Q,=1,+ 244i xh, where 0121, f= 1246, f=334. 
you Л 
h=40, 3N=1507.5 


1507.5—1246 


=1214+-— д0 
_,„11261.5х40 _,„, ‚10460 
=121+ 34 =ош 
=121+31.02 


=152.02. 
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Quartile deviation=4 (Q,— Qi) 

—1(152.02— 50.4) 
—1x101.62— 50.81. ; 

[C] The mean (or average) deviation. The mean deviation is defined 
asthe sum of the absolute values of the deviations from an average 
(median mode or arithmetic mean) divided by the number of items i.e., 
if xı (i=1, 2, 3,..., п) are the variate-values of x with frequencies 
Л (1, 2, 3, ..., n) such that Nes f; and M be the average (mean, 


median or mode), then 
Е Zf|x— 
Mean deviation=+ 2 f, | xi—M | or simply Эм 
Ni 
If we denote the difference x—M by E, then 
Mean deviation 24 TEL. 
Problem 73. Find the mean deviations from the median and the 
mean of the following data: 
Sizeofitem: 4 6 8 10 12 14 16 
Frequency: EP | A rg, 2 1 4 


These data in tabulated form are as follows: 


j 
| Cumu- 


Size Frequ- | lative | f.x piste fom 
(х) | encyf | frequ- 
j»ency 


median | mean i.e., 
he, 8181] 9.7) | 


(oO ANON 
Qe Or tta 
wow nun 


| 
| 


Median —size of ( N41 je item 


size of 2H th ie., 11th йеш=8 


and mean= M =4°=9.7 approx. 


+. Mean deviation from the median= MÉL E sae 
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: р> 69.7 
and mean deviation from the mean— f Ls | - 39 
Note. Median coefficient of dispersion 
mean deviation from the median 
БЕ тейап 


-228 o 40475 


and mean coefficient of dispersion 
2 _ Mean deviation from the mean 


mean 
3.319 
=—57 7034 approx. 


[D] The standard deviation. We define the standard deviation ofa 
variate x as the square root of the arithmetic mean of the squares of 
all deviations of x from the arithmetic mean of the observations and 
denote it by a. . (Agra, 1975) 

Thus if M be the arithmetic mean of variate values ху, ху,...х 
with frequencies fy, fz, .-.f, so that N=3f, then 


VA G хл (a-m) or simply / (Ffm ) 


giving et A IfM}. 

The quantity с? i.e., the square of the standard deviation is termed 
as variance and denoted by Us, Which is the second moment about the 
mean. (Agra, 1975) 

ue umet 3f- My 


The ratio e X 100 is known as the coefficient of variation. 


When the deviations of x are measured from an ass 

m e n root ud the p E mean of potet 2 
‘viations from x is termed as the root-mean 

denoted by s ie., Square deviation and 


RO 1 Д 1 
V Gea) чн зоа} 
Є square of this quantity s i.e., s* is termed 
deviation and denoted by u', which i ment ad Square 
знате) Y 6s. which is the second moment about the 
by! = st Y Ef(x— Ay. 


Relation between standard and root-mean squar, tions, 
Let M be the mean and 4 the assumed 25 fios: 
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Also let ded land х—А=Ё; then 
x—M-x—AT A—M-(x—A)—(M—4A)—5—d 


Now, tJ f(— My— y SEd) as х-М=&—4 
foe. ls 1 1 
ead) 9270—2400 Ifbtd yif 
= Wie At. A MG АФ as If=N 


ETE a uo висат 


=s?—2d (M— 4)4-d! — s—2d.d- d: —$—d* 
ie, $'—6* d? огр’ =p +0 
which gives relation between s and a or between рз’ and t. 
~ Calculation of standard deviation. 
(i) By short-cut method. 


'We have, eo Ma Mye A3 (x—A)—(M—A)}* 

= 16-000) where E=x—A 
= 3-2 (M-A). М 09 
-lxe (M-A). DE (ма) io 
= ye ite as BEN. 

` But ёге Bf (x4) If- MF) 
eM GAY — (9— My) for the same distribution. 
= flo 4x- M) (x—-4—x4- Myl 
РРР as M— A--d and x~M=E—d 
JM Oud) 24, y Y Ed 3f 

or 24:224. P as YSN 

giving 4= M i 


ten oon (GI - pe (308) 
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ien eA (5272-0272). 
(ii) By step deviation method. Taking u= = =P bes 
E—hu, we have 


e-xYe-( УЕ у зр (rry 


bou бү 
eb гури ee 
[Axe ( А y]: 
or o, =h, 

L., "0 — Ha 


Properties of the standard deviation. The standard deviations of two 
sets containing N,. and N, members are с; and c; respectively, being 
measured from their respective means M, and М,. If the two sets are 
grouped together as one set of N,-- N, members, then the standard 
deviation c, of this set, measured from its mean is given by 

eu М.Ма ММ м му 
OMEN, C CEN! C 

If s, and s,* be the mean square deviations of the two sets, s? be 
the шер square deviation of the combined set and А be the assumed 
mean; then 


Pes lo v Я 
— MEN, (л fa 


Lf E fos ay] 
doles m ni ME 
NEN i=Ni+i 


= ow, ¥ xan, 7 eA] 
NEN, Ni i-i №, jai 
gps 2 2 

Wan, Nes +N 2.527], 


=e (в,*+4,®+ М, (с2+43) as sto? +d? 
Mor Not " Nid? Nd) 


N,+Ny N,+N, 
p NaojEMe*, Ni M;-AYFH-EN (М4), МА 
NEN (0 NON 126-4 


If the assumed mean А Бе regarded as the mean М of the combined 
set, then by the properties of arithmetic mean, we have : 


zM- Mi tN Me 
A=M: NEN, 
and then s becomes identical with в, i.e. s=o. 


TORT pud Nist HN: 1 | { _ NiM,+N,M, )* 
ms NEN, + NAN, мүм NEM. } 


+{м- Aux] 
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SER Nio? - Мо, a 1 [ М.М (М,--М,)? 
= MFN, Ni +N; (Nr IN) 
: N,.N,* (OM,— M, 


ШЕП; ДЕУ А 
Мо Not É NN, Me 2 (N:+N,) 
NEN, O MEM, O NENF 
Ма? Nos) NN, = 
=O MEM TWN Oh M» p 
which is the required result. 


This result can be extended to a combined series of observations 
consisting of r component series containing N;, Na, ..., №, members 
with standard deviations оу, сз, ..., с, and means deviating from the 
mean of the combined series by d;, ds, ..., d, whence the standard 
deviation в of the whole series with component series having means 
Mı, М,, ..., M, respectively, is given by 

Lass Nio? -- No; - ...-- N,? + 1 
T MEN +... FN МЕМ ЕМ)? 
X {N N, (M, — Mj) N,N, (M,— М)... 
ENÁN, (M,-1—M,)?}...(2) 
! Using = notation, the result (2) can be expressed as 


i-1 1 5 & 
UE гт Yi uM N,QN(M,—MySM ,..(3) 
Em (2м) p 


NEN, o,7+...4N, 0,2 

в?= 191 Е "1 + О, 
NONSXN. - iw) 
Problem 74. Show that if the variable takes the values 0,1,2,., п 
with frequencies given by the terms of the binomial series q^, "С,9"?р, 


"Суў ?Р?, ....p" Where p--q-1, then the еба л 
np --npg and the variance is npg. ло зии 


By Problem 61, the mean M for such a distribution is given by 
. M=np 
>? ` 
Now nc where £—x— 4, A being assumed mean. 
Assuming that 4—0, we have 
| =g OE" C, qp Лз "С.р... Eph? (1) 
i But (gtp)"—q**C qp +C gp.. p 
Amd Differentiating w.rt.p and multiplying both sides by p, we find 
nlg +p) p—*C,q*7.p-F*C, q*7 2p... ps 
sU Asin differentiating w.r.t. p and multiplying throughout by p, we 
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Ріпр (n—1) (q+-9)"*-+n (ap) 
=”С,.4"1р.1°+"С,д"°р*.2#+....-Ер".п*=з° by (1) 

^ #=р(л—1)р+л] as 4+р=1==пр[пр—р+-1] 
=np(np+) аз q--p—1 gives 1—р=9 
=п?р?--прд. 

Also o*=s*—d?=n*p?-+ npq—(np)* as M=d=np when A=0 
=npq. 

Problem 75. Show that if deviations are small compared with the 


mean M so that ( м) e and higher powers of ў тау be neglected, 


(0) 9-м( 1-59 зит) 
(й) M?—G=o?, 

(iti) H=M ( j= ie). 
(iv) MH=G: 

(v) Н+М=2С. 


(i) — Mean /x- / M { 1—; ur an] 


where o is the standard deviation, d G, M are respectively arithmetic, 
geometric and harmonic means of the variate X. 
We have X—M =x so that Y—M-4-x (0) 
Let N be the total frequency of the distribution. Then 
G) 7 G—(X fie X fo... X,/5)!/" where N—Zf. 


+. deg Ge. Bf log X= 3f log (M--x) by (1) 


=у Zf log М ( ш )-» Sf log M--Eflog ( x )] 


=; Zflog M4- 5 + zf M +. } expanding the 
log-function 

т м. p ($ a) neglecting higher powers of x/M 

>, ly 
=log M+ E Mx ost ae =log м-ду с? 
as oi 200 and Zfx=0 by fint property of A.M. 
е в? G BR 
` log g xy ape Mt e Q) 


-(1- 3 ) 
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í e 
or e-u( 1^7M75 


(i) By (2), Gi Miet 


) neglecting higher order terms. 


t i-e) neglecting higher order terms 
=M?— ie. M!—G'—c* 
1 1 1 1 
ш) меме а(х) (ares) 
1 15 (get x 
x) 
Eb: 1 ry 12:8 M + P3 neglecting higher order terms 
A[X 1 Ух, 1 xe 
CMiNCOMN +и N 
- Д ET as Zfx—0 and ae, 
2 1 
ie, Н=М [ Mea] =м [ 1— n] neglecting higher order 
terms. 
(i) From the above relation H=M ( 1— m) we have 


MH=M: ( I-A )-M-à-6 by (ii) 


(0) We have M+H=M+M( in) -M- 5$. 


=| 1-5% r |-20 by (i) 
б) Mean vX=4 fy X=} 3f VM+) 


-Mrivoo (i) | 


=v 37 ( ‘air in ) (neslecting higher powers of м) 


M 
& 1 Ex Sfx? 
ммт m a 


-vM[ i-r] as Zfx=0 and Me zo 
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Problem 76. Show that for any discrete distribution the standard 
deviation is not less than the mean deviation Лот the mean. 


With usual notation we have to show that 


J y str] ori n 


2 
ies 1, Yo-My2ly X| хм } 
ог МУ (Уу | Е) where 5:=х— M 
or (Л-+Л+...+/.) (hév+h hd. AES) ? 7 
à 2 IB LA E IH EA | Enl Y 
or Ai fs (+Е)+...>2/, ЛЕ... 
or 1 (5 — 5 +... 20, n 
which is true, since being the sum or perfect squares, the L.H.S. is 
never negative. Hence the proposition. Y б 
Problem 77. From a sample of n observations, the arithmetic mean 
and variance are calculated. It is then found that one of the values, ху, 
is in error and should be replaced by x;', show that the adjustment to 
the variance to correct this error is 


'—x 2T 
pena) (sies, AAEN, 
where T is the total of the original results. 


If V be the variance, then V being the square of the standard 
deviation, we have 


Vs. ха... л, im эжеш» 
п п 

© киле (TY Siri: -r] 
n n n 


nLi-I 
If V’ be the corrected variance, then we have 


рах... d xt (beg te F 
n n 
a% Hx xt) -( x +T-x ү 
n n 
` m "n 
e [+ х2 x) Ta] 

The required adjustment to correct the error is = V'—V 
mal (x^ x25)- 232) rat ] 
| анато) 
= tata) -G Des, 427) 


=F а барзан) 
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Problem 78. A distribution consists of three components with 
ies 200, 250, 300, having means of 25, 10 and I5, standard 


deviations, of 3,4 and 5 respectively. Show that the mean of the 


combined distribution is 16 and its standard deviation is 7.2 approxi- 
mately, Find also С.У. 
The mean M of the combined distribution, is given by 
Its М+М ENS 
NN is е M+Ni+N3 
where N,=200, N,—250, N,— 300, x, —25, %,=10, x, 15. 
M 200x25--200x10-4-300x15  50004-2500--4500 
SO МЕ 2020:230 © — 79 
-12229—16. 
.Now, the standard deviation с of the combined distribution is 
ud p 1-4 No; H- N303* 1 
Ca Lf Gina ы жн у A : 
S=- NEN tN, НОР Uni Of Ма) 
T NUN (M; — Mj) +NN (M4,— М,)) 


where N,=200, N,—250, Ny=300, 
o,=3, 9,—4, o,=5 
'M,=25, M,=10, M,=15, 
«gt 200X9+250%16-+300%25 , 1 
> WERE тун (750 
4 ~~ {50000 x 225-+75000 x 254-6000 100? 
1800+ 4000-+7500 1 
- 750 + 750% 750 (11250000 


+1875000-+6000000] 
13300 1 
= 750 -+ 750x750 X 19125000 


1330 , 191250 266 510 776 
TUS UUBx1715*157 as 5173 
giving 90=7.2 approx. 

The coefficient of variation (C.V.) у X100 - 


72 
= * 100—45 


Problem 79. The first of two samples has 100 items with mean 15 
and standard deviation 3. If the whole has 250 items with mean 
15.6 and standard deviation 4/(13.44), find the standard deviation of 
the second group. 

We have N,=100, N,=250—100=150, M,=15, с,=3, 

M=15.6,0=4/13.44 


eS PT MES NES 


TIL NO EN SEDET 


DES 
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N,o,'+Nya;* | NN 


oN, АМ M 
race aa 05- MO. ...@ 
Alo M= E 
Le. 155 0X 19.150 X Ms 


150M,=250 x 15.6—1500=2400 giving M,=16 
Substituting this value of Me in (1), we get 


1344 10a" ү 5 $ xa5— ae 
900-1505. 
ру м) 


or 900-Е150в,*=250 [13.44—.24]—250 x 13.20—3300 
or 1500, =2400 ie. ату or c,—4. 
Problem 80. Calculate (a) the tles UR the mean, and (c) the 
standard deviation wages from the following 
Weekly wage in dollars —35 —36 —37 —38 —39 —40 —41 —42 
No. of wage-earners 14 20 42 54 45 18 7 


А Deviation 

in dollars R from assum-| кз | pg 
José x ed mean 
238.5 (£) 


iN-322—50 .. Q,lies in group 37—38 
zd iN-150, ~ Qs ties i in group 39—40 


where 1,—37, N=50, f,=34, f=42, h=1 
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231499725 ха 
ama i 
=37.38 
o=, 440 A xh where h=39, ЗА =150, f, 130, /—45, h=1 
150—130 
2394 BO x 


=39-+$=39+ .44=39.44, 
? Meine 44-1 Z ft when; A=38.5, 


=38.5+ e 


pu 


e Ife (55] E 


—VIÉS- GU) v (2.14—.0729)= y (2.0671) 
71.4 approx. 


1510. MOMENTS — 
For a distribution having variate-values Xis Xs... X4 With frequencies 


n 
Sv fi fs respectively such that N nu Ж (or simply Zf), the rth 
moment D у рош (or assumed ud А is defined as 
Br =} 2 foray or simply, Zf(x— AY, e (0) 
bius Br RA the moment about any point A (other than the 
' mean). 


Аз such rth moment can be regarded as the arithmetic mean of 
the variate (x— A), 


Кн и b Pg] Си е 
к= i | Л(х— М)", ie. Y Zf(x— М)", «+. (2) 

The definitions (1) and (2) give that 
ваа 25-1. a) 


i'm 1285-4) 
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--— 135-41, where Zf—N and z ———M 


: Z-4-d (say) КС) 
When A=0, ш ТЕ 
=} Дх-м)= 7, If—M. qa -M-M-0 
ew 
w= fx Ay 
= OS when x— Aet 
ef=}, (9) 
iu Mo Ma, ED) 
Thus qu,'-—u,—5—o'-d*. .. (8) 


[A] Moments about the mean in terms of moments abont any point 
and conversely. 


Taking x—A=E and M—A d, we have 
x—M-(x—A)—(M—A)-£—4d 


sothat wat Zfx-My- d, Eft-dy 
cpu "Санс Cd) 
-} ZEft'—d. 'C, E у НУСУ Zfir-.. 
HOD ёч, Ca НС PRES 
=p, "С, de'it’ Cad’. y'a... 
Hr dy, (- Dr. d.C) 


But we have d=p,' by (4) 
4C eme — Cu p ea ICs" ls... 


+(—1)—Чт—1)ш" «++ (2) 
Putting r=2, 3, 4,... successively, we get 
y=’ — ua i, — d* КЕЛДЕ 


Bata 3. Pa 22’ =, 30,7208 .. . (4) 
Ша’ — Aps ti би,/2— 30," 5 

=p 41067034 f’ +++ ©) 
Ges, ees: ase, CIC, 


Conversely, py =} Xx Aaa Xf(x— M--M— AY 
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= KCK nC ey ц... t43f] 


Spr tC add IC, sd? s e dr, +.» (6) 
Putting r—2, 3, 4, |. successively, we get 
o A up as щ=0, (Q0) 
By =p 3d, _. ‚..(8) 
ш'=ш-Е44и,-Е64°щ,-Е4\, D (9) 
etc. 


[B] Change of origin and scale of moments. If we introduce a new 
variate u related to X, such that uc Tr^. where Л is the unit or 
scale of moments, then 
{ X—A-—hu and xX— A— hy, +s. (1) 
where x and ñ denote the means of variates x and и respectively, 

Now, i Zf(x—xy 


aM hu) (а +a by (1) 


т 24 
=F Zf(u—uy. 253) 
Аю fm MG Ay САРА 2) 


Here (2) and (3) show that the rth moment of th i i 
* times the corresponding moment of the NA MIS NL inion s "M 


If h—1, then (2) becomes p= M Muay 
"ма ы Eas “а change of origin does not affect the moments 
Again if we take 4—3 and h= 
zero mean and unit variance a; 
form of the variate, — 


Gz then the distribution of x hag 
x-% . 
nd Te, i5faidto be the Standard 


mid-values of class-intervals in a З concentrated at the 
Corrected in case of moments by WE" Sheppard ci, ditribution is 


tt gg ан 
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из (corrected) =й, 
t4 (corrected) —u,— 1/524 4- 31; h* 
where h is the width of the class-interval. è 


. These results may be used in cases where the frequency distribution 
is continuous and the distribution tapers off to zero in both directions. 


Problem 81. The first three moments of a distribution about the 
value 2 of the variable are 1, 16 and —40. Show that the mean is 3, 
the variance 15 and t,=—86. Also show that the first three moments 
about x=0 are 3, 24 and 76. 


Moments about 4—2, are ,'=1,‚ р, —16, р = —40 
We have = 5/(х— A), i.e. 1- 13-2 as ZfN 


1 
W Zfx—mean—3 


vx #=o'=p,’—p,"*=16—1=15 
and а= а' 30,04 +22"? 
2—40—3x1x16-4-2.1— —86. 
Again when 4-0, let the three moments about x=0 be у, У» 
эу, then 
„=у?Лх—®% =} Ух=шеш=3 


эу 2t, -d*. . 
Неге р, =15 and d=M—A=3 
AS w =15+9=24. 
Also э; =p +3dp,+d* 
——86-F3x3x15-4-(3) —76. 
[D] Factorial and absolute moments. About the origin i.e. x=0, of 
a distribution, the rth factorial moment is defined as 


ue v? fixi or simply 3, 2/х% ea) 
where Meo and х'=х(х—1) (x—2)...(x—r+1) 
and the rth absolute moment is defined as 
way Alak or simply ліх ... (2) 


where N-If-X. 
t 


[E] Moments for bivariate distribution. If there are two measurable 
characters say x and y corresponding to each member of the popula- 
tion e.g. heights and weights of students in the survey of ће popula- 
tion of a class of students, then each member has а number of pair 
of values like (x, y,), (s, Уз),..., (х0, у4),... . The total assemblage of 
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such pairs of values of x and y along with their frequencies constitutes 
what is called the Bivariate frequency distribution of x and y. 

If f; (i—1, 2,..., п) be the frequency of the pair (x, ys), i—1, 2,..., 
п, then the moment about the origin of the distribution, of the order 
г, # with regard to x and y respectively (i.e. order r in x and order s 
in y) is defined as 


ud Lies. 4 
Bal 2 Луд у X fy «d 
where N= Ў Л=Ў/. 
i=1 
Thus, у= + У рхи, the mean for | 
i . (2) 
or =} 2 Si¥i=J, the mean for y, 
"EET з , 
Uso = х= 4 
1 і . (3) 
Bor’ ї fac unt 
bn’ = E fixe e) 
Li 
EHI , etc. 


In a similar manner the moment t, ab 
defined as Hrs about the means 2, у may be 


1-5 = 
b= 2, Жх‹—ху(у—у)' +6) 
So that qu,—u 0 
1 
= y 2 хах) (9) 
1 р 
tU, Y fik х fai Sixt ay 
Li 
= hn -H =n a). :-(® 


The quantity и is known as the Covariance between th ari 
x and y and denoted by Cov (x, y), i.e. ушен 


Cov (x, У)= у= —ХУ ` .. (4) 
Ako ноу E fin Xe PO) 


- (8. 
beet d луну | ! 


| 
| 
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Problem 82. Show that the first four factorial moments are related 
to ordinary moments by the relations 
Bay = =F 
Ug) a — X 
Uy = s —384 +27 
Eu) = — bka 3-109^,—63. 
For assumed mean 4—0, u,'—mean-—x by (4) of $15.10 


Now hem fou" gives 

ists | uc MICE 

Bay TN R fix: —N У fix! =F 
pe 

Mar mr z fom Y x fixi (х:—1) 

1 > 1 dida bei 

EN ; Лх? N i Joc! ty! p! — 
УЗАЙ 

y E fish HE fos (и—1) (72) 


1 MEET 1 
=F 2 fixi -3-7 2 Лхё+2. ў 2 fon 
=p; —3 +25. € 
Similarly, po =’ — 6ps 110—6. 
Problem 83. Show that, for bivariate distributions; the moments 
about the mean are invariant for the change of origin but not for the 
change of scale. 


Let the origin for x and y be transferred to A and A’ respectively 
such that the unit or scale for both remains the same say h. Then, 


x=A-+hu so that FISy EU 
ye A hy у=4'+ Юу 
и, v being the new variates. 


tu ay È A873) 03) when Ne 2f 
m 2 Au.) 
i 1 з = 5 16 
=h? [к E fau №“ z foira futu y A] 


‘ssh? ЕЗ z Уат н та |2 poter. ғ] 
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1 Ea 
һ=1, yields, uu bm. y 


ud = 
By [Е}, iu : foux-3- N © finvi—u v. 


Conclusively the moment of order 1 in x and order 1 in y about 
the mean is invariant for the change of origin but not for the 
change of scale. The similar results may be shown to hold for other 
moments also, 4 Ў 

[Е] Вара y coefficients of Karl Pearson. It is observed that in statis- 
tical work, there are certain quantities calculated from moments 
about the mean, which are found very useful. Such quantities are p 
and y coefficients introduced by Karl Pearson. He defined B-coefficients 
as follows: 


2 [5 2 u, 
B= a = == ...0) 


The other two coefficients y, and y, are defined as 
231.2 —3в% 
т=+Уһ = i eh АЫ IE) 
All these coefficients are pure numbers, since Hn has the dimension 


п. Their importance lies in giving information regarding the shape of ' 


the curve obtained from the frequency distribution. 

B; gives a measure of departure from symmetry i.e. of Skewness. 

Bs or its derivative y, gives a measure of flatness or peakedness of 
a distribution and known as Kurtosis. ` 

[G] Cumulants, T.N. Thiele introduced a set of quantities similar to 
moments, which have a comparatively little theoretical and practical 
importance. Such quantities are known as cumulants, Their definition 
constitutes a complicated mathematical structure and hence for the 
elementary purposes, we mention the first four cumulants as follows 


xh E 
K=p — 2 
з= ра’ —3U "t, 20,75 S 
Xam — A's —3047 4-129790, бр, 
As a particular case, about the mean, they are defined as 
x, 770, t=, Ky— Us, кора 3u mer (2 


15.11. EXPECTATION 


[A] Univariate онш distribution. If a variate x assume 
Xi Xass» Xn (denoted by x; for i—1, 2,...7) values, with’ thei 
‘espective probabilities ру, p, ... p, (denoted by p, for i=], 2,...7 
"responding to the л exhaustive and mutually exclusive case 
_ which may-result from a trial, then since the values taken b 
4 Sessa е x is Tu H chance. ог random variab. 
Vari or stochastic variate (a greek term) and the set of values : 
together with their probabilities p, constitutes what is called tt 


| 
3 
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univariate probability distribution of the variate of that trial. In such 
Cases«since the variate takes a finite or enumerably infinite set of values 
(i.e. discrete set of values), the distribution is sometimes known as 
Discrete Probab'lity distribution. 

[B] Mathematical expectation or expected values. 

Suppose ф(х) is a function of variate x such that it takes values фух) 
(i=1, 2,...п) ie. ф(х), Фх,),..., $08) when х tokes values x, 
(i—1, 2,...n) with probabilities p; (i=1, 2,...n), the expected or 
probable value of (х) denoted oy E(9(x)) is defined as 

Е{ф(х)} or simply E(&) —p,d 1) + P$.x2) +-...-Ер„фхһ) 


n n 
= У рф(х{) where X p;=1 eos (M) 
i=1 i=! 


Assuming ¢(x)==x", we have 
n 
E(x") py! +р,әх,'+...-+р„х/== X pU ў eat) 
i 
which is said to be the rth moment of the discrete probability distribu- 


tion about x=0 and denoted by џ,' i.c. 
Uu = Е(х") = Xp;x;r. i3) 
i 


This gives = E(x) => p,x,—x by (4) of $15.10 ‚‚ (4) 
Li 


which is said to define the expected value or the expectation of the 
variate x, 
Again the rth moment of the probability distribution about the 
mean X is defined as 
uu E(x; x) — Zpi(x, —x), Ө) 
Li 
so that p,, the variance of the distribution of x denoted by Var (х) 
is given by 
Uu, — Var (х)= E(x —E(x)P as ¥= E(x) from (4). .. 46) 


Problem 81. For a stochastic variable x, prove. that 
Variance E(x?) — (E(x))* 
and deduce that E(x} >{E(x)}. 
We have, Var (x) = E(x - E(x))* 
n 
= У р, (x;--¥)* where ¥=£(x) and using (5) 
i-1 
of fB] 
= Ў р(х —2хх{Х%`) 
1 
= У рих 25 У рих, + as E p=] 
i i 


—E(x)—23 E(x)--x* 
=E(x*)—2 (EQ)F-FUQOE i x Р(х) 
—E(x!) -(EQ))* 
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Thus, — Var (x)= р 5) EG)- (EG ` 


But = p, (y, —x) > 0 as p, are positive 
Li 
ie. Е(?)—{Е(х)# 20 . 
or E(x) > {E(x)F. 


Problem 85. If a pair of fair dice is tossed and x denotes the sum 
of the numbers on the two dice, then find the expectation of x. 

The x may be at least 2 and at the most 12. 

Let ху, x, ,...X1, be the values of x corresponding to x—2, 3,...,12 
respectively and let ру, ру,...рүү, dencte their probabilities; then, the 
probabilities with the variate-values may be tabulated as below: 

Rael ЗА 8. 7-8 09-10 и 12 

р: Tr yr ar зт ve 7r зу du зч РЕР 

Required expectation (х) is given by 

EX) e pyxy pes... PX i 

=з. 2d dr З: AE Stay. 6+. THE. 84.9 
His 10-60. +g. 12 
es 2E-12-20-30-42 4013630422012. 252 _, 
36 36 


— 1\* 
Problem 86. If a random variable x takes the values x, CT 


k=1, 2,...with probabilities hi find E(x). 
We have E(x)- pixi-- psi PX +... 
=H D+ (8) 4 ~F)+.. 
=—I144-44...=-[1-444..] 
= —log (1+1)—=—log 2. 


Problem 87. Show that if x is a stochastic variate and a is a 
Constant, 


(i) E(a)=a 
(it) E(ax)=aE(x) 
(iii) Var (ax)—a* Var (x). 
It follows from the definition that 
O, E(a)-2 pa a, 
=а pi, a being constant агәа fot i=l, 2, 3,... 
=a аз X p,—]. 
i 
(i) £x их)=Ў p, (ах), a being a constant 
d 


=a X p,x,-a E(x) 
і 
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(iii) Е(аху= p, (ax), =a 2 peak (x) «+ (1) 


i 
and Var (ax)=E {ax—E (ax) =E {ax—a E(x)* from (1) 
=a? E (x— E(x)P. =a? Var (x). 

[C] Mathematical expectation of a sum of stochastic variates, The 
expectation of two stochastic variates is equa! to the sum of their 
expectations. 

If x any y are the two Stochastic or random variates, then we have А 
to show that E(x4-y)— E(x)4- E(y). 

Let the variate x take m values x: (i=1, 2,...m) with probabilities 
Pi (i=1, 2,...m) and y fake n values y, (j —1, 2,...n) with probabilities 
ру (7—1, 2,...n). As such the sum x+y is a stochastic variate taking 
mn values x;+y, (i=1, 2,...m, j=1, 2,...n) with probabilities p,, (say) 
denoting the probabilities of value x; of x and at the same time, of 
value y, of y. Thus if x assumes a definite value x,, y assumes one of 


the valties Уу, y,,... y, so that the реу, i Pu represents the probabili- 
ty p, of x taking the value х; iei Pis=Pi Ben dr 

Span B Pu represents the probability р; of y taking the 
value у;, ten S Pimp P2) 


mon 
Now, FOTIS = Z pis (х;+у,) by definition 
=i j=1 


'm n m n 
=I > pyt È È Puy; 
i=1 j=1 i=1j=1 


m- n n m 
= 2 {U(E pj)H- X (yu (X pg) 
i-1 j=1 «j=l i=1 


m n 
= Ра харе E уру by (1) and (2) 


А =E(x)+E(y). rele (3) 
This result can be extended to any number m of variates ie. if 
X, у, Z,...be n stochastic variates, then the expectation of their sum is 
equal to the sum of their expectations, ie., Я 
E(xt+y+z+...J=E(x)+E(y)4+E(z)+... mo) 
Since E(x+-y+z+ „)=Е(х+у+ф2+ p) 
=Ё(х)-ЕЕ(у+ +...) by (3) 
SE(x)+E(y+z+...) 
=E(x)+E(y) +E (z+...) by (3) 


=) 


PS ; 
1130 Я MATHEMATICAL PHYSICS 


Problem 88. If п fair dice are tossed and x denotes the sum оў the 
numbers on the n dice, then find the expectation of x. 

Denoting by x,, the number of ith dice, we have 

х=җ+Х,+...+ хь, 
so that E(x)=E(x,+-x,+...+x,) 
=E(x,)-+E(%)-+... +E (xq) by (4) of [C]. 

But for the ith dice, the variate being the number of points on the 

dice its values аге 1, 2, 3, 4, 5, 6 each having the probability 3, 


E(x) =F.14+2.242.34 $447.54 156-4. 
2 Еб) Ex)... — E(x) =I. 
я Nan p ОТ 7n 
Hence E). ton terms y | 
Problem 89. If an unbiased coin is tossed n times, find. the mathe- 


matical expectation of the number of heads in all the n tosses. 

Let x denote the total number of heads in all the л tosses and let 
X, be the variate-value which takes 1 when at the ith toss head turns 
up and takes the value zero when it is not so. Then, 

х=хү+х,+...+х„, 

so that E(x)— E(x,-x4--... 3- X5) 

; = E(xy) + Ely) +... HEC) 
Now х; takes the values 1, 0 with probabilities 4, 4 respectively. 
E(x:)=1.4}+0.4=4, 
Le, E(x)=E(x,)=...=E(x) =}. 


Thus E(x)=}+4+...n times. 


Problem 90. Thirteen cards are drawn simultaneously from a deck of 
52. If aces count 1, face cards 10 and others according to denomina- 
tion, find the expectation of the total score on 13 cards. 

If x, is the number Corresponding to the ith card, then x; takes 
values 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 10, 10, 10 each having the proba- 
bility ұу. Hence 
E(x)om п T2-F3-E4--5--6--7--8--94-104-104- 10. 10]-- 15. 

required expectation ‘ 
E(x) =E(x,) + EG) +... E(x) 
=fitP+...13 times-85. 

Problem 91. А box contains a white and b black balls; c balls are 
drawn. Find the expectation of the number of white balls drawn. 

Let з be the number of white balls’ among the c drawn. Then 
defining a variate x,, such that 3 1 

X71 if ith ball drawn is white, i=1, ае 
=0 if ith ball drawn is black. 

We have з=ху=х,+...+х, 
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so that E(s) — E(x; Hx +... - x,). 
=Е(ху)+Е(х,)+...-+Е(х,). 
а а 
ab T pap) 
since the probability of x;=1 всу and that of x,—0 is ES dd 
a a г ас 
Непсе Bet akb't Himes сту 
Problem 92. А box contains 2^ tickets among which "C, tickets bear 


the number i(i=0, 1, 2, ..., n). A group of m tickets is drawn, Let S 
denote the sum of their numbers. Find E(S). 


Let the variates x;, X2, ...x, represent the numbers on the first, 
second, ...mth tickets. 


Now, x; being a stochastic variate assume values 0,1, 2, ...nand 
Ri fü 
have probabilities E = aie = respectively, so that 


But E(x,)=1. 


Ex) = ғ [C,--2.7C,4-...-- nC] 
s WFC С +... C, .] 
М.» Ce ae md 
= О) 


”„ $=ху+Х,+...+ЕХ= gives 
Е($у=Е(ху+ xat... + Xm) 
ы n mn 
TE) EEG E. EEG) E Exams => 

[D] Mathematical expectation of a product of independent stochastic 
variates. Two stochastic variates are said to be independent if the 
probability assumed by either of the variates does not depend upon 
the value taken by the other. 

The expectation of the product of two independent stochastic variates 
is the product of their expectations, i.e. if x, y be two independent 
stochastic variates, then 

E(xy)=E(x) EQ). 

Suppose the variate x assumes the m values Xis Xas .... Xm and y 
assumes the п values у, Ys, ..., Ул. Let the probabilities of x—x, and 
y=y; be р; and p; respectively. Now the variates x and y being 
independent, the compound probability of x taking the value х; anc 
y taking y;=p,p,’, с 


m à 
Now, E(xy)= A S Dip; Xy; by definition 
m n 


= I xp, 3 руу; = E(x). E(y) inal) 
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This result can be extended to any number m of variates x, y, z, 


Nue 
| E(xyz...)- E(x) EQ) EQ)... SR 
where x; у, 2,... are n independent stochastic variates. 

Problem 93. Find the expected value of the product of points on n 
dice tossed all together. 
‘Denoting by x; the number of points on ith dice, we have 
E(x1x,...x,) — E(x1) Е(ху)...Е(х„). 
But E(x;)—1 by Problem 89. 
 Е(хх,...х„)={.}...п {йтез==({ )". 
[E] Covariance. The covariance between two variates x and y whose 
expected values (or means) are x and 9, is defined as 
соу (x, у) = Е[(х—х) (y—9)] { D 
—E[(x—E(x)) {у—Е(у))] NAA 
i.e. the covariance of two variates x and y is the expectation of the 

` product of their deviations from their means. f 
Problem 94. Show that the covariance of two independent variates 

is always zero. і 
Let x and y be two independent variates with their expected values 

(or means) x and y respectively. Then we have 

соу (x, y) E((x—2) (у—3)} 

—E(x—x).E(y—)), the variates and so their means being 
š independent 
={E(x)—E(z)}-{E) EO} 
—(x—3).(3 —7)—0. : 
Problem 95. Show that the converse of Problem 94 15 not true, i.e. 
if the covariance of two variates is zero, it is not necessary that they 
are independent. 


Shag us introduce two variates и and v with same variance, such 
at x i 


x=u-+y, x—ü4- y, 
yu. y, 80 that Meo ; 
Now cov (х, y) - E((x—s) (y—»)) 
=Е(и—04-у—5) (u—à—v-Ey)) 
or соу (x, y) — E((a —u)? — (y—yy) 
zE(u—ü) —E(y— yy 
=var (u)— var (у) 
750, since и and v have the same variance. 
Hue though cov (x, y)=0, but x and y are not necessarily inde- 
рек vd for, if u and у are taken as the number of points on two 
» then their sum and difference, ie., u-L-v—x and u—v=y are 


cither both even or both odd and thus are dependent to each other. 
the converse of problem 94 is-not true. 
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Problem 96. Show that cov (x, y) =E(xy)—E(x) Е(у). 
соу (x, y) — E((x—x) (y) —E(xy— £y —--35) 
=E(xy)—ZE(y)—JE(x) +39 as E(x y)—x 7 

—E(xy)-x3—324x)-—E(xy)—x 
=E(xy)—E(x) Ер). 

Problem 97. Prove the following: 

(i) соу (x-ka, y+-b)=cov (x, y), 
(ii) cov (ax, by)—ab cov (x, у), 


i SEE DA 
(it) cov (==, a )- zs 003. 


where a and b are any numbers. 
(i) cov (x+a, y -5) — E[((x-- a) — E(x -a)) {y+b)—E(y+5)}] 
=El{x—E(x}} (y—E(y))] as E(a) —a etc. 
—-Ex—x3)09-») _ 
=cov (x, y). $ 
(ii) We have соу (ax, by)— E[(ax— E(ax)) (by— E(by))] 
=El{ax—aE(x)} (by —5E(y))] 
—abE((x—x) (y—3)) 
=ab cov (x, y). 


(tii) We have 
| MESRINE iz yu. 
ev (. NUM )- xz ov (x—z, y—J) 


— s. А-9) E(-3) (0-9) - 20-9] 


= E 0-9) 


Oz 
1 
= a, (x, у). 


Problem 98. Prove that cov (x, x)=var (x). 
We have cov (x, х) = E((x—x) (x—x)) — E(x—x? 
—E(x— E(x)* — var (x). 
[Е] Variance of n variates. The variance of two independent variates - 
x and y is equal to ihe sum of their variances, i.e., 
var (x+-y)=var (х)-Руаг (y). 
We have var (x+-y)=El(x+-y)—E(x+-y)P 
=Е[(х+у) (+9)? 
—E[((x—xy---3*42 (х—х) (y—9)] 
EX 8Y-EE( 3) 2E(— 3) (У-У) 
: =var (x)--var (у) соу (x, y) poc NUT 


1134 MATHEMATICAL PHYSICS 


But by Problem 93, the covariance of two independent variates is 
zero, i.e., cov (x, y)=0. 
var (x-4-y)— var (x)--var (у). 3 oe (2) 


COROLLARY 1. It is easy to show that 
var (x—y)=var (x)—var (y). ...(3) 


COROLLARY 2. If xj, Хз,...Х be п independent variates then the . 
result (2) can be extended as 
var (XH Xat. - xs) var (x,)4- var (x;)4-... +VAT (x4), 
Le, the variance of the sum of any number of independent variates 
is equal to the sum of their variances. 


COROLLARY 3. If Xis ху,...х be n random variates with finite vari- 
ances aj*, 64",...0°, then the variance of a variate и defined as 


uc d,X, tH 03x; ... Бах, 
ау, 4 .. аһ being constants, сап be found out. 

We have E(u) = E[ax, 4- a33--...--a5X,] 
=Е(а,ху)+ Е(аух,)+...-Е(а„х„) 
=аЕ(ху)+а,Е(щ)+...-Еа„Е(х„), 

$0 that 


u—E(u)=a, [x —Е(х)]+а, [х,—Е(х,)]+...-Еа„ [xa — E(xa)]- 
Squaring both sides, 
[u—E(u) =a" Dx — EC) as? [х,— E(x) +... { 
bas! [xs — E()]* 4 22,24 [х,—Е(х,)] [x3— Е(х,)]+... 
++ Hänn {%q-1—E(Xn-1)} {Xn — E(x9)). 
Taking expected values, we get 
Elu—E(u)P aj  E(x. — E(x) P+... +a  E(x,— E(x4))* 
2a Ex, —E(1)) (3— E(3))] - ... 
20, at [rea Ехал) {х„—Е(х„))], 
he., var (и)=а,® var (ху)-+-а,% var (x;)-F ...--a,? var (Xn) 
-F2a,a, cov (ху, ху)...++2аһ-уа„ COV (%q-1, Xn) 


= b aj var (х)+2 b 4,0, COV (Xi, xj). ...(4) 
f=] ij=1 
ij 
Deductions 
(i) If a,=a,=1, a,=a,=...=aGn=0, (4) reduces to (1), ie., 
var (x,+2,)=var (x;)-4- var (x3)4-2 cov (ху, ху). meio) 
(ii) If a, —1, a,— —1, ag=a,=...=a,=0, (4) 1200сез to 
var Cram (x) - var (х,)—2 cov (х, xa). ‚‹.(6) 
(iti) If are independent variates, then cov (x,, x,)—0 so 


` that киш. (acd (6) reduce to (2) and (3), ie., 
var (x, 3xy) e» var (x,)-+-var (x;). 2 (0 
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(iv) Ifa -aj ma ml so that x—x, and if x,’s be the inde- 
pendent variates and ајѕо if var (x;)—c*, then (4) reduces to 


var (x) 5 Ea times 57. s+ (8) 


Problem 99. An urn contains pN white and qN black balls, the total 
number of balls being N, p--q— 1. Balls are drawn one by one (without 
being returned to the urn) until a certain number n of balls is reached. 
What is the dispersion of the number of white balls drawn 

Let x; (i—1, 2, 3, ..., n) be n variates such that 

x, 7-1 if the ith ball drawn is white 
=0 if the ith ball drawn is black. 
Then, E(x;)—p.1 4- q.0—p. 
If m be the number of white balls drawn, then 
т=х+х:+... хь 
Е(т) = Е(х,+-х,+... хь) — E(X) + E(x4) +... + Е(х„) 
=p+p+...n terms=np; 
and the dispersion of the number of white balls drawn is 
var (m)- E[(m— E(m)}*]=E{(m—np)*} 
7 E((Gx 3-33... +%n)—P}] 
e E[(x; xà... Рха)2— 2np (х,+хә+... + Xn) тр] 
=Е((ху+Ххә-Ь...-+х„)*]—2лр (xs x... x9) tnp] 


= Elx x I.I +%n") 1 
Hx X tH X1X3-F ... + XX) 4-...)] —2np. np 4- n*p* 
= $ щхгу+2 2 Ехо) тр 20 
i=1 У И 


where Braap. 1--q.0-p, as the possible values of x,* are 1 and 0 
with probabilities p and q. ‘ 

xx)- Р(х). (хуи) as xx, assumes values 1-and 0 according as 
n dd js Fe ee Mate e ur Air ipae tg 
value 1 is given by P(x,xj) which is the product of probability of 
x, and the conditional probability of x, when x, has already 
happened. 


Here Р(Х)=р and Р(х, re 
N— 
so that ; Poux) p. ү = 
and therefore EQux)— p. "= : : eo POP). 


n 3 
Thus SAO SEPT cm times=np 
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2 Ера) P7) V. nc, times 
j=1 


i, j= 


_ощл—1) p(pN— 1) 
5 2 №1 
With these values (1), yields 


var (m) np4 2.9 РРА) _ pepe 


EUN 009—1) (pN— 1) ng (N—1)] 
=p TiN (+p (01) - ng) H- 71-01) +h 
=p N (1-0) 01-р) 


т CP) (N-n PLN „| ред, 


15.12. CONTINUOUS UNIVARIATE PROBABILITY DISTRI- 
BUTION 


` The distributions considered so far are the discrete distributions in 
which the variate assumes a finite or enumerably infinite set of values, 
but there are the distributions in which a variate Jike height or weight 
can take a non-enumerably infinite set of values in a given interval 
axxxb. Such variates ares aid to be continuous variates and then 
probability distributions are known as continuous probability distri- 
butions or simply continuous distributions. 
[A] Probability density function. If f(x) is a continuous function of 
x defining the probability distribution of the stochastic variate x such 
` that the probability of the value of the variate lies in the infinitesimal 
interval (x—tdx, x+4dx) and is expressible in the form J(x) dx or 
symbolically 
P(x—1dx& ¥<x+4dx)=f(x) dx 
then the function f(x) is said to be the probability density function or 
simply density function and f(x) dx is known as PD SE 
The continuous curve given by y=f(x) is said to be the probability 


density curve or simply probability curve. In case this curve is 


symmetrical, the distribution js said to be symmetrical. 


Though the range or interval of the variate may be finite or infinite, 

but it is conyenient to consider it always infinite even if it is finite 

. whence’ the density function outside the given range may be assumed 

aoe рок that c mus in the interval (a, 5) and let its 
"n netion the; X); then its distribution is that i 

with density function бек ы тп s ribution is that of a variate 


fG)—0 for x«a, 
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| =¢(x) for a<x<b 
=0  forx-b. 
The density function f(x) satisfies the following two properties: 
(i) fix)>0 for every x, as negative probability is meaningless 


(ii) (89 f(x) dx=1, ie., the probability ofa sure event is } 
unity. 
The ЛАА the variate X falls in an interval @ 5j) is 
given by 
ма<х<)- |2 1 f(x) dx. D 
Note. 1. The а interpretation оў test (ii) of density 
function namely f(x) 4х==1 is that the total area under the curve 


is unity. In case it is not unity, it can be so by multiplying a suitable 
constant, e.g. 


1 
fi «а-а. 
o 
Multiplying both sides by 6, this gives 
1 
| 6x (1—x) dx=t. 


. 
Thus the probability density function may be so defined 
‹ f(x)20 for x«0 
i f ; =6x (1—x) for 0<x<1 | 
| =0 for x71. 
Note 2. The variate is said to have a rectangular distribution of 
probability when f(x) is constant throughout. 


] Cumulative distribution function. Let the [оной F(x) be the. 
probability that the value of the variate X is <x, i.e 


F(x)=P(X¥<x)= {oe f(x) dx, 


such that _ F(5)- P(X. <=!" f(x) dx 
and FU) Fa) - Pas X«5)- |" fx) ах. 


$ Then F(x) is said to be the cumulative distribution function of x 

or simply the distribution function . It has the following properties: 
(i) F(x)2f(09)20, so that F(x) is ner pud function. 

1 (ii) F(—0)—0. 
(iii) F(o0)--1. 

я Is Density function f(x) 1s related to distribution F(x) by 
x) == F'(x). 
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Problem 100. Jf f(x) has probability density kx*, 0 —x — 1, determine 
k and find the probability that 4 x «41. 
Since f(x) has probability density kx*, therefore 


f Дд dx=1, 


LI 


les I ket dx=1 
0 


А [^ +] =1 giving k=3, so that f(x)=3x*, 
o 
1% 1/2 "mi 
Again, Рф <x < = | " Дх) dx= | 3x dx=3 [> 
13 из ua 
=j- MN. 
Problem 101. Jf a function f(x) of x is defined as follows: 
f(x) 2:0 for x2 a 
=, (34+ 2x) for 2x x«4 
=0 for x>4, 


then show that it is a density function and find the probability that a 
varlate having this density will be within the interval 2g x<3. 


In order that f(x) is a density function, it must Satisfy the two 


conditions: 
(i) f(x) >0 for every x. 
© 
(i) [Pf dx=1. 
Here (1) follows from the definition of f(x). 
Now for (ii), consider 
2 4 
[re ase [for det [е ло det [едд ax 
А i “342x © 
L3 O.dx+ f БЕТЕ dx4- З 0.4х 
=0+1[ xat J; +0 


=g B 06-2406—9]- 1641321 


which satisfies the second condition. 
Hence the function f(x) is a density function. 


Now, P(2<x<3)= ES Pa f 2x 
$ 2 


18 
= [е 8 4 
| 3+2 |o gb g 
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Problem 102. Verify that the following is a distribution function, 
"0. xc—a 


F(x)= (= +1) ‚ —a&x«a 


1, х>а. 

The function F(x) to be a density function, must satisfy the follow- 

ing conditions. 
(0 F(x) 20, 

(ii) F(—~)=0, 

(itt) +00) =1. ett 

Here the first condition is obviously satisfied, t.e., F(x)>0 from 
the given definition of F(x). 

From F(x)=0 for x<—a, it is clear that F(—00)=0 
and from F(x)=1 for x>a, it follows that F(0o)=1. 

Problem 103. Supposing the life in hours of a certain kind of radio 


tube has the density faye when x>100 and zero, when x<100, 


what is the probability that none of three such tubes in a given radio 
set will have to be replaced during the first 150 hours of operation? 
What is the probability that all three of the original tubes will have 
been replaced during the first 150 hours. 


We have f= не ‚х>100 
=0, x<100. 
The function f(x) will be a probability density function if 
со 
[° „лэ dx=1 
100 © 
ien if f fo) axe Дх) dx=1 
-—00 100 
Х 100 со 100, _ 
or if I 0.4х+ [> ud | 
1 
i 0 100 —1 -1 
or if T x Jio 
which is so and hence f(x) is a density function. 


150 
Now Р(100<х<150)= [^^ ах 


1те 1:53 

E о] si "un ES i5] 
50 1 

100. 1005103 ` 

(since the probability of failure during the first 100 hours is zero). 
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-. Probability that-none of the three bulbs shall have to be 
replaced —-3.$ —3. 
Again, the probability that one tube fails during the first 150 
hours =1—j=}. 
: Hence the probability that all three tubes fail during the first 150 
QUr$— 3.3.3 — Үү. Я 
Problem 104. A bomb-plane carrying three bomes flies directly 
above a rail load track. If a bomb falls within 40 feet of the track, 
the track will be sufficiently damaged to disrupt traffic. With а certain 
bomb sight, the density of the points of. impact of a bomb is 
100--x 


fe) 715,990 —100<x<0 
100—x 
7 16,000 * 0 <х<100 


=0, elsewhere. 

If all three bombs are used what is the probability that the track 
will be damaged where x represents the vertical deviation from the 
aiming point which is the track in this care. 

Since a bomb falls within 40 feet of the track, it therefore follows 
that in order to disrupt traffic the track will be damaged when the 
bomb falls within 40 feet either side of the track. Thus the probability 
of one bomb damaging the track is given by 


40 
Р (—40<x<a0)= | Sige) dx 
40 o, 


= ло ах+ [лә dx 


= (° 100-x 40 100—х 
fi 10,000 45+ f. 10,000 4 
TE xi х? (40 
; тод 190+ " оо 2f ] 
1 
= 0:000 [+4000—800+4,000—80]— 090-16 : 
So that the probability that the track is not damaged by one 
omb =l 
4T —35- 


~- The probability that the track is not damaged b 
ee Bed by any of three 
Hence the probability that the track is damaged by at least 
bomb 1С) 121. 18:1 d ad 
[С] Mean, median, mode, moments ete. for a ti 
probability distribution. (i) The Mathematical Expectation so a 
The expected value (or mean value) of an i 
i $ va any function ф(х) of a 
random variate x having probabili i i 
lative distribution function F(a), is aves by "nction f(x) and cumu- 
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Ecole [E 4909 |9 а) ағ) m 


(ii) The Arithmetic Mean 

The mean (arithmetic mean) is obtained from (1) by putting $(x)— x 
whence 

со 
Ma Eo SE xf(x) dx 22402) 

which represents the x-coordinate of the centre of gravity of the area 
of the curve bounded by x-axis. 

(iii) The Geometric Mean 

The geometric mean G is defined as 


log G= [ $a log xf(x) 4х=Е (log x) SNC 


(iv) The Harmonic Mean 
The harmonic mean H i a defined as 


нав) о 


(у) The Median 
The median say ‘a’ being that value of a variate x which divides 
the total frequency into two equal parts i.e., 
P(x<a)=P(x>a) 
is defined as 


[оло а= [оо аа [ове 1) 


(vi) The Quartiles 
The lower quartile Q, is defined as 


[E Дх) dx=} ‚..(6) 
and the upper quartile О; is defined as 
|, fle) ах=+. SAD 
3 


‚ (viii) The Mode 

' The mode or modal value being that value of a variate x for which 
the probability density f(x) is maximum, is defined as 

f'(x) 20 and f *(x) «0, ...(8) 

provided that the values of x given by f'(x)—0 be within the range of 
the variate x. 

(viii) The Mean Deviation 

The mean deviation from the mean (x) is defined as 


Mean deviation- [| | x— | .f(x) dx pcr 
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(ix) The Moments 5 
» The rth moment about any arbitrary point “а' is given by 
"OS [ NL -. . (10) 
and the rth moment about the mean x is defined as Е 
u-[^. (x-3Y fx) dx. _ 73300 


Problem 105. If f(x)=e*, 0<x< show that it is a probability 
ity function and hence evaluate mean Us, Ba Ва. 


It is clear that f(x) 0 for every x 
and [0 ft) а fot a [m ax 


0+] 0]. 


Both the conditions being satisfied, f(x) is a probability density 
functions, 


Now mean= [^ xe? [хе T e dx (integrating by parts) 
° 


=]. 2.@) 


=f? (х1 e* dx 
=[——у e [+ Ё (x—1) e* dx à 
(integrating by parts) 
БРГЕ epem a] 
=1+2 [0—1+1]=1 from (1) meta) 
ь=|° (x—1) e~ dx 
[ere] 43 E (—10) e* dx 
-—13-28m(Q) ° 09) 
and м [? (x—1)* e* dx 
-[-e-» e EE {5 (Ie ах 


=1+4 (2)=9. from (3) 
Problem 106. A Frequency function in the range (—3, 3) is defined 
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by ye (3+х)%,—3<х<—1, 
у=т% (6—2х2),—1<х<1, 
and y—H48—x*h 1<х<3. 


Find the mean and the standard deviation of the distribution. 
We have first to test whether the iven function y(—/(x) say) is a 
density function and it will be so if f f(x) 4х=1. 
-3 


3 E T 
Now f Дх) &=[` ЁЛ (34+x)* dxe[ A (6—232) dx 
з 
«omes 
=al GE T x ig ei IL 
[927] 


==]. 
Hence f(x) is a density function, 


Now, оше, (х—0). f(x) dx (about ће origin) 
тч Ls x. (34-3)! dx+ T x. (6—2x?) dx 
«E x.(3—x)! dx ] 
„реза, c 
; [eS = } 


=r. (t—24)—(3 544 Y)} + 0-0} 
Ei t MP -SCC0-Q-2-H)] 


=0 
1 -1 A 1 
"n [ 2043 ep 26-2) dx 
oe t ; з 7 
‚ @— di 
ент) 
=1 (integrating and simplifying). 
<. standard deviation u4—4,'—t,2— 1. 
15.13. TCHEBYCHEFF'S INEQUALITY 


‚фе а random variate with expected value E(x)—x (i.e. mean) and 
standard deviation a, then for any positive nùmber €, we have the 
inequa 2 
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P(x«ex)l E (known as Tchebycheff's lemma) and the proba- 
bility that the chosen value does not differ from the mean by more than 
€a does not exceed & is represented by Tchebycheff’s inequality as 
1 
Р( | x-¥ | > Eo) <r 
If x be a non-negative variate, then we have 
"x- ur x f(x) dx 
y ы 
4«[e x fix) dx4- f © д) dx 
° €x 
bs 
>[@+ *Л®) & E [$ * x fix) dx>0 
>єз [ifo 4х-єз Р(х>єз) 
Le,x2€*P(x2€x» 
or >Р (x»€)--1—P(x«€x) 
Poce3)21- dr Sr m 
which is Tchebycheif’s lemma. 
If we replace x by (x —x)*, then x (e. E(x)} will be replaced by 
Variance of x le. з“. As such (1) becomes ; 


Pl cx etat] 1— L 


є 
or P j x-3] <e)p1— 1. 2..@ 
ог 1- P( | x-3] «ex 
or P| x-x] Peay: (3) А 


This proves ТсћеБусһе = inequality, which restricts the upper limit 
of the probability. 


‘COROLLARY 1. Law of large numbers, 
If we put in (2), 
XcbXQk.oebx, 00 ря, ря 
„Хх - = Л. eh TOUT and e (&)2. 
~ where A is an arbitrary positive number andi, 15 the 
expectation of the variate, 


u=(x, + tat... х, Жул. 2) 


X 


mathematici 
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Then, we have: 


XbxebeckbXxe +... _ Es 
[jets аа орад 


>1—8 provided A, <5. 

This gives the law of large numbers, stated as below: 

Under the assumption that the probability approaches unity or 
certainty as near as we please, it їз expected that the mean (arith- 
matic) of the values actually taken by п random variates will differ 
from the mean of their expectations or less than any arbitrary positive 
small number when the number of variates is sufficiently large and 
B ->0 as noo, Е 

COROLLARY 2. Bernoulli's theorem 

For given positive numbers ^ and 5, however small, if m be the 
number of successes in п independent trials, constant probability of 
success being p, then a number N depending on ^ and 8,can be found 
such that the probability in order that the inequality |” —р [2 holds 


good, is greater than 1—5, provided п> М. j 
Let us associate with trials, 1, 2; 3,...n random (stochastic) variates 
Xj Ха». Xn SUCH that ] 
X;=1 when i-th trial is a success 
— 0, when i-th trial is a failure, 
then m-xy xe Xs 
Now trials being independent, the variates х;, Xs, ... X4 аге also 
independent. А 
CO E(x)=1.p+q.0=p where р=1—4 
E(m)=1+1+...n times np a 
E(x7)=p.- .0=р as the jble values of x,? are 1 0 
уйе есы ед with probabilities p and q. 
Уаг (x;)=El{xi— EG) 


=E [(х,—р)°]=Е [x —2pxct. 9] 
eX(x3)—2pX(x)-Fp* 
—p—2pp—p-P 

=p (1—p)=pq as p-- q—1 


and Я var "— i var (xi) 


n 
= 2 рф=прф. 
i=] 


As such E( z) A 1 Е(т) 2р [Scc Problem 87 (i) 
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Var (#)=4 Var (m= 22. by Problem 87 (iii) =o" (say) 
Also let À € c. 
` Then an application of form (2) of Tchebycheff’s inequality for 
Z- variates, yields 
m a рӯ. 
ER (Ё у^ pi-i- 
21—8 when n> N= &- 
This completes Bernoulli's theorem. 


Problem. 107. For the number of points x on a dice, prove that 
Tehebycheff” "s inequality gives : 


PLI x—E(x) | > 250] <.47 
while the actual probability is nearly zero. 


бә ор red a a | 
"EX 1+ 2+ s 345 4+ G+ 6 by Problem 88 
eI 
6 73:5 
п Var (x) = El{x—E(x)}")= E(x*)— (EQ)? 
; ; з 
= H utata- (7) 
= 4[1+4+9+-16+25-+-36]—*г 
291. 49 182—147 35 
e c. HS 12 
=2.9167 
EnA = om1.7 approx. Ў 
The maximum deviation of x from E(x) is 6—3.5=2.5=до. The 


lity of greater deviation is zero, whereas Tchebycheff's 
inequality asserts that this probability is smaller than 0.47. 

Problem 108. Let x, assume values land —i with equal probabi- 
litles, show that the law of large. numbers cannot be applied to 
variables х, ху, x,...x,. But if x, assumes values i* and —i*, the 
law of large numbers can be applied to х;, x,,...x, provided «<4. 


We have P(xi-1)-41— P(x,— —1) 
os E(x)=4.i+4 (—)=0, i=1, 2,...п 
and Ee?) =4?447=7, i—1, 2... 


E(x)— E (x, +2,4+ sF Xa) : 
mEG)HE (х)... ФЕ (x) 
=0+0+...+0=0 


| 
| 
І 
| 
| 
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n 
| Е„=Е (X, +++. X= ы fe 
Ў : : 
s d йё=1°+2%+...+ 


= 1 nat) (2041) 


so that ке _ @+1) Qn) 
Sf iin = =040 and hence the law of large numbers is not 
applicable to this case. 


Further when x, assumes values i*, —i*, we have 
E(x)- di (—i*)=0 as DEEA 4=P(x;=—i*) 
Е(хёу={.й*+1.Ё*=Р*, 1=1,2,.. 


So that E= È Е(хг)=1*--2=+...+л* 
і=1 


Zati 
E 


Sati by Euler’s summation formula 


ies Pew = а 0724—1014, a<}. 


Hence in this case the law of large numbers holds only if «<4. 


15.14. CHARACTERISTIC FUNCTION 
The characteristic function for a continuous probability distribution 
having f(x) as its density function is defined as 
© со 
| oe E (emm [^ etm fo) as [© em ar, 
where t is a parameter. 
¢(t) has the properties: 
(i) (t) is continuous in t, 
- 8) KÀ) is defined in every finite / interval, 
ii) $0)=1, 
` (iv) 4(t) and $(—t) are conjugate quantities, 


O 1«01« [5. 1691/09 а < 1—0). 
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1515. FOURLER'S INVERSION THEOREM 
M Pun and 4) danas the ditribution and characteristic functions 
respectively of à random variate x, then 


where P, denotes the principal value of the integral. 
lo cane Fln) is everywhere continuous and ФР) = f(x) dx, we can 


fate I na. zm 
which is equivalent to Foorier't integral 
Fo © 
fue, |" а | emm mne 
ed ова be easily Seduced from (1) by the substitution 
«n» (* em mer a 
Probiem 109 Show thsi ihe distribution 
4 (=F "us, -0 Sro, 
hag the (ыле н} 
UM SE 
И ш evident from calculus of ressors that 
' 
нан 
a Ане 1.1508 Le caecum. 
DAP 
а та 
[UP 


реа, ШЕП 
ШЕЛА 
кл a een Ar vit the characteris 


E ЕТА 


таже dh 


DESE eee | и 
"ei E | 
m de s ; "T 

Sel. oro o. dis E J 

Ih [1 

1; i: ШЫП id 
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one side than on the other. It is therefore expected that in a series of 
throws the coin will fall heads-up and tails-up an approximately equal 
number of times and so the chance of throwing heads or tails with a 
coin is $. Similarly the chance of throwing an ace with a fair die is і, 
Instead of considering the particular instances we generally use to 
say that the chance of success of an event is p and chance of its 
failure is q such that p+q=1. Assuming the events in a number of 
trials to be independent, the chances p and q may be supposed to 
remain constant throughout. 

If we take a number of sets of п trials and count the number of 
successes in each set, then there will be some sets with no success, 
some with one success, some with two successes, some with three 
successes and so on. The classification of the sets according to the 
number of successes which they contain, will give us a frequency 
distribution. 

Suppose there are N sets of п trials in which the chance of the 
success and failure are respectively p and g. We have to find the fre- 

uencies of 0, 1, 2, 3,...successes in cases of one event, two events, 
three events and so on. 
—— When n=1, i.e., in case of a single event, out of N sets of 1 trial 
each we expect Np successes and Ng failures. 

When n=2, i.e., there are N sets of two events or N sets of two 
trials each, the event which has taken place once is repeated again. 
We have Nq failure of the first event or trial and the events being 
independent among these Ng there will be Ng x q faiiures and Ng x р 
successes of the second event on the average. Similarly among the Np 
successes of the first event there are Npxp successes and Npx q 
failures of the second event on the average. Hence there are in total 
Nq* failures of both events, 2Npq cases of the two events with one 
Success and one. failure and Np? successes of both events. Thus the 
frequencies of 0, 1, 2 successes are respectively * 

Ng, 2Npq, Np* 

When n=3 i.e., there are N sets of three events, we see that of the 
Ng? cases in which the first two events were failures, we have Nq*x q 
a third failure and Ng? xp one success, of the 2Npq cases, 2Npq will 
give two failures and one success and 2Np?q one failure and two 
successes and of the Мр? cases, Np*g will give one failure and two 
successes and Np* a third success. Hence the frequencies of 0, 1, 2, 3 
successes are respectively 

МФ, 3Nq'p, 3Nqp*, Мрз, 

From the foregoing discussions we conclude that the frequencies 
0, 1, 2,...successes are given х 

for one event by the binomial expansion of N(g-- p) 

fortwo ,, » » » »  N(g+p)? 

for three ,, » „ » »  N(qtpy. 

In general for М sets of n-events (trials) the frequencies of 
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0, 1, 2, 3,...successes are given by the successive terms in the binomial 
expansion of N(q--p)^ i:e., 
n| q"4-nq^2-4- пя) gp + ти) (9—2) qp... 


This is called the Binomial Frequency Distribution or simply 
Binomial Distribution and the quantities n, p (or 4) are said to be 
parameters of Binomial distribution. 

Characteristics of Binomial Distribution 

(1) Its general form depends on parameters p, q and л. 

_ (2) The probability that there are ғ successes in п independent trials 
is given by "С,р"4" and hence in all the N sets, this is given by 
М."С,р'"". 


(3) The numerical coefficients of the binomial expansion can be 
found by Pascal’s triangle, 


6 4 1 
1010 5 1 
) 8 120 210 252 210 120 45 10 “1 


(4) It is chiefly applied when the population being sampled is infi- 
nite so that ‘p’ remains unchanged by sampling. 

(5) It can be applied to finite populations also if they are not too 
small. 


(6) It is used under the conditions: 
(i) The variable is discrete. 


(ii) A dichotomy (i.e. process of classification of collected indi- 
viduals into two classes according to whether they do or do not 
possess a particular attribute) exists. 


(iit) Statistical independence is assumed. 

(iv) The exponent power n is finite and small. 

(v) For symmetrical distribution p=q and for asymmetrical p#q. 
Constants of the Binomial Distribution $ 


Let us take an arbitrary origin at 0 (zero) successes so that the 
successive deviations are 0, 1, 2, 3,...п. 


1. The Mean. 
We have 
the mean=,’ (about the origin) 
; п : 
= È "Ср" 
0 


r= 
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б 7 (9.0) -("С,4"2р.Л)+-("С,4"7°р?,2)+...--(р".п) 
=p [п4"71-Еп(п—1) q*p4-...-Enp*] 
=np [q7!--(n—1) 4"°р+...-Ер"—1] 
=пр (q-py- 
=np since g+p=1. 
2. The Variance and Standard Deviation 
We have, u,’ (about the origin) 


- "Сургут. 
=(4".0)+ ("C q*- 3p.12) - (C, q7-p*.22)4-.... --(p*.n*) 
or m'=np Гади) tp +9 =Р@=® ape] 


=лр [(n—1) p4-1] 
since the bracketed expression is the first moment of (q+p)" about 
origin —1 and hence is equal to (n—1) p-- 1. 
Asan alternative, 


n 
à - EC, "eol "Сур" [г (r—1) +r] 


=n (n— 1) DENAC apg t+ прУ"1С,_ pign" 
=n (n—1) р? (p-- 9 +np (p-+g) 
=n (n—1) p*--np as p+-q=1 
=лр [(n—1) p--1]. 
7. The variance=o?=p,—y,’—p,'2 
=np [(n—1) p4-1]—(np)* 
=np (1—р) 
==прд, 
80 that standard deviation =0= Vy, =y (npg). 
3. Third Moments about the Origin and about the Mean 


n 
Ha "C, prn rh 
0 


E "C,prq* {r (r—1) (r—2)43r (r—1) +7} 


=n (n—1) (n—2).p*X*-3C, ptg" 
: +3n @ 1) c duc Р?" 

=n (n—1) (n—2) р? (p--qy-E3n (n—1) p? (pt gy? 
- +Епр (p+) 

=n (n—1) (n—2) p*--3n (n—1) p*-Enp as p--g—1 
i =np (n—1) (1—2) p*4-3 (n—1) p4-1) 
and рар, — 32s 29,2 

=npq (q—p). 


STATISTICAL PROBABILITY 1155 


4. Fourth Moments About the origin and About the Mean 
n 
m=} "Cpr. г“ 
0 


n 
= "C,p'q"-*.(r (r—1) (r—2) (r—3)4-6r (r—1) (r—2) 
47r (r—1)-+7} 
=np ((n—1) (n—2) (n—3) p*+6 (n—1) (n—2) р? 
к 2-7 (n=1) p-- 1) as above 
and ра — 4 3: - 68s, 7 — 39? 
—3p'q*n* +pqn (1— 6pq). 

Problem 111. A perfect cubic die is thrown a large number of times 
in: sets of 8. The occurrence of a 5 or a 6 is called a success. In what 
proportion of the sets would you expect 3 successes. 

Number of faces in a die—6. 

а '5'--a *6' —2 successes. 

J. p=i=4, so that gq=1—p=j and n—8. 

The binomial distribution is therefore N (3+4)°. 

Probability of 3 successes in one set of 8—*C, p*q* 


8.7.6.35. 8X 7X32 
-125 (0х 


.. Probability of 3 successes in 100 sets—— 1x81. x100 


: Problem 112. An irregular six-faced die is thrown and the expec- 
tation that in 10 throws it will give 5 even numbers is twice the 
expectation that it will give four even. numbers. How many times in 
10,000 sets of 10 throws would you expect it to give no even members? 

If p is the expectation of getting an even number then the pro- 
bability of 5 even numbers in 10 throws of a die is twice the probabi- 

lity of 4 even numbers in 10 throws of the die, i.e. s 

` VG; pq —2Xx "Cp, 
$p—4—1-—p giving p=; and 4—4. 

+. Frequency for no even number in 10,000 sets of 10 throws 
=10,003.g'°=10,000 (3)^—1 nearly. 

Problem 113. Show the results of throwing 12 dice, 4096 times, a 
throw of 4, 5 or 6 being called a success. 
. Find the expected frequencies and compare the actual mean with 
those of the expected distribution. Calculate the standard deviation., 

Probability of sucess of falling 4, 5 or б=}={ф=р (say). 

Ao qg=1—p=t. 
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a 


Success Frequency. ? Success Frequency 
-0 = 7 847 

1 7 8 536 
A 60 9 257 

3 198 10 71 

4 430 11 11 

A 731 12 = 


кз 3 
a Total 4,096 


Binomial distribution is 4096 (4 4-3). 
Frequency of 0 suczesses—4096 (4)135— 


» 1 succeess —4096. “С. s puis 5096 = 12. 
» 2 successes 4096 !*C, q'p* —66 
Y B C ХОЙ 


» 4 successes =4096 '* C ,.4* P* — 495... etc. 
Now, expected mean=np=12.4=6, 
c*—npgq— 12.4. 4-3 К 
-. standard deviation o= у/3= 1.732. 
Problem 114. /f a coin is tossed М. times, where N is very large 
even number, show that the probability of getting exactly }N—p heads 
айа N «p tails is approximately 


12 
—2p2/N 
( zw) m) 
P. Since the coin is unbiased p=q=t. 


n n 
-. Required probability ^C jw. js z Pa +? 


= угу р га as p=q=t 

Applying Strling's theorem i.e., 1 

nl = v/Qrn).n^e- approx. 

zen! 1 (2л), n being large, 
we have the required probability 
M Qn) NN ten 
"ivan GN- zc uA (AN pV TP Fic Ур) a. 
Nc 


= Vus av i D +2) КҮРҮ 3 


: E узш oa) аа урин 
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2 4p? \N/2 
(4 (1-3) j neglecting other terms 


2M 2 
E (су) е—2р°/М approx. when N is large, for then 


E 4 үн? C. 2p|N | | p 
Lim (1 ж = Lim (1- )-e 2p*[N 
М->со N* Мэ iN j 

[B] Limiting furm of the binomial distribution when n is large. 

We know that for large values ofn, each term of the binomial’ 
becomes small, but we consider the sum of the terms lying within 
certain ranges. It is observed that as п increases and becomes infinitely 
large, the curve representing the binomial distribution becomes 
smooth and continuous and approaches the normal curve which is a 
symmetrical curve such that the maximum frequencies are clustered 
áround the mean and the deviation below the mean are equal in 
number and magnitude to the deviations above the mean. Thus 
normal curve: is à standardized and special case of the binomial and 
the distributioa giving this particular curve is said to be the normal 
distribution. We consider it in two cases: 

Case I. Normal distribution as a limiting case of binomial distribu- 
tion where p=q. : 

When p=g=4, the terms of the series N(3-- 13)" are 

qc mn(a-Dn , n(a-1) (n—2) ] 
varient Sane tee 

The frequency of m successes is E 

NOC a ке, N гүн 


and the frequency of (m+1) successes is N ({)”."С„+ 


Pease асаа 
=N (m3-1)! ın—m— 1)! 


MES n-m 
={v i) m! (n—m)! { m4 


zm I )® times the frequency of m successes. 
So that the frequency of (m+ 1) successes is greater that of т succ- 
n—m. 
cesses if “mito! 
or if a-m>m+1 à 
3 < п—1 
or if m 2 


For the sake of convenience let us suppose that n=2k; then the 
frequency of К successes suy Yo=N (%)* HE and the frequency of 


(K-1-x) successes Ye=N da 
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Jal k! k! Kt k (k—1) (&-—2)...(k -x+1) tk — x) 


"Oye (Күл. А! UCET) ОО) АЕА) 


_ or log Je —hog (1-у)+ (1-2). (=) 


XUL (1 )- (1-2 )---tes (1+ х1 ) 


Supposing К to be very large аз compared: with x so that (i) 
may be neglected, expanding the logarithmic functions as log 


zt z 
(1+4)=2—-;- + and log Quoc RN M then 
neglecting the squares of iie. (x , we find 
Vz Ае эч 3 та 2A x pina 


Yo Е Е Ferny say AE 
2 за аур 
р О+2+3+...+х—0)- 


S 2 xx—-) x 
M 


B 2 k 
X 
am Jo 
or Je —„—х?]к 
Yo 


E EY Т. { 
But for a binomial distribution with P=@=}, n=2k, we have 
c* —npq— 2k.34—1K i.e., k=26? 
Hence Уз=у,е— (3/207) 
which gives the normal distribution and the equation у= p e 92/202 
represents normal curve. Y 2 
Case II. Normal distribution as a limitin, cas h ial distri. 
Bk psa ре s g case of binomial distri 
The frequency of m successes is 
МС д "рту __ 
a f "p mi (n—mji mp 


and the frequency of (m-:-1) successes is NC, gh lym 


мнн 
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RERO ES OC SUR i-m-Jpml 
— (n1) (n—m—1)! P S 
п-т po 


n i 
«Ix. m! (n—m)! де pn. m+1 4 


-( EI. ^ )һ times the frequency of m successes. 


т--1 
So that the frequency of (m+1) successes is greater than that of m 
n-m p EAS AES 
VES 21 or if (n—m) p»(m- 1) q i.e. if m<n p—4. 
Assuming that пр is a whole number, since there is no loss of 
generality as п ultimately tends to infinity, the frequency of пр 
Successes may be taken as maximum frequency. 


The frequency of np successes (say) 


successes if 


n. азу 
yo N. imbuta p^? 


n 
mN.—— — qp as1—p-—q 


np! ng! 
and tlie frequency of (np-- х) successes (say) 
dat Nae pem ЗЕ 
ул. (пр-Ех)\ (np—x)! ER 
n A сен Е 
= №. Seer ip"? as 1—р==9 
and the frequency of (np-i-p) successes (say) 
Ў nl È : 
ya-: М. (арх! (1991 4. ssa 
: э» (пр)! (лд! — i 
gi 5.7 (np) пах) 9 Р 


А ^plying the Striling's theorem that when л is large . 
n! = (27n) n*e7?— ean" +a (27) approx. 
we have 5 
Ve e (un (27) хе" (пд)? (27) —— 0, 
Yn =e 092 *P(np. esie (QR) оа х) H Ey (27) 
E (npy»ui* ( ng)" ГУ 


NC 
: Em “|, r5 (г 


| орун a z 


nj nq 
1 
TY NSBEHHR[T y Vuuno 
n) ('- i 


or log == —(up--x4H) log (1 + >) eu- xD log (3) 


My 


& 
1158 MATHEMATICAL PHYSIC 


a x x 
Tore [s] | 
x x^ 
наа Z tair 
E > RF x ХЗ xt EA 
ap mp — 2ар eq ng + Drg | 
neglecting the terms containing = 
-+{ Er wt} {У-Ү} 
Сой Ups p dp p aes q 
(eta)  x(q-p) x* (g—p) 
2npq 2npq 2npq 2npq 
Since q and P both are less than 1 and very nearly equal, therefore 
aT. can be neglecied and then we are left with 


x asp+q=1. 


ye x es x s 
PEN TU LE MEN 
or Je Lex [20 
Jo 
ie, Ya yye 7 129° 


Note. The curve given by у=уџе—х128 is said to be the normal 
уе, s 


A normal curve ig symmetrical about the point x—0 where the 
ordinate has its maximum value, In а normal curve, the mean, the 
median and mode coincide, 
1С] The Normal Distribution 


We have just introduced that the equation to the normal curve is 
У=у ет 2t TA) 
lts — area Í d dea qe 
-© 


ту 
—2» Í i €7* TI? dx, being symmetrical | 


EO C сы [Prem de= VE if aso 
1 Й 2а 
2. М2в 
=вууу/(2х) 971 


7:2.506627 ув by putting the value of Vv (25). 

In order to make (1), the normal probability curve, the value of Jo 
be so determined that the total frequency is one i.e, the area of the 
normal curve is unity and this will be so if from (2) 

вў»у/(2%)з= 1 
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o 
Fig, 15,5 


he. љу NC 


Substituting this value of yo іп (1), the standard form of the 
normal curve becomes М 
1. p520 
y= en) * у (4) 
which is the normal distribution. 

In deriving the form (1) of norma) curve, we have taken the 
mean at the origin, but if however we take another point as the 
origin such that the excess of the mean over the arbitrary origin is 
m, the form of the normal curve is : 

Ll g-(-my[2et 
y= sya’ АЛЯ) 
which represents the standard form of the normal curve.with origin 
at(m,0) 
Physical conditions leading а normal curve 

(i) The casual forces that affect individual events are mutually 
independent. 

(ii) The casual forces of equal magnitude are very large in number. 

(iii) The casual forces operate in such a way that the maximum 
frequencies are clustered around the mean value thereby giving а 
symmetrical curve. Conclusively the deviations below the mean are 
equal in number and magnitude to those above the mean. 

(iv) The normal distribution can be used as an error distribution 
by inquiring what law of distribution errors of observation should 
obey in order to make the mean of a set of measurements the most 
probable value of the ‘true’ magnitude. 

Hence according to Gauss, if we call the ‘precision’ Л, such that 


k=}, the form (4) becomes 


mh ceat 200) 


lt is clear from (6), that as А increases, the normal curve would 
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become narrower and as such h is a measure of closeness of the mass 
of observations to the true value. 


Definition of a normal distribution. A normal distribution is a conti- 


. nuous distribution given by 


А 


+, 


=l e [—mjes, 
MET 0 © 


where x is a continuous normal variute distributed with probability 
density function Л) еі [x—m)/eP; with mean т and stan- 


dard deviation в. 
Properties of a Normal Distribution 

(1) When р= or pzzq (Le, p is very nearly equal to q), the 
distribution fitted is symmetrical. But a normal curve is distinguished, 
from the other symmetrical curves in a markable point that a normal 
curve is symmetrical not only with regard to skewness as are all 
Symmetrical curves; but it is also symmetrical with regard to peaked- 
ness (i.e., kurtosis). 


(2) The normal curve is a mathematical abstraction, not found 
in practical work, but used to describe the form of distribution that 
would be obtained by some continuous data in very large numbers. 


(3) The normal curves are based upon regular variation and unifor- 
mity conjoined so that no single force playing on each item of the 
distribution is domiuating. 

(4) In a normal distribution, items differing from the mean (or 
median or mode which coincide in a symmetrical distribution) by the 
same amount in either direction occur with the same frequency. As 
such above and below 
the mean at equal dis- 
tances, there are same 
number of measure- 
ments. i 

(5) Normal curve is 
a Single peaked. ` 

(6) Normal curve is 
asymptotic to the hori- 
zontal base as y 
decreases rapidly when 
x increases numerically. 

(7) The mean, median 
and mode coincide and 
lower and upper quar- 


9=1/2 


Fig. 15.6 
tiles are equidistant from the median, 
(8) The curve can be completely specified by mean (i.e. origin of 
х) and the standard deviation along with he val 1 i 
equation (3). E the value of y, found as in 


(3) The points of inflexion of the normal curve аге obtained by 
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2. 
putting ЖУ o provided $$ 7*0 for these points. 
These are found to be 
X—-l6,.y-———L——e 1 CE 
ev (27) 


Note. The points of inflexion are the points where the curvature 
changes its direction. 


Constants of Normal Distribution 
1. The Mean 
Mean-u,' (about the origin) 
sL [9 1 [-m)t/20] 
"Vs х.е m, dx 
Put m MUR ie. dx= Уда de 


F qo "+ V2.oz) е dz. y/20 


m ri 2 -z 
= ps z a+ / (2) um dz 


=” [oes dz, the second integral vanishes, being an 
4 odd function of z 
2m үт 
S uz m 
2. The Standard Deviation and Variance 
We have Ыз (about the origin) 
1 (9 хг„—«—туу2в®] у, 
=т ves fe xe ах 
2 2—2? ые АЁ 
юг Wh = ws | (m--4/2ez)? e / 2c dz Put Vis 2 
le. dx=/20 dz 


- |9 е —P 42+ VE z.e-? dz 
уо. —oo 


2m? (oo Miri pum 
Мт | dm | ° By a 
the second integral Doe by the property of definite iategrals 
2m ут 2,12 
= is E NETA = |" ze dz 
со 2 
=т?- 3, z(—22)e7" dz 
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E UU 2” [(: ze-? )°- pet dz ] integrating by parts 
ут 0 з 
Ж 20 ут, 
=т+—— ук! [e =me-+ot, 
The variance p= po’ — p? 
{ =т?-+}о%—т?=с?% 

-. Standard deviation— 4/u,—c. 
3. The Mean Deviation from the Mean 
The mean deviation ape the mean 


ei [x— msg. 


oo 
ne aed ag" 


c2 [o Хх 
sls | V2ez |. e~* dz Put Et =z 


a ү [е 4e? ze" dz J ie., ах= y20 dz 
2 2-2 E х) } 
c { 2 Ee 2 16 
ma 4589-2 0.7979 c —£c approx. 


4. Moments about the Mean 
Let us first consider the odd moments about the mean 


e—(x—m)?]20 ду, 


a g 1 
| т 


Put Š =z, Le., dx—4/2e dz 


y 2o x 
- I (М 202)%"+1 e-? qz 


—0 being an odd function of z, by the properties of 
definite integral. 
ра == ...=0 . 
i.e., all odd moments about the mean are zero. ў 
Let us now ans the even moments about the mean 


Man ns AU E (x— m)“ e—(x—m)?//20 gy 


. 


Put =z, dx=V/20 dz 


= E 
= = I z^ e`? dz 
27H.» (со 


P 6—2 271, z dz Put z!—t, 22 42=ш 
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2^?» ie > i 2h^g?n [^ 
= = 1429-1) /2 diea an t ((nH1/2)-1 
vz Jo 8 v7 Jo A z 

Zo 

ae 

In ee on 

B k+1 

ue (REL when k=2n 


T'(n--3) by the definition of Gamma integral. 


Now we have uL = фут=о?, 


220! 4at 
ge МЕК УЕ фут 3o*, 
5. The Normal Probability Integral or Error Functions 
It has keen shown that the total area of the normal cürve being 
unity, it is given by 
Went e Xt[2o 
ber в\/2т 
or putting xs =h?, this becomes 
ВА gave 
) y= vaut №х 
where й is known as precision. 
Thus the probability that a deviation lies between x and —x is 


P eig 


-— || е? dy 
° 


ут 
ог g(hx)= D ет? h dy 
LJ 
2v[*-. 
so that ¢(y)= IUE f е7» dy 


which is known as error function or the probability integral. 

Note. The probable error ^ or quartile deviation is defined to be the 
error such that the chance of an error lying within the limits m—d and 
(988 is exactly the same as chance of an error lying outside these 
limits i.e. 


+À 5 ES 
sv]. at en dx=4. Put = = =z 
1 ме —2#2_ 
ог HIT [; е dz—i 


whence from table A =0.6745 ie. A-0.6745c — ic approx. 
ác Qi—m-— $e and Q,—m4 $c. 
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TABLE I—AREA UNDER THE NORMAL CURVE 


Area being measured from mean 
(x=0) to distance х/о, 


0.01 


0.02 


0.03 | 0.04 | 0.05 


-0160} .0199 
-0557 | .0596 
.0948 
.1331 
.1700 
.2054 
.2389 
2704 
-2956 
.3264 


-0120 
0517 
-0910 
.1293 
+1664 
+2019 
+2357 
-2673 
.2966 
.3238 
3485 
-3708 
.3907 
-4082| . 
4236 
-4370 
4484 
4582 
-4664 
.4732 
-4788 
ARU 
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AREA UNDER THE NORMAL CURVE (Contd.) 


0.05 | 0.06 | 0.07 | 0.08 | 0.09 


4974 

4981 

449865 
49903 
4499313 
:499517 
499663 | .4997 
499767 | 44998 
:499841 | . 
.499892 |. 
499928 | . 
"499952 |. 
:499968 |. 


Table for ordinates. Normal curve is given by. 


Duelo —2a*[2s2 
ipo cart rsa (Sov 
So the tables are to be prepared to give the values of ves 


е2 the origin of x being taken at the origin whence division 
of these values by c will yield the ordinates y as required by (1). 
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TABLE II—ORDINATES OF THE STANDARD NORMAL CURVE 


==x/o| 0.00 


; 0.01 


-3989 
.3965 


+3902] . 


-3802 


.3668| . 


+3503 
3312 
3101 
2874 
+2637 


.2396| . 
| 2155 
| 1919 


.1691 
+1476 
.1276 


Ordinates (у) being obtained 
on dividing by e, the values 
of 1 eT? /20 given by the 

25) 


following table, origin of x 
being at the mean. 
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0.02 | 0.03 


.0332 
.0264 
-0208 
0163 
-0126 


Proportions of items included within +s, +20, +30 of the mean 
in normal curve. The total area of a normal curve: being treated as 
unity, the probability corresponding to any interval in the range of 
the variate is measured by the area under the curve within that 
interval given by Table І. Hence if т is the mean of the normal 
distribution, then P, the probability from m to any value x of the 
variate is given by 

[е e omine: 
Pegh. © 
x—m 
Put — 7 =z i.e., dx=o dz 


-vas |," 
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This value of P is known as the Probability integral or Error 
function, Thus 


Р[т-с<х<т+] Sole [х-тер gy 


Put ст" =2,@х==вс@2 
S Bin cm VR ves]. 2/23; 


—22/2 
yoy |, 7" 
772 X .3413 since from table І, for z=1, 


1 
убу], "o as 
'e.6826 


Which follows that 68. 26% of the items in the normal distribution. 
fall between the range +o of the mean. 


Now 
Р [т—2в<х< т+-2в]= — 


Put T Le, dx—o dz 
2 
"esl. e-?q, 


—27/2 
ves [еа 
72x 4772 from Table I for 2—2 
=.9544, 


So that 95.44%, of the items in the normal distribution fll withi 
the range +26 of the mean. foll within 


Again 


Plm—30<x<m-43o]— 009 | e-lx-m)joy gy 
i-a« 


—nm 
Put 52—52, <. dx=odz 


3 
7Vés |, e 
=2 X .49865 
=.99720, 


99.72% of the items in the n 1 distributi ith; 
range +3e of the mean, amen шап within the 
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Conclusively a normal curve can be used to find 
(i) The number of cases at any given distance from the mean; 
. (ii) the number of cases lying within certain range of values in the 

distribution; 

(iti) the probability that a case selected at random lies above or 
below a given point. à 

Problem 115. Jf n is large and neither of p and q is too close to 
zero, then show that the binomial distribution can be closely approxi 
mated by a normal distribution with standardized variable given by 
z= UN where x is the binomial variate with mean np and standard 
deviation \/ (npg). 

From the given properties of x, we conclude that z isa variate with 
mean zero and variance unity. Also as x goes from 0 to n, 2 takes 


values во that the total range of z is 


ty ees 
v(mpq) VV (npa) \ í 
Ма ЕВУ ати A OPED |. n — ; OS 
у (пра) (a )- (трд) ^ vipa ' ^^ 7 101008 ep) 
, at each stage. 


Now —0 as n-oo 


1 

v (npa) 
ogg ^ ns р, 00 
Dose. m аз n>, p, g#0. 

As such the distribution of z is a continuóus distribution from 
— оо to +00, with mean zero and variance unity. 

If P(n, x) denotes the probability for the variate taking the value 
x, then P (a, x) -"C.p*q"* 

n! 
um x1n—91^4- . 
Applying Stirling's theorem i.e., n !==4/(2т).е-°л"+1°, we get 
е 5 A/(2).e^. п"+\!%, pagr 
P= Lin Pos х)= om Оте а. 211, (т), 0-9 (n— xum 


z е), 


х eH n—x \nretlia 
See в- (=) CS) i eed) 


T И Hoc rt) 2 
Now given substitution is z: ард. 


ог x=np+z-/(npq) 
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x ifa n—x BE 
ie., пр itt 4 (4 ) ana = AU np—z« (npq)] | 
2) 


4 

1 

= ag lV (npa) 25 
9 p | 

sui 

Taking logarithms of both sides of (1), we have 
x n—x 
log B=(x+4) log E T(n—x-4-3) log TES 
' Making substitutions from (2), this becomes 


log Bolnp zv epo) og [ 1+2 4/(-2,)] 


+[ng—z+/(npq)] log [i T ie )] 


рурат: (5) с ФЕЙ, ] 


Fna—zv/(npa)] t4 Р j -.} 


ng 
zzi. 4. P\ 2 (2,P 
-EAN/$ ETC )3 "et +4) +terms 
containing higher power of (1/n) 
when л->©, log 255. ie. Bret#/2 


Now as x takes integral values, z jumps through Vo ie, 
7 
€npq)?^ so that increment іп z i.e., dz—(npq)-? when nœ Th 
if dP represents the probability for the variate to lie within te 
range 2- js to s thee 2 to lie within the 
Le 2 
: ар Os)* ы dz, —%0<2< oo 
which is the required normal distribution for z, 
l (-2 
Hence — f(2— Voy? 72 as dp—f(7) dz. 


If mbe the mean and с the Standard deviation of the normal 


dist а б 3 x—m 
istribution, then we can replace z by and dz by 1 dx, 
whence we have г 
ати (б) BEA SUL di 
giving ‘f= evo t [(х—т)ув]ї 
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1 
so that y=, іе. у= —4 [(x—m) oP 
о that y=f(x) ie. y aviary 
gives the normal probability curve, 


Problem 116. If skulls are classified A, B, C according as the 
length, breadth index as under 75, between 75 and 80 or over 80 find 
approximately (assuming that the distribution is normal) the mean 
and standard deviation of a series in which A are 58 per cent, B are 
38 per cent and C are 4 per cent being given that if 

x 1 KE DS 
"n (x?/2) 
f (0 Var) З е dx, 
then f(0.20)—0.08 and f(1.75)=0.46. 

Let m be the mean and c 
the standard deviation for 
the given distribution. 

As given the area between 
t—0 and t=0.20 is 0.08, so 
that the area to {һе left of 
this ordinate is 0.54-0.08 
0.58 which corresponds to 
х=75. s 

'35— Fig. 15.' 
a Bm 020. ...0) 

Also the area to the right of the ordinate at x —80 is 0.04, зо that 

the area to the left of this ordinate is 1—0.04—0.96 i.e. the area from 


0to t— 0m is 0.96—0,5«0.46, which corresponds to 121.75. 
vue 7 0) 
с 
(1) апа (2) аге 
0.20с=75—т, 1.75с=80—т. 
Subtracting, 1.550=5, i.e, o= iM approx. 
and then m=15—0.20 x 3.2 


=75—0.64=74.4 approx. 


Problem 117. In a normal distribution 31 per cent of the items are 
under 45 and 8 per cent are over 64. Find the mean and standard 
deviation of the distribution. 

Let m be the mean and d the standard deviation of the distribution. 
Since 31 per cent of the items are under 45; therefore 19 per cent 
of the items lie between 45 and m. Thus if 


$()= ds etn where 127, 
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ae (m—45)/a Е 
| (45—m)/c $0 EC ie. f $(t) dt=.19. 
0, 
From Tabie E Ne have [ #0) й=л915, 
i 0 
So т—45 =.5 approx. (р) 


Again since 8 per cent of the items агь over 64, therefore 42 per cent 
— 1.4 
lie between т and 64, so that [^ М Kr) dte 42 [ $0 dr 
0 о 


nearly from Table I. 
^ Sem 14, 2.0) 
Solving (1) and (2), we get m=50, с=10. 
Problem 118. If x is a normal variate with mean x and S.D. в, find 


the mean and variance of variate y defined by 
з 


i ( х—Ў 
per 2 
For the normal variate x, we have 
1 = Х)/а 
Дх) ах y HFa}? gy. ++ (1) 
Qd A. don) Е dx c 
Ify d = В Les dyem rte OF Фу луу 9^ 
then (1) becomes 


En 1 x c БШ). 
JU) а=-——_ vex "vay 9-357 P te tidy, 
во that 
mean=p,’ (about the origin), for a normal distribution 


-2 je УА») dT yit e dy 
=J T4 (by "e integrals) A d 42-1 
and |o —2 f »* fiy) dy 


1 feo 1 1 
ме peus D = 
val о dm Deme bane; 
of Ha = Hs’ — 17 4— E—- b variance, 
Problem 119. If a normal distrtbution is grouped in interyalg of 
Srequency N and S is the sum of squares ofthe ейте, an total 
of the standard deviation a is given by =— — 


КЫ 
The normal fi uri 
е normal frequenc: istribnti E 
deviation c is im n distribution with mean m and Standard 
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dFe f(x) dx y а нуе К-те 


where the ordinate of the normal curve is 


N 
e —4 [(x—m]o}, 
Уау) s 


-. square of the ordinate is 


2 
pe е emer 
as such the distribution function for y? is 


dP=y? dx. IN. e-le—m)/a}? dx 
то? 


2 
xad —k (x—m)?/ (0 / 4/2)" dx, 
= рае, Г] 
2сут (25 )ve» 
ў v2 


which gives a normal distribution with S.D. o/+/2 and total frequency 
N'[(2c4/z). Hence taking S as equivalent to this value, we have 
5. N? i N? 
Jaya? С "7 32378 

Problem 120. The local authorities in a certain city instal 2000 
lamps in the streets of the city. If the lamps have an average life of 
1000 burning hours with a standard deviation of 200 hours, (i) what 
number of lamps might be expected to fail in first 700 burning hours, 
and (ii) after what period of burning hours would we expect that 10 per 
cent of the lamps would have failed? Assume that the lives of the 
lamps are normally distributed. You are given that 

i [ut зар 
F(I.50)=0.933, Е(1.28)=.900 where F(z)— [ шубе "24 

(i) We have the average life of the lamp i.e, m=1000 hour and 
standard deviation c=200 hours. 

*' The normal distribution being symmetrical, the area of the 
normal curve to the left of x=700 is equal to that to the right of 
x--(2000 —700) —1300. 

У _ х—т  1300—1000 _ 

б ` z= 77 200 =1.50 


ft of x=1300 is=— l [| «7a 
and area to the left of x—1300 is: vel «* dz=F(z) 


where z=1.50 and also F(1.50) 20.933 which gives the probability of 
a value of x lying to the left of x —1300 or right of x—700. 
.. probability of its failure=1—.933=.067. 
So that the number of lamps expected to fail in first 700 hours 
=2000 x .067 —134. 
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(i) The failure of 10 per cent of lamps gives that a value of x is to 
beso found that the area of the standard norma! curve to the left of 
it is x$% i.e, 0.1. But the area to the left of 2=1.28 is .900, hence by 
symmetry in the distribution of a normal curve it follows that the 
area to the left of z— —1.28 is equal to the area to the Tight of 
2— 1.28, i.e., 0.1. 

DV .X-m  x—1000 
Hence ze 1285— — = 
giving х= 1000— 256—744. - ; 

Dee after 744 hours, it is expected that 10 per cent of the. lamps 
ail. 

[D] The Poisson Distribution 

We have shown in the preceding sections that the normal curve is 
the limit to the binomial, whether р is ог is not equal to q provided 
that m becomes sufficiently large in order to make (q—p) negligibly. 
small as compared to 4/(npg). Now we have to consider the limit to 
the same series if p (ог q) becomes sufficiently small and л is increased 
sufficiently to keep the product np (or ng) a finite number say m іе, 
прет. 

The probability of ғ successes in the binomial distribution is given 
by the (r+1)th term in the binomial expansion (g4-p)^, i.e., ` 


Р()= "С, pig t= ieee 


| т) (Єт) 


G np=m, i.e., р= апі зо 9=1-р=1— as p+g=1) 


т я 
-(-T) тг) oe 1-4). 


Here Lim -ay = Lim {( Эа 
noo n n>% n 


and applying Stirling's approximation j.e., п !—n'e4/(2xn), when 
п is large, 
тте" naeh (27n) 
ни ur MEE БИИ Т 
(п) те Qn (л—р)}хт'{ 1—7 


uci erp 


f, T -n — 
QUEE е Lim (1-2) = Lim {( 1-5) реБ 
п»с n п»со п 


r-i -r 
ц (1-2) a (лү 
m SR Land Lim( 1 x) 1 
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Hence successive terms in the expansion of (q--p)" are 
т? m 
e, 6€ p, eoa E ki etc. 


and the limiting value of (q--p)" is 
n m т 

e { Lem + Fit ] 

This expression is known as Poisson's distribution ог Poisson's ` 


Exponential limit. 
Note 1. The limiting form of N (q--py is 


3 
Nem omen SEN, } 


Note 2. The quantity m introduced in Poisson distribution is said to 
be the parameter of biromial distribution. 

Note 3. Characteristics of the Poisson distribution. |, 

(i) This is the limiting form of binomial distribution when n is large 
and p (or q) is small. x 

(ii) Here p or q is very close to zero or unity, but if p is close to 
zero, the distribution is J-shoped or unimodal. : 

(iti) Since it consists of a single parameter m, the entire distribution 
can therefore be obtained by knowing the mean only. 

Nete 4. Some examples of Poisson distribution are: 

(i) The number of defective screws per box of 100 screws. 

(ii) The number of typogrophical errors per poge in typed material. 

(iti) The number of cars passing through a certain street in time t. 
Constants of the Poisson Distribution 


Assume that origin is located at the first term of the distribution, 
so that the values of the deviation from the assumed origin are 


oo т" 
Mean g, (about the origin) z е". “г 


2 
-ei 0+т+(55 х2 )+( хз )+- ] 
=me™ ( +++ jenem 
2. The Variance 
We have ц,’ (about the origin) 


© r 
adem ра 
0 


21 


=e" [o+m+ (E xz)«(5 x3) +. ] 
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ec [i (t E) ] 

те" [ 14% аж) е+р+..] 

=me™ [( тнт. Jer it~) 
=me™ [en (түр. J] 


- =me™ [e"--me"]—m (т+ 1) 
Pa variance, —0* =u; — i, —m*--m-m'-m 


so that standard deviation, s = ут. 
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3. The Moments 
s! (about the origin) 
т" 
zz lg xU r 
=) ¢- E 
enn { r(r—1) (r arx )+r } 
m us тү? mr 
cem X (3) pte AG 1 Te. m X = 
ot c ps em 3m! т 
во аі — u—u,; —35 Hi 24? 
=m 43m +m— 3mm +2m=m 
= m 
and щ'=> eH P 
r 00—10) (0—2) (7—3) +67 (7—1) (7—2) +7 (7—1) rr) 
men zw. eded etenee ern 
m-* m3 К т? 
=e" m= Gate ot I [аек +е-"Лт > 0-231 
mr 
+e™.m = (=! 
-—m'-6m*--7m*-4-m 


бо that ра, —4u4 Uu, Hby p 2—3, t 
zm'--6m--7m*—4m (m*-E3m* m) J-6m*(m* -- m) - 3m 
=3m +m. í з | 

Problem 121. Define a Poisson random variable and give some 

physical situations illustrating it, Find out its mean and variance. 

If x and y are independently distributed as Poisson random variates | 

po нез ^ and y. respectively find the probability distribution 
of X+Y. 


We know that a random variable is a function defiaed as a sample 
space. A random variable x assuming values 0, 1, 2,..., 7,...With 
probabilities 
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ie, P(x=r)= p == 1/255: 


is said to be a Poisson random variable. 

In order to illustrate it with the help of a physical situation, let us 
consider a random variate X denoting the number of calls during a 
time t at a telephone switch board. Let us assume that the calls are 
independent and the probability of a call in time df is A dt. 

Denoting by P(t) and Pa(t+5r), the chance of x calls in times / and 
14-51 respectively we have two mutually exclusive possibilities, (i) 
there are x-calls in гапа no call in time dt, (ii) there are (x—1) calls 
in ż and one call in dt, neglecting the possibility of more than one 
cali in dt, for it would be of order 2 (i.e., dt?) and higher. 


Thus, Р@+М)=Р().{1—% 8t)4- Pailt) A St 
= Pé(t) — Р„(ї).Х^ 8t-- Pu (t). dt 
or Po(t+-5t)—P2(t)={Pay(t)—Pe(t)}.A 5t 


or TEE PAD рр, ()— pg), 


Proceeding to the limit as 5120, we have 


Lim ETEO Lim AD) P0) 
ie, BO La Ep, qt) POI. 
Putting Pío) O77 Л!) 
so that P,(t)=f(t) and P,(0)=/(0)=1, 2» (1) 
жеме ГО ло |а [825 no 2 уд] 


At)? Ла Л;2-1 At Ape 
or Ar (+T f(t).xie m us f)—— ОПП Ko. 


zz-l 2 
Dividing throughout by acp f(t), this reduces to 
ЕЛАН ES Mor О 
X $0 lt x 9T л А. 


Integrating with regard to t, this yields 
log f(t)- —M-- A, A being constant of integration. 
Initially when t=0, f(0)— 1, from (1), giving 4—0 
log f(t\)=—Ar or f(t)=e-4* 


or EX fü) e Pat) OO 
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where B P(th= е, ЗЕР er meM eA], 
It follows i the SAM i qu ina fixed time ? is a Poisson 
variate with parameter Ar. 


For the second part, we d 
P(X—x)— e, = JE P(Y=y)= 
sothat P(¥=x, E Sv Я 
А кА gue TUNE 
x! y! BES EA 
Since the variable take values 0, 1, 2, 3,...; let us find the Proba- 


bility that their sum ż.e.x+y takes value r 50 that y=r—x. Summing 
fer all values of x from 0 to r, we have 


Pryen-esse x Mure 
x-0|x|r—x 


D Pin 


Temi [eec ноу нс, (А 
jus 


em), ut 1+2 ze) КАТ)" зы 2. те=х+у 


which is a Poisson distribution with mean SAN 3 
Problem 122. Find е probability that at most 5 defective fuses 


will be found in a box of 200 sper h 
cent of Per fuses are defective, Suses if experience shows that 2 per 


Here п= e 9=т55=.02, so that m=nq=4. 
Hence Р (x<5)= i et + 
х=0 
=e 48 
= t AE +57 
=e [144484 to pias 
ei: 0183; Х54%=.785 approx. 


Г €: 0,0183] 
‚ Problem 123. Fit a Poisson's distribution to the set of obs. 


servations; 
Deaths 0 1 2 3 4 
Frequency 122 60 15 2 1 


and calculate the theoretical frequencies. 
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0х122+1х60+2х15+3х2+4х1 


Жем Mane 12260-15421 
=11—05 : 
5 e5—1—(0.5)2-4 (0.5)*— + (0.594... 


—1—0.54-0.125— 0.0208 4- ...—.61 approx. 
The theoretical frequency of r deaths is given by 


т" 2700.5)" (0.5)" 
Ne™, zy =200. ene: тр 7122. ЕТТ 


which gives for r=0, 1, 2, 3, 4 the theoretical frequencies аз 122, 61, 
152 and 0 res; ctively. 

Problem 124. In a certain factory turning out razor blades, there 
is a small chance *, for any blade to be defective. The blades are 
supplied in packets of 10. Use Poisson distribution to calculate the 
approximate number of packets containing no defective, one | defective 
and two defective blades respectively in a consignment of 10,000 
packets, given that е *—0.9802. 

Here N=1!0,000, m=np=10 x ~35=0.C2 aud е" "9802. 


Required frequencies are given by Ne, Ne-™.m, Ne”. тт 


i:e., 10,000 х.9802; 10,000 x .9802 x 0.02; 10,000 x .9802 x ey 
Le, 9802; 196, 2 packets. 
Problem 125. If x is a Poissonian variate with mean m, 
(a) What would be the expectation of e**.kx where k is a constant. 
(b) Show that, expectation of (е) =e—mll—e*) | 
со 
(а) We have, E(kxe*) = È? kx ers LOM 
x=0 x! 
zs me 
zmke idm X o gen 
x-0 (х—1)! 


те". $ (nety 
x=0 (x— 1)! 


—mke-cimh gne * стене *—1)—k 
T (тет)? 
х= X! 
етет em-e) 


oo e"m* 
and Бен) 2 езе e 
a= be 


15.17. OTHER DISTRIBUTIONS: 

(A) Casual distribution. This is a distribution with one parameter 
(say и) like Poisson distribution and found casually in exact sciences. 
In this type of distribution the variate takes with certainty one value, 
Le. x—u, such that P (x—5)—1, 


D 
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Р (x=t)=0 when tu, 
Р (х<1)=0 when t<u, 
. =] when t2u. 
Problem 126. Show that the moment generating function for a casual 
distribution is е“, ie., М0) =е“. 


We have M,(t)= Èp (x=u) e" 


© 
= Ў e" as P(x=u)=1 
и=0 


=e" as P (x—1)—0, tu. 

[B] Rectangular or uniform distribution. A distribution in which the 
yatiate takes values Ху, x,,..., x, (or 1, 2,..., n in particular) each having 
the same probability 1/п, is said to be a rectangular or uniform 
distribution. Thus, 


Pel, i=1, 2,..., n. 


i Irt 4 
Р (x=x;)=— + —o...1 times=1 
=H пп 


In tossing a coin or throwing a die, this type of distribution 
appears. : 

Problem 127. If f(x) be the probability law of continuous random 
variable x in the interval a<x<b, so that f(x)=0 for x<a and x>b 


and [ f(x) х= 1, show that the variable Pal” Хх) dx has a rect- 
angular distribution. 2 
Given P-[ f(x) dx=P (X «3), so that 4P—f(x) dx. 
Assuming uc FQ), where F'(x)—f(x), we have 
аР Ја) dee fox) х дц. 


fede du=du, 0<и<1. 
Since u is а distribution with unit range, therefore u=P is a 
Tectangular distribution: 
Problem 128. А variate x has uniform distribution over the unit 
interval. Find the function of x having the distribution 
dP—e* dx, 0<x< co. 


Here dP=e~* dx. 
Suppose и —F(x) where F'(x)=f(x)=e* 
en [ * et dx 
LJ 


SK eae 
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giving x=log, as 


[C] The negative binomial distribution. In a succession of Bernoulli 
trial (Binomial distribution) let P(r) denote the probability that 
exactly r-+k (k>0), trials are required to produce К successes. This 
will so happen when the last trial, ѓ.е., (r-FK)th trial is a success with 
probability p and the previous (r--k—1) trials must have (k—1) 
successes with probability 7**-1 C, , p*-!g*, where q—1— p. 

2. P(r)— prob. of (k-—1) successes in (x-- k—1) trials 

; x probability of (x--k)th success 
=C урі-1.4.р 
UC, урд ++ (1) 
PE (k+r—1) (+2). e r1 (00) op 
! 


r 
E р“ (kc r—1) (k+r—2)...(k+1).k Р 
г 


1 
ee y SEED Gert y 


=p*. (—1).-*C,qt 
=7*C,p* (—4)', e (2) 
© © 
whence A POSA S cM (—4)' 
=p П dtm php >=]. 9 


The distributions given by (1) and (2) for k>0 even if К is not 
integer are known as negative binomial distribution, 

Deductions 

(1) Pascal's distribution. The distribution 

P()—?C,p (9! e 
when as one having two parameters p and К is said to bethe 
Pascal-distribution. 

(2) Geometric distribution. In (1) if we put k—1, this becomes 

Р(г)="Съра" +.. (5) 

- =q'p, г=0, 1, 2,...and g=1—p. 

This is known as geometrical distribution, which can also be written 
directly by considering that r is the number of failures preceding the 
first success in a Bernoulli-sequence of trials, probability of success 
being p, so that г тау be regarded as a random variate with 
probability distribution 


P(r)=q'.p, r=0, 1, 2,...а04 q=1—p, 
; 2 HM Ue rat 
(3) Polya's distribution. If we put k= 5° р Трв’ q 1385 
in (1), we get 
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(13-8) (1 :28)...[1--(r— 1) 81 H deg s ауе Y 
sj EBD кєз (à. (e y... 
which is known as Polya's distribution with two parameters В and p. 


(4) Second form of geometric distribution. In Polya's distribution 
given by (6), if we put 8—1, we get 


кли ү" 
P= 1) EST 
(5) General term in the binomial expansion of (Q— P)-*. Putting 
2=7, 4= 9° so that Q—P=1 as p+q=1, (1) gives 


P(r)- Q^. r*3C, , ( $ y 


—Р\ү' : 
-9*^C. Cz) ;re0, 1, 2, ... for the form (2), which 
gives the general term of (Q— P)-*. 
[р] H; metric distribution. From an urn containing m white 


and m red balls if r balls are drawn at a time without replacement, 
then the probability that x out of r are white is given by 


ңә) eee, п=0, 1, 2...7, "&m,rxn ....(1) 


r 
where 2 P(x)—1 since 5 "с, "C, „тис, 
х=0 х= 
which is evident by equating the coefficients of х" on either side of 
(1+х)” (x4- 1)^ — (1-4- x)", 


The distribution given by (1) is said to be the hypergeometric 
distribution. 


Another form of курер distribution. From an urn con- 
taining Np white and Ng red balls such that p--q—1, if n balls 
containing x red and (n—x) white are drawn, then their probability 
is given by 5 

e °С, NiC s 

Лх) eG a + +(2) 

where f(x) represents a probability density function ¿known as 
hypergeometric function. 


As above it is evident that =. f(x)21. 
x-0 


Consider Lim "Со Се 


N>% ^" 
= Lim —, Np! (Na)! ni(N—n)! 


No Xl(Np—x)|! (n—3)!(Nq—n—x)! — ТЇ 
(Np (Np—1)...(Np—x+1)} Ма(Ма— 1)... 


5% пі ў :«(№—п+х+-1)} 
љо хи) АУА а) ^ — 
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006-0) 6) 6-55) 
= Lim xfa СЗС Э? iE ED 
= н) 


="С„р° gr 
which is binomial frequency distribution. 

Problem 129. Find the mean and variance of hypergeometric 
distribution. 


Case I. Using the form (1), we have 
Mean=E(x)= 5 хд) 5 2 zip ^C, "C, 
х= 


"C, 


Eid "nC та. e PCT at trum 
cm linc, 

oA ad IARE P BHO t 
- man) — C 0—ljTgmnEa-D)17 mun 


and р(х) = X x Р(х)= X x (i) Ро)+ E xPQ) 
е x-0 x=0 x=0 


Vo ax (x—1)+x} 
m(m—1).r.(r—1) 


= (mn) (m-+n—1) m IE (solving as above.) 
$ - m (m—1) r (r—1) 4 mr y 
we аара" =u’? = mn) (mn-1) (m4-n—1) + Aik ES 


i.e. variance y (simplifying) 


Case II. Using the form (2), we have 
TOUR NIC, NOC, _, }- 5 {= NOC, NIC, S 1 
=Np E (нс, PC, HC) 
x-0 
= Np. N?N- Cp NC, —np (simplifying) 
n n 
and be È MT 2 КО ОАО 


_ ә (01) p=) (nD Wp: “1 (on simplification) 
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з tama! tt gives а= "СЮТ. 


219 Multinomial distribution. If Eun are balls of r colours in 

орун given by ду, р;...р, such that PitPst+...+p,=1, then the 
probability of drawing x, balls of the first colour, x, of the second 
Colour and so on without replacement is given by 


Мру т. Nps Npr 
Ca Ona 
Ж; Amra Ganei Car 


where n7, + x+... +Xn and x,« Мру, х.<№р,,..., х,<Мр,. 
If the drawings are with replacement, then the distribution given by 
n! 
fen, в Рои иг Д pj pj, p, 


is said to be the multinomial distribution. 


: juga mm am Cd п ганак 7 black and 3 white balls, 
айз are drawn with replacement; find the fr. 
the number of black balls obtained. frequency function for 


Let x balls drawn F black out of 5 Sae 
5-2 
Two fo) srw we ) (we; J 
51 (4 vee 
=x! (5—х)1 б 
[F] Сапсһу distribution, This distribution is given by 
1 dx : 
Par Trew” —90«x« o. 


Problem 131. Find the mean of Cauchy distribution. 
We have, eer 
x 


1 

Матт +e -o TF (x— uj 
-+j б) dx je 
т j|-e TFG t x jo Tea 

1 (© (хр) dx es 
EE: Гаев l+(x— p)? mer l m ao P. 
za [® G- dx 

er ш Put x—pey, dxedy 


=+=— 25 & =e+} Lim 7 quce 
«lt 0 J-ye ly 


=u+ + Lim -im [iog a t» et Lim jm lg tH 


=р+ з Шш Lim iog lu .. ". log 12-0. 


cM ORT 
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15.18. THE PRINCIPLE OF LEAST SQUARES 
In tackling a number of problems, there arise a situation in which 
the values of some physical quantities involved in mathematical theory 
of observations are not directly known but we have some functions 
involving such quantities, then we are required to find the best esti- 
mates of these quantities. Such an estimation is done by the method 
known as the principle of least squares which was originally used by 
Gauss in 1795 and became popular after publishing in 1805 by 
Legendre. 

Let us suppose that there are п independent linear equations in m 
unknown quantities (variables) x, xs, Xs... Xm Such that 


Gân Х+ дүү Xet... 
азу х1 Xe ..... 


ET 


In case n=, we can find in general a unique set of values which 
satisfy the above system of equations, But when n>m ie. number of 
equations is greater than the number of variables,-then there exists no 
such solution, while in the case when n<m, then the best or most 
plausible values of the variables can be determined by the principle of 
least squares according to which these values of unknowns are those 
which render S a minimum, where 


n 

5= К: +R; +. HRI = z R 22:12) 
ва 

RS Ru. R, being the residuals or errors given by 

Rada Xy+ daz Xp... авт Xu — ba BREAD 


The notion of maxima and minima in differential calculus leads us 
that S will be a minimum if 25.0, a=1, 2, ...m 
a 


e$ aS _ d$ i 
і.е. ox, Qe muse A =0 oe (4) 


Note 1. Equations (4) are known as normal equations. 
Problem 132. Find the most plausible values of x, y, z from the 
following equations: y 
x—y-4-22—3, 3x+2y—5z=5, 4x4- y 42—21, —x4 3y 432-14. 
Here R,—x—y-422—3; R,-3x42y—52—5 
Ry=4x+y+4z—21; Ry=—x+ 3y- 32-14 are the residuals. 
4 S=(x—y+2z—3)?+ (3x4 2y—5z—5)?4 (4x+y+ 42-21)? 
+(- x4-3y4-32—14)! 
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д, 5 ^ ; 
Normal cquations given by 5 =0, 80 and 5—0 аге on simpli- 


fication 
27x+6y=88, 6x 4-15y4-2—70, —y+54z=107 
Which give on solving, x—2.47, y—3.55 and z—1.92. 
These are the most plausibie values 
2; DH 2 ‹ 

Note 2. Here it may be showa that as, > es all are positive 
for these values of x, y, 2. 

Curve-filting by method of least Squares 

The principle of least squares enables us to fit a polynomial of any 
degree i.e., to get a close functional relation between the variables 
X and y. Besides a polynomial, this relationship may be any of 
algebraic, exponential or logarithmic. 

Assuming that we are given n paired observations (Xis Y1), (х,, Ya) 
en Yn), we have to fit a polynomial of degree p such as 

Y—astax4a, х?*+...... +a, x? siis (5) 
+ where constants a’s can be determined by the method of least 
squares, 

Taking (5) to be true, the estimated value of у for (x,, у) is 
а%+а xı +a, ху... bas ху? whereas the observed value is yj, so 
that the error of estimation say Е; 1s 

‚ Ei-0,—49—a,x,—a, х\?...... а» ху?) 

Similarly if Ез, Es;..., Е, be the errors of estimation for the other 

paired observations, then we have 


Е,=у,—а,—а X3— Gy х?......а, ху” 


45—90; х„—ау х„#......а„ Xp? 
^. S, the sum of squares of the errors of estimation is 


E,=Yn 


SEMEL LÁ EE X E. 


Xxy-a, Zx+ a, Ух +аз Xx*4-,.... 
Xxty-a, Zx'tba, Zx*ba, Zxt4 Жа, Уур+2 (6) 
Iya, Berta, oH a Зу a, Xxis j 
These (p 4-1) normal е uatio: i i 
Constants ap, d;, Piet. 98 can uniquely determine the (2+1) 
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COROLLARY 1. In case the polynomial (5) is of degree 1 i.e., it is a 
straight line, the normal equations are (on putting p—1) ` 
Уу=па,+а; Xx ` (7) 
Уху=а, Ух+а; Ух? rH 


COROLLARY 2. In case the polynomial (5) is of degree 2 ie. it is 
a parabola the normal equations (on putting p—2) are 
Zy-na,ta, Ex а, Ух? 
Zxy—a, Seta, Ух? +а, Xx? у 
Ex!y—a, Xx*-- a, 2x*+a, Zx* 
Note 3. In order to ease the calculations a change of scale and 
ў 2 x— y—B 
origin may be suggested by putting u— TO 
Problem 133. Fit a straight line to the following data regarding x as 
the independent variable 
pee 0 1 2:503 4 
y: 0172182731311 4,5703 
we have to fit a straight line say y=a)+4,x AAAA 
Normal equations are Zy=nag +a; Хх, Yxy-a, Yx-ay 2X"... (2) 


As given, x: 0 1 2 3 4 „ Zx-10 
y: Os 4827 31395455653 *. By=16.9 
xy: 0 18 66 13.5 25.2 ‚ EXxy-—471 
RK 1 4 9 16 Zx:-30 


Substituting these values in (2), we get 
16.9=5ay+10a,; 47.1— 10a, 4- 30a, 
which give on solving, а=0.72, à, —1.33. 
Their substitution in (1) yields the required straight line as 
у=0.72+1.33 x. 
Problem 134. Fit a second degree parabola to the following data: 
М 


S: 1 2 3 4 5 
y: 1090 1220 1390 1625 1915 
—1 
Using the change of scale and origin as u—x— 3, yp. let the 
required parabola be vast au +a; v? es Q 
The normal equations are 
Zy—nas4-a, Su+a, Zi, Luv=ay Xu--a, Хш" +-а, Ум? and 

Xuty—a, Esa; Zu* a, Zu* E 
Now, и: —2 —1 9 1 2 Soo 2u=0 
y»: —72 -46—12 35 93 SO Yw=-2 


КО] 


uy: 144 46 .0 35 186 SO Zuv=411 
ui: 4 1 0 I 4 SOOXw-IO 
wy: —288  —46 0 35 372 2. Xwvye73 
uS —8 -1 ob S SO EuÓ—0 
иќ: 16 1 0 1 16 to Y^ 24 
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Substituting these values in (2), we get 
—2-5a,-- 104,; 41 1—102a,; 73=10a,+34a, 
which give on solving-ay=—11.4, 4,=41.1, a,=5.5, 
Hence (1) gives yz —11.4-F41.1u4-5.5u* 


ie, PS. 11.4441. (x—3)4-5.5 (x—3): 


or ¥=1024+40.5 x+27.5 х? 
which is the required parabola, 


Problem 135, Fit the curve y=ac* to the following data, when 
€=2,71828 . 


x: 0 2 4 
у: 5.012 10 31.62 
Equation то the curve is yzac 
Taking logarithms, Іор; оу==1оруа+(Б log, oe) x 
Bx 


say у=4+ . (0) 
Normal equations are 
ZY—nA-- BXx, 2xY¥=A2x+ BXx: 2790) 
Now, x: 0 2 4 So that Ух=6 


|. J: 502 10 3182 
Y=logioy: 07 1.0 1.5 (by log table) Zy—3.2 
x: 0 4 16 Ex?=20 
xY: 0 2 6 IixY-8 
7 (2) give 3.2=34-+46B, 8—644:208 
Solving 4—0.666, B=0,2, 
So that a=(10)4—(10)°-##— 4.649 and b= p= 0.46 approx. 
"(by log table) 


> 


Hence the required equation (1) yields 
у=4.642 е0-46е, 


e.g. volume and temperature of a gas, But if an increase in one i 
linked with the decrease in other, then the two variables are said io 
be negatively correlated e.g. pressure and volume of a gas. 
In 1890, Karl Pearson defined the ‘Product moment correlati 
l 189 { f relation co- 
efficient’ or simply ‘coefficient о, correlation’ i 
Sh Ben A ka f n’ between the two varia- 
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peje ARO Oe Сок И Sine ү) 
= AEx-sP Ч(Еу—у* VVar) ү Үау) б.б, 


since E(x—x)* gives us a measure for the variation in x and (у 9% 
gives that in y while E(x—x) (y —3) gives us the measure for simul- 
taneous variation in x and y. 
Also cov (x, у) == E(x —x) (у —3) =. and c, and c, are the standard 
deviations for x aud y respectively. з 
Properties of r, the Coefficient of Correlation 
Т. It is purely a number (being ratio) and hence has no unit of 
measurement. 
II. It is independent of the origin and scale. 
Suppose that we introduce two variables и and у such that 
EX I ND s 
uc TET, Yay Be i 
where (a, Б) is the new origin instead of (0, 0). 
(2) can be written as x=a-+-hu, y—b-L-kv giving 
X—a-rhu, 3 —bd- kv 
where и, v are respectively the means of the и and v variates, 
Thus, Cov (x, y) E(x—x) (y – 3) by $15.11 
— E((a-k һи)—(а-Е/и)} ((b4-k»)—(b-- 3) 
== E(hu—hi) (kv—kv) — hk E (u—u) (v—v) 
Var (х)  E(x —x)! — E((a-- hu)—(a-4- hu) 
-E(hu—huf—h* E (u—u)*—h* Var (и) 
Similarly Var (y)=K? E (v—vj*—& Var (v) 
Hence from (1), 
Cov (х, у) hk __ Buio 
a= Var (x) Уат Q) МЕЕ У Var (u) V/ Va 
hk 


=й le 
Incase A and k both are positive or both negative, we get 
Pag m les з 709) 
showing that ru, is independent of a, b (i.e. change of origin) and 
of h, k (t.e. change of scale). 
But if h and К are of opposite sign, then we have rey,— —r.). 
Ш. When x and y are independent i.e. uncorrelated than rzy=0 
ies Cov (х, у) E(x-3)09-») 
ae 9.0, “А/Е(х—х)* у E(y 3): 
But x, y being independent, E(x, у) = E(x) E(y) by $15.11. 


? 
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So that E(x—x) (у—у)== E(x— x) Е 
m reg Sj ipso » 
76-007) 
Hence г + (4) 
Note. Its converse is 3 Pia Le. if two variates are гоша, 
it is not necessary that they are independent too, e.g. if x isa variate 
with constant density function say 
S (x)=, —1<x<1 and у=х?, then we have 


1 1f Dpxt 
ғо || xf а= ха A | =0 
^ E(x). Е (у)=0. Е (у)=0. 
1 “3 

Also Е (ху) Ера) | - xf (x) es. »&- A], 

So that Coy (х, y)- E(x —x)(y— 3) = 2 E(x) Е(у)=0—0=0 
Showing that x and у are uncorrelated but y and x are not in- 
dependent as is obvious by the relation y—x?. 


IV. Limits for the coefficient of correlation are —1«r« 1. 
Let us assume that, 


xx п [o EDEN nat 
Xm “= so that È X= we D= meen... (5) 


and Ym PD TŽ so that Ё үг E ocho En SG 
Gy 


WERA Baon 1 
uum sr, FD) 
als хү, OMIT) 


1=1 
Now, since a perfect squared quantity is never negative, therefore 


n n 
2, AHY) >O Le. E X XoEY)»0 
"E і=1 


o 1 5 
LN 
ог 14+1+2r>0 by (5), (6) and (7) 


giving | 2r2—2 ie, r2 —1 «++ (8) 
n 
Again, 2 QG-Y)20 and hence} X -Yy»o 
i-1 


xet- xyes 2 yx »0 


Ticel E Yo--2. $ 
Wis A o wre Ho 


Le. 141—220 by ra (6) and (7) 
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giving ` 2—2r>0 ог 2r<2 ie. г<1 а (9) 
Combining (8) and (9), ` —1<r<l >. (10) ‹ 
| Various other Forms ofr 


If х and 6 be the deviations of the two variates x and y from their 
respective means and cz, су be the standard deviations of these series, 
then we define 

Z aß p 


ОЖ ae 

Га Es where p— .. (1) 
Let M,, M, be the true means; Az, A, be the a 07 means for 
the two series and Ё, 7 be the deviations. from the assumed means i.e. 

a=x—M,,B=y—My, 

$=х—А„ n=y—Ay 

Also let d,=M,~-A, and dy=M,— 

Then, £=x—A,—x—M,+M,—A,=«+dx and similarly 5 -- dy 
2. Уф=Ў шы 7 ®х=0 by Problem I of Arithmetic- - 


mean 
giving d,— E 
Now, Pu Xe) (B +d,)= ne хуул, 


=ZxB+nd.d, °° X«—0—38 
“YB Fin—ndudy-=BEn— -L ves, 


and s Æ (Жү Xy and “у (Fv by §15.9 (D) 


n 
With these ы 11) yields 


3-1. рі 


Рза; x Уле а) SOEUR 1) ++. (12) 


Further if we use the change ) scale and origin such that 


X—4À, 
i =$ and y= X" 2 then (12) reduces to 


и= 


Zuy— i ZuZv 
1 dg EE DIE Per Cen EI . (13) 


A >i —a (x) A и 1(9 у ZEN 


which for a bivariate frequency distribution yields 
Zfuy— E E Ц 
JUN Е ар tt (14) 
A злезла A is-is 
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i і in the correlation 
here f is the frequency of а particular rectangle in t 
table, а жрк is not needed in the pt e ^m 
lem 136. x and y are two variates w.th variances оз and ay 
iret and r ts the coefficient of correlation between them. If 


u=x+ky, v Уу, 
find the value of К so that и and v may be uncorrelated. 
+ и and v are uncorrelated, Cov (и, у) =0. 
0=Cov (и, у)= E(u—u) (v—v) 


=E ky REI x4 S y 23) 


oy 


-E(x-3-H 0-9) { -9+ 0D} 
=E(x—%)?-+kE(x—3) (y—3) 
+ Ea) о—)+Е-* Е) 


іе, a+ ( k42 ) гас, = oty- 0 
Oy ву 
er k (-—0:0, —r050,4) 04" -+ ro," 
or Кас, (13-7) 54 (1-7) giving ka 


Problem 137. Show that the coefficient of correlation r between two 
variables x and y is given by 


r— (с + ay* — 0,120.95, 


where o;*, су? and c*,., are the variances of x, y and x— y respectively, 


We have в?„-„=в„?-Ев,%—2 Соу (x, y). 
Cov (x, y) - (oz^ -- oy! — 0*,.,)/2. 
г=-Соу (0 У) (Eo ons) 

set 0,0, 729,9, ; 
Probable Error of r 

According to Secrist, ‘the probable error of the correlation coeffi- 
cient is an amount which if added to and subtracted from the mean 
correlation coefficient, produces amounts within which the chances 
are even that a coefficient of correlation from a series selected at 
random will fall’ 

Since in a normal distribution m+-.6745 с covers 50 per cent of the 
total area, therefore Probable Error (P.E.) is 0.6745 times the 
Standard Error (S.E.) defined as 


1—/? К 
S.E. of r= NUTS (N being total number of observation) .. . (15) 
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7 РЕ. of r=0.6745 (S.E.) 20.6745 + ... (16) 
The significance of correlation is decided as follows: 
If r<P.E., there is no correlation 3 (17) 
But if r>6 P.E., there is correlation Med 


Actually the two limits within which the coefficient of correlation 

always lies, are 
"+Р.Е. „.. (18) 

Rank Correlation 1 

Supposea group of m individuals is ranked according to two 
characters or attributes А and В (say) such as xı, x,...x, and Vy 
Уз»..-5Уһ respectively where n ranks for each variable ranges from 1 
to n. Then using the notations introduced in this section, 


we have, My=M,= 1424-40 _ ED MEL 


UP CE ETE 2 
So that EE (x— Ma)? -i x) 

1 n+l 

fas [т{ -=+» 2x42 (1) } 
Here x*= 17424 ...-+-n3 = AED Got) 
and Ex =1424...4n =F (n+1) 

` са |1 [Он n nt) улет 
Ее i (eee тта CE} 12 


"M n-—1 
Similarly o, 4 X 


Let —a«— В, then 
24+=Ў (x—8)*—E оз 8—2 У «8 
== (x—M,)?+2 (y—M,)?—2 X ap 


=D is 50D 3 Z aß solving as above 
giving X а= 1 п (т#—1)—1 У4%, 
Hence by (11), we have = 
654? 
поа) ...(19) 


where d=a—ß=( c.t y— "ы 2o» +++ (20) 
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Problem 138. Ten students got the following percentage of marks in 


Principles of Economics and statistics 
Students: Dens aie А. бух Fe 9.9 10 
Marks in Economics. 78 36 98 25 75 82 90 62 65 39 
Marks in Statistics: 84 51 91 60 68 62 86 58 53 47 
Calculate rank correlation coefficient. 
Denoting by x and y the ranks in Economics and Statistics .res- 
pectively, we have 


Students: 123 456789 10 Tota 
X 4 91-10 5.32 7.6 29 
ome. $79 4 76 4.5.2.7 .;8:10 
1x—»1-— |4: 100.4 12 0-025252 
d*: 1001614004 4 30 
Putting — Zd'—30and n= 0 in (19), we find 
rel aa =.82 approx. 
Regression and Lines of Regression 


Assuming that there exists an association or relationship between 
two variables x and y for which п paired values (xy, Y1), (Xs, Ya)------ 
(Xe) Yn) are observed, if we plot these points on a graph paper with 
Proper choice of scale then these points are found more or less con- 
centrated round a curve termed as curve of regression and the rela- 
tionship is said to be expressed by means of curvilinear regression. 
In case the curve is a straight line, then it is known as the line of 
regression and the regression is known to be linear. In fact the line 
of regression gives the best fit or best estimate in the least square 
sense to an assigned probability distribution. \ 

/ < Whenever such a straight line falls to the choice that sum of 
uares of deviations parallel to y-axis is minimum then it is ‘called 
the line of regression of y on x which gives the best estimate of y for 
any assigned value of x. Similarly if the sum of squares of deviations 
parallel to x-axis is minimum, then the line is called the line of 
M rum 2 x P I gives the best estimate of x for given y. 

‘the form of the line of best fit of y for given x be y—ax4-b 

and ket Z, ) be the means of two series. — T TEST 
Also let К, К,,. ..., Ra be the residuals for the points (x;, уу), 
(х, Уз), - - - - (хь, Ул) with frequencies f;, f;,. . . , fa respectively, then 


we have R,—f; (/,—ax,— b), so that 
п 
5= E f 0,—ax;—b). 
Applying the principle of least squares, S will be a minimum 


А дз 3 
if да 7935 9 іе. X f, x, (%ax,—b)=0; 
Z fi (y,—ax, —b)2-0 
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where X fi=N, E f М, У Му, E fixé Мея) 
Z f; y^ —N (o, 7) aud È fi x, ¥i=N (Uy, +59) by $ 15.10 (E). 
40 XM Uia (Foz) b x and y—ax4-b. 
Solving these give a— eS py E ra 


Putting these values in y—a x+b, the line of regression of y on x is 


у= = (х2) 0D 
Similarly the line of ош of x on y is 
х= En. (y—y) [5 2502) 


Here {һе coefficients - в and oa are known as the regression 
c, 


coefficients of y on x and of x on x £O EE and denoted by 


e [2 
bem Gr ba t +++ (23) 
In view of (1), we have 14, —70;5, 
КА D r- and bert ... (24) 
Or Oy 
Clearly byz-bzy=r° 2.025) 


which shows that the correlation-coefficient ғ is the geometric mean 
between the regression coefficients. 


Using the change of scale and origin such that 


x—a yb 
и= == and у= p > We may have 


(by bos and boy =~ + bey whence o,=howetc. ~.. 20) 


Problem 139. Show that М the acute angle between two lines оў 
regression, is.given by 


г сг oy. 
Interpret the case when r=0, r— 4I. 


77 Regression line of y ofi x is’ y-y-r (х—х) 

Its slope=r =m (say) 

And regression line of x on y is x—x=r 22 (yy), 
. 


Its. slope=—* =m, (say) 
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; Oy. бу 
=> Ж >: А 
mem. _ Og FOs _ T*o,0 n sy 
1+mm, ros dro, 


4^ tan d=+ TET Oy 
Oz ` TO, 
P 
For 6; acute only, tan Gan 228 re олу 


a IAF oae 
or tan = – Pedro 
Uo <1, hence 1—r? is also positive). 

Case І. When r—0, tan 0— o^. „‚ 0=90°, i.e., both the regression 
lines are mutually perpendicular. Thus estimated value of x (or y) 
will be the same for all values of y (or x). 

Case IL. When r=+1, tan 0=0. ~. @=0 огт, ie, both the 
regression lines coincide and so there is perfect correlation (either 
positive when r=1 or negative when r— —1) between the variables 
involved, . 

Problem 140. Given the following data, find what will be (a) the 
height of a policeman whose weight is 200 lbs., (b) the weight of a 
policemen who is 5 ft. tall. 

Average height=68 inches, average weight 150 Ibs. 

Coefficient of correlation between height and weight=.6. 

S.D. of heights=2.5 inches. 

SD. of weights=20 lbs. 

Suppose variable x indicates height (in inches) and y indicates 
weight (in Ibs.). Then we have 

#68 inches, ¥=150 lbs., o,—2.5 inches, oy==20 lbs., Tay=.6. 


Now, we want to estimate y for x=5 ft. or for 60 inches and x 
for y=200 Ibs. 


(0 Regression line of y on x is y -»—r = (x—x) 
- 


. —150=.6х 20 
ET y—150—.6x 25 (0—68). 


or y—150—4.8 (x—68). vvv (1) 
(ii) ' Regression line of x on y is х—й=г=? (7—9) 
P LJ 
. br = 2.5 — 
2 x—68—.6 223 (y—150) 
© х—68%= 15 (у—150). -O 


(a) Since (1) is the regression line of у on x so we shall estimate y. 
Putting x—60 in (1), we get y—150-L4.8 (60—68) 
=150—38.4=111.6 Ibs. 
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Thus policeman of height 5 feet will have 111.6 Ibs. weight. 
(4) Since (2) is the regression line of x oa y so we shall estimate x. 
Putting y=200 in (2), we get x=68+.75 (200—150) 

=68+.75 (50)—105.5 inches. 


15.20. SAMPLING DISTRIBUTIONS 


A Population or Universe is defined as the collection or class or 
aggregate of oLjects or a set of results of an operation. It is finite if 
the number of objects is finite and it is infinite if the number of 
objects is infinite, 

А sample is defined as a part of the population selected from it in 
order to study its properties. The sample is to be random when the 
Selection is made at random. A unit of sample or a sampling unit 
included i the sample is known as sample unit. The difference 
between a value of the population and its estimate derived from 
sample is said to be a sampling error, which may arise due to human 
bias or due to some other reasons. Actually the sampling procedure 
is based on the theory of probability as every sampling unit has a 
definite probability of being included in the sample. 

A simple random sampling is one in which every sampling unit has 
an equal chance of being included in the samples e.g. if N be the 
size of a population, then ^C, samples of size n are possible so that 


each sample has a. chance " of being selected. Also the probability 
n 
of some rth unit being selected at rth draw is 


N—1 N—2 N=(r=1) 1 e 
М NZXpUUU N-(r—1)+1 N—(G-1 N 


Properties of random sampling 
I. The sample mean їз an unbiased estimate of population mean. 
Taking X;, X;....X,, as the population values and ху, ху, Xas... a$ 
the sample values, we have 
] N 
Population mean х= mur ds and sample mean 
Йе 
la 
TENER ... (1) 


N 
Let the population total ХХ; = X and the sample total 
‚ i-i 


Xxx «+ (2) 
^ #=1 : 
Then we have to prove that E(x) «X » 203), 


Now, Bger|i бул. n] T EG rn 
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= (E(x) + El) ++ El} by (4) of § 15.11 (С). 


.. (4) 
N T esca | 
Since x, can be either X;, X,,... X, each with probability We 


therefore 


EN ah cR uy 
E(x) ^H e р or) 


But X being a term free from index i 
Mo Ee) E(x.) =... =E(x,) =X 


COROLLARY 1. we have E(Nx)— NE(x) = NX— X by (1) and (2) 


This follows that Nx is an unbiased estimate of Y and we denote 
by 


X-Nx .. (6) 


П. The variance of the sample meanx from а simple random 


sample is : 
Var G)- Е(х— Xp 9. Nn о 


N 
where Sexti (X,— X) eats) 


Ме һауе Var (x)=E (—E()-(x—X)? 


-5{1 Gees x) x] 
= GE bx hx) сайр 
Еа Еа Ж дау Ху) 


n—l n 

25  E(x— A 

m 1=11=2 0—0) 0) 
i<j 


+. (9) 


1 
ty (Ху) as in I. 


——— ee 
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n 1 
= LEA —Xy ow (N—1)S? by (8) 
and E{(x;—X) (x,—%)} 
1 1 
EN NET E E (x,—X) (X; - X) 
i<j 
so that "3 i E((x,— X),—X)) 
MI. 
n(n—1) М 
ў = NN) 2 z = И -Х)‹(Х,—Х) 
Hence (9) becomes LS 
2n(a—1) 


' 1f. N-1 
Var (хХ)=- n. ЕА 
3 Qu-5)Q5-4) —... (0) 


N 
But NX— E X, gives (X — X) -- (X4 —X) ^... (X, —X)—0 


i= 
or ((Х,—®-+(Х,—®)+...+(Х„—Ху= 
N ; N-1 N 
ob i ЕА Br Lm o ds 
"n 


ео, a (X—-X)5—. Н йе оя 
With its ordo (10) yields 


Var (3)— PE A 9 а. MD (N—05: J- 


which proves the ee (7). 
COROLLARY 2. With the notation of Cor. 1, we have 


Мп с 
Nn nie 


Y= =N? ao NQ-n) 
Var (X)—Var (Nx) - N* Var (х)= ES ey 
COROLLARY * Ву (7), o. 2_Non 5 
N n 
ives es їй IN—n 
09 а ая o. 02) 


which gives standard error di x 
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COROLLARY 4, When №» оо ie., 
infinite, then 
ge x) —1 and N—n 
Noo N Lim ( x) m xm a 


= Lim = += 
E E 


the population becomes to be 


4. by (7) or (12), Var (x) = Sie, e. = . (13) 
= п 


COROLLARY 5. When N-oco, then №-– 1zzN. 
po mo oq а 
So that Wei Re (X;—X Perg еа ie., 520% or Szzc 


Hence by (13), с: = ‚ (14) 


which gives the standard error of x, the sample mean. 
HI. Taking s? and S?, as the sample variance and population variance 
respectively, 5° is an unbiased estimate of S" i.e. I үт S. 
We have, seu Ў (х. =)? and < аа z (ХХ)? 
wlej м 
Qe: Р 
з gen E 0-6-0 {3 а-у 
n—1l i= 


+n (x—Xy—2(—X i =ï 
n G-3y-16-3) $ (s xj 


eo E (xi Xn G—Xy—2 G—X)n x} 


=l (xn | 
to that E(s)e Er zÍ 3 (Bon @—Ху} 
Re 
n 
a, E (X —X)—nE e-iy) 
-dul i с var ©} 
l (х—Ху yi 


ty 
E 
1 
ә] 
1 
Ма 
=|" 


«+= 5) 
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COROLLARY 6, Unbiased estimate of the variance of x is denoted by 
у(х) and given as Um 0 ...06 


In limit = = an 


Similarly unbiased estimate of the variance of X denoted by W(X) 
is given as 709) aan s ...(18) 


Difference between the means of two large samples 
Let there be two random samples of size n, and m, respectively, 
taken from the same population of standard deviation с. Assuming 
that the samples are independent, the standard error say € of the 
difference of their means is given by 
@=€2+6,2 +. (19) - 
where €,, €, are the standard errors of the means of two samples 


2 с? 
> S087 aA 
given by € m and €; 7. ) 
S M 
Hence ec ( s 1) ...(20) 


COROLLARY 7. In case the samples are drawn from two different 
populations with standard deviations с, and o, respectively, then 


з 2 
(20) yields Luce ar 722020) 


COROLLARY 8. The values x 1.96 = are known as 95 per cent 


Fiducial limits or confidence limits for the mean of the population 

from which the sample has been taken. ; 

Problem 141. Assuming that N is large, show that the error in 
—I 

writing oz “TF is approximately E-D. per cent of the value 


of c... 


: в c [М—п } | .9  |N=n 
Reqd. error= g- Tie N-1 Мп N N—-1 


Wat of 2 ab^. 

Sl -1={145-4} 1 
m1 13fn-1\ 28 
т 4 won) + ist 


Bine с cl 
= XN-—n) р 75у 
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— —1 
Percentage of error 21.100 — 50 approx. 


15.21. THEORY OF ERRORS 
We know that an error is a quantity which must be added to the 
true value in order to get the observed value in performing a physical 
experiment һе. ; | 
‘Observed value— True value--error --. (D) 
Or. Observed value—error=True value 
which is generally expressed by saying that 
Observed value--correction — True value zs (2) 
It means that a correction is the error with reversed sign. 


Tn testing a statistical hypothesis, there arise two types of possible | 
errors; (1) by rejecting the hypothesis when we ought to accept it i.e. 
when it is true and (2) by accepting the hypothesis when we ought to 
teject it 4e. when it is false. On the other hand in order to under- 
stand what we mean by true value of a physical quantity we first 
estimate the true values from observations (measurements), then try | 
to seek what certainty сап be attributed to these estimates and 
finally compare estimates found from different sets of observations. 

Since any number formed empirically by.expressing it in units of the 
smuillest possible unit say Є that can be measured by a phycical | 
apparatus, is an integer, therefore апу real number lying in aa 
interval of length € may be termed as true value of the quantity e.g., 
probable values or probabilities may be regarded as the true values of ` 
the relative frequencies. Since no measuring instrument is perfect and | 
„also there arise several other disturbing factors, every observation is 
liable to be a random variable as different observations are capable 
of yielding different results, We thus conclude that all such observa- 
tions made, are full of errors and deviate from the true values to a 
Certain degree of accuracy. We may classify errors into three types: 
(1) Coarse or gross errors, (2) systematic errors and (3) random о, 
‚ Statistical errors. The coarse errors are mainly caused by the mis- 

handling of the apparatus due to carelessness of an observer. The 
systematic errors are caused in a certain direction due to one or more 
reasons governed by a definite rule. Consequently in a repeated set of 
observaticns made under constant conditions, the same Systematic 
errors are bound to occur. Such errors caa be rectified by knowing 
the governing rules of these errors. The Random Errors are the un- 
certainties not showing any irtegularities and having equal chances 
for positive and negative values for such errors, 

In order to find the best estimated value for an observed ti 

à I quantit 
let us assume that f, and f, are two indepeadent observations for A 
best estimate for 1. 


unknown physical quantity г and $ (fis ta) is the 
{f t,, 1, are increased by an amouat a, then it may be assumed that 


the estimate $ (¢, t4) is also increased by « ie. 
$ (ita, 1-а) —4 (t, t)+a 


М... (3) 
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‚ Also assuming that multiplication of £j, t, by a constant В, results 
in multiplication of the estimate by B we have 

Ф (8t, B) —B Ф (fs ta) - а) 

E Again the two observations being made under the same conditions, 

x is immaterial which observation yields t, and which. one /,, we 

ave 


$ (hs 15) (te, 15) ЦА) 
Now keeping г, t; fixed and setting «=—t,, (3) gives 
$ (f— ta, 0)—4 (t )—ts Le. $ (6, 1)=ф (=t +h — ... (6) 


with its substitution (4) yields 
4 (Bt, Bt) —B Ф (1—1, 0) +P t2a=Pte + { 800—2), 0) by (4) 
ог B (л, t) —8t,--9 (80—72), 0) by (4) iro) 


If we now assume that $=} E ‘and 1,57, then (7) becomes 
1 2 
1 t 
Ret $ (t, der + (1, 0) 
giving te+(t,—te) $ (1, 0)=$ (1, ta) ...@) 
Proceeding similarly, we can find 
! ty (t—£) 4 (1, 0)—4 (tas 1) .. (9) 


In view of (5), (8) and (9) yield 
10—11) $ (1, 0) = 10—01) 4 (1, 0) giving $ (1, 0-t 
2. (8) gives 1,--3 (t —13) —À (ta fe) еф (t, 5) 3 +h) - - (10) 
Had we taken 5,—1,, (6) would have giveh $ 
$ (ty 1)=1,+%0, 0) <.. (11) 

with the choice B=0, (8) would give ¢ (0, 0)=0 „..(12) 

So that in view of (12), (11) gives $ (4, t)-t2365-t)—1 +) 
which is the same result as (10). 

Now we know that the best estimate of the true value say v made 
by n observations fj, fs...-fs iS defined as 


уксус Latet esee the meu: ; .. (03) 
n n 
5 n 
where m is the expected value of t and [= Bi he 
Now we define, true error as x,—f,—v, i=1, 2......n ... (14) 
and best errors as €=t,—t, i=1, 2...... n vex (13) 


Further to calculate the probability of best estimate to lie within 
an assigned fange of true value take f(x) as the probability density 
of the random variable x;, /=1, 2,...n. By the theorem of compound 
probability, we have - 

f Ca. xd f) Лх.) and. f(x, Xs Xs) =f (x1). fon). Дх) _.. 


. (16) 
where ху, хз, хз eic. are errors made in first, second and third etc. 
experiments. 
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Thus true value of observed quantity i.e. v=} (44-/2-4) ... (17) 
in case of three observations only. 
As such f(x;, Xa, ха) = f(x). /(х,). fxs) 
= f(ti—v). f(t,—v). fits—v) is maximum and 
So its logarithm will also be maximum i.e. 
log f (t, —v)--log f(t,—v)+log (t,—v) is maximum. 
For maxima, its differential w.r.t. v must be equated to zero i.e., 
f (—v) , f'(t—v) /'аз—›) ч 
Ла) * fi.) * f») 79 x09 
J'(& —v) 


Setting F(x)— fe, we have F(x,)— F(t, —y)— Jay) 


and similarly Fx) = 0] на) a 


14—v)* з—Ў) 
С. (18) gives F(xi) - Ех) - Р(х) e 0 +» (19) 
which is true when (17) is true i.e. 3v—t,- t +h 
or (45—»)-(&—»)--(t, —)-0 or җ+хҗ+х=0_ ...(20) 
In case of two variables X, and xy; (19) and (20) reduce to 
F(x,-- F(x,)—0 provided х+х,=0 +++ (21) 
In case of a single variable x,; this condition reduces to 
F(x,)=0 when x,=0 d ESAE] 
Setting X,—2, and x,— —x, in (21), we find 
F(x,)=—F(—x,) ++ (23) 
So that (19) yields, 


FQ) + FGa)— — F(x3) = F(—x,) by (4) 
— F(x, x) by (20) TH 
Partial Differentiation of (24) w.r.t. X; and x, in succession gives 
F'(x,)=F'(x,+2;) and F "=F (x, --;) 
giving Е'(ху)у== F'(x,) 
Treating x, as constant, Е) Ех.) will only hold if 
F'(xy)—constant—&'(say), so that 

F(x)ek'x, -EE implying PO Ro) ke 


i х ZW `; $ 
Disp gives an integration fA det, being constant of 


an f(x) being Probability density function, we have by $15.12 


со 
E f) dx=1=4 f uL dx 
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Setting k=—2h°, we have 1=A Бе! ех dx Put Rene 


Ў 1 
фе. dx= Vh dp 


or == =Р\Ї? д 
һу 2 |с 
Ин Б: h 
ойлуу es 
к/з V2n ie. А TS 
Hence ^ fm уке“ AOS) 


which is called Gaussian law of error, and asserts that the probability 
for an error x to be p, < V2hx «p; is given by 


ipn 2h hu - ay ‚..0® 
руж V = ^ 
with p /2hx, this yields- [7-22 dp d(p) Фр)... : (27) 
4 2x m 
1 {2 p> 
wh pee АК P*[2 dp. 
ere 4-7 E | e7P dp 


Here л is called precision constant and it measures the accuracy of 
the observer. An error with probability 3 is known as the probable 
error and may be determined by the value of x given by 


Аа-а рде х= 04769. ‚..0%) 
T 


This renders the most probable error. 
We define the absolute error E( | x | ) as 


E(|x|) -[7, (x) fld d A? xt EI 


0.5642 
acre 


and the mean square error E(x*) as 2 
pos 2h [0 5 tat gy) 05 
Ed) Is fe) dee 7 [ne dx- am 5.00) 
Lastly to discuss the effect of increasing the number of observations 
n, we have 
x,—t—v giving x—1—Y eid) 
EN oe eA 
where z=- E x,and т=— У ti 
П =] ООП =] 
Conclusively, the error in the mean is the mean of the errors. Also 
the positive and negative errors tending to cancel in computing Уху, 
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as m the number of observations increases, the value of error 
decreases. : 


ADDITIONAL MISCELLANEOUS PROBLEMS 


Problem 142. State and Prove the normal law of errors, and find an expression 
for the measure of precision and the probable error of the arithmetic mean. 
A cylinder has a length “l” cm., which is measurable with a probable error +a 
has а radius "a" cm., which is measurable with a probable error +b. Find 
the area of its curved surface and determine the probable error of this value. 


(Nagpur, 1965) 
Problem 143. Derive the normal law of errors and calculate the probable error 
of an observation. (Vikram, 1969) 


Problem 144. (a) Write short notes on the binomial, the Poissonian and normal 
distributions, 

(b) Derive the normal law of errors from first principles and discuss some of its 
"applications, V d (Agra, 1969) 
pe 145. (a) Define Poisson's distribution and discuss its importance in 

sics. 

(b) Calculate the mean and the standard deviation for the. Poisson distribution. 

(Agra, 1970) 

Problem 146. Write a comprehensive note on the theory of errors. (Agra, 1971) 


Problem 147, If the probability function Р(х) of events x is given by the 
Gaussian function 


P(x)=Ae—kx* 
Prove that k DAS and А=——1— where a is the standard deviation. 
2o? SA/ 2r t 


Assuming the errors in a series of observations to have the Gaussian distribution 
tain expressions for the probable error of a single observation and that in the 
arithmetic mean of the observations. (Agra, 1972) 
Problem 148, Define the error function erf (x) and obtain a convergent expansion 
Por it in ascending powers of x correct upto х5, (See Appendix B) 
Use the approximate expression to calculate the percentage. of. molecules of an 


ideal gas which have speeds less V RUE The speed distribution of the mole- 
m. dN, ^2 pev ам, 
cules is given to be ©те =” be de; TN. being the fraction of mole- 


€ les having speeds in the range c to сйс. Given 13,4 апа e14— ] 28. 
Problem 149. (a) Explain wh by at 7 i RUD 
m 149. (a) Explain what you mean a binomi isti . Find ii 
riean and standard. deviation. a ТА АКЕН ы е Ed з 
(b) The mean number of particles emitted in one Second by a radioactive 
i: 4,5. Write an expression for the probability of just 3 Particles being emitted Te 
Porticular second, f. ‘Agra, 1974) 
Problem 150. Explain the meanings of the following termis in the theor of 
errors: dispersion, variance, standard deviation, regression ond correlation. i 
с x (Agra, 1975) 
Problem 151. (a) Explain erm distribution and derive an expression for the 


(5) Explain the Principle of least squares. (Rohilkhand. 1976) 


APPENDICES 


[А] SOME FORMULATED RESULTS IN BASIC MATHEMATICS 
(a) Laws of Exponent Powers 


деху д9; xa yt (ху)о, (x*)’= x0. E mb ҳа» уда 


LI 
х%=1. tat provided x0. 


(b) Factors and Expansions 
Taking n and r both as positive integers, we have 


(0) ar r and |. —r(r—1) (r—2)...3.2.1. 


"C19" C, "C, "C, П —/0 =I and |--7= 0 
(х++у)"=х"+"С, x" y IC, NF у... IC, у" 
a ў C, хт" ут 
Hi 
WH = (x+y) (x 1— xy... +y*1), n being an odd integer 
х"+у"=(х+у) (0 Ix yt у"), n being an even integer 
х"—у"=(х—у) (x07 4- xy Lie Фу"). 
(х+у++.....)"= X 


over allr; з |fe |з... 


where Xr,—n. 
Tn particular: 


хуб (x— y) (x+y); =x ty) (А xy y?) 
(c) Summations 


Spel 2 E ue An 
Inte 1+2+...... de + 


pM n'(n+1)? 5 unt WE hh. NR 


QU onm rM 
+1 ? 
Tn?— 17427... tr tl +7 >С, B, nt 


-4 °C, B, тэ. "C, В, n* 4... 
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where B's are Bernoulli's numbers and the series ends with n when p 
is even and with л? when p is odd. The Bernoulli's numbers are 


1 1 1 dr RR NT R P À 
Bs B, ў, B= Bio B= Bo= xU" B, gue 
Taking a as the first term, d common difference and / the last term 
of an arithmatical progression, the sum 


S=a+(a+-d)+(a+2d)+......4+{a-+(n—1)d} 
=> [2a+(n—1)d]= т la+ 
where /—a +(n—1)d=nth term cf the series. 
If a be the first term and r the common ratio of a geometrical 
progression, then the sum 
: 5-а kar Far 4... parmi 007 ifr>1 
a(1—7?) , 
me esr ifr«l 
a 


= if n is infinite, 


r 
r 


(d) Ratio and Proportions 
If t I then PT. LEES ea 220) 78, 


Alios 24. rof (componendo and diviedo) 


Ptq r+ 
In general if Parate ie =k then 


Xp+yr 214. 
ХЧ PS zu. 


Lee... 
ќе) Logarithms 


We express 102-2100 by saying logje 100—2 and read "logarithm of 
100 to the oase iO is 2: 

1n general, iaking the base of the logarithm as e, we express essy 
ay saying “logarithm of y to the hase e^ i$ x^ Le. log, yx 


ч х 
logex-b logy = logy; log, x lag, = log, 


$ j 
log, v" sm tug A Тод, alog cmn dog, x 


са. v-lop, x fox, bz - гена [Ix 
log. т=іор, х lor, b Yd ‘change of base) 


1f) Special Se 


(i) Bionomial scies foi | xi<] and for any a 


integral or fractional, » positive, negative, 
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ааа ASD a I DO- Dus 
зуна P OD yap ED OED) ay 


In particular, 
omittat gat "E 


(ii) Exponential series 
Жш Lim (1+5 1+7 Torrt sies —2,71828...... 


e= Lim m (1+2 у Е t н 


* ха х3, 
e*= Lim (1— =) Eum Es 
De SERICO SB: 


a*-14-x log, vc NE 
(iii) Logarithmic series 
> ee, ame a 
log (1-307 3—5 +5 —4 sp ies Ix I<] 
3% 2 
log ee) ee a PEM TOEB easiest 
(iv) Other series 


be A di 1 
Bo 
3 1+ + contin 
(х) Taylor’ s series 
(a+h)=fa)thf ork so. A RAE 
fef) G—2)f02)4 eo Fa 05:9" учдн. 
i — 


(vi) Maclaurin’s series 


LIMOS OLE FOE уо)... 
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(g) Sterling's formula 
For very largé values of л, 
[t © /2zn.n* e approx.—e ni y 2x 
log |t. —(1--3) log n—n log e--log 4/2 
where 7 —3.14159...and e—2.71828... 


(h) Trigonometric functions 

(i) In a right-angled triangle ABC where B= 90°, and Z BAC=6 
(say) AB is the base, BC is the perpendicular in respect to 6 and АС 
is the hypotenuse. 


;, g__perpendicular BC , base — AB 

UPS hypotenuse ~ AC’ °°S буре TAC. 
"a sin 6 BC соё AB 
um d eos 97 AB’ бей ЖОБС. 


1 1 
вес бе сс and cosec dera 


(ii) Signs of these functions in different quadrants 


Quadrant sin cos tan cot sec созес 
I + + + + + ЖЕ 
п + = = = = + 
ш - = t + = – 


+ 
| 


0 уй of these functions (sine and cosine only others can be 
03. 4e 60* 90 180 270° 360° 
юз gu Ww gj o 1 о 
+ 9. -1 0 1 


sin (90°F 6)—=cos 0; cos (90°:Е0) = --sin ё 

sin (180° 0) — sin 6; cos (180°: 0) —cos Ө 

sin (360° F9) — Fsin 0; cos (360°F0)=cos 0 

sin? 0 +cos* 0— 1; 1--tan* 0—sec? 8; 1-Ьсо{? 0 cosec? 6 

sin (0-4-4) —sin 8 cos $4-cos Ө sin $ 

cos (0-6) —cos 0 cos ф:Езїп Ө sin $ 

sin 2 02 sin 0 cos 6; cos 20 - cos! 9 — sint 9=1-—2 sin? 6 

MO ш =2 cos*#—1 


ЖАСАТ og 
Th tan? ©% 2 SEES à 


2tan 6 
tan 28————— 1. 9а) (ап btan 
| 1—tan? g> tan (8%) EACT 


sin 20— 


й 
-| 


1 
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sin 30=3 sin 0—4 sin? 6, cos 38—4 cos? 0—3 cos 6 


sin @+sin $—2 sin чыз соз oe ; sin 0—sin ф==2 cos ote 
0+4 6— Ix. 


eid ; cos 04-сов $—2 cos — — соз——у— 


sin 
cos 0—cos $--2 sin ots зп. 

(iv) sin?! x=cos? y Г хі= (ап! = 
wis 


x 


cos? xesin? УХ —tan- 


tan? x=sin* 
4 


B T 
sin? x--cos! x= 3 


(v) Hyperbolic functions 


sione 


Sinh iyd 2 , cosh , tanh x= 


eet 35 
Ў ode x 

coth x— ED x ;sech x= cum cosech x= " ix 2: 

sinh xo {х+ FI}; cosh x=log {x+ 43-1) 


tanh oo log (т) 


2 —х, 
cosh?x—sinh?x=1; sech? x+tanh*x=1, 
sink 2x—2 sinh x cosh x; ` 
cosh 2x=cosh® x+sinh® x=1+2 sinh? x=2 cosh? x—1 
sin ix—1 sinh x; cos ix=cosh x 
(cos 0--i sin 6)^—cos n8-- i sin n8 for all values of n. 


(vi) Trigonometric series 
sin x x——- 2ER 
B 4- ШШЕ» 


^ 


Esc ышк 
cos x=1 at 4 Severs 
3 
tan x=x+ M ier NER 

ANLE 


sinxe n POLA a Ix 
о о ААГ Soo 


хап1х=х-- + x+ i Em SARA 
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X5 E 

ааз y 

So x 
cosh x=1+ Таа К 

И hi 
tank x 24— 3 *is 3B tee 
шш xm A 2° ү 1х1<1 

(1) Analytical Geometry 


If Cartesian coordinates of a Point P be (x, y) and its polar coordi- 
nates be (r, 0), where x 1s called abscissa, y is called ordinate, r is 
called radius vector and 0 is called vectorial angle then, 


x=r cos 6, y=r sin ё 

or r= ух y! and б=тап-12. 

Distance between two points P(x,, y,) and Обх,, у») is given by 

PQ—/ n (уу у)і 

The slope (gradient) of the line is given by A E =” + and denoted 
by mm: 2X, А 

If m,, m, be the gradients of two Straight lines, the angle between 
eris ELM 
hem is tan ime 


The two lines will be Perpendicular or parallel according as, 
mym,=—1 and m,—m,. 
., Rectangular transformation (1) New axes Parallel to old axes: If 
(x, y) and (х, у) Tespectively be the coordinates of a point w.r.t. old 
and new axes and (A, k) be the coordinates of the new origin w.r.t. 


old axes, then 
x=x'+h,  y=y'+k 
(2) New axes rotated through an angle 6 about the origin from old 


axes: If (x, y) and (>, Y") respectively be the Coordinates of a point 
W.r.t. old and new axes, then 


x=x' cos 0— y' sin 0, y—x' sin 04-y' cos 8 
Ог conversely, 

x'=x cos 0--y sin 6, J'— —x sin 0--y cos 8 
(i) Differential Calculus 

d(ax)=adx, a being a cynstant, d(a)=0 

d(2x--3y-+2) =2dx—3dy4-dz 

d(xy)— xdy-- ydx 


Gye 
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а(х") enx"-!dx; dix") -yx'-!dx-4-x* (log, x) dy 
Жах 


d(e*)=e"dx; d 7) = ае dx 
d(a*) — (a* бы) dx; dI PU logo) dx 
dx 


dilogo) e» dx; d(log,x)— Liog, dx= Fem 


d(sin x) —cosx dx; d(cos х) = —sin x dx 

d(tan x)=sec*xdx; d(cot х) = —cosec'xdx 

d(sec x)=secx tanx dx; d(cosec x)= —cosec x cot x dx 

d(sinh x)=coshx dx; d(cosh x)=sinhx dx 

d(tanh x)=sech*x dx; d(coth x)=—cosech*x dx 

d(sech duri x tanh хах; d(cosech х)== —cosech x coth хах 


d(sin? x)= VE Im z dcos ^x) — Jt 
d(tan1x)— ——— e. A: ; d(cot-tx) = — ——— са x 
d(secx)= zd d (cosec-!x)— — za 
d(sinh-!x)-— vem d(cosh-!x)— xm = 
d(tanh-1x)— c ; (сойх) - £5 


dx 
1x) == An}. pi 
d(sech'x)== aS = a x)= A/D TD 
Taking p= , we have 


D'(ax4-b)"—m (m--1) (m—2)......(m-—n4- Ya" (ax-F b)" 
D^(ax--b) 1 —(—1)" | n. a"(ax-- by "7t 
D^e** =a"e*; рпа" —(108 a)"a* 


1)" 4и — 1.a" 
D" log + = 


D" sin (ax+6)=a" sin (ax-+5+ T) 
D" cos (cx4- b) a" (ах) 


os (PF etn) 


where r—4/ а? -Fb and ф= апі =o 


Р" (uv)=(D"u).v-++nC, D^7!u,Dy--nC,D^-?u. Dtv4-... 
Я F"C,D"7*y. D'y4-.. ku. Dy 


"В" pt t (bx+c) | каб, sg 
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(k) Integral акш». 
ра £z E ng Jetix Jeane [ordre 2 


log a 
f X dx=—cos x; feos x dx=sin x; Jin x х= —log cos x 


\ [e х dx=log sin [кс X dx=log tan (2 +7) 


=log (sec x-+tan x) 


eee x, lougaxX.[ 4 
[cose x dx=iog tan [жт жшт; [3s 
1 x—a 
Qa log x+a’ 


=log i x4 EU 
ар 


E i* 
SNC. 


м ах P а Уа sina X = 


— ta 


VOL OY Pdr ауз One singt = ы 

[у= diamo P 2 es = 

fe sin bx dx— EL sin (ааз 2 ) 

[e cos bx dx= VAT Ip СЕО ы =) 

f sinh x бесов x; cosh x dr=sinh x; Ер 
[оет х= —coth x 


B =& +m d. 
[ачи а бах на 
laeta] 


sin (ax+5) dx — соз (ax4-b) 


Sin”) ax cos ax = 
sinx dx= — Sax cos ax р | in- iti 
| = = + Um sin"? ax dx, п positive 


integer 
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big “= pine Б 1 ax _ 1 
agr c R tan T4 log (cosec ax—cot ax) 
TI t ах 
тї sin ax an 113 
sin bw sin(atb)x , 
fsin ax sin bx RT UR QUEE) а? 
| cost cosh TA sin ax EE =j cos"-?ax dx, n positive 
integer 
dx ax т 1 
IE i + deg tan (= ds ii log (tan ax--sec ax) | 
Io D iue [rite ee ae 
ee Td 2^]i-csux ^ а 2 
5 nax den Sax coax  m—l 
sin™ax cos"ax STUDENT. Ол 


nie cos" axdx; m, n>0 


Ee a com 
TE ч (m+n) Ls 


sin”ax cos"-?ax dx; m, n0 


[uw ax dx= zü- =D tantax—[tant-# ax ds, integral » п>\. 


f cot” ax dx=— дй cot” 4ax—[cot™*as, integral n>1 


1 sin ax azi e 
I dx = Gal) соз" ах Т I en ax dx, «дн 
п> 


1 cosax , n—2 a 
[ees == (л—1) sin ах + а foe ex 
integral п>1 


Í needy tl Lye Е zf x"-le**dx, positive-n 


je sin be dx= 2d (a sin bx— b cos bx) 
| є°®* cos bx dx= -y = (a cos bx+b sin bx) 


dx 
log ax dx=x log ax- x xdg ax =log (log ax) 


J 
: [e (log ах)"ах= < "(log ах)"— ri etri (log ax)"-!dx 
je Б 


= 1рет 
udis at log bx 2 | x dx 
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| хаа cU (ах 
—mb| x (ax+b)"dx ] 
с [ху x 
m0, m+n+140 
bc—ad;-0 


1 
— mini 
dx lop А cxtd 
Meee OF (xcd) а так ax+b’ 
| Hoe ах Е D Mie AN CGR) 
(ex-+d)Vax+b у суас 7 аас ^ 
: с>0, ad>be 
Definite Integrals 
© аах "fo, a> ^ 
1.4 a= 
J o Ž+X | Lp, asco 


[^ че» а |. log xev 
d Mh rem [rese es тт Nee Ted» 
[nm x 


o Lx ^ sinax' ‚0<л<1 


p e соз bx die ару» a>0 


b 
p e™ sin bx OO ar a»0 
L dx 


o a+b cos x “7 5» a>b>0 


e ite 2. a>Oand = j^ а<0 


90 cos x © E X% x dx ЫЫ ах 
= а? cos*x--B sin? ps 


“Zab me 


B € ** cosh bx dx= zo ,a»0,a zb 
L| e% sinh bx гаи F а>0, 226 


eene [re te 


ае) a 
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-[( boeren 


= ) dx=y=.5772152 


where ү is Euler's constant given by 
TS Бао 1 1 
r=Lim pts Шы За 
(14 p44 5 log t ) 


(1) Elliptic Integrals 
Elliptic integrals of first, second and third kinds are respectively 


F(k, e-[ VEI TET ;0<6<1 
Е (k, -[ у 1-# тыл dð ;0<К<1 
E Д, 


$ 
еъ аж | (УТ sin? 6) (13-2 s п sint 8), есенна 


If $, the upper limit is replaced by > these become complete 
elliptic integrals: 


кз 48 = 
ToS [ УТ sin® 6 


Е(Ю= ie. VIE sin 0 20 


к? dà 5; 
П (0, a-[" (y 1—F зіп? 6) (14-а? sin? 0) 
(m) Probability fonctions 


If $ (x) be a. normal function s.t, $ (x)= E eR 


and х= E $(x) dx Le. area under $ (х) from, —x to x, then 
1} 


ita |> #0) а 


Second derivative if ¢ (x) e. $% (x)--(x*—1) $ (x) 
Third W "B Le, $9 (x) (3x—x?) ф (x) 
` Fourth m és te. 6 (x) —(x*—6x* 2-3) 4 (x) 


n 
Now if (p+q)"= 2 "С, р"-"4", p+q=1, then 
r=0 
ery еа 4—P зе 
І Са see [^e оо 


1 1 6 P 
t A 5) $9? (x) | арргох. 
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where x,— a Otizm, в= v npg and a<r <b. 


=; 11706 
Enc, pram g o a EP. qm e (5-5) 
md approx. 
where x= tm) 


rer 


Ў ^C, pw? Ф (х) 4 > $0(x)— alè — É )go (x) 


approx. 
where x=! се: 
[B] Asymptotic Expansion of Error-Function 
The Error function is defined as 
st xs i [ena (0) where f? e а= te... (2) 
(1) and (2) yield erf oo —Lim erf x—1 2:53) 


x00 
Using Maclaurin series of ее after as oem term E term, for 


small values of | x |, erf xxm dq us wp. 
. (4, 
For large values of x, the asymptotic expansion of erf $ "given 
below is used. 


The Complementary error function is defined as 
CIS pe eu MNG) 
x Je 


erfc I" 


Thé relation between error and,complementary error functions is 
given by 
erfc x=] —erf x 
or erf x=1—erfe x +». (6) 
Now to find the asymptotic expansion of ert x, let us 


put — P==p ie, == dp so that we have 


1 
2p 
erfc се [oo е d= zz e. pt dp 

У x]. x 


If we go on integrating the R.H.S. by parts, then we shall have 
after n trials, an integral of the form Е 


2n 
бау) п" eT dpn-0, 1,2... 2 


whence егіс x= Zh (x) 
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Now integrating K.H.S. of (7) by parts, we get · 
1 
1, [о (e) Е- on) E E en BES erp 
x 


2x51 Rs 2n+1 
meer EE uu), 0-9 1,2... 


Multiplying both sides " e? ‚зе get the recurrence relation 
2 1 2п+1 
2 In (б) un — 2 е? Inn (х) ИҢӘ) 
Applying this result repeated /,, we find 
1 
eI (x)= фе? А (x) (for n=0) 


lube АКР) 

mus yc p FARO (for n=1) 
5 pat 1.3 13.5..2n-3 
паа coe BD 


4 cap 133a D e I.) .. . (10) 


In order to show that this series is an asymptotic expansion, 


Ў d 1 ү ЖИ 
consider, с" Г (x)~ у зу xe ДИ) 
1 1 1:3 Ug СОЛ 59:4] 
and denote 7,,., — Sis. 3x QS =. a DC Boca 
OU 


As such (10) can be rewritten as 

(e te ола) 
Multiplying both sides by x*^-! and putting 

fy de. ‚ the last relation yields 


( € lo (3) - Tins у= ех? xm Lx) СИ) 
The series in (11) will be an asymptotic expansion, if we can show 
that for each fixed n— 1, 2,...fa->0 25 x-»oo. 
Now in (7), we have 


EES: S n Due In (x) 


for all p23* 


1 
penta уни 


© ge?’ 1 o _ 
So that, /, (x)= 5 рез P< uen {е ет» dp 
ex 


= mi - (4; 
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Thus R.H.S. of (13) £e, 
ГА | etum 10) Lug as x00, 


Hence the series on the right hand side of (10) is an asymptotic 
expansion of the function e** I, (x). 


Thus erf x=1--erfc х=1- 20 renders the required asymptotic 
7 


expansion of the error function as 
зери AEE ТЫ pl» зз, ) (15) 
erf y~ КУЕ 5 a 7255 2917 m + 
For large values of x, this reduces to 
erf xz] — et ГЕ б) 
mx 
Note 1. MED | Tn (x) | is known аз the absolute value 


л 
of the error, 
Note 2, Here~read as asymptotically equal, 


[C] Character Tables in Group Theory 


Denoting a reducible or irreducible representation of a group 
G={E, A, B,...} by Г, its character х шау be defined as the set of 
traces of all the matrices of representation I" f.e., 


РА Kaas Г, (A) : v1). 


where Г, are the elements of the matrix Corresponding to 4, the 
matrix of representation. 


are the same in case of Tepresentatiohs of conjugate elements since 
the trace of a matrix under a similarity transformation is invariant. 


Taking А and В as conjugate elements, there may be found an 
element C such that 


A-—C-! BC «ay 
which yields on taking traces on either side 

T(4)—T(C7) Г(В) Г(С) <.. (3) 
ro Ше Cyclic property of traces gives for any three matrices 


» 
tr (POR)—ir (QRP)=tr (RPQ) SE 
A tr (T(4)) = (ГОВ) x(d-xB) —.. (5) 
Now if we denote an irreducible Tepresentation of the 
T and assume that an irreducible representation ur 
тоге times in reduction of a reducible Tepresentation Г, then the 
matrices of representation Г are the direct samen the matrices of 


t 
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the components of irreducible representations і.е. : 
zlgopu 22206) 
і 
where аз are non-negative integers. 
Taking traces of either side of (6), for А, the matrix of represen- 
tation, 
@) 


(A) ¥AEG 


tr Г(4)=Ха; trr 
i 
which in view of (5) yields 
хи) z'*(A) -- + (7) 


Mri (i) s: 2 
Now if we'call T. as the representation vectors in the group space, 


J К n 
then the orthogonality theorem for an irreducible representation іп 
the present notation can be stated as 


Anz ий р ere 
Z TRA py (47)-0 
| (0 a* 
ie, Zr" (4r. (4-0 23 
Er, rV, (0 


. which means that the product of (j, k)th element of the irreducible 
representation Г' with the complex conjugate of the (К', j’)th element 
of the irreducible representation I) summed over all the group 
elements is zero. 

Also taking g as the order of the group С and т as the dimension 
of the representation, in case of the elements of a single unitary 
irreducible representation, we have 

A гаи) PAD = £ буди My 


т 


ie., >. го) гон) Sw by 9 
Ae Y 
Combining (8) and (9) we can write 
ae ; 
x POCA) Tu, (4) É 5 85 By . +. (10) 


AcG 
In order to transform (10) into an orthogonality relation for the 
“characters of irreducible representation, putting j—K and j =k' and 
summing over j and j' we get with.the help of (1), 


: i or : 
S о (0) 4) 28, тев Bu И 
4:6 n р 
where 7004) represents the character of the element A in the- irredu- 
cibled representation T? 
Now multiplying both sides of (7) by 7'*?* (А) and summing over 
all the elements of С, we find 
X у) z(A)9Xa, У y ?*,9(4)-a; g by (11) 
AcG i “АЕС . 
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es MS iv, 
giving a, t A (4х4) 
or replacing i’ Бу 7, this becomes 
am. У ya) sa) AUD 
EAG у 


Again multipl 7 its complex conjugate i.e., X*(A) and 
i ЕЧ af of G and then dividing by g, we get 


1 
= xj; -— © аа, ye UA 
ti A)x(A) ru, 96 XOA) (A) 
=F | a y (12) . s (13) 


-H.S. of (13) is Unity for any representation Г, then it 
follows that all а/з except one must be zero. Let 440, then it must 
Anu ie, dye, in which ен r NK bo uivalent (identical) 

irreducible representation се for a representation 
to be irreducible the criterion (i.e, the necessary 2 sufficient 


Let the enti „©: wi - 
ments hy, hy, hs. АЛЫ ДН of s classes зау сү, c, с, €, with ele 
hh hy. 


Era Identity operation 
ion about an axis of Symmetry through an angle equal 


| 


averefection in a. plane of symmetry, qrataining the principal 
n C,. 
M in of Л ini 
ud Ls plane CLE EM the principal 
= а f to i T 
n id Pus Гувер principal axis. 
‘rotation about an axis by п” followed bya teficstion in a 


Plone perpendicular to the axis of rotation, 
Here af 5, 7, and C, C. C. C, ete... 
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Let А, Т denote the irreducible esentations of the rotational 
and translational coordinates respectively in addition to x, y, z, coor- 
dinates, The reflections are also denoted by т, with subscripts if 
necessary, in places of ov (vertical reflection), сл (horizontal reflection) 
and c, (diagonal reflection). qu 

To clearly understand these notations, we give two particular 
examples. SR 
[1] Symmetry Transformations of an Equilateral Triangle. 

Let А, B, C be the vertices of an equilateral 
triangle with D, E, F as mid-points of sides BC, 
CA, AB respectively and O the centroid. 

To discuss the operations (transformations) of 
the triangle such as rotations, reflections, inversion, 
translation etc., leaving the triangle invariant, if we 
take z-axis as an axis through О normal to the 


7 : 27 
plane of triangle, then rotations through 3 about Fig. C1 


z-axis and its multiples leave the triangle invariant. 
The six symmetry operations of an equilateral triangle are : 


C;,-»anticlockwise 
E-»identity operation. rotation through 
LT about z-axis. 
Fig. C.3 

[o в C,’ anticlockwise ro- [ t m | m,-»reflection in 
| tati An i 25V the vertical plane 
Pe | ation through 3 А passing through 

i —4 about z-axis. AD. 


Fig. C.4 Fig. CS 
[© 


Ё 2 >E | my-rreffection in the vertical plane passing through BE. 
je A * 


Fig. С.6 


ms-»reflection in the vertical plane passing through CF. 


И is easy to see that the operation C; m, is the sa 
ms H; Vos an Ано since (С,) 1=C,! gives eodera " 
„е, Em Cs. fore inverse of C, i P i i 
deni clement. of C, is C,* and vice versa. Eis the 
uch a set being a group of order six is d 
known as the symmetry group of an equilateral cro m er 
à 67" 


I 
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Multiplication table for group С,.. 


Second operation| First operation 
E C, C; m m, na 


E С, єз т, ns, n; 

Cc? E Су т m, nm, 

c Cy E т т m 
m [en Many m, m, E ec; 
m; | т, т, т. cs Е с, 
ni, | na m, m, Су Cs E 


The ordering of rows and columns being immaterial, we have 
Chosen an ordering such that principal diagonal contains the identity 
clement £ only and this can be effected by choosing an order such 
that an element in the first column (second operation) is inverse of 
the corresponding element in first row (i.e. first operation). 


Now if G—(E, А, B,C,...) be a finite group of order ‘g` with 
identity element E and T—(T(E), T(A), 7(B),...} be a set of square 
matrices all of the same order such that 

T(AYT(B)— T(AB) (05) 
then there arise two cases: (1) All the matrices of the set T arc 
distinct in which case G and T are isomorphicto each other and so 
the representation generated by the elements of Tis known as a 
faithful representation. of G, (2) when the elements of T are not all 
distinct, С and T beiny homomorphic to each other, the representa- 
tion is known as an unfaithful representation of С. 

An identity representation which is actually an unfaithful one is 
the simplest representation obtained by associating unity (which is 


a square matrix of order one) with every element of the group e.g. 
for the group Су, we have 


Element: E C Сз? 
Representation: 1 1 it 1 1 1 Е - - (16) 
It should 5e noted that every group has at least one faithful 
representation. f 


Now to prepare the character table far group Cse, we are required 
to have the following points in consideration: 


Note. 1 /f С be the total number of irreducible 
of a finite group G={E, A, B,...} 


m, т, т, 


representations 
of order g and dimension l; Sor 


€ 
i=l, 2. 3.20 then Xx. 


(17V 
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Note II. The character being a function of the classes just asa 
representation is a function of the group elements, we have number 
of irreducible representation оў G< number of classes of б. .. . (17a) 

Note Ш. Taking my as the number of elements in a class. Cy of 
group G, and $ as the character vectors in the class space, the 
orthogonality of characters yields for different classes, 


£ Q(Qe,0 E 
RM $ =. ди ...а8) 
whereas the product оў two classes is defined as 
; е. @©,=> а € ... (19) 
k 


аг being non-negative integers. 

Denoting by P: the resulting matrix obtained by adding the 
matrices representing the elements of (©, in the irreducible representa- 
tion Г). we have 

pe; X Ге) .. (20) 
45: 
Constructing the matrices for all the classes of G in a similar way, 


we have the normalization condition for any BeG. 
[r (B)! p, T(5)- PPB) TOAT (B) 


(oA. 
= E De(pA34B) LITA) ... (21) 
^2; 2, 

Note IV. Conjugate elements and classes. If А, B and C be elements 
of a group such that A? BA=C, then B and C are said to be conjugate 
elements and the operation is said to be a similarity transformation 
of B by A. Clearly ACA*=B МИГ 23) 

If we split the elements of a group into seis such that all. the 
elements of a set are conjugate to each other, but no two elements of 
different sets are conjugate to each other, then such sets of elements 
are said to be the conjugacy class or simply classes of a group. 

How to prepare a character table for a group say Cse- 

1. According to the preceding note, we conclude that: 

(E) Constitutes a class by itself in any group, since for any 
element A of the group, А-1ЕА=Е. a 

Also (Cs, C;^) is a class of Cz, since n? Cam, C as m =m 
renders, (т, C3)m,=(m, Сз) тутуту = Сз? from the table. 

Similarly (n, тз, ms) is a class of Сз,. 

Hence the classes of C3, are (E), (Сз, C£.) (тү, т„, тз) say. 
2.6. €: respectively. Then Z, —(£); C2=(Ca C43)22€; (say) 
and ,— (эң, mz, тз) =36, (say). 


2. Since Су, has three classes, it must have three irreducible 
ntations say Г), Г", T^? whose dimensions may be taken as 


hs L, l; respectively. =: 
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In view of (17), here g=6 since С, consists of 6 elements, 
COS M HER HE 6. 

With integral /;, the only possible solution is that two of 178 are 
unity while the remaining one is 2 say 4=/,=1 and 4-2. 

3. In view of (16), the first row is obtained by writing unity for 
character of each class. The first column is obtained in view of the 
facts that the matrix of E in any representation is а unk matrix 
havingits trace or character as /, which is the dimension of the 


representation viz. /,=1=/,, /,=2. 
` 4, The character table for C,,. 
a ten tease E EE E — 
M e е, e, 
(E) — (Cs, C3?) ie. 2C, (mı, ma, ту) ie. 3o, 
rea, PD 1 1 1 
го х® 1 1 -1 
re, x? 2 -1 0 


RCNH e ОБА ы шз з [o сыл. 

Explanation. The Character being identica] with one-dimensional 
representation, for I) and Г) the characters themselves must 

satisfy the multiplication table so that for elements whose square 
equals Е such as m,, m,, m, the only allowed characters are +1. 

Now the elements in the same class having the same character as 
the character of (C;, C,?) in T? ean be determined. 

Also since for C,, Cj? with (C,*)°= (C3)°=E, the one-dimensional 
representation could be the power of і= ү 7, for, if n is the order: of 
an element A so that A"=E, then its only one-dimensional representa- 
tion can be powers of e***/ as these are only numbers whose nth 
power yields unity because such numbers are unitary as their in- 
verses are equal to their complex conjugate. Again since (C)! (С>) 
=C}, x (C?) and у (С?) can only be +1 for I9, Now the normaliza- 
tion condition (21) can only be achieved by taking 4-1 in D, Finally 


lity relations (18) 


the third row is determined by using the orthogonal 
for the columns . 


[2] Symmetry Transformations of a Square. 


Let A, B, C, D be the vertices of a 
with £, F, G, H as mid- 


symmetry operations of the Square are as 
follows: 
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Fig. C.12 
с с 


А -D 
B c 
Fig. C.15 
E ДЕМ.) 
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E -»identity operation 
С, clockwise rotation through 90° about z-axis. 


C4 clockwise rotation through 180° about Z-axis 


C ,?-»clockwise rotation through 270° about z-axis 


m, reflection in the vertical plane passing. through 
EG і.е. x-axis 


ту reflection in the vertical plane passing through 
FH i.e. y-axis 


c, -»reflection in the vertical plane passing through 
AC 


ce —reflection in the vertical plane passing through 
' BD 
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It is easy to see that o,C,=m, etc. 


Gin (C) *— C, Le. C, C/—C/C, Ele, C, is the inverse of 
Со etc. 


We also have Cyn,—o,, в,С,#=ть„,в„ с,=С etc. 


Group multiplication table for C,,. 

Second то rs NON > ese n d 
€ сё C? m, ту Sy с, 

Е Сс, Са? а, [^ ту ту 

CI SEC C т mz се 9u 
С? Cë E Ou с, ms ту 

с, My а, Е С? Сз С; 

Te "ae 9, СЯ Е C ce 

Me 9. т C, сз Е C 

т 97. т Cè C, сг Е 


Tn view of (22), the five classes of C,, are 

(E), (C), (Cy, C3), (mz, my), (64, с.) 

(since C=" m, C,—m, as (C, m;)C,—C èm, 1—0,C,—m, etc.) 
These classes can also be justified by the following simple rules: 


1. Since rotations through different angles must be put in different 
classes, C, and С,? belong ќо’ different classes. 


2. Since rotations through an angle in cl, 
wise sense about an axis belong to a class onl 
transformation in the group. such that it 
Coordinate system, therefore C, and С,? are put in ti 
for, m, or c, operation changes the sense of the coordinate system. 


_ 3. Since rotations through the same angle about zwo di 

Or reflection in two different Plases belong to the кыш ойу 
when there exists some clement of group, which is capable of bringin 
thd two axes or two planes into each other, therefore m, m, belon i 
the same class but с. m, do not belong to t sS fe E 


| һе sa i 
Former case C, can bring the line FF ішо the ine eee 
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The character table for C,, 


a 
Characters classes» - 
M 2 © 1 € 2 e 3 ег © 5 
(E) (С) (Са, Ca?) (miu, ту) ‘Ou, Op) 
ie., 2 c4 ie. 2m. (ie. 20 


Too 1 1 1 1 1 
Tex 1 1 1 ETT Zu 
psy d 1 1 Es ] Es 
puo 1 1 tits SW i 
Го 2 —2 0 0 V 


——————————————————— 


Explanation. Since C,, has five classes, it must have five irreducible: 
representations (by 17(a) say Г, re, Г, Г, ГО, whose dimen- 
sions are Д, l, l, la I respectively, such that by (17) 


1241841012128, 
since C,, consists of 8 elements i.e. g=8 


with integral /;, the only possible solution is that /,—/,—/,—/,—1 and 
1,=2. Now in view of (16), the first row is obtained by:writing unity 
for character of each class and the first column is obtained by the 
fact that the matrix of Е in any representation is a unit matrix having 
its trace or character as /, the dimension of representation viz 
һ=һ=һ==1‚ 572. 

Now the character being identical with one dimensional representa- 
tion for Г") through Г“ the characters must themselves satisfy the 
multiplication table sc that for elements whose square equals E such 
as С, mz, си, the characters to be allowed are +1. But since 
ms my-- C4 or сцс= Са, therefore ni, and my both аге represented 
by +1 or —1, because elements in the same class have the same 
characters and hence the characters of C4 in T®, Г), T? are deter- 
mined. Also since for C, and C4), with (C4)*—(C4)! — E, the one- 

- dimensional representation could be the power of i= у —]. Further 
(C*-(C3)—C. imply that (C4) can only be +1 for Г®!, Ге, 
ГФ), Now the normalization condition (21) can be achieved by taking 
4-1 for one of the classes @s, G1, (£s in representations Г“), P9», Ге? 
and —1 for the remaining ones. We thus determine characters for 
the first four representations and the fifth one can be obtained in view 
of (18) for the columns. ; 
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Character tables for some Symmetry Point Groups 


Ce сг 


_—— 


Ds E Caix) Cy) Ca(z) Dy | E 2С, 3Cy | 


К 


INDEX 


Absolute Binomial theorem, 1086 
motion, 1027 Borel field, 1074 
rest, 1027 Boundary point, 474 
space, 1027 Bromwich contour, 913 
eim, Шы ed À 
ition modula m, 385 : ^ 
Adjoint of an operator, 440 ска matrix. 241 
Ampere's circuital relation, 1020 m ys 1 formula, 505 
Analytic continuation, 566 m au a Де » 522 
function, 474, 477 аз uet отет, 
Angular velocity, 48 Cauch uo uations, 478 
Approximate integration, 653 pons form, 480 
AS nie 497 Cayley-Hamilton teren; 268, 279 
Jordan, 497 Cayley’s theorem, 414, 
regular, 497 Central difference formula, 648 
| Argand diagram, 451 Character, 452 22 
plane, 451 compound, 12: 
Arithmetic mean, 1092 primitiva 1222 
| Associated function p 
Srst kind, 711 tables, 452, 1220 
| second kind, 711 Characteristic 
| Associated polynomials equation, 268 
| Laguerre, 777 frequencies, 1002 
y Legendre, 707 functions, 995, 1147 
, Augmented matrix, 259 matrix, 268 
Aden. 183 polynomials, 268 
Automoi 
inner d di values, 277, 995, 1002 
outer, 416 vectors, 277 
Axiom of extension, 368 Christoffel's s; ls, 335, 341 
pairing, 369 Circulation, 1 
power set, 369 Circular harmonics, 965 
specification, 370 motion, 47 
Class of the group, 418 
Basis, 270 Сос paradok, I 
linear space, d4 Coe i dh ix, 259 
Baye's theorem, 1083 Co ынк 
Bei functions, 7; hana oin 
ps soul's teorem, 1145 vector, 209 
rnoulli's А 
E Bessel's equation, 714 Combination of vectors, 19 
p WERT o Complex, gat 4 
unctions 878 : 2 
functions of Ist kind, 920 differential operators, 494 
functions of 2nd kind, 921 equality, 45% 
modified functions, 727 modulus, 451, 458 
Beta coefficient, 1126 numbers, 458 
function, 577 Composition table, 387 
Bianchi's identity, 357 Concurrent forces, 45 
Binary operations, 379 Condition for сторони 108 
associative, 379 Conditional probability, 1077 


-commutative, 379 - Conduction current, 1015 


boundary, 603 
initial, 603 
Dirichlet, 795 1 
Confluent hypergeometric 
equation, 753 
function, 755 
ingruence, 292 
Congruent transformation, 292 
Conjugacy, 416 
class, 1225 
Conjugate elements, 416, 1225 
functions, 482 
Conservative field, 127 
Consistent equations, 263 
Constant of separation, 631 
Continuity, 796 
Contour integration, 522 
indented, 530 
Contravariant tensor, 307, 308 
vector, 306 
Convolution properly, 890 
theorem, 848 
Correlation, 1188 
Cosets, 397 


curvature tensor, 355 
tensor, 307 
vector, 306 
Cramer's rule, 261 
Cross cut, 50: 
s product, E 
ci aracteristics, 
с, NEC) 
of sum, 
of product, 87 
ture tensor, 353 
‚ Curvilinear coordinates, 106 


Cylindrical coordinates, 115 
functions, 758, 920 
harmonic, 920 


Р” Alembert's method, 630, 995 
Deciles, 1102 


representation, 448 
Dirac-delta function, 784 
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Direction cosines, 11 

Directional derivatives, 70, 71, 72 
Dirichlet’s conditions, 795 
Discontinuities, 


796 
first em 796 
infinite, 796 
mixed, 796 
ordinary, 796 
removable, 796 
Second kind, 796 
Displacement current, 1015, 1016 
Distributions 
binomial, 1149 
casual, 1179 
Cauch's, 1184 
continuous, 1136 
cometric, 1181, 1182 
rgeometric, 1182 
multinomial, 1184 
negative binomial, 1181 
normal, 1158 
Pascal, 1181 
Poisson, 1174 
Polya's, 1181 
PEOR DU ALIAS 
sampling, 
theoretical, 1149 
Divergence, 78, 112, 361 
of sum, 80 
of product, 81 
Divided differences, 642 
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Extrapolation, 636 


véctor, 69, 179 
Final value theorem, 874 
Finite differences, 632 
Fourier 
constants, 793 
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Retardation of clocks, 1037 
Retarded potential, 989 
Reversal law, 216, 221, 228, 385 
Riccati equation, 781 -~ 
їетапп 


Christoffel tensor, 353, 355 
integration, 497 
theorem, 821 
Zeta function, 786 
Odrigues’ formula, 697 
Root méan square deviation, 1111 
Rotation, 85 
Row matrix, 209 
vector, 209 
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anti-symmetric, 309, 311 
alternating, 314 
associated, 331 
contiavariant, 306, 307 
covariant, 306 
contraction law, 321 
covariant derivative, 347 
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The book Mathematica! Physics has been designed for the degree, 
" honours, postgraduate and engineering students offering Physics in 
t^ various universities. It studies Vectors, Matrices, /Tensors, Group- 
© | Theory, Complex Variables, Beta, Gamma and Error Functions, 
©] Differential Equations, Harmonics: (containing: Legendre, Bessel, 
Laguerre. Hermitesand. Hypergeometric: Functions); Fourier Series, 
Integrals and Transformers, the Laplace’s Transforms, Harkel Trans- 
| forms; Diffusion Wave and. Laplace's Equations, Maxwell's Electro- 
` magnetic Field Equations, Special Theory of Relativity, and Statistical 
СА "Probability. Every topic has been discussed exhaustively with rigorously 
“dealt theorems followed by a large number of worked-out problems so 
аз то make the notions and theories crystal'clear to the reader. At the 
end of each chapter additional miscellaneous problems have been added 

for more practice. fis ¢ 

: At the end of the text, three appendices have been giver. Appendix А 
_ = explains some formulated results in basic mathematics, Appendix B 
contains Asymptotic Expansion of Error Function and Appendix C has 
а special feature on character tables in Group Theory. 

The book has been specially designed to serve a many-fold purpose, 
and many useful topics have been systematically arranged into опе 
volume. - y 
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